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������,QWURGXFWLRQ

7KLV� FKDSWHU� LV�PHDQW� WR� VHUYH� DV� DQ� LQWURGXFWLRQ� WR� YHKLFOH� G\QDPLFV�ZLWK
HPSKDVLV�RQ�WKH�LQIOXHQFH�RI�W\UH�SURSHUWLHV��6WHDG\�VWDWH�FRUQHULQJ�EHKDYLRXU
RI� VLPSOH� DXWRPRELOH�PRGHOV� DQG� WKH� WUDQVLHQW�PRWLRQ� DIWHU� VPDOO� DQG� ODUJH
VWHHULQJ�LQSXWV�DQG�RWKHU�GLVWXUEDQFHV�ZLOO�EH�GLVFXVVHG��7KH�HIIHFWV�RI�YDULRXV
VKDSH�IDFWRUV�RI�W\UH�FKDUDFWHULVWLFV��FI��)LJ������RQ�YHKLFOH�KDQGOLQJ�SURSHUWLHV
ZLOO�EH�DQDO\VHG��7KH�VORSH�RI�WKH�VLGH�IRUFH�)\�YV�VOLS�DQJOH� �QHDU�WKH�RULJLQ��WKH
FRUQHULQJ�RU�VLGH�VOLS�VWLIIQHVV��LV�WKH�GHWHUPLQLQJ�SDUDPHWHU�IRU�WKH�EDVLF�OLQHDU
KDQGOLQJ�DQG�VWDELOLW\�EHKDYLRXU�RI�DXWRPRELOHV��7KH�SRVVLEOH�RIIVHW�RI�WKH��W\UH
FKDUDFWHULVWLFV�ZLWK�UHVSHFW�WR�WKHLU�RULJLQV�PD\�EH�UHVSRQVLEOH�IRU�WKH�RFFXUUHQFH
RI�WKH�VR�FDOOHG�W\UH�SXOO�SKHQRPHQRQ��7KH�IXUWKHU�QRQ�OLQHDU�VKDSH�RI�WKH�VLGH
�RU�FRUQHULQJ��IRUFH�FKDUDFWHULVWLF�JRYHUQV�WKH�KDQGOLQJ�DQG�VWDELOLW\�SURSHUWLHV
RI�WKH�YHKLFOH�DW�KLJKHU�ODWHUDO�DFFHOHUDWLRQV��7KH�ORDG�GHSHQGHQF\�RI�WKH�FXUYHV�
QRWDEO\�WKH�QRQ�OLQHDU�UHODWLRQVKLS�RI�FRUQHULQJ�VWLIIQHVV�ZLWK�W\UH�QRUPDO�ORDG
KDV�D�FRQVLGHUDEOH�HIIHFW�RQ�WKH�KDQGOLQJ�FKDUDFWHULVWLF�RI�WKH�FDU��)RU�WKH��TXDVL�
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VWHDG\�VWDWH�KDQGOLQJ�DQDO\VLV�VLPSOH�VLQJOH�WUDFN��WZR�ZKHHO��YHKLFOH�PRGHOV
ZLOO� EH� XVHG�� )URQW� DQG� UHDU� D[OH� HIIHFWLYH� VLGH� IRUFH� FKDUDFWHULVWLFV� DUH
LQWURGXFHG�WR�UHSUHVHQW�HIIHFWV�WKDW�UHVXOW�IURP�VXVSHQVLRQ�DQG�VWHHULQJ�V\VWHP
GHVLJQ�IDFWRUV�VXFK�DV�VWHHULQJ�FRPSOLDQFH��UROO�VWHHU�DQG�ODWHUDO�ORDG�WUDQVIHU�
$OVR�WKH�HIIHFW�RI�SRVVLEO\�DSSOLHG��PRGHUDWH��EUDNLQJ�DQG�GULYLQJ�IRUFHV�PD\�EH
LQFRUSRUDWHG�LQ�WKH�HIIHFWLYH�FKDUDFWHULVWLFV��/DUJH�EUDNLQJ�IRUFHV�PD\�UHVXOW�LQ
ZKHHO�ORFN�DQG�SRVVLEO\�ODUJH�GHYLDWLRQV�IURP�WKH�XQGLVWXUEHG�SDWK��7KH�PRWLRQ
UHVXOWLQJ�IURP�ZKHHO�ORFN�ZLOO�EH�GHDOW�ZLWK�LQ�DQ�DSSOLFDWLRQ�RI�WKH�WKHRU\�RI�D
VLPSOH�SK\VLFDO�W\UH�PRGHO�LQ�&KDSWHU����WKH�EUXVK�PRGHO���7KH�DSSOLFDWLRQ�RI
WKH�KDQGOLQJ�DQG�VWDELOLW\�WKHRU\�WR�WKH�G\QDPLFV�RI�KHDY\�WUXFNV�ZLOO�DOVR�EH
EULHIO\�GHDOW�ZLWK�LQ�WKH�SUHVHQW�FKDSWHU��6SHFLDO�DWWHQWLRQ�ZLOO�EH�JLYHQ�WR�WKH
SKHQRPHQRQ� RI� RVFLOODWRU\� LQVWDELOLW\� WKDW�PD\� VKRZ�XS�ZLWK� WKH� FDU� WUDLOHU
FRPELQDWLRQ�

:KHQ�WKH�ZDYHOHQJWK�RI�DQ�RVFLOODWRU\�PRWLRQ�RI�WKH�YHKLFOH�WKDW�PD\�DULVH
IURP�URDG�XQHYHQQHVV��EUDNH�WRUTXH�IOXFWXDWLRQV��ZKHHO�XQEDODQFH�RU�LQVWDELOLW\
�VKLPP\���LV�VPDOOHU�WKDQ�VD\��P��D�QRQ�VWHDG\�VWDWH�RU�WUDQVLHQW�GHVFULSWLRQ�RI
W\UH�UHVSRQVH�LV�QHHGHG�WR�SURSHUO\�DQDO\VH�WKH�SKHQRPHQRQ��,Q�&KDSWHUV����
WKHVH�PDWWHUV�ZLOO�EH�DGGUHVVHG��$SSOLFDWLRQV�GHPRQVWUDWH�WKH�XVH�RI�WUDQVLHQW
DQG� RVFLOODWRU\� W\UH� PRGHOV� DQG� SURYLGH� LQVLJKW� LQWR� WKH� YHKLFOH� G\QDPLFV
LQYROYHG��&KDSWHU����LV�VSHFLDOO\�GHYRWHG�WR�WKH�DQDO\VLV�RI�PRWRUF\FOH�FRUQHULQJ
EHKDYLRXU�DQG�VWDELOLW\�

������7\UH�DQG�$[OH�&KDUDFWHULVWLFV

7\UH�FKDUDFWHULVWLFV�DUH�RI�FUXFLDO�LPSRUWDQFH�IRU�WKH�G\QDPLF�EHKDYLRXU�RI�WKH
URDG�YHKLFOH��,Q�WKLV�VHFWLRQ�DQ�LQWURGXFWLRQ�LV�JLYHQ�WR�WKH�EDVLF�DVSHFWV�RI�WKH
IRUFH�DQG�PRPHQW�JHQHUDWLQJ�SURSHUWLHV�RI�WKH�SQHXPDWLF�W\UH��%RWK�WKH�SXUH�DQG
FRPELQHG� VOLS� FKDUDFWHULVWLFV� RI� WKH� W\UH� DUH� GLVFXVVHG� DQG� W\SLFDO� IHDWXUHV
SUHVHQWHG��)LQDOO\��WKH��VR�FDOOHG�HIIHFWLYH�D[OH�FKDUDFWHULVWLFV�DUH�GHULYHG�IURP
WKH�LQGLYLGXDO�W\UH�FKDUDFWHULVWLFV�DQG�WKH�UHOHYDQW�SURSHUWLHV�RI�WKH�VXVSHQVLRQ
DQG�VWHHULQJ�V\VWHP��

��������,QWURGXFWLRQ�WR�7\UH�&KDUDFWHULVWLFV

7KH�XSULJKW�ZKHHO�UROOLQJ�IUHHO\��WKDW�LV�ZLWKRXW�DSSO\LQJ�D�GULYLQJ�WRUTXH��RYHU
D�IODW�OHYHO�URDG�VXUIDFH�DORQJ�D�VWUDLJKW�OLQH�DW�]HUR�VLGH�VOLS��PD\�EH�GHILQHG�DV
WKH�VWDUWLQJ�VLWXDWLRQ�ZLWK�DOO�FRPSRQHQWV�RI�VOLS�HTXDO�WR�]HUR��$�UHODWLYHO\�VPDOO
SXOOLQJ�IRUFH�LV�QHHGHG�WR�RYHUFRPH�WKH�W\UH�UROOLQJ�UHVLVWDQFH�DQG�D�VLGH�IRUFH
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DQG��VHOI��DOLJQLQJ�WRUTXH�PD\�RFFXU�DV�D�UHVXOW�RI�WKH�QRW�FRPSOHWHO\�V\PPHWULF
VWUXFWXUH�RI�WKH�W\UH��:KHQ�WKH�ZKHHO�PRWLRQ�GHYLDWHV�IURP�WKLV�E\�GHILQLWLRQ�]HUR
VOLS�FRQGLWLRQ��ZKHHO�VOLS�RFFXUV�WKDW�LV�DFFRPSDQLHG�E\�D�EXLOG�XS�RI�DGGLWLRQDO
W\UH�GHIRUPDWLRQ�DQG�SRVVLEO\�SDUWLDO�VOLGLQJ�LQ�WKH�FRQWDFW�SDWFK��$V�D�UHVXOW�
�DGGLWLRQDO�� KRUL]RQWDO� IRUFHV� DQG� WKH� DOLJQLQJ� WRUTXH� DUH� JHQHUDWHG�� 7KH
PHFKDQLVP�UHVSRQVLEOH�IRU�WKLV�LV�WUHDWHG�LQ�GHWDLO�LQ�WKH�VXEVHTXHQW�FKDSWHUV��)RU
QRZ��ZH�ZLOO�VXIILFH�ZLWK�VRPH�LPSRUWDQW�H[SHULPHQWDO�REVHUYDWLRQV�DQG�GHILQH
WKH� YDULRXV� VOLS� TXDQWLWLHV� WKDW� VHUYH� DV� LQSXWV� LQWR� WKH� W\UH� V\VWHP� DQG� WKH
PRPHQW�DQG�IRUFHV�WKDW�DUH�WKH�RXWSXW�TXDQWLWLHV��SRVLWLYH�GLUHFWLRQV�DFFRUGLQJ
WR�)LJ�������6HYHUDO�DOWHUQDWLYH�GHILQLWLRQV�DUH� LQ�XVH�DV�ZHOO��,Q�$SSHQGL[��
YDULRXV�VLJQ�FRQYHQWLRQV�RI�VOLS��FDPEHU�DQG�RXWSXW�IRUFHV�DQG�PRPHQWV�WRJHWKHU
ZLWK�UHOHYDQW�FKDUDFWHULVWLFV�KDYH�EHHQ�SUHVHQWHG�

)RU�WKH�IUHHO\�UROOLQJ�ZKHHO�WKH�IRUZDUG�VSHHG�9[��ORQJLWXGLQDO�FRPSRQHQW�RI
WKH� WRWDO� YHORFLW\� YHFWRU� 9� RI� WKH� ZKHHO� FHQWUH�� DQG� WKH� DQJXODU� VSHHG� RI
UHYROXWLRQ� R�FDQ�EH�WDNHQ�IURP�PHDVXUHPHQWV��%\�GLYLGLQJ�WKHVH�WZR�TXDQWLWLHV
WKH�VR�FDOOHG�HIIHFWLYH�UROOLQJ�UDGLXV�UH�LV�REWDLQHG�

� �����

$OWKRXJK�WKH�HIIHFWLYH�UDGLXV�PD\�EH�GHILQHG�DOVR�IRU�D�EUDNHG�RU�GULYHQ�ZKHHO�
ZH�UHVWULFW�WKH�GHILQLWLRQ�WR�WKH�FDVH�RI�IUHH�UROOLQJ��:KHQ�D�WRUTXH�LV�DSSOLHG
DERXW�WKH�ZKHHO�VSLQ�D[LV�D�ORQJLWXGLQDO�VOLS�DULVHV�WKDW�LV�GHILQHG�DV�IROORZV�

�����

7KH�VLJQ�LV�WDNHQ�VXFK�WKDW�IRU�D�SRVLWLYH� �D�SRVLWLYH�ORQJLWXGLQDO�IRUFH�)[�DULVHV�
WKDW�LV��D�GULYLQJ�IRUFH��,Q�WKDW�FDVH��WKH�ZKHHO�DQJXODU�YHORFLW\� �LV�LQFUHDVHG
ZLWK�UHVSHFW�WR� R�DQG�FRQVHTXHQWO\� �! R� 9[��UH��'XULQJ�EUDNLQJ��WKH�IRUH�DQG
DIW� VOLS� EHFRPHV� QHJDWLYH�� $W�ZKHHO� ORFN�� REYLRXVO\�� �  � ���� $W� GULYLQJ� RQ
VOLSSHU\�URDGV�� �PD\�DWWDLQ�YHU\�ODUJH�YDOXHV��7R�OLPLW�WKH�VOLS�WR�D�PD[LPXP
HTXDO� WR�RQH�� LQ� VRPH� WH[WV� WKH� ORQJLWXGLQDO� VOLS� LV�GHILQHG�GLIIHUHQWO\� LQ� WKH
GULYLQJ�UDQJH�RI�VOLS��LQ�WKH�GHQRPLQDWRU�RI������� R�LV�UHSODFHG�E\� ��7KLV�ZLOO
QRW�EH�GRQH�LQ�WKH�SUHVHQW�WH[W�

/DWHUDO�ZKHHO� VOLS� LV� GHILQHG� DV� WKH� UDWLR� RI� WKH� ODWHUDO� DQG� WKH� IRUZDUG
YHORFLW\�RI�WKH�ZKHHO��7KLV�FRUUHVSRQGV�WR�PLQXV�WKH�WDQJHQW�RI�WKH�VOLS�DQJOH�
�)LJ�������$JDLQ��WKH�VLJQ�RI� �KDV�EHHQ�FKRVHQ�VXFK�WKDW�WKH�VLGH�IRUFH�EHFRPHV
SRVLWLYH�DW�SRVLWLYH�VOLS�DQJOH�

�����
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)LJ��������&RPELQHG�VLGH�IRUFH�DQG�EUDNH�IRUFH�FKDUDFWHULVWLFV��

7KH�WKLUG�DQG�ODVW�VOLS�TXDQWLW\�LV�WKH�VR�FDOOHG�VSLQ�ZKLFK�LV�GXH�WR�URWDWLRQ�RI
WKH�ZKHHO�DERXW�DQ�D[LV�QRUPDO�WR�WKH�URDG��%RWK�WKH�\DZ�UDWH�UHVXOWLQJ�LQ�SDWK
FXUYDWXUH�ZKHQ� �UHPDLQV�]HUR��DQG�WKH�ZKHHO�FDPEHU�RU�LQFOLQDWLRQ�DQJOH� �RI
WKH�ZKHHO�SODQH�DERXW�WKH�[�D[LV�FRQWULEXWH�WR�WKH�VSLQ��7KH�FDPEHU�DQJOH�LV
GHILQHG�SRVLWLYH�ZKHQ�ORRNLQJ�IURP�EHKLQG�WKH�ZKHHO�LV�WLOWHG�WR�WKH�ULJKW��,Q
&KDSWHU���PRUH�SUHFLVH�GHILQLWLRQV�RI�WKH�WKUHH�FRPSRQHQWV�RI�ZKHHO�VOLS�ZLOO�EH
JLYHQ��7KH�IRUFHV�)[�DQG�)\�DQG�WKH�DOLJQLQJ�WRUTXH�0]�DUH�UHVXOWV�RI�WKH�LQSXW
VOLS��7KH\�DUH�IXQFWLRQV�RI�WKH�VOLS�FRPSRQHQWV�DQG�WKH�ZKHHO�ORDG��)RU�VWHDG\�
VWDWH�UHFWLOLQHDU�PRWLRQV�ZH�KDYH�LQ�JHQHUDO�

�����)[')[ � � � �)]� � )\')\� � � �)]� � 0]'0]� � � �)] �

7KH�YHUWLFDO�ORDG�)]�PD\�EH�FRQVLGHUHG�DV�D�JLYHQ�TXDQWLW\�WKDW�UHVXOWV�IURP�WKH
QRUPDO�GHIOHFWLRQ�RI�WKH�W\UH��7KH�IXQFWLRQV�FDQ�EH�REWDLQHG�IURP�PHDVXUHPHQWV
IRU�D�JLYHQ�VSHHG�RI�WUDYHO�DQG�URDG�DQG�HQYLURQPHQWDO�FRQGLWLRQV�

)LJXUH�����VKRZV�WKH�DGRSWHG�V\VWHP�RI�D[HV��[��\��]��ZLWK�DVVRFLDWHG�SRVLWLYH
GLUHFWLRQV�RI�YHORFLWLHV�DQG�IRUFHV�DQG�PRPHQWV��7KH�H[FHSWLRQ�LV�WKH�YHUWLFDO
IRUFH�)]�DFWLQJ�IURP�URDG�WR�W\UH��)RU�SUDFWLFDO�UHDVRQV��WKLV�IRUFH�LV�GHILQHG�WR
EH�SRVLWLYH�LQ�WKH�XSZDUG�GLUHFWLRQ�DQG�WKXV�HTXDO�WR�WKH�QRUPDO�ORDG�RI�WKH�W\UH�
$OVR� ��QRW�SURYLGHG�ZLWK�D�\�VXEVFULSW��LV�GHILQHG�SRVLWLYH�ZLWK�UHVSHFW�WR�WKH
QHJDWLYH�\�D[LV��1RWH��WKDW�WKH�D[HV�V\VWHP�LV�LQ�DFFRUGDQFH�ZLWK�6$(�VWDQGDUGV
�6$(�-���H���������7KH�VLJQ�RI�WKH�VOLS�DQJOH��KRZHYHU��LV�FKRVHQ�RSSRVLWH�ZLWK
UHVSHFW�WR�WKH�6$(�GHILQLWLRQ��FI��$SSHQGL[���

,Q�)LJ�����W\SLFDO�SXUH�ODWHUDO�� �� ���DQG�ORQJLWXGLQDO�� � ���VOLS�FKDUDFWHU�
LVWLFV�KDYH�EHHQ�GHSLFWHG�WRJHWKHU�ZLWK�D�QXPEHU�RI�FRPELQHG�VOLS�FXUYHV��7KH
FDPEHU�DQJOH� ��ZDV�NHSW�HTXDO�WR�]HUR��:H�GHILQH�SXUH�VOLS�WR�EH�WKH�VLWXDWLRQ
ZKHQ�HLWKHU�ORQJLWXGLQDO�RU�ODWHUDO�VOLS�RFFXUV�LQ�LVRODWLRQ��7KH�ILJXUH�LQGLFDWHV
WKDW�D�GURS�LQ�IRUFH�DULVHV�ZKHQ�WKH�RWKHU�VOLS�FRPSRQHQW�LV�DGGHG��7KH��UHVXOWLQJ
VLWXDWLRQ�LV�GHVLJQDWHG�DV�FRPELQHG�VOLS��7KH�GHFUHDVH�LQ�IRUFH�FDQ�EH�VLPSO\
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)LJ������� 7\SLFDO�FKDUDFWHULVWLFV�IRU�WKH�QRUPDOLVHG�FRUQHULQJ�VWLIIQHVV��SHDN�VLGH�IRUFH�DQG�VLGH
IRUFH�YV�QRUPDOLVHG�YHUWLFDO�ORDG�DQG�VOLS�DQJOH�UHVSHFWLYHO\��)

]R
�LV�WKH�UDWHG�ORDG�

H[SODLQHG�E\�UHDOLVLQJ�WKDW�WKH�WRWDO�KRUL]RQWDO�IULFWLRQDO�IRUFH�)�FDQQRW�H[FHHG
WKH�PD[LPXP�YDOXH��UDGLXV�RI�µIULFWLRQ�FLUFOH¶��ZKLFK�LV�GLFWDWHG�E\�WKH�FXUUHQW
IULFWLRQ�FRHIILFLHQW�DQG��QRUPDO�ORDG��/DWHU��LQ�&KDSWHU���WKLV�EHFRPHV�FOHDU�ZKHQ
FRQVLGHULQJ�WKH�EHKDYLRXU�RI�D�VLPSOH�SK\VLFDO�W\UH�PRGHO��7KH�GLDJUDPV�LQFOXGH
WKH�VLWXDWLRQ�ZKHQ�WKH�EUDNH�VOLS�UDWLR�KDV�ILQDOO\�DWWDLQHG�WKH�YDOXH������� � 
����ZKLFK�FRUUHVSRQGV�WR�ZKHHO�ORFN�

7KH� VORSHV� RI� WKH� SXUH� VOLS� FXUYHV� DW� YDQLVKLQJ� VOLS� DUH� GHILQHG� DV� WKH
ORQJLWXGLQDO� DQG� ODWHUDO� VOLS� VWLIIQHVVHV� UHVSHFWLYHO\�� 7KH� ORQJLWXGLQDO� VOLS
VWLIIQHVV�LV�GHVLJQDWHG�DV�&) ��7KH�ODWHUDO�VOLS�RU�FRUQHULQJ�VWLIIQHVV�RI�WKH�W\UH�
GHQRWHG�ZLWK�&) ���LV�RQH�RI�WKH�PRVW�LPSRUWDQW�SURSHUW\�SDUDPHWHUV�RI�WKH�W\UH
DQG�LV�FUXFLDO�IRU�WKH�YHKLFOH¶V�KDQGOLQJ�DQG�VWDELOLW\�SHUIRUPDQFH��7KH�VORSH�RI
PLQXV�WKH�DOLJQLQJ�WRUTXH�YHUVXV�VOLS�DQJOH�FXUYH��)LJ������DW�]HUR�VOLS�DQJOH�LV
WHUPHG�DV�WKH�DOLJQLQJ�VWLIIQHVV�DQG�LV�GHQRWHG�ZLWK�&0 ��7KH�UDWLR�RI�PLQXV�WKH
DOLJQLQJ�WRUTXH�DQG�WKH�VLGH�IRUFH�LV�WKH�SQHXPDWLF�WUDLO�W��LI�ZH�QHJOHFW�WKH�VR�
FDOOHG�UHVLGXDO�WRUTXH�WR�EH�GHDOW�ZLWK�LQ�&KDSWHU�����7KLV�OHQJWK�LV�WKH�GLVWDQFH
EHKLQG�WKH�FRQWDFW�FHQWUH��SURMHFWLRQ�RI�ZKHHO�FHQWUH�RQWR�WKH�JURXQG�LQ�ZKHHO
SODQH�GLUHFWLRQ��WR�WKH�SRLQW�ZKHUH�WKH�UHVXOWLQJ�ODWHUDO�IRUFH�DFWV��7KH�OLQHDULVHG
IRUFH�DQG�PRPHQW�FKDUDFWHULVWLFV��YDOLG�DW�VPDOO�OHYHOV�RI�VOLS��FDQ�EH�UHSUHVHQWHG
E\�WKH�IROORZLQJ�H[SUHVVLRQV�LQ�ZKLFK�WKH�HIIHFW�RI�FDPEHU�KDV�EHHQ�LQFOXGHG�

�����
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7KHVH�HTXDWLRQV�KDYH�EHHQ�DUUDQJHG�LQ�VXFK�D�ZD\�WKDW�DOO�WKH�FRHIILFLHQWV��WKH
IRUFH� DQG� PRPHQW� VOLS� DQG� FDPEHU� VWLIIQHVVHV�� EHFRPH� SRVLWLYH� TXDQWLWLHV
�H[FOXGLQJ�VRPH�H[FHSWLRQDO�FDVHV��

,W� LV�RI� LQWHUHVW�WR�QRWH�WKDW�WKH�RUGHU�RI�PDJQLWXGH�RI�WKH�W\UH�FRUQHULQJ
VWLIIQHVV�UDQJHV�IURP�DERXW���WR�DERXW����WLPHV�WKH�YHUWLFDO�ZKHHO�ORDG�ZKHQ�WKH
FRUQHULQJ�VWLIIQHVV�LV�H[SUHVVHG�DV�IRUFH�SHU�UDGLDQ��7KH�ORZHU�YDOXH�KROGV�IRU�WKH
ROGHU�ELDV�SO\�W\UH�FRQVWUXFWLRQ�DQG�WKH�ODUJHU�YDOXH�IRU�PRGHUQ�UDFLQJ�W\UHV��7KH
ORQJLWXGLQDO�VOLS�VWLIIQHVV�KDV�EHHQ�W\SLFDOO\�IRXQG�WR�EH�DERXW�����ODUJHU�WKDQ
WKH�FRUQHULQJ�VWLIIQHVV��7KH�SQHXPDWLF�WUDLO�LV�RI�DQ�RUGHU�RI�PDJQLWXGH�HTXDO�WR
D�TXDUWHU�RI�WKH�FRQWDFW�SDWFK�OHQJWK�

)RU�WKH�VLGH�IRUFH�ZKLFK�LV�WKH�PRUH�LPSRUWDQW�TXDQWLW\�LQ�FRQQHFWLRQ�ZLWK
DXWRPRELOH�KDQGOLQJ�SURSHUWLHV��D�QXPEHU�RI� LQWHUHVWLQJ�GLDJUDPV�KDYH�EHHQ
SUHVHQWHG�LQ�)LJ������7KHVH�FKDUDFWHULVWLFV�DUH�W\SLFDO�IRU�WUXFN�DQG�FDU�W\UHV�DQG
DUH�EDVHG�RQ�H[SHULPHQWV�FRQGXFWHG�DW�WKH�8QLYHUVLW\�RI�0LFKLJDQ�7UDQVSRUWD�
WLRQ�5HVHDUFK�,QVWLWXWH��8075,��IRUPHUO\�+65,���FI��5HI���6HJHO�HW�DO��������
7KH�FDU�W\UH�FRUQHULQJ�VWLIIQHVV�GDWD�VWHPV�IURP�QHZHU�ILQGLQJV��,W�LV�VHHQ�WKDW
WKH� FRUQHULQJ� VWLIIQHVV� FKDQJHV� LQ� D� OHVV� WKDQ� SURSRUWLRQDO� IDVKLRQ�ZLWK� WKH
QRUPDO�ZKHHO�ORDG��7KH�PD[LPXP�QRUPDOLVHG�VLGH�IRUFH�)\�SHDN��)]�DSSHDUV�WR
GHFUHDVH�ZLWK�LQFUHDVLQJ�ZKHHO�ORDG��0DUNHG�GLIIHUHQFHV�LQ�OHYHO�DQG�VORSH�RFFXU
IRU�WKH�FDU�DQG�WUXFN�W\UH�FXUYHV�DOVR�ZKHQ�QRUPDOLVHG�ZLWK�UHVSHFW�WR�WKH�UDWHG
RU� QRPLQDO� ORDG�� 7KH� FRUQHULQJ� IRUFH� YV� VOLS� DQJOH� FKDUDFWHULVWLF� VKRZQ� DW
GLIIHUHQW�VSHHGV�DQG�URDG�FRQGLWLRQV�LQGLFDWH�WKDW�WKH�VORSH�DW�]HUR�VOLS�DQJOH�LV
QRW�RU�KDUGO\�DIIHFWHG�E\�WKH�OHYHO�RI�VSHHG�DQG�E\�WKH�FRQGLWLRQ�ZHW�RU�GU\��7KH
SHDN�IRUFH�OHYHO�VKRZV�RQO\�OLWWOH�YDULDWLRQ�LI�WKH�URDG�LV�GU\��2Q�D�ZHW�URDG�D
PRUH� SURQRXQFHG� SHDN� RFFXUV� DQG� WKH� SHDN� OHYHO� GURSV� VLJQLILFDQWO\� ZLWK
LQFUHDVLQJ�VSHHG�

&XUYHV�ZKLFK�H[KLELW�D�VKDSH�OLNH�WKH�VLGH�IRUFH�FKDUDFWHULVWLFV�RI�)LJ����
FDQ�EH�UHSUHVHQWHG�E\�D�PDWKHPDWLFDO�IRUPXOD�WKDW�KDV�EHFRPH�NQRZQ�E\�WKH
QDPH�µ0DJLF�)RUPXOD¶��$�IXOO�WUHDWPHQW�RI�WKH�HPSLULFDO�W\UH�PRGHO�DVVRFLDWHG
ZLWK�WKLV�IRUPXOD�LV�JLYHQ�LQ�&KDSWHU����)RU�QRZ�ZH�FDQ�VXIILFH�ZLWK�VKRZLQJ�WKH
EDVLF�H[SUHVVLRQV�IRU�WKH�VLGH�IRUFH�DQG�WKH�FRUQHULQJ�VWLIIQHVV�

)\� �'�VLQ>&�DUFWDQ^% ���(�% ���DUFWDQ�% ��`@�����������

ZLWK�VWLIIQHVV�IDFWRU

%� &) ���&'��

SHDN�IDFWRU �����

'� �)]���� �)\�SHDN�

DQG�FRUQHULQJ�VWLIIQHVV�

&) �� �%&'�� �F��VLQ^��DUFWDQ�)]��F��`�
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7KH�VKDSH�IDFWRUV�&�DQG�(�DV�ZHOO�DV�WKH�SDUDPHWHUV�F��DQG�F��DQG�WKH�IULFWLRQ
FRHIILFLHQW� �� �SRVVLEO\� GHSHQGLQJ� RQ� WKH� YHUWLFDO� ORDG� DQG� VSHHG�� PD\� EH
HVWLPDWHG�RU�GHWHUPLQHG�WKURXJK�UHJUHVVLRQ�WHFKQLTXHV�

��������(IIHFWLYH�$[OH�&RUQHULQJ�&KDUDFWHULVWLFV

)RU�WKH�EDVLF�DQDO\VLV�RI��TXDVL��VWHDG\�VWDWH�WXUQLQJ�EHKDYLRXU�D�VLPSOH�WZR�
ZKHHO�YHKLFOH�PRGHO�PD\�EH�XVHG�VXFFHVVIXOO\��(IIHFWV�RI�VXVSHQVLRQ�DQG�VWHHULQJ
V\VWHP�NLQHPDWLFV�DQG�FRPSOLDQFHV�VXFK�DV�VWHHU�FRPSOLDQFH��ERG\�UROO�DQG�DOVR
ORDG�WUDQVIHU�PD\�EH�WDNHQ�LQWR�DFFRXQW�E\�XVLQJ�HIIHFWLYH�D[OH�FKDUDFWHULVWLFV�
7KH�UHVWULFWLRQ�WR��TXDVL��VWHDG\�VWDWH�EHFRPHV�FOHDU�ZKHQ�ZH�UHDOLVH�WKDW�IRU
WUDQVLHQW� RU� RVFLOODWRU\� PRWLRQV�� H[KLELWLQJ� \DZ� DQG� UROO� DFFHOHUDWLRQV� DQG
GLIIHUHQFHV�LQ�SKDVH��YDULDEOHV�OLNH�UROO�DQJOH�DQG�ORDG�WUDQVIHU�FDQ�QR�ORQJHU�EH
ZULWWHQ�DV�GLUHFW�DOJHEUDLF�IXQFWLRQV�RI�RQH�RI�WKH�ODWHUDO�D[OH�IRUFHV��IURQW�RU
UHDU���&RQVHTXHQWO\��ZH�VKRXOG�GURS� WKH�VLPSOH�PHWKRG�RI� LQFRUSRUDWLQJ� WKH
HIIHFWV�RI�D�ILQLWH�FHQWUH�RI�JUDYLW\�KHLJKW�LI�WKH�IUHTXHQF\�RI�LQSXW�VLJQDOV�VXFK
DV�WKH�VWHHULQJ�ZKHHO�DQJOH�FDQQRW�EH�FRQVLGHUHG�VPDOO�UHODWLYH�WR�WKH�ERG\�UROO
QDWXUDO� IUHTXHQF\��6LQFH� WKH� QDWXUDO� IUHTXHQF\� RI� WKH�ZKHHO� VXVSHQVLRQ� DQG
VWHHULQJ� V\VWHPV� DUH� UHODWLYHO\� KLJK�� WKH� UHVWULFWLRQ� WR� VWHDG\�VWDWH� PRWLRQV
EHFRPHV�OHVV�FULWLFDO�LQ�FDVH�RI�WKH�LQFOXVLRQ�RI�H�J��VWHHULQJ�FRPSOLDQFH�LQ�WKH
HIIHFWLYH�FKDUDFWHULVWLF��&KLHVD�DQG�5LQRQDSROL��������ZHUH�DPRQJ�WKH�ILUVW�WR
HPSOR\�HIIHFWLYH�D[OH�FKDUDFWHULVWLFV�RU�µZRUNLQJ�FXUYHV¶�DV�WKHVH�ZHUH�UHIHUUHG
WR�E\�WKHP��9nJVWHGW��������GHWHUPLQHG�WKHVH�FXUYHV�H[SHULPHQWDOO\���

%HIRUH�DVVHVVLQJ�WKH�FRPSOHWH�QRQ�OLQHDU�HIIHFWLYH�D[OH�FKDUDFWHULVWLFV�ZH
ZLOO� ILUVW� GLUHFW� RXU� DWWHQWLRQ� WR� WKH� GHULYDWLRQ� RI� WKH� HIIHFWLYH� FRUQHULQJ
VWLIIQHVVHV�ZKLFK�DUH�XVHG�LQ�WKH�VLPSOH�OLQHDU�WZR�ZKHHO�PRGHO��)RU�WKHVH�WR�EH
GHWHUPLQHG��D�PRUH�FRPSUHKHQVLYH�YHKLFOH�PRGHO�KDV�WR�EH�GHILQHG�

)LJXUH� ���� GHSLFWV� D� YHKLFOH�PRGHO� ZLWK� WKUHH� GHJUHHV� RI� IUHHGRP�� 7KH
IRUZDUG�YHORFLW\�X�PD\�EH�NHSW�FRQVWDQW��$V�PRWLRQ�YDULDEOHV�ZH�GHILQH� WKH
ODWHUDO�YHORFLW\�Y�RI�UHIHUHQFH�SRLQW�$��WKH�\DZ�YHORFLW\�U�DQG�WKH�UROO�DQJOH� ��$
PRYLQJ�D[HV�V\VWHP��$�[�\�]��KDV�EHHQ�LQWURGXFHG���7KH�[�D[LV�SRLQWV�IRUZDUGV
DQG�OLHV�ERWK�LQ�WKH�JURXQG�SODQH�DQG�LQ�WKH�SODQH�QRUPDO�WR�WKH�JURXQG�WKDW
SDVVHV�WKURXJK�WKH�VR�FDOOHG�UROO�D[LV��7KH�\�D[LV�SRLQWV�WR�WKH�ULJKW�DQG�WKH�]�D[LV
SRLQWV�GRZQZDUGV��7KLV�ODWWHU�D[LV�SDVVHV�WKURXJK�WKH�FHQWUH�RI�JUDYLW\�ZKHQ�WKH
WKH�UROO�DQJOH�LV�HTXDO�WR�]HUR��,Q�WKLV�ZD\�WKH�ORFDWLRQ�RI�WKH�SRLQW�RI�UHIHUHQFH
$� KDV� EHHQ�GHILQHG��7KH� ORQJLWXGLQDO�GLVWDQFH� WR� WKH� IURQW�D[OH� LV�D� DQG� WKH
GLVWDQFH�WR�WKH�UHDU�D[OH�LV�E��7KH�VXP�RI�WKH�WZR�GLVWDQFHV�LV�WKH�ZKHHO�EDVH�O�
)RU�FRQYHQLHQFH�ZH�PD\�ZULWH��D D��DQG�E D���

,Q� D� FXUYH�� WKH� YHKLFOH� ERG\� UROOV� DERXW� WKH� UROO� D[LV�� 7KH� ORFDWLRQ� DQG
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)LJ�������9HKLFOH�PRGHO�VKRZLQJ�WKUHH�GHJUHHV�RI�IUHHGRP��ODWHUDO��\DZ�DQG�UROO�

DWWLWXGH�RI�WKLV�YLUWXDO�D[LV�LV�GHILQHG�E\�WKH�KHLJKWV�K����RI�WKH�IURQW�DQG�UHDU�UROO
FHQWUHV��7KH�UROO�D[LV�LV�DVVHVVHG�E\�FRQVLGHULQJ�WKH�ERG\�PRWLRQ�ZLWK�UHVSHFW�WR
WKH� IRXU�FRQWDFW�FHQWUHV� RI� WKH�ZKHHOV�RQ� WKH�JURXQG�XQGHU� WKH�DFWLRQ�RI�DQ
H[WHUQDO�ODWHUDO�IRUFH�WKDW�DFWV�RQ�WKH�FHQWUH�RI�JUDYLW\��'XH�WR�WKH�V\PPHWU\�RI
WKH�YHKLFOH�FRQILJXUDWLRQ�DQG�WKH�OLQHDULVDWLRQ�RI�WKH�PRGHO�WKHVH�ORFDWLRQV�FDQ
EH�FRQVLGHUHG�DV�IL[HG��7KH�UROO�FHQWUH�ORFDWLRQV�DUH�JRYHUQHG�E\�VXVSHQVLRQ
NLQHPDWLFV�DQG�SRVVLEO\�VXVSHQVLRQ�ODWHUDO�FRPSOLDQFHV��7KH�WRUVLRQDO�VSULQJV
GHSLFWHG�LQ�WKH�ILJXUH�UHSUHVHQW�WKH�IURQW�DQG�UHDU�UROO�VWLIIQHVVHV�F ����ZKLFK�UHVXOW
IURP�VXVSHQVLRQ�VSULQJV�DQG�DQWL�UROO�EDUV��

7KH�IRUH�DQG�DIW�SRVLWLRQ�RI�WKH�FHQWUH�RI�JUDYLW\�RI�WKH�ERG\�LV�GHILQHG�E\�D
DQG�E��LWV�KHLJKW�IROORZV�IURP�WKH�GLVWDQFH�K¶��WR�WKH�UROO�D[LV��7KH�ERG\�PDVV�LV
GHQRWHG�E\�P�DQG�WKH�PRPHQWV�RI�LQHUWLD�ZLWK�UHVSHFW�WR�WKH�FHQWUH�RI�PDVV�DQG
KRUL]RQWDO�DQG�YHUWLFDO�D[HV�E\�,[���,]�DQG�,[]��7KHVH�ODWWHU�TXDQWLWLHV�ZLOO�EH�QHHGHG
LQ�D�ODWHU�SKDVH�ZKHQ�WKH�GLIIHUHQWLDO�HTXDWLRQV�RI�PRWLRQ�DUH�HVWDEOLVKHG��7KH
XQVSUXQJ�PDVVHV�ZLOO�EH�QHJOHFWHG�RU�WKH\�PD\�EH�LQFOXGHG�DV�SRLQW�PDVVHV
DWWDFKHG�WR�WKH�UROO�D[LV�DQG�WKXV�PDNH�WKHP�SDUW�RI�WKH�VSUXQJ�PDVV��WKDW�LV��WKH
YHKLFOH�ERG\�

)XUWKHUPRUH��WKH�PRGHO�IHDWXUHV�WRUVLRQDO�VSULQJV�DURXQG�WKH�VWHHULQJ�D[HV�
7KH�NLQJ�SLQ�LV�SRVLWLRQHG�DW�D�VPDOO�FDVWHU�DQJOH�WKDW�JLYHV�ULVH�WR�WKH�FDVWHU
OHQJWK�H�DV�LQGLFDWHG�LQ�WKH�GUDZLQJ��7KH�WRWDO�VWHHULQJ�WRUVLRQDO�VWLIIQHVV��OHIW
SOXV�ULJKW��LV�GHQRWHG�E\�F ���
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(IIHFWLYH�$[OH�&RUQHULQJ�6WLIIQHVV

/LQHDU�DQDO\VLV��YDOLG�IRU�UHODWLYHO\�VPDOO�OHYHOV�RI�ODWHUDO�DFFHOHUDWLRQV�DOORZV
WKH�XVH�RI�DSSUR[LPDWH�W\UH�FKDUDFWHULVWLFV�UHSUHVHQWHG�E\�MXVW�WKH�VORSHV�DW�]HUR
VOLS��:H�ZLOO�ILUVW�GHULYH�WKH�HIIHFWLYH�D[OH�FRUQHULQJ�VWLIIQHVV�WKDW�PD\�EH�XVHG
XQGHU�WKHVH�FRQGLWLRQV��7KH�HIIHFWV�RI�ORDG�WUDQVIHU��ERG\�UROO��VWHHU�FRPSOLDQFH�
VLGH�IRUFH�VWHHU�DQG�LQLWLDO�FDPEHU�DQG�WRH�DQJOHV�ZLOO�EH�LQFOXGHG�LQ�WKH�XOWLPDWH
H[SUHVVLRQ�IRU�WKH�HIIHFWLYH�D[OH�FRUQHULQJ�VWLIIQHVV���

7KH�OLQHDU�H[SUHVVLRQV�IRU�WKH�VLGH�IRUFH�DQG�WKH�DOLJQLQJ�WRUTXH�DFWLQJ�RQ�D
W\UH�KDYH�EHHQ�JLYHQ�E\�(TV��������7KH�FRHIILFLHQWV�DSSHDULQJ�LQ�WKHVH�H[SUHV�
VLRQV�DUH�IXQFWLRQV�RI�WKH�YHUWLFDO�ORDG��)RU�VPDOO�YDULDWLRQV�ZLWK�UHVSHFW�WR�WKH
DYHUDJH� YDOXH� �GHVLJQDWHG�ZLWK� VXEVFULSW� R��ZH�ZULWH� IRU� WKH� FRUQHULQJ� DQG
FDPEHU�IRUFH�VWLIIQHVVHV�WKH�OLQHDULVHG�H[SUHVVLRQV�

�����

ZKHUH�WKH�LQFUHPHQW�RI�WKH�ZKHHO�YHUWLFDO�ORDG�LV�GHQRWHG�E\� )]�DQG�WKH�VORSHV
RI�WKH�FRHIILFLHQW�YHUVXV�ORDG�FXUYHV�DW�)]� �)]R�DUH�UHSUHVHQWHG�E\� � �

:KHQ� WKH� YHKLFOH� PRYHV� VWHDGLO\� DURXQG� D� FLUFXODU� SDWK� D� FHQWULSHWDO
DFFHOHUDWLRQ�D\�RFFXUV�DQG�D�FHQWULIXJDO�IRUFH�.� �PD\�FDQ�EH�VDLG�WR�DFW�RQ�WKH
YHKLFOH�ERG\�DW�WKH�FHQWUH�RI�JUDYLW\�LQ�WKH�RSSRVLWH�GLUHFWLRQ��7KH�ERG\�UROO�DQJOH
��WKDW�LV�DVVXPHG�WR�EH�VPDOO��LV�FDOFXODWHG�E\�GLYLGLQJ�WKH�PRPHQW�DERXW�WKH
UROO�D[LV�E\�WKH�DSSDUHQW�UROO�VWLIIQHVV�ZKLFK�LV�UHGXFHG�ZLWK�WKH�WHUP�PJK¶GXH
WR�WKH�DGGLWLRQDO�PRPHQW�PJK¶ ��

�����

7KH�WRWDO�PRPHQW�DERXW�WKH�UROO�D[LV�LV�GLVWULEXWHG�RYHU�WKH�IURQW�DQG�UHDU�D[OHV
LQ�SURSRUWLRQ�WR�WKH�IURQW�DQG�UHDU�UROO�VWLIIQHVVHV��7KH�ORDG�WUDQVIHU� )]L��IURP
WKH�LQQHU�WR�WKH�RXWHU�ZKHHOV��WKDW�RFFXUV�DW�D[OH�L�� ���RU����LQ�D�VWHDG\�VWDWH
FRUQHULQJ�PRWLRQ�ZLWK�FHQWULSHWDO�DFFHOHUDWLRQ�D\�IROORZV�IURP�WKH�IRUPXOD�

�����

ZLWK�WKH�ORDG�WUDQVIHU�FRHIILFLHQW�RI�D[OH�L

������

7KH�DWWLWXGH�DQJOH�RI�WKH�UROO�D[LV�ZLWK�UHVSHFW�WR�WKH�KRUL]RQWDO�LV�FRQVLGHUHG
VPDOO��,Q�WKH�IRUPXOD��VL�GHQRWHV�KDOI�WKH�WUDFN�ZLGWK��K��LV�WKH�GLVWDQFH�IURP�WKH
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VWZ
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VIL ' FVIL)\L

FHQWUH�RI�JUDYLW\�WR�WKH�UROO�D[LV�DQG�D� D�DQG�D� E��7KH�UHVXOWLQJ�YHUWLFDO�ORDGV
DW�D[OH�L�IRU�WKH�OHIW��/��DQG�ULJKW��5��ZKHHOV�EHFRPH�DIWHU�FRQVLGHULQJ�WKH�OHIW�DQG
ULJKW�LQFUHPHQWV�LQ�ORDG�

������

7KH�ZKHHOV�DW�WKH�IURQW�D[OH�DUH�VWHHUHG�DERXW�WKH�NLQJ�SLQV�ZLWK�WKH�DQJOH� ��7KLV
DQJOH�UHODWHV�GLUHFWO\�WR�WKH�LPSRVHG�VWHHULQJ�ZKHHO�DQJOH� VWZ�WKURXJK�WKH�VWHHULQJ
UDWLR�QVW�

������

,Q�DGGLWLRQ�WR�WKLV�LPSRVHG�VWHHU�DQJOH�WKH�ZKHHOV�PD\�VKRZ�D�VWHHU�DQJOH�DQG�D
FDPEHU� DQJOH� LQGXFHG� E\� ERG\� UROO� WKURXJK� VXVSHQVLRQ� NLQHPDWLFV�� 7KH
IXQFWLRQDO� UHODWLRQVKLSV�ZLWK� WKH� UROO�DQJOH�PD\�EH� OLQHDULVHG��)RU�D[OH� L�ZH
GHILQH�

������

6WHHU�FRPSOLDQFH�JLYHV�ULVH�WR�DQ�DGGLWLRQDO�VWHHU�DQJOH�GXH�WR�WKH�H[WHUQDO�WRUTXH
WKDW�DFWV�DERXW�WKH�NLQJ�SLQ� �VWHHULQJ�D[LV���)RU�WKH�SDLU�RI�IURQW�ZKHHOV�WKLV
WRUTXH�UHVXOWV�IURP�WKH�VLGH�IRUFH��RI�FRXUVH�DOVR�IURP�WKH�KHUH�QRW�FRQVLGHUHG
GULYLQJ�RU�EUDNLQJ�IRUFHV��WKDW�H[HUWV�D�PRPHQW�DERXW�WKH�NLQJ�SLQ�WKURXJK�WKH
PRPHQW�DUP�ZKLFK�LV�FRPSRVHG�RI�WKH�FDVWHU�OHQJWK�H�DQG�WKH�SQHXPDWLF�WUDLO�W��
:LWK�WKH�WRWDO�VWHHULQJ�VWLIIQHVV�F ��IHOW�DERXW�WKH�NLQJ�SLQV�ZLWK�WKH�VWHHULQJ
ZKHHO�KHOG�IL[HG�� WKH�DGGLWLRQDO�VWHHU�DQJOH�EHFRPHV�ZKHQ�IRU�VLPSOLFLW\�WKH
LQIOXHQFH�RI�FDPEHU�RQ�WKH�SQHXPDWLF�WUDLO�LV�GLVUHJDUGHG�

������F� ' &

)\��H% W��

F

,Q�DGGLWLRQ��WKH�VLGH�IRUFH��EXW�DOVR�WKH�IRUH�DQG�DIW�IRUFH��PD\�LQGXFH�D�VWHHU
DQJOH�GXH�WR�VXVSHQVLRQ�FRPSOLDQFH��7KH�VR�FDOOHG�VLGH�IRUFH�VWHHU�UHDGV�

������

)RU�WKH�IURQW�D[OH��ZH�VKRXOG�VHSDUDWH�WKH�LQIOXHQFHV�RI�PRPHQW�VWHHU�DQG�VLGH
IRUFH�VWHHU��)RU�WKLV�UHDVRQ��VLGH�IRUFH�VWHHU�DW�WKH�IURQW�LV�GHILQHG�WR�RFFXU�DV�D
UHVXOW�RI�WKH�VLGH�IRUFH�DFWLQJ�LQ�D�SRLQW�RQ�WKH�NLQJ�SLQ�D[LV��

%HVLGH�WKH�ZKHHO�DQJOHV�LQGLFDWHG�DERYH��WKH�ZKHHOV�PD\�KDYH�EHHQ�JLYHQ
LQLWLDO�DQJOHV�WKDW�DOUHDG\�H[LVW�DW�VWUDLJKW�DKHDG�UXQQLQJ��7KHVH�DUH�WKH�WRH�DQJOH
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R��SRVLWLYH�SRLQWLQJ�RXWZDUGV��DQG�WKH�LQLWLDO�FDPEHU�DQJOH� R��SRVLWLYH��OHDQLQJ
RXWZDUGV���)RU�WKH�OHIW�DQG�ULJKW�ZKHHOV�ZH�KDYH�WKH�LQLWLDO�DQJOHV�

������

$GGLQJ�DOO�UHOHYDQW�FRQWULEXWLRQV��������WR��������WRJHWKHU�\LHOGV�WKH�WRWDO�VWHHU
DQJOH�IRU�HDFK�RI�WKH�ZKHHOV�

7KH�HIIHFWLYH�FRUQHULQJ�VWLIIQHVV�RI�DQ�D[OH�&HII�L�LV�QRZ�GHILQHG�DV�WKH�UDWLR
RI�WKH�D[OH�VLGH�IRUFH�DQG�WKH�YLUWXDO�VOLS�DQJOH��7KLV�DQJOH�LV�GHILQHG�DV�WKH�DQJOH
EHWZHHQ�WKH�GLUHFWLRQ�RI�PRWLRQ�RI�WKH�FHQWUH�RI�WKH�D[OH�L��DFWXDOO\�DW�URDG�OHYHO�
ZKHQ�WKH�YHKLFOH�YHORFLW\�ZRXOG�EH�YHU\�ORZ�DQG�DSSURDFKHV�]HUR��WKHQ�DOVR�)\L

ß���DQG�WKH�GLUHFWLRQ�RI�PRWLRQ�DW�WKH�DFWXDO�VSHHG�FRQVLGHUHG��7KH�YLUWXDO�VOLS
DQJOH�RI�WKH�IURQW�D[OH�KDV�EHHQ�LQGLFDWHG�LQ�)LJ�����DQG�LV�GHVLJQDWHG�DV� D���:H
KDYH�LQ�JHQHUDO�

�
������

7KH�D[OH�VLGH�IRUFHV�LQ�WKH�VWHDG\�VWDWH�WXUQ�FDQ�EH�GHULYHG�E\�FRQVLGHULQJ�WKH
ODWHUDO�IRUFH�DQG�PRPHQW�HTXLOLEULXP�RI�WKH�YHKLFOH�

������

7KH�D[OH�VLGH�IRUFH�LV�WKH�VXP�RI�WKH�OHIW�DQG�ULJKW�LQGLYLGXDO�W\UH�VLGH�IRUFHV��:H
KDYH

������

ZKHUH�WKH�DYHUDJH�ZKHHO�VOLS�DQJOH� L�LQGLFDWHG�LQ�WKH�ILJXUH�LV

������

DQG�WKH�DYHUDJH�DGGLWLRQDO�VWHHU�DQJOH�DQG�WKH�DYHUDJH�FDPEHU�DQJOH�DUH�

������

7KH�XQNQRZQ�TXDQWLW\�LV�WKH�YLUWXDO�VOLS�DQJOH� DL�ZKLFK�FDQ�EH�GHWHUPLQHG�IRU
D�JLYHQ�ODWHUDO�DFFHOHUDWLRQ�D\��1H[W��ZH�XVH�WKH�HTXDWLRQV�����������������������
�������������VXEVWLWXWH�WKH�UHVXOWLQJ�H[SUHVVLRQV��������DQG��������LQ��������DQG
DGG�XS�WKHVH�WZR�HTXDWLRQV��7KH�UHVXOW�LV�D�UHODWLRQVKLS�EHWZHHQ�WKH�D[OH�VOLS
DQJOH� DL�DQG�WKH�D[OH�VLGH�IRUFH�)\L��:H�REWDLQ�IRU�WKH�VOLS�DQJOH�RI�D[OH�L�
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������

7KH�FRHIILFLHQW�RI�)\L�FRQVWLWXWHV�WKH�HIIHFWLYH�D[OH�FRUQHULQJ�FRPSOLDQFH��ZKLFK
LV�WKH�LQYHUVH�RI�WKH�HIIHFWLYH�D[OH�FRUQHULQJ�VWLIIQHVV���������7KH�TXDQWLWDWLYH
HIIHFW�RI�HDFK�RI�WKH�VXVSHQVLRQ��VWHHULQJ�DQG�W\UH�IDFWRUV�LQFOXGHG�FDQ�EH�HDVLO\
DVVHVVHG��7KH�VXEVFULSW�L�UHIHUV�WR�WKH�FRPSOHWH�D[OH��&RQVHTXHQWO\��WKH�FRUQHULQJ
DQG�FDPEHU�VWLIIQHVVHV�DSSHDULQJ�LQ�WKLV�H[SUHVVLRQ�DUH�WKH�VXP�RI�WKH�VWLIIQHVVHV
RI�WKH�OHIW�DQG�ULJKW�W\UH��

������

LQ�ZKLFK� ������ DQG� ������� KDYH� EHHQ� WDNHQ� LQWR� DFFRXQW�� 7KH� ORDG� WUDQVIHU
FRHIILFLHQW� L�IROORZV�IURP�(T���������([SUHVVLRQ��������VKRZV�WKDW�WKH�LQIOXHQFH
RI�ODWHUDO�ORDG�WUDQVIHU�RQO\�RFFXUV�LI�LQLWLDOO\��DW�VWUDLJKW�DKHDG�UXQQLQJ��VLGH
IRUFHV�DUH�DOUHDG\�SUHVHQW�WKURXJK�WKH�LQWURGXFWLRQ�RI�H�J��RSSRVLWH�VWHHU�DQG
FDPEHU�DQJOHV��,I�WKHVH�DQJOHV�DUH�DEVHQW��WKH�LQIOXHQFH�RI�ORDG�WUDQVIHU�LV�SXUHO\
QRQ�OLQHDU�DQG�LV�RQO\�IHOW�DW�KLJKHU�OHYHOV�RI�ODWHUDO�DFFHOHUDWLRQV��,Q�WKH�QH[W
VXEVHFWLRQ�� WKLV� QRQ�OLQHDU� HIIHFW� ZLOO� EH� LQFRUSRUDWHG� LQ� WKH� HIIHFWLYH� D[OH
FKDUDFWHULVWLF�

(IIHFWLYH�1RQ�/LQHDU�$[OH�&KDUDFWHULVWLFV

7R�LOOXVWUDWH�WKH�PHWKRG�RI�HIIHFWLYH�D[OH�FKDUDFWHULVWLFV�ZH�ZLOO�ILUVW�GLVFXVV�WKH
GHWHUPLQDWLRQ�RI� WKH�HIIHFWLYH�FKDUDFWHULVWLF�RI�D� IURQW�D[OH� VKRZLQJ�VWHHULQJ
FRPSOLDQFH��7KH�VWHHULQJ�ZKHHO�LV�KHOG�IL[HG��'XH�WR�W\UH�VLGH�IRUFHV�DQG�VHOI�
DOLJQLQJ�WRUTXHV��OHIW�DQG�ULJKW��GLVWRUWLRQV�ZLOO�DULVH�UHVXOWLQJ�LQ�DQ�LQFUHPHQWDO
VWHHU�DQJOH� F��RI�WKH�IURQW�ZKHHOV�� �F��ZLOO�EH�QHJDWLYH�LQ�)LJ�����IRU�WKH�FDVH�RI
MXVW�VWHHU�FRPSOLDQFH���6LQFH�ORDG�WUDQVIHU�LV�QRW�FRQVLGHUHG�LQ�WKLV�H[DPSOH��WKH
VLWXDWLRQ�DW�WKH��OHIW�DQG�ULJKW�ZKHHOV�DUH�LGHQWLFDO��LQLWLDO�WRH�DQG�FDPEHU�DQJOHV
EHLQJ�GLVUHJDUGHG���7KH�IURQW�W\UH�VOLS�DQJOH�LV�GHQRWHG�ZLWK� ���7KH�µYLUWXDO¶�VOLS
DQJOH�RI�WKH�D[OH�LV�GHQRWHG�ZLWK� D��DQG�HTXDOV��FI��)LJ������

������

ZKHUH�ERWK� ��DQG� F��DUH�UHODWHG�ZLWK�)\��DQG�0]���7KH�VXEVFLSW���UHIHUV�WR�WKH
IURQW�D[OH�DQG�WKXV�WR�WKH�SDLU�RI�W\UHV��&RQVHTXHQWO\��)\��DQG�0]��GHQRWH�WKH�VXP
RI�WKH�OHIW�DQG�ULJKW�W\UH�VLGH�IRUFHV�DQG�PRPHQWV��7KH�REMHFWLYH�LV��WR�ILQG�WKH
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)LJ��������:KHHO�VXVSHQVLRQ�DQG�VWHHULQJ�FRPSOLDQFH�UHVXOWLQJ�LQ�DGGLWLRQDO�VWHHU�DQJOH� ��
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)LJ���������(IIHFWLYH�IURQW�D[OH�FKDUDFWHULVWLF�)\�� D����LQIOXHQFHG�E\�VWHHULQJ�FRPSOLDQFH�

IXQFWLRQ�)\�� D���ZKLFK�LV�WKH�HIIHFWLYH�IURQW�D[OH�FKDUDFWHULVWLF��)LJXUH�����VKRZV
D�JUDSKLFDO�DSSURDFK��$FFRUGLQJ�WR�(T��������WKH�SRLQWV�RQ�WKH�)\�� ���FXUYH
PXVW�EH�VKLIWHG�KRUL]RQWDOO\�RYHU�D�OHQJWK� F��WR�REWDLQ�WKH�VRXJKW�)\�� D����7KH
VORSH� RI� WKH� FXUYH� DW� WKH� RULJLQ� FRUUHVSRQGV� WR� WKH� HIIHFWLYH� D[OH� FRUQHULQJ
VWLIIQHVV�IRXQG�LQ�WKH�SUHFHGLQJ�VXEVHFWLRQ��$OWKRXJK�WKH�FKDQJHV�ZLWK�UHVSHFW
WR� WKH�RULJLQDO�FKDUDFWHULVWLF�PD\�EH�VPDOO�� WKH\�FDQ�VWLOO�EH�RI�FRQVLGHUDEOH
LPSRUWDQFH�VLQFH�LW�LV�WKH�GLIIHUHQFH�RI�VOLS�DQJOHV�IURQW�DQG�UHDU�ZKLFK�ODUJHO\
GHWHUPLQHV�WKH�YHKLFOH¶V�KDQGOLQJ�EHKDYLRXU�

7KH� HIIHFWLYH� D[OH� FKDUDFWHULVWLF� IRU� WKH� FDVH� RI� UROO� VWHHU� FDQ� EH� HDVLO\
HVWDEOLVKHG�E\�VXEWUDFWLQJ� UL��IURP� �L��,QVWHDG�RI�XVLQJ�WKH�OLQHDU�UHODWLRQVKLSV
������ DQG� ������� QRQ�OLQHDU� FXUYHV�PD\�EH� DGRSWHG�� SRVVLEO\� REWDLQHG� IURP
PHDVXUHPHQWV��)RU�WKH�FDVH�RI�UROO�FDPEHU��WKH�VLWXDWLRQ�EHFRPHV�PRUH�FRPSOH[�
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)LJ��������7KH�LQIOXHQFH�RI�ORDG�WUDQVIHU�RQ�WKH�UHVXOWLQJ�D[OH�FKDUDFWHULVWLF�

$W�D�JLYHQ�D[OH�VLGH�IRUFH�WKH�UROO�DQJOH�DQG�WKH�DVVRFLDWHG�FDPEHU�DQJOH�FDQ�EH
IRXQG��7KH�FRUQHULQJ�FKDUDFWHULVWLF�RI�WKH�SDLU�RI�W\UHV�DW�WKDW�FDPEHU�DQJOH�LV
QHHGHG�WR�ILQG�WKH�VOLS�DQJOH�EHORQJLQJ�WR�WKH�VLGH�IRUFH�FRQVLGHUHG��

/RDG�WUDQVIHU�LV�DQRWKHU�H[DPSOH�WKDW�LV�OHVV�HDV\�WR�KDQGOH��,Q�)LJ�����D
WKUHH�GLPHQVLRQDO�JUDSK�LV�SUHVHQWHG�IRU�WKH�YDULDWLRQ�RI�WKH�VLGH�IRUFH�RI�DQ
LQGLYLGXDO�W\UH�DV�D�IXQFWLRQ�RI�WKH�VOLS�DQJOH�DQG�RI�WKH�YHUWLFDO�ORDG��7KH�IRUPHU
DW�D�JLYHQ�ORDG�DQG�WKH�ODWWHU�DW�D�JLYHQ�VOLS�DQJOH��7KH�GLDJUDP�LOOXVWUDWHV�WKDW
DW�ORDG�WUDQVIHU�WKH�RXWHU�W\UH�H[KLELWLQJ�D�ODUJHU�ORDG�ZLOO�JHQHUDWH�D�ODUJHU�VLGH
IRUFH�WKDQ�WKH�LQQHU�W\UH��%HFDXVH�RI�WKH�QRQ�OLQHDU�GHJUHVVLYH�)\�YV�)]�FXUYH�
KRZHYHU��WKH�DYHUDJH�VLGH�IRUFH�ZLOO�EH�VPDOOHU�WKDQ�WKH�RULJLQDO�YDOXH�LW�KDG�LQ
WKH�DEVHQFH�RI�ORDG�WUDQVIHU��7KH�JUDSK�LQGLFDWHV�WKDW�DQ�LQFUHDVH� �RI�WKH�VOLS
DQJOH�ZRXOG�EH�QHHGHG�WR�FRPSHQVDWH�IRU�WKH�DGYHUVH�HIIHFW�RI�ORDG�WUDQVIHU��7KH
ORZHU�GLDJUDP�JLYHV�D�W\SLFDO�H[DPSOH�RI�WKH�FKDQJH�LQ�FKDUDFWHULVWLF�DV�D�UHVXOW
RI�ORDG�WUDQVIHU��$W�WKH�RULJLQ�WKH�VORSH�LV�QRW�DIIHFWHG�EXW�DW�ODUJHU�VOLS�DQJOHV
DQ�LQFUHDVLQJO\�ORZHU�GHULYDWLYH�DSSHDUV�WR�RFFXU��7KH�SHDN�GLPLQLVKHV�DQG�PD\
HYHQ�GLVDSSHDU�FRPSOHWHO\��7KH�ZD\�WR�GHWHUPLQH�WKH�UHVXOWLQJ�FKDUDFWHULVWLF�LV
WKH�VXEMHFW�RI�WKH�QH[W�H[HUFLVH��

([HUFLVH�������&RQVWUXFWLRQ�RI�HIIHFWLYH�D[OH�FKDUDFWHULVWLF�DW�ORDG�WUDQVIHU

)RU�D�VHULHV�RI�W\UH�YHUWLFDO�ORDGV�)]�WKH�FKDUDFWHULVWLFV�RI�WKH�WZR�W\UHV�PRXQWHG�RQ�
VD\��WKH�IURQW�D[OH�RI�DQ�DXWRPRELOH�DUH�JLYHQ��,Q�DGGLWLRQ��LW�LV�NQRZQ�KRZ�WKH�ORDG
WUDQVIHU� )]�DW�WKH�IURQW�D[OH�GHSHQGV�RQ�WKH�FHQWULIXJDO�IRUFH�.��� �PJ�

)\���)]�� �PJ
)\���)]����DFWLQJ�DW�WKH�FHQWUH�RI�JUDYLW\��)URP�WKLV�GDWD�WKH�UHVXOWLQJ�FRUQHULQJ�FKDUDF�
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)LJ������ 7KH� FRQVWUXFWLRQ� RI� WKH� UHVXOWLQJ� D[OH� FRUQHULQJ� FKDUDFWHULVWLFV� DW� ORDG�WUDQVIHU
�([HUFLVH�������

WHULVWLF�RI�WKH�D[OH�FRQVLGHUHG��DW�VWHDG\�VWDWH�FRUQHULQJ��FDQ�EH�GHWHUPLQHG�
��� )LQG� WKH� UHVXOWLQJ� FKDUDFWHULVWLF� RI� RQH� D[OH� IURP� WKH� VHW� RI� LQGLYLGXDO�W\UH

FKDUDFWHULVWLFV�DW�GLIIHUHQW�W\UH�ORDGV�)]�DQG�WKH�ORDG�WUDQVIHU�FKDUDFWHULVWLF�ERWK
VKRZQ�LQ�)LJ�����
+LQW���)LUVW�GUDZ�LQ�WKH�ORZHU�GLDJUDP�WKH�D[OH�FKDUDFWHULVWLFV�IRU�YDOXHV�RI� )]� 
�����������������DQG������1�DQG�WKHQ�GHWHUPLQH�ZKLFK�SRLQW�RQ�HDFK�RI�WKHVH
FXUYHV�LV�YDOLG�FRQVLGHULQJ�WKH�ORDG�WUDQVIHU�FKDUDFWHULVWLF��OHIW�KDQG�GLDJUDP��
'UDZ�WKH�UHVXOWLQJ�D[OH�FKDUDFWHULVWLF��
,W�PD\�EH�KHOSIXO�WR�HPSOR\�WKH�0DJLF�)RUPXOD�������DQG�WKH�SDUDPHWHUV�VKRZQ
EHORZ�
VLGH�IRUFH�� )\� �'�VLQ>&�DUFWDQ^% ���(�% ���DUFWDQ�% ��`@�����������
ZLWK�IDFWRUV� %� &) ��&'����&� ������'� �)]

���( ������ZLWK��� ���
FRUQHULQJ�VWLIIQHVV� &) � �F��VLQ>��DUFWDQ^)]��F�`@��
ZLWK�SDUDPHWHUV� F�� ������>1�UDG@��F�� ������>1@
,Q�DGGLWLRQ��ZH�KDYH�JLYHQ�IRU�WKH�ORDG�WUDQVIHU�� )]� �����)\�D[OH��XS�WR�OLIW�RII�RI
WKH� LQQHU� W\UH�� DIWHU�ZKLFK� WKH� RWKHU� D[OH�PD\� WDNH� RYHU� WR� DFFRPPRGDWH� WKH
LQFUHDVHG�WRWDO�ORDG�WUDQVIHU��

��� 'UDZ�WKH�LQGLYLGXDO�FXUYHV�RI�)\/�DQG�)\5��IRU�WKH�OHIW�DQG�ULJKW�W\UH��DV�D�IXQFWLRQ
RI� �ZKLFK�DSSHDU�WR�DULVH�XQGHU�WKH�ORDG�WUDQVIHU�FRQGLWLRQ�FRQVLGHUHG�KHUH�

�� )LQDOO\�� SORW� WKHVH� IRUFHV� DV� D� IXQFWLRQ� RI� WKH� YHUWLFDO� ORDG�)]� �UDQJLQJ� IURP
������1���1RWH�WKH�YDULDWLRQ�RI�WKH�ODWHUDO�IRUFH�RI�DQ�LQGLYLGXDO��OHIW�RU�ULJKW��W\UH
LQ�WKLV�VDPH�UDQJH�RI�YHUWLFDO�ORDG�ZKLFK�PD\�EH�FRYHUHG�LQ�D�OHIW�DQG�LQ�D�ULJKW�
KDQG�WXUQ�DW�LQFUHDVLQJ�VSHHG�RI�WUDYHO�XQWLO��DQG�SRVVLEO\�EH\RQG��WKH�PRPHQW�WKDW
RQH�RI�WKH�ZKHHOV��WKH�LQQHU�ZKHHO��OLIWV�IURP�WKH�JURXQG�
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)LJ�������6LPSOH�FDU�PRGHO�ZLWK�VLGH�IRUFH�FKDUDFWHULVWLFV�IRU�IURQW�DQG�UHDU��GULYHQ��D[OH�

������9HKLFOH�+DQGOLQJ�DQG�6WDELOLW\

,Q� WKLV� VHFWLRQ� DWWHQWLRQ� LV� SDLG� WR� WKH�PRUH� IXQGDPHQWDO� DVSHFWV� RI� YHKLFOH
KRUL]RQWDO�PRWLRQV�� ,QVWHDG�RI�GLVFXVVLQJ� UHVXOWV�RI�FRPSXWHU� VLPXODWLRQV�RI
FRPSOLFDWHG�YHKLFOH�PRGHOV�ZH�UDWKHU�WDNH�WKH�VLPSOHVW�SRVVLEOH�PRGHO�RI�DQ
DXWRPRELOH�WKDW�UXQV�DW�FRQVWDQW�VSHHG�RYHU�DQ�HYHQ�KRUL]RQWDO�URDG�DQG�WKHUHE\
JDLQ�FRQVLGHUDEOH�LQVLJKW�LQWR�WKH�EDVLF�DVSHFWV�RI�YHKLFOH�KDQGOLQJ�DQG�VWDELOLW\�
,PSRUWDQW�HDUO\�ZRUN�RQ�WKH�OLQHDU�WKHRU\�RI�YHKLFOH�KDQGOLQJ�DQG�VWDELOLW\�KDV
EHHQ�SXEOLVKHG�E\�5LHNHUW�DQG�6FKXQFN���������:KLWFRPE�DQG�0LOOLNHQ�������
DQG��6HJHO���������3HYVQHU���������VWXGLHG�WKH�QRQ�OLQHDU�VWHDG\�VWDWH�FRUQHULQJ
EHKDYLRXU�DW�ODUJHU�ODWHUDO�DFFHOHUDWLRQV�DQG�LQWURGXFHG�WKH�KDQGOLQJ�GLDJUDP�
2QH�RI�WKH�ILUVW�PRUH�FRPSOHWH�YHKLFOH�PRGHO�VWXGLHV��KDV�EHHQ�FRQGXFWHG�E\
3DFHMND��������DQG�E\�5DGW�DQG�3DFHMND���������

)RU�PRUH�LQWURGXFWRU\�RU��VSHFLDOLVHG�VWXG\�WKH�UHDGHU�PD\�EH�UHIHUUHG�WR
ERRNV� RQ� WKH� VXEMHFW� SXEOLVKHG� HDUOLHU�� FI�� H�J��� *LOOHVSLH� ��������0LWVFKNH
��������0LOOLNHQ��������DQG�.RUW�P�DQG�/XJQHU��������

�7KH�GHULYDWLRQ�RI�WKH�HTXDWLRQV�RI�PRWLRQ�IRU�WKH�WKUHH�GHJUHH�RI�IUHHGRP
PRGHO�RI�)LJ�����ZLOO�EH�WUHDWHG�ILUVW�DIWHU�ZKLFK�WKH�VLPSOH�PRGHO�ZLWK�WZR
GHJUHHV�RI� IUHHGRP� LV�FRQVLGHUHG� DQG� DQDO\VHG��7KLV�DQDO\VLV�FRPSULVHV� WKH
VWHDG\�VWDWH�UHVSRQVH�WR�VWHHULQJ�LQSXW�DQG�WKH�VWDELOLW\�RI�WKH�UHVXOWLQJ�PRWLRQ�
$OVR��WKH�IUHTXHQF\�UHVSRQVH�WR�VWHHULQJ�IOXFWXDWLRQV�DQG�H[WHUQDO�GLVWXUEDQFHV
ZLOO�EH�GLVFXVVHG��ILUVW�IRU�WKH�OLQHDU�YHKLFOH�PRGHO�DQG�VXEVHTXHQWO\�IRU�WKH�QRQ�
OLQHDU�PRGHO�ZKHUH�ODUJH�ODWHUDO�DFFHOHUDWLRQV�DQG�GLVWXUEDQFHV�DUH�LQWURGXFHG�

7KH�VLPSOH�PRGHO�WR�EH�HPSOR\HG�LQ�WKH�DQDO\VLV�LV�SUHVHQWHG�LQ�)LJ������7KH
WUDFN�ZLGWK�KDV�EHHQ�QHJOHFWHG�ZLWK�UHVSHFW�WR�WKH�UDGLXV�RI�WKH�FRUQHULQJ�PRWLRQ
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ZKLFK�DOORZV�WKH�XVH�RI�D�WZR�ZKHHO�YHKLFOH�PRGHO��7KH�VWHHU�DQG�VOLS�DQJOHV�ZLOO
EH�UHVWULFWHG�WR�UHODWLYHO\�VPDOO�YDOXHV��7KHQ��WKH�YDULDWLRQ�RI�WKH�JHRPHWU\�PD\
EH�UHJDUGHG�WR�UHPDLQ�OLQHDU��WKDW�LV��FRV �.��DQG�VLQ �. �DQG�VLPLODUO\�IRU�WKH
VWHHU�DQJOH� ���0RUHRYHU��WKH�GULYLQJ�IRUFH�UHTXLUHG�WR�NHHS�WKH�VSHHG�FRQVWDQW�LV
DVVXPHG� WR� UHPDLQ� VPDOO�ZLWK� UHVSHFW� WR� WKH� ODWHUDO� W\UH� IRUFH�� &RQVLGHULQJ
FRPELQHG� VOLS� FXUYHV� OLNH� WKRVH� VKRZQ� LQ�)LJ����� �ULJKW���ZH�PD\� GUDZ� WKH
FRQFOXVLRQ�WKDW�WKH�LQIOXHQFH�RI�)[�RQ�)\�PD\�EH�QHJOHFWHG�LQ�WKDW�FDVH�

,Q�SULQFLSOH��D�PRGHO�DV�VKRZQ�LQ�)LJ�����ODFNV�ERG\�UROO�DQG�ORDG�WUDQVIHU�
7KHUHIRUH��WKH�WKHRU\�LV�DFWXDOO\�OLPLWHG�WR�FDVHV�ZKHUH�WKH�UROO�PRPHQW�UHPDLQV
VPDOO��WKDW�LV�DW�ORZ�IULFWLRQ�EHWZHHQ�W\UH�DQG�URDG�RU�D�ORZ�FHQWUH�RI�JUDYLW\
UHODWLYH� WR� WKH� WUDFN�ZLGWK�� 7KLV� UHVWULFWLRQ� PD\� EH� RYHUFRPH� E\� XVLQJ� WKH
HIIHFWLYH�D[OH�FKDUDFWHULVWLFV�LQ�ZKLFK�WKH�HIIHFWV�RI�ERG\�UROO�DQG�ORDG�WUDQVIHU
KDYH�EHHQ�LQFOXGHG�ZKLOH�VWLOO�DGKHULQJ�WR�WKH�VLPSOH��ULJLG��WZR�ZKHHO�YHKLFOH
PRGHO�� $V� KDV� EHHQ� PHQWLRQHG� EHIRUH�� WKLV� LV� RQO\� SHUPLVVLEOH� ZKHQ� WKH
IUHTXHQF\�RI�WKH�LPSRVHG�VWHHU�DQJOH�YDULDWLRQV�UHPDLQV�VPDOO�ZLWK�UHVSHFW�WR�WKH
UROO�QDWXUDO� IUHTXHQF\��6LPLODUO\��DV�KDV�EHHQ�GHPRQVWUDWHG� LQ� WKH�SUHFHGLQJ
VHFWLRQ�� HIIHFWV� RI� RWKHU� IDFWRUV� OLNH� FRPSOLDQFH� LQ� WKH� VWHHULQJ� V\VWHP� DQG
VXVSHQVLRQ�PRXQWV�PD\�EH�DFFRXQWHG�IRU�

7KH�VSHHG�RI�WUDYHO�LV�FRQVLGHUHG�WR�EH�FRQVWDQW��+RZHYHU��WKH�WKHRU\�PD\
DSSUR[LPDWHO\�KROG�DOVR�IRU�TXDVL�VWHDG\�VWDWH�VLWXDWLRQV�IRU�LQVWDQFH�DW�PRGHUDWH
EUDNLQJ�RU�GULYLQJ��7KH�LQIOXHQFH�RI�WKH�IRUH�DQG�DIW�IRUFH�)[�RQ�WKH�W\UH�RU�D[OH
FRUQHULQJ�IRUFH�YV�VOLS�DQJOH�FKDUDFWHULVWLF��)\��� ���PD\�WKHQ�EH�UHJDUGHG��FI�
)LJ�������7KH�IRUFHV�)\��DQG�)[��DQG�WKH�PRPHQW�0]��DUH�GHILQHG�WR�DFW�XSRQ�WKH
VLQJOH�IURQW�ZKHHO�DQG�VLPLODUO\�ZH�GHILQH�)\��HWF��IRU�WKH�UHDU�ZKHHO�

��������'LIIHUHQWLDO�(TXDWLRQV�IRU�3ODQH�9HKLFOH�0RWLRQV

,Q��WKLV�VHFWLRQ��WKH�GLIIHUHQWLDO�HTXDWLRQV�IRU�WKH�WKUHH�GHJUHH�RI�IUHHGRP�YHKLFOH
PRGHO�RI�)LJ�����ZLOO�EH�GHULYHG��,Q�ILUVW�LQVWDQFH��WKH�IRUH�DQG�DIW�PRWLRQ�ZLOO
DOVR�EH�OHIW�IUHH�WR�YDU\��7KH�UHVXOWLQJ�VHW�RI�HTXDWLRQV�RI�PRWLRQ��PD\�EH�RI
LQWHUHVW� IRU� WKH� UHDGHU� WR� IXUWKHU� VWXG\� WKH� YHKLFOH¶V� G\QDPLF� UHVSRQVH� DW
VRPHZKDW�KLJKHU�IUHTXHQFLHV�ZKHUH�WKH�UROO�G\QDPLFV�RI�WKH�YHKLFOH�ERG\�PD\
EHFRPH�RI�LPSRUWDQFH��)URP�WKHVH�HTXDWLRQV��WKH�HTXDWLRQV�IRU�WKH�VLPSOH�WZR�
GHJUHH�RI�IUHHGRP�PRGHO�RI�)LJ�����XVHG�LQ�WKH�VXEVHTXHQW�VHFWLRQ�FDQ�EH�HDVLO\
DVVHVVHG�� ,Q� 6XEVHFWLRQ� ������ WKH� HTXDWLRQV� IRU� WKH� FDU�ZLWK� WUDLOHU� ZLOO� EH
HVWDEOLVKHG��7KH�SRVVLEOH�LQVWDELOLW\�RI�WKH�PRWLRQ�ZLOO�EH�VWXGLHG��

:H�ZLOO�HPSOR\�/DJUDQJH¶V�HTXDWLRQV�WR�GHULYH�WKH�HTXDWLRQV�RI�PRWLRQ��)RU
D�V\VWHP�ZLWK�Q�GHJUHHV�RI�IUHHGRP�Q��JHQHUDOLVHG��FRRUGLQDWHV�TL�DUH�VHOHFWHG
ZKLFK�DUH�VXIILFLHQW�WR�FRPSOHWHO\�GHVFULEH�WKH�PRWLRQ�ZKLOH�SRVVLEOH�NLQHPDWLF
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FRQVWUDLQWV�UHPDLQ�VDWLVILHG��7KH�PRYLQJ�V\VWHP�SRVVHVVHV�NLQHWLF�HQHUJ\�7�DQG
SRWHQWLDO�HQHUJ\�8��([WHUQDO�JHQHUDOLVHG�IRUFHV�4L�DVVRFLDWHG�ZLWK�WKH�JHQHUDOLVHG
FRRUGLQDWHV�TL�PD\�DFW�RQ�WKH�V\VWHP�DQG�GR�ZRUN�:��,QWHUQDO�IRUFHV�DFWLQJ�IURP
GDPSHUV�WR�WKH�V\VWHP�VWUXFWXUH�PD\�EH�UHJDUGHG�DV�H[WHUQDO�IRUFHV�WDNLQJ�SDUW
LQ�WKH�WRWDO�ZRUN�:��7KH�HTXDWLRQ�RI�/DJUDQJH�IRU�FRRUGLQDWH�TL�UHDGV�

������

7KH� V\VWHP� GHSLFWHG� LQ� )LJ����� DQG� GHVFULEHG� LQ� WKH� SUHFHGLQJ� VXEVHFWLRQ
SHUIRUPV�D�PRWLRQ�RYHU�D�IODW�OHYHO�URDG��3URSHU�FRRUGLQDWHV�DUH�WKH�&DUWHVLDQ
FRRUGLQDWHV�;�DQG�<�RI�UHIHUHQFH�SRLQW�$��WKH�\DZ�DQJOH� �RI�WKH�PRYLQJ�[�D[LV
ZLWK�UHVSHFW�WR�WKH�LQHUWLDO�;�D[LV�DQG�ILQDOO\�WKH�UROO�DQJOH� �DERXW�WKH�UROO�D[LV�
)RU�PRWLRQV�QHDU�WKH�;�D[LV�DQG�WKXV�VPDOO�\DZ�DQJOHV��(T��������LV�DGHTXDWH�WR
GHULYH�WKH�HTXDWLRQV�RI�PRWLRQ��)RU�FDVHV�ZKHUH� �PD\�DWWDLQ�ODUJH�YDOXHV��H�J�
ZKHQ�PRYLQJ�DORQJ�D�FLUFXODU�SDWK�� LW� LV�SUHIHUUHG�WR�XVH�PRGLILHG�HTXDWLRQV
ZKHUH�WKH�YHORFLWLHV�X��Y�DQG�U�RI�WKH�PRYLQJ�D[HV�V\VWHP�DUH�XVHG�DV�JHQHUDOLVHG
PRWLRQ�YDULDEOHV�LQ�DGGLWLRQ�WR�WKH�FRRUGLQDWH� ��7KH�UHODWLRQV�EHWZHHQ�WKH�WZR
VHWV�RI�YDULDEOHV�DUH��WKH�GRWV�UHIHUULQJ�WR�GLIIHUHQWLDWLRQ�ZLWK�UHVSHFW�WR�WLPH��

������

7KH�NLQHWLF�HQHUJ\�FDQ�EH�H[SUHVVHG�LQ�WHUPV�RI�X��Y�DQG�U��3UHSDUDWLRQ�RI�WKH
ILUVW�WHUPV�RI�(T���������IRU�WKH�FRRUGLQDWHV�;��<�DQG� �\LHOGV�

������

7KH�\DZ�DQJOH� �PD\�QRZ�EH�HOLPLQDWHG�E\�PXOWLSO\LQJ�WKH�ILQDO�HTXDWLRQV�IRU
;� DQG� <� VXFFHVVLYHO\� ZLWK� FRV � DQG� VLQ � DQG� VXEVHTXHQWO\� DGGLQJ� DQG
VXEWUDFWLQJ�WKHP��7KH�UHVXOWLQJ�HTXDWLRQV�UHSUHVHQW�WKH�HTXLOLEULXP�LQ�WKH�[�DQG
\��RU�X�DQG�Y��GLUHFWLRQV�UHVSHFWLYHO\��

:H�REWDLQ�WKH�IROORZLQJ�VHW�RI�PRGLILHG�/DJUDQJHDQ�HTXDWLRQV�IRU�WKH�ILUVW
WKUHH�YDULDEOHV�X��Y�DQG�U�DQG�VXEVHTXHQWO\�IRU�WKH�UHPDLQLQJ�UHDO�FRRUGLQDWHV
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7KH�JHQHUDOLVHG�IRUFHV�DUH�IRXQG�IURP�WKH�YLUWXDO�ZRUN�

������

ZLWK�TM�UHIHUULQJ�WR�WKH�TXDVL�FRRUGLQDWHV�[�DQG�\�DQG�WKH�FRRUGLQDWHV� �DQG� �
1RWH�WKDW�[�DQG�\�FDQ�QRW�EH�IRXQG�IURP�LQWHJUDWLQJ�X�DQG�Y��)RU�WKDW�UHDVRQ�WKH
WHUP�µTXDVL¶�FRRUGLQDWH�LV�XVHG��)RU�WKH�YHKLFOH�PRGHO�ZH�ILQG�IRU�WKH�YLUWXDO
ZRUN�DV�D�UHVXOW�RI�WKH�YLUWXDO�GLVSODFHPHQWV� [�� \�� �DQG� ��

������

ZKHUH�DSSDUHQWO\

������

7KH�ORQJLWXGLQDO�IRUFHV�DUH�DVVXPHG�WR�EH�WKH�VDPH�DW�WKH�OHIW�DQG�ULJKW�ZKHHOV
DQG�WKH�HIIHFW�RI�DGGLWLRQDO�VWHHU�DQJOHV� L�DUH�QHJOHFWHG�KHUH��6KRFN�DEVRUEHUV
LQ�WKH�ZKHHO�VXVSHQVLRQV�DUH�UHSUHVHQWHG�E\�WKH�UHVXOWLQJ�OLQHDU�PRPHQWV�DERXW
WKH�UROO�D[HV�ZLWK�GDPSLQJ�FRHIILFLHQWV�N �L�DW�WKH�IURQW�DQG�UHDU�D[OHV�

:LWK�WKH�UROO�DQJOH� �DQG�WKH�UROO�D[LV�LQFOLQDWLRQ�DQJOH� U.�K����K���O�DVVXPHG
VPDOO��WKH�NLQHWLF�HQHUJ\�EHFRPHV�

������

7KH�SRWHQWLDO�HQHUJ\�8�LV�EXLOW�XS�LQ�WKH�VXVSHQVLRQ�VSULQJV��LQFOXGLQJ�WKH�UDGLDO
W\UH�FRPSOLDQFHV��DQG�WKURXJK�WKH�KHLJKW�RI�WKH�FHQWUH�RI�JUDYLW\��:H�KDYH��DJDLQ
IRU�VPDOO�DQJOHV�
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7KH�HTXDWLRQV�RI�PRWLRQ�DUH�ILQDOO\�HVWDEOLVKHG�E\�XVLQJ�WKH�H[SUHVVLRQV��������
�������DQG��������LQ�WKH�HTXDWLRQV���������7KH�HTXDWLRQV�ZLOO�EH�OLQHDULVHG�LQ�WKH
DVVXPHGO\� VPDOO� DQJOHV� � DQG� �� )RU� WKH� YDULDEOHV�X�� Y�� U� DQG� �ZH� REWDLQ
VXFFHVVLYHO\�

� �����D�

�����E�

�

�����F�

�����G�

1RWH�WKDW�WKH�VPDOO�DGGLWLRQDO�UROO�DQG�FRPSOLDQFH�VWHHU�DQJOHV� L�KDYH�EHHQ
QHJOHFWHG�LQ�WKH�DVVHVVPHQW�RI�WKH�IRUFH�FRPSRQHQWV��7KH�W\UH�VLGH�IRUFHV�GHSHQG
RQ�WKH�VOLS�DQG�FDPEHU�DQJOHV�IURQW�DQG�UHDU�DQG�RQ�WKH�W\UH�YHUWLFDO�ORDGV��:H
PD\�QHHG� WR� WDNH� WKH�HIIHFW�RI�FRPELQHG�VOLS� LQWR�DFFRXQW��7KH� ORQJLWXGLQDO
IRUFHV�DUH�HLWKHU�JLYHQ�DV�D�UHVXOW�RI�EUDNH�HIIRUW�RU�LPSRVHG�SURSXOVLRQ�WRUTXH
RU�WKH\�GHSHQG�RQ�WKH�ZKHHO�ORQJLWXGLQDO�VOLS�ZKLFK�IROORZV�IURP�WKH�ZKHHO�VSHHG
RI�UHYROXWLRQ�UHTXLULQJ�IRXU�DGGLWLRQDO�ZKHHO�URWDWLRQDO�GHJUHHV�RI�IUHHGRP��7KH
ILUVW�HTXDWLRQ������D��PD\�EH�XVHG�WR�FRPSXWH�WKH�SURSXOVLRQ�IRUFH�QHHGHG�WR
NHHS�WKH�IRUZDUG�VSHHG�FRQVWDQW�

7KH�YHUWLFDO�ORDGV�DQG�PRUH�VSHFLILFDOO\�WKH�ORDG�WUDQVIHU�FDQ�EH�REWDLQHG�E\
FRQVLGHULQJ� WKH� PRPHQW� HTXLOLEULXP� RI� WKH� IURQW� DQG� UHDU� D[OH� DERXW� WKH
UHVSHFWLYH�UROO�FHQWUHV��)RU�WKLV��WKH�UROO�PRPHQWV�0 L��FI��)LJ������UHVXOWLQJ�IURP
VXVSHQVLRQ�VSULQJV�DQG�GDPSHUV�DV�DSSHDU�LQ�(T������G��WKURXJK�WKH�WHUPV�ZLWK
VXEVFULSW���DQG���UHVSHFWLYHO\��DQG�WKH�D[OH�VLGH�IRUFHV�DSSHDULQJ�LQ�(T������E�
DUH�WR�EH�UHJDUGHG��)RU�D�OLQHDU�PRGHO�WKH�ORDG�WUDQVIHU�FDQ�EH�QHJOHFWHG�LI�LQLWLDO
�OHIW�ULJKW�RSSRVLWH��ZKHHO�DQJOHV�DUH�GLVUHJDUGHG��:H�KDYH�DW�VWHDG\�VWDWH��HIIHFW
RI�GDPSLQJ�YDQLVKHV��

������

7KH�IURQW�DQG�UHDU�VOLS�DQJOHV�IROORZ�IURP�WKH�ODWHUDO�YHORFLWLHV�RI�WKH�ZKHHO�D[OHV
DQG�WKH�ZKHHO�VWHHU�DQJOHV�ZLWK�UHVSHFW�WR�WKH�PRYLQJ�ORQJLWXGLQDO�[�D[LV��7KH
ORQJLWXGLQDO�YHORFLWLHV�RI�WKH�ZKHHO�D[OHV�PD\�EH�UHJDUGHG�WKH�VDPH�OHIW�DQG�ULJKW
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DQG�HTXDO�WR�WKH�YHKLFOH�ORQJLWXGLQDO�VSHHG�X��7KLV�LV�DOORZHG�ZKHQ�VL_U_©�X��7KHQ
WKH�H[SUHVVLRQV�IRU�WKH�DVVXPHGO\�VPDOO�VOLS�DQJOHV�UHDG�

������

7KH�DGGLWLRQDO�UROO�DQG�FRPSOLDQFH�VWHHU�DQJOHV� L�DQG�WKH�ZKHHO�FDPEHU�DQJOHV

L� DUH� REWDLQHG� IURP� (T�������� ZLWK� ���������� RU� FRUUHVSRQGLQJ� QRQ�OLQHDU
H[SUHVVLRQV��,QLWLDO�ZKHHO�DQJOHV�DUH�DVVXPHG�WR�EH�HTXDO�WR�]HUR��7KH�LQIOXHQFH
RI�WKH�VWHHU�DQJOH�YHORFLW\�DSSHDULQJ�LQ�WKH�H[SUHVVLRQ�IRU�WKH�IURQW�VOLS�DQJOH�LV
UHODWLYHO\�VPDOO�DQG�PD\�EH�GLVUHJDUGHG��7KH�VPDOO�SURGXFWV�RI�WKH�FDVWHU�OHQJWK
H�DQG�WKH�WLPH�UDWH�RI�FKDQJH�RI� L�KDYH�EHHQ�QHJOHFWHG�LQ�WKH�DERYH�H[SUHVVLRQV�

(TXDWLRQV� ������� PD\� EH� IXUWKHU� OLQHDULVHG� E\� DVVXPLQJ� WKDW� DOO� WKH
GHYLDWLRQV�IURP�WKH�UHFWLOLQHDU�PRWLRQ�DUH�VPDOO��7KLV�DOORZV�WKH�QHJOHFWLRQ�RI�DOO
SURGXFWV�RI�YDULDEOH�TXDQWLWLHV�ZKLFK�YDQLVK�ZKHQ�WKH�YHKLFOH�PRYHV�VWUDLJKW
DKHDG��7KH�VLGH�IRUFHV�DQG�PRPHQWV�DUH�WKHQ�ZULWWHQ�DV�LQ�(T�������ZLWK�WKH
VXEVFULSWV�L� ���RU����SURYLGHG��,I�WKH�PRPHQW�GXH�WR�FDPEHU�LV�QHJOHFWHG�DQG�WKH
SQHXPDWLF�WUDLO�LV�LQWURGXFHG�LQ�WKH�DOLJQLQJ�WRUTXH�ZH�KDYH�

�

������

7KH�WKUHH�OLQHDU�HTXDWLRQV�RI�PRWLRQ�IRU�WKH�V\VWHP�RI�)LJ�����ZLWK�WKH�IRUZDUG
VSHHG�X�NHSW�FRQVWDQW�ILQDOO\�WXUQ�RXW�WR�UHDG�H[SUHVVHG�VROHO\�LQ�WHUPV�RI�WKH
WKUHH�PRWLRQ�YDULDEOHV�Y��U�DQG� ��

�����D�

�����E�

�����F�

,Q�WKHVH�HTXDWLRQV�WKH�DGGLWLRQDO�VWHHU�DQJOHV� L�KDYH�EHHQ�HOLPLQDWHG�E\�XVLQJ
H[SUHVVLRQV��������ZLWK������������)XUWKHUPRUH��WKH�UHVXOWLQJ�FRPSOLDQFH�VWHHU
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DQG�UROO�VWHHU�FRHIILFLHQWV�IRU�L� ���RU���KDYH�EHHQ�LQWURGXFHG�

������

ZKHUH� WKH� VWHHU� VWLIIQHVV� DW� WKH� UHDU� F �� PD\� EH� WDNHQ� HTXDO� WR� LQILQLW\�
)XUWKHUPRUH��ZH�KDYH�WKH�UROO�D[LV�LQFOLQDWLRQ�DQJOH�

� ������

,Q�&KDSWHUV���DQG���WKH�WUDQVLHQW�SURSHUWLHV�RI�WKH�W\UH�ZLOO�EH�DGGUHVVHG��7KH
UHOD[DWLRQ�OHQJWK�GHQRWHG�E\� L�LV�DQ�LPSRUWDQW�SDUDPHWHU�WKDW�FRQWUROV�WKH�ODJ�RI
WKH�UHVSRQVH�RI�WKH�VLGH�IRUFH�WR�WKH�LQSXW�VOLS�DQJOH��)RU�WKH�/DSODFH�WUDQVIRUPHG
YHUVLRQ� RI� WKH� HTXDWLRQV� ������� ZLWK� WKH� /DSODFH� YDULDEOH� V� UHSUHVHQWLQJ
GLIIHUHQWLDWLRQ�ZLWK�UHVSHFW�WR�WLPH��ZH�PD\�LQWURGXFH�W\UH�ODJ�E\�UHSODFLQJ�WKH
VOLS�DQJOH� L�E\�WKH�ILOWHUHG�WUDQVLHQW�VOLS�DQJOH��7KLV�PD\�EH�DFFRPSOLVKHG�E\
UHSODFLQJ�WKH�FRUQHULQJ�VWLIIQHVVHV�&) L�DSSHDULQJ�LQ��������DQG��������E\�WKH
µWUDQVLHQW�VWLIIQHVVHV¶�

������

$�VLPLODU�SURFHGXUH�PD\�EH�IROORZHG�WR�LQFOXGH�WKH�W\UH�WUDQVLHQW�UHVSRQVH�WR
ZKHHO�FDPEHU�YDULDWLRQV��7KH�UHOD[DWLRQ�OHQJWK�FRQFHUQHG�LV�DERXW�HTXDO�WR�WKH
RQH�XVHG�IRU�WKH�UHVSRQVH�WR�VLGH�VOLS�YDULDWLRQV��$W�QRPLQDO�YHUWLFDO�ORDG�WKH
UHOD[DWLRQ�OHQJWK�LV�RI�WKH�RUGHU�RI�PDJQLWXGH�RI�WKH�ZKHHO�UDGLXV��$�PRUH�SUHFLVH
PRGHO�RI�WKH�DOLJQLQJ�WRUTXH�PD\�EH�LQWURGXFHG�E\�XVLQJ�D�WUDQVLHQW�SQHXPDWLF
WUDLO�ZLWK�D�VLPLODU�UHSODFHPHQW�DV�LQGLFDWHG�E\��������EXW�ZLWK�D�PXFK�VPDOOHU
UHOD[DWLRQ�OHQJWK�DSSUR[LPDWHO\�HTXDO�WR�KDOI�WKH�FRQWDFW�OHQJWK�RI�WKH�W\UH��)RU
PRUH�GHWDLOV�ZH�UHIHU�WR�&KDSWHU���WKDW�LV�GHGLFDWHG�WR�VKRUW�ZDYHOHQJWK�IRUFH�DQG
PRPHQW�UHVSRQVH�

�
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��������/LQHDU�$QDO\VLV�RI�WKH�7ZR�'HJUHH�RI�)UHHGRP�0RGHO

)URP�WKH�HTXDWLRQV������E�DQG�F��WKH�UHGXFHG�VHW�RI�HTXDWLRQV�IRU�WKH�WZR�GHJUHH
RI�IUHHGRP�PRGHO�FDQ�EH�GHULYHG�LPPHGLDWHO\��7KH�UROO�DQJOH� �DQG�LWV�GHULYDWLYH
DUH�VHW�HTXDO�WR�]HUR�DQG�IXUWKHUPRUH��ZH�ZLOO�DVVXPH�WKH�IRUZDUG�VSHHG�X��.9�
WR� UHPDLQ�FRQVWDQW�DQG�QHJOHFW� WKH� LQIOXHQFH�RI� WKH� ODWHUDO�FRPSRQHQW�RI� WKH
ORQJLWXGLQDO�IRUFHV�)[L��7KH�HTXDWLRQV�RI�PRWLRQ�RI�WKH�VLPSOH�PRGHO�RI�)LJ����
IRU�Y�DQG�U�QRZ�UHDG�

����� �����D�P� 0Y % XU� ' )\� % )\�

����� �����E�, 0U ' D)\� & E)\�

ZLWK� Y� GHQRWLQJ� WKH� ODWHUDO� YHORFLW\� RI� WKH� FHQWUH� RI� JUDYLW\� DQG� U� WKH� \DZ
YHORFLW\�� 7KH� V\PERO�P� VWDQGV� IRU� WKH� YHKLFOH�PDVV� DQG� ,� � ,]�� GHQRWHV� WKH
PRPHQW�RI�LQHUWLD�DERXW�WKH�YHUWLFDO�D[LV�WKURXJK�WKH�FHQWUH�RI�JUDYLW\��)RU�WKH
PDWWHU�RI�VLPSOLFLW\��WKH�UHDUZDUG�VKLIWV�RI�WKH�SRLQWV�RI�DSSOLFDWLRQ�RI�WKH�IRUFHV
)\��DQG�)\��RYHU�D�OHQJWK�HTXDO�WR�WKH�SQHXPDWLF�WUDLO�W��DQG�W��UHVSHFWLYHO\��WKDW
LV�WKH�DOLJQLQJ�WRUTXHV��KDYH�EHHQ�GLVUHJDUGHG��/DWHU��ZH�FRPH�EDFN�WR�WKLV��7KH
VLGH�IRUFHV�DUH�IXQFWLRQV�RI�WKH�UHVSHFWLYH�VOLS�DQJOHV�

������

DQG�WKH�VOLS�DQJOHV�DUH�H[SUHVVHG�E\

���� ����DQG��� ������� ' &

�

X
�Y % DU� � ' &

�

X
�Y & EU�

QHJOHFWLQJ�WKH�HIIHFW�RI�WKH�WLPH�UDWH�RI�FKDQJH�RI�WKH�VWHHU�DQJOH�DSSHDULQJ�LQ
(T���������)RU�UHODWLYHO\�ORZ�IUHTXHQF\�PRWLRQV�WKH�HIIHFWLYH�D[OH�FKDUDFWHULVWLFV
RU�HIIHFWLYH�FRUQHULQJ�VWLIIQHVVHV�DFFRUGLQJ�WR�(TV��������������PD\�EH�HPSOR\HG�

:KHQ�RQO\�VPDOO�GHYLDWLRQV�ZLWK�UHVSHFW�WR�WKH�XQGLVWXUEHG�VWUDLJKW�DKHDG
PRWLRQ�DUH�FRQVLGHUHG��WKH�VOLS�DQJOHV�PD\�EH�DVVXPHG�WR�UHPDLQ�VPDOO�HQRXJK
WR�DOORZ� OLQHDULVDWLRQ�RI� WKH�FRUQHULQJ�FKDUDFWHULVWLFV�� )RU� WKH� VLGH� IRUFH� WKH
UHODWLRQVKLS�ZLWK�WKH�VOLS�DQJOH�UHGXFHV�WR�WKH�OLQHDU�HTXDWLRQ�

�� ������)\L ' &L L ' &) L L

ZKHUH�&L�GHQRWHV�WKH�FRUQHULQJ�VWLIIQHVV��7KLV�FDQ�EH�UHSODFHG�E\�WKH�V\PERO�&) L

ZKLFK�PD\�EH�SUHIHUUHG�LQ�PRUH�JHQHUDO�FDVHV�ZKHUH�DOVR�FDPEHU�DQG�DOLJQLQJ
VWLIIQHVVHV�SOD\�D�UROH��

7KH�WZR�OLQHDU�ILUVW�RUGHU�GLIIHUHQWLDO�HTXDWLRQV�QRZ�UHDG�



�� 7<5(�&+$5$&7(5,67,&6�$1'�9(+,&/(�+$1'/,1*�$1'�67$%,/,7<

& ' &�%&�

&V ' &�D&&�E

&T �
' &�D

�
%&�E

�

PN � ' ,

P� 0Y%XU�%
&

X
Y%

&V

X
U ' &�

PN � 0U%
FT �

X
U%

&V

X
Y ' &�D

P �N �X � �U%P&�T �
%N ��X 0U% �&�&�O

�
&PX �&V� U'PX �D&�

0

%X&�&�O

,PX �U%^, �&�%&��%P�D �&�%E
�&��` 0U%

%

�

X
^&�&�O

�
&PX ��D&�&E&��` U ' PXD&�

0

%&�&�O

������

P 0Y%
�

X
�&�%&��Y% PX%

�

X
�D&�&E&�� U ' &�

, 0U%
�

X
�D �&�%E

�&��U%
�

X
�D&�&E&��Y ' D&�

$IWHU�HOLPLQDWLRQ�RI�WKH�ODWHUDO�YHORFLW\�Y�ZH�REWDLQ�WKH�VHFRQG�RUGHU�GLIIHUHQWLDO
HTXDWLRQ�IRU�WKH�\DZ�UDWH�U��

������

+HUH��DV�EHIRUH��WKH�GRWV�UHIHU�WR�GLIIHUHQWLDWLRQ�ZLWK�UHVSHFW�WR�WLPH�� �LV�WKH�VWHHU
DQJOH�RI�WKH�IURQW�ZKHHO�DQG�O�� �D���E��UHSUHVHQWV�WKH�ZKHHO�EDVH��7KH�HTXDWLRQV
PD\�EH�VLPSOLILHG�E\�LQWURGXFLQJ�WKH�IROORZLQJ�TXDQWLWLHV�

������

+HUH��&�GHQRWHV�WKH�WRWDO�FRUQHULQJ�VWLIIQHVV�RI�WKH�YHKLFOH��V�LV�WKH�GLVWDQFH�IURP
WKH�FHQWUH�RI�JUDYLW\�WR�WKH�VR�FDOOHG�QHXWUDO�VWHHU�SRLQW�6��)LJ��������T�LV�D�OHQJWK
FRUUHVSRQGLQJ� WR� DQ� DYHUDJH� PRPHQW� DUP� DQG� N� LV� WKH� UDGLXV� RI� J\UDWLRQ�
(TXDWLRQV��������DQG��������QRZ�UHGXFH�WR�

������

DQG�ZLWK�Y�HOLPLQDWHG�

������

7KH�QHXWUDO�VWHHU�SRLQW�6�LV�GHILQHG�DV�WKH�SRLQW�RQ�WKH�ORQJLWXGLQDO�D[LV�RI�WKH
YHKLFOH� ZKHUH� DQ� H[WHUQDO� VLGH� IRUFH� FDQ� EH� DSSOLHG� ZLWKRXW� FKDQJLQJ� WKH
YHKLFOH¶V�\DZ�DQJOH�� ,I� WKH� IRUFH�DFWV� LQ� IURQW�RI� WKH� QHXWUDO� VWHHU�SRLQW�� WKH
YHKLFOH�LV�H[SHFWHG�WR�\DZ�LQ�WKH�GLUHFWLRQ�RI�WKH�IRUFH��LI�EHKLQG��WKHQ�DJDLQVW�WKH
IRUFH��7KH�SRLQW�LV�RI�LQWHUHVW�ZKHQ�GLVFXVVLQJ�WKH�VWHHULQJ�FKDUDFWHULVWLFV�DQG
VWDELOLW\�
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/LQHDU�6WHDG\�6WDWH�&RUQHULQJ�6ROXWLRQV�

:H�DUH�LQWHUHVWHG�LQ�WKH�SDWK�FXUYDWXUH����5��WKDW�UHVXOWV�IURP�D�FRQVWDQW�VWHHU
DQJOH� �DW�D�JLYHQ�FRQVWDQW�VSHHG�RI�WUDYHO�9���6LQFH�ZH�KDYH�DW�VWHDG\�VWDWH�

�����������
�

5
'

U

9
.

U

X

WKH�H[SUHVVLRQ�IRU�WKH�SDWK�FXUYDWXUH�EHFRPHV�XVLQJ��������ZLWK�X�UHSODFHG�E\
9�DQG�WKH�WLPH�GHULYDWLYHV�RPLWWHG�
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�

5
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&�&�O
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%\�WDNLQJ�WKH�LQYHUVH��WKH�H[SUHVVLRQ�IRU�WKH�VWHHU�DQJOH�UHTXLUHG�WR�QHJRWLDWH�D
FXUYH�ZLWK�D�JLYHQ�UDGLXV�5�LV�REWDLQHG�

������'

�

5
O&P9 �

D&�&E&�
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,W�LV�FRQYHQLHQW�WR�LQWURGXFH�WKH�VR�FDOOHG�XQGHUVWHHU�FRHIILFLHQW�RU�JUDGLHQW� �
)RU�RXU�PRGHO��WKLV�TXDQWLW\�LV�GHILQHG�DV

������������

ZLWK�J�GHQRWLQJ�WKH�DFFHOHUDWLRQ�GXH�WR�JUDYLW\��$IWHU�KDYLQJ�GHILQHG�WKH�ODWHUDO
DFFHOHUDWLRQ� ZKLFK� LQ� WKH� SUHVHQW� OLQHDU� DQDO\VLV� HTXDOV� WKH� FHQWULSHWDO
DFFHOHUDWLRQ�

��������D\ ' 9U '
9 �

5

(T��������FDQ�EH�ZULWWHQ�LQ�WKH�PRUH�FRQYHQLHQW�IRUP
�

� ������

7KH�PHDQLQJ�RI�XQGHUVWHHU�YHUVXV�RYHUVWHHU�EHFRPHV�FOHDU�ZKHQ�WKH�VWHHU�DQJOH
LV�SORWWHG�DJDLQVW�WKH�FHQWULSHWDO�DFFHOHUDWLRQ�ZKLOH�WKH�UDGLXV�5�LV�NHSW�FRQVWDQW�
,Q�)LJ�������OHIW�KDQG�GLDJUDP��WKLV�LV�GRQH�IRU�WKUHH�W\SHV�RI�YHKLFOHV�VKRZLQJ
XQGHUVWHHU��QHXWUDO�VWHHU�DQG�RYHUVWHHU��$SSDUHQWO\��IRU�DQ�XQGHUVWHHUHG�YHKLFOH�
WKH�VWHHU�DQJOH�QHHGV�WR�EH�LQFUHDVHG�ZKHQ�WKH�YHKLFOH�LV�JRLQJ�WR�UXQ�DW�D�KLJKHU
VSHHG��$W�QHXWUDO�VWHHU�WKH�VWHHU�DQJOH�FDQ�EH�NHSW�FRQVWDQW�ZKLOH�DW�RYHUVWHHU�D
UHGXFWLRQ�LQ�VWHHU�DQJOH�LV�QHHGHG�ZKHQ�WKH�VSHHG�RI�WUDYHO�LV�LQFUHDVHG�DQG�DW�WKH
VDPH�WLPH�D�FRQVWDQW�WXUQLQJ�UDGLXV�LV�PDLQWDLQHG�
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)LJ�������� 7KH�VWHHU�DQJOH�YHUVXV�ODWHUDO�DFFHOHUDWLRQ�DW�FRQVWDQW�SDWK�FXUYDWXUH��OHIW�JUDSK���7KH
GLIIHUHQFH�LQ�VOLS�DQJOH�YHUVXV�ODWHUDO�DFFHOHUDWLRQ�DQG�WKH�UHTXLUHG�VWHHU�DQJOH�DW�D
JLYHQ�SDWK�FXUYDWXUH��ULJKW�JUDSK���7KH�XQGHUVWHHU�JUDGLHQW� �

$FFRUGLQJ�WR�(T���������WKH�VWHHU�DQJOH�FKDQJHV�VLJQ�ZKHQ�IRU�DQ�RYHUVWHHUHG
FDU�WKH�VSHHG�LQFUHDVHV�EH\RQG�WKH�FULWLFDO�VSHHG�WKDW�LV�H[SUHVVHG�E\�

������

$V�ZLOO�EH�VKRZQ�ODWHU��WKH�PRWLRQ�EHFRPHV�XQVWDEOH�ZKHQ�WKH�FULWLFDO�VSHHG�LV
VXUSDVVHG��$SSDUHQWO\��WKLV�FDQ�RQO\�KDSSHQ�ZKHQ�WKH�YHKLFOH�VKRZV�RYHUVWHHU�

)RU�DQ�XQGHUVWHHUHG�FDU�D�FRXQWHUSDUW�KDV�EHHQ�GHILQHG�ZKLFK�LV�WKH�VR�FDOOHG
FKDUDFWHULVWLF�VSHHG��,W�LV�WKH�VSHHG�ZKHUH�WKH�VWHHU�DQJOH�UHTXLUHG�WR�PDLQWDLQ�WKH
VDPH�FXUYDWXUH�LQFUHDVHV�WR�WZLFH�WKH�DQJOH�QHHGHG�DW�VSHHGV�DSSURDFKLQJ�]HUR�
:H�PD\�DOVR�VD\�WKDW�DW�WKH�FKDUDFWHULVWLF�VSHHG�WKH�SDWK�FXUYDWXUH�UHVSRQVH�WR
VWHHU�DQJOH�KDV�GHFUHDVHG�WR�KDOI�LWV�YDOXH�DW�YHU\�ORZ�VSHHG��$OVR�LQWHUHVWLQJ�LV
WKH�IDFW�WKDW�DW�WKH�FKDUDFWHULVWLF�VSHHG�WKH�\DZ�UDWH�UHVSRQVH�WR�VWHHU�DQJOH�U�
UHDFKHV�D�PD[LPXP��WKH�SURRI�RI�ZKLFK�LV�OHIW�WR�WKH�UHDGHU���:H�KDYH�IRU�WKH
FKDUDFWHULVWLF�YHORFLW\��

�� ������9FKDU '
J O

� ! ��

([SUHVVLRQ��������IRU�WKH�XQGHUVWHHU�JUDGLHQW� �LV�VLPSOLILHG�ZKHQ�WKH�IROORZLQJ
H[SUHVVLRQV�IRU�WKH�IURQW�DQG�UHDU�D[OH�ORDGV�DUH�XVHG�
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ZKLFK� VD\V� WKDW� D� YHKLFOH� H[KLELWV� DQ� XQGHUVWHHU� QDWXUH� ZKHQ� WKH� UHODWLYH
FRUQHULQJ�FRPSOLDQFH�RI�WKH�W\UHV�DW�WKH�IURQW� LV� ODUJHU�WKDQ�DW�WKH�UHDU��,W� LV
LPSRUWDQW�WR�QRWH�WKDW�LQ��������DQG��������WKH�TXDQWLWLHV�)]����GHQRWH�WKH�YHUWLFDO
D[OH�ORDGV�WKDW�RFFXU�DW�VWDQG�VWLOO�DQG�WKXV�UHSUHVHQW�WKH�PDVV�GLVWULEXWLRQ�RI�WKH
YHKLFOH��&KDQJHV�RI�WKHVH�ORDGV�GXH�WR�DHURG\QDPLF�GRZQ�IRUFHV�DQG�IRUH�DQG�DIW
ORDG�WUDQVIHU�DW�EUDNLQJ�RU�GULYLQJ�VKRXOG�QRW�EH�LQWURGXFHG�LQ�H[SUHVVLRQ��������

,Q� WKH� VDPH� GLDJUDP� WKH� GLIIHUHQFH� LQ� VOLS� DQJOH� IURQW� DQG� UHDU�PD\�EH
LQGLFDWHG��:H�ILQG�IRU�WKH�VLGH�IRUFHV
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DQG�KHQFH�IRU�WKH�VOLS�DQJOHV

����
�������

7KH�GLIIHUHQFH�QRZ�UHDGV�ZKHQ�FRQVLGHULQJ�WKH�UHODWLRQ�������

��� ������

$SSDUHQWO\��WKH�VLJQ�RI�WKLV�GLIIHUHQFH�LV�GLFWDWHG�E\�WKH�XQGHUVWHHU�FRHIILFLHQW�
&RQVHTXHQWO\��LW�PD\�EH�VWDWHG�WKDW�DFFRUGLQJ�WR�WKH�OLQHDU�PRGHO�DQ�XQGHUVWHHUHG
YHKLFOH�� �!����PRYHV�LQ�D�FXUYH�ZLWK�VOLS�DQJOHV�ODUJHU�DW�WKH�IURQW�WKDQ�DW�WKH
UHDU�� ��!� �����)RU�D�QHXWUDOO\�VWHHUHG�YHKLFOH�WKH�DQJOHV�UHPDLQ�WKH�VDPH�� �� � ��
DQG�ZLWK�DQ�RYHUVWHHUHG�FDU�WKH�UHDU�VOLS�DQJOHV�DUH�ELJJHU�� ���!� �����$V�LV�VKRZQ
E\�WKH�H[SUHVVLRQV���������WKH�VLJQV�RI� �DQG�V�DUH�GLIIHUHQW��&RQVHTXHQWO\��DV�RQH
PLJKW�H[SHFW�ZKHQ�WKH�FHQWULIXJDO�IRUFH�LV�FRQVLGHUHG�DV�WKH�H[WHUQDO�IRUFH��D
YHKLFOH�DFWV�RYHUVWHHUHG�ZKHQ�WKH�QHXWUDO�VWHHU�SRLQW�OLHV�LQ�IURQW�RI�WKH�FHQWUH�RI
JUDYLW\�DQG�XQGHUVWHHUHG�ZKHQ�6�OLHV�EHKLQG�WKH�F�J���$V�ZH�ZLOO�VHH�ODWHU�RQ��WKH
DFWXDO� QRQ�OLQHDU� YHKLFOH�PD\� FKDQJH� LWV� VWHHULQJ� FKDUDFWHU�ZKHQ� WKH� ODWHUDO
DFFHOHUDWLRQ�LQFUHDVHV��,W�DSSHDUV�WKHQ�WKDW�WKH��GLIIHUHQFH�LQ�VOLS�DQJOH�LV�QR
ORQJHU�GLUHFWO\�UHODWHG�WR�WKH�XQGHUVWHHU�JUDGLHQW�

&RQVLGHUDWLRQ�RI�(T��������UHYHDOV�WKDW�LQ�WKH�OHIW�KDQG�JUDSK�RI�)LJ������WKH
GLIIHUHQFH�LQ�VOLS�DQJOH�FDQ�EH�PHDVXUHG�DORQJ�WKH�RUGLQDWH�VWDUWLQJ�IURP�WKH
YDOXH�O�5��,W�LV�RI�LQWHUHVW�WR�FRQYHUW�WKH�GLDJUDP�LQWR�WKH�JUDSK�VKRZQ�RQ�WKH
ULJKW�KDQG�VLGH�RI�)LJ������ZLWK�RUGLQDWH�HTXDO�WR�WKH�GLIIHUHQFH�LQ�VOLS�DQJOH��,Q
WKDW�ZD\��WKH�GLDJUDP�EHFRPHV�PRUH�IOH[LEOH�EHFDXVH�WKH�YDOXH�RI�WKH�FXUYDWXUH
��5� PD\� EH� VHOHFWHG� DIWHUZDUGV�� 7KH� KRUL]RQWDO� GRWWHG� OLQH� LV� WKHQ� VKLIWHG
YHUWLFDOO\�DFFRUGLQJ�WR�WKH�YDOXH�RI�WKH�UHODWLYH�FXUYDWXUH�O�5�FRQVLGHUHG��7KH
GLVWDQFH�WR�WKH�KDQGOLQJ�OLQH�UHSUHVHQWV�WKH�PDJQLWXGH�RI�WKH�VWHHU�DQJOH�

)LJXUH������GHSLFWV�WKH�UHVXOWLQJ�VWHDG\�VWDWH�FRUQHULQJ�PRWLRQ��7KH�YHKLFOH
VLGH�VOLS�DQJOH� �KDV�EHHQ�LQGLFDWHG��,W�LV�RI�LQWHUHVW�WR�QRWH�WKDW�DW�ORZ�VSHHG�WKLV
DQJOH�LV�QHJDWLYH�IRU�ULJKW�KDQG�WXUQV��%H\RQG�D�FHUWDLQ�YDOXH�RI�VSHHG�WKH�W\UH
VOLS�DQJOHV�KDYH�EHFRPH�VXIILFLHQWO\�ODUJH�DQG�WKH�YHKLFOH�VOLS�DQJOH�FKDQJHV�LQWR
SRVLWLYH�YDOXHV��,Q�([HUFLVH�����WKH�VOLS�DQJOH� ��ZLOO�EH�XVHG��

,QIOXHQFH�RI�WKH�3QHXPDWLF�7UDLO

7KH�GLUHFW�LQIOXHQFH�RI�WKH�SQHXPDWLF�WUDLOV�WL�PD\�QRW�EH�QHJOLJLEOH��,Q�UHDOLW\�
WKH� W\UH� VLGH� IRUFHV� DFW� D� VPDOO� GLVWDQFH� EHKLQG� WKH� FRQWDFW� FHQWUHV�� $V� D
FRQVHTXHQFH��WKH�QHXWUDO�VWHHU�SRLQW�VKRXOG�DOVR�EH�FRQVLGHUHG�WR�EH�ORFDWHG�DW�D
GLVWDQFH�DSSUR[LPDWHO\�HTXDO�WR�WKH�DYHUDJH�YDOXH�RI�WKH�SQHXPDWLF�WUDLOV��PRUH
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WR�WKH�UHDU��ZKLFK�PHDQV�DFWXDOO\�PRUH�XQGHUVWHHU��7KH�FRUUHFW�YDOXHV�RI�WKH
SRVLWLRQ�V�RI�WKH�QHXWUDO�VWHHU�SRLQW�DQG�RI�WKH�XQGHUVWHHU�FRHIILFLHQW� �FDQ�EH
IRXQG�E\�XVLQJ�WKH�HIIHFWLYH�D[OH�GLVWDQFHV�DN� �D��W����EN� �E��W��DQG�ON� �DN��EN�LQ
WKH�(TV���������DQG��������LQVWHDG�RI�WKH�RULJLQDO�TXDQWLWLHV�D��E�DQG�O�

6WDELOLW\�RI�WKH�0RWLRQ

6WDELOLW\�RI�WKH�VWHDG\�VWDWH�FLUFXODU�PRWLRQ�FDQ�EH�H[DPLQHG�E\�FRQVLGHULQJ�WKH
GLIIHUHQWLDO�HTXDWLRQ��������RU���������7KH�VWHHU�DQJOH�LV�NHSW�FRQVWDQW�VR�WKDW�WKH
HTXDWLRQ�JHWV�WKH�IRUP

���� ������

)RU� WKLV� VHFRQG�RUGHU� GLIIHUHQWLDO� HTXDWLRQ� VWDELOLW\� LV� DVVXUHG� ZKHQ� DOO
FRHIILFLHQWV�DL�DUH�SRVLWLYH��2QO\�WKH�ODVW�FRHIILFLHQW�D��PD\�EHFRPH�QHJDWLYH
ZKLFK�FRUUHVSRQGV�WR�GLYHUJHQW� LQVWDELOLW\��VSLQ�RXW�ZLWKRXW�RVFLOODWLRQV���$V
DOUHDG\�LQGLFDWHG��WKLV�ZLOO� LQGHHG�RFFXU�ZKHQ�IRU�DQ�RYHUVWHHUHG�YHKLFOH� WKH
FULWLFDO�VSHHG��������LV�H[FHHGHG��7KH�FRQGLWLRQ�IRU�VWDELOLW\�UHDGV�

������

ZLWK�WKH�VXEVFULSW�VV�UHIHUULQJ�WR�VWHDG\�VWDWH�FRQGLWLRQV��RU

������

7KH� QH[W� VHFWLRQ�ZLOO� IXUWKHU� DQDO\VH� WKH� G\QDPLF� QDWXUH� RI� WKH� VWDEOH� DQG
XQVWDEOH�PRWLRQV�

,W�LV�RI�LPSRUWDQFH�WR�QRWH�WKDW�ZKHQ�WKH�FRQGLWLRQ�RI�DQ�DXWRPRELOH�VXEMHFWHG
WR�GULYLQJ�RU�EUDNLQJ�IRUFHV�LV�FRQVLGHUHG��WKH�FRUQHULQJ�VWLIIQHVVHV�IURQW�DQG�UHDU
ZLOO�FKDQJH�GXH�WR�WKH�DVVRFLDWHG�IRUH�DQG�DIW�D[OH�ORDG�WUDQVIHU�DQG�WKH�UHVXOWLQJ
VWDWH�RI�FRPELQHG�VOLS��,Q�H[SUHVVLRQ��������IRU�WKH�XQGHUVWHHU�FRHIILFLHQW� �WKH
TXDQWLWLHV�)]L�UHSUHVHQW�WKH�VWDWLF�YHUWLFDO�D[OH�ORDGV�REWDLQHG�WKURXJK�(TV�������
DQG�DUH� WR� UHPDLQ�XQFKDQJHG�� ,Q�6XEVHFWLRQ������� WKH�HIIHFW�RI� ORQJLWXGLQDO
IRUFHV�RQ�YHKLFOH�VWDELOLW\�ZLOO�EH�IXUWKHU�DQDO\VHG�

)UHH�/LQHDU�0RWLRQV

7R�VWXG\�WKH�QDWXUH�RI� WKH� IUHH�PRWLRQ�DIWHU�D�VPDOO�GLVWXUEDQFH�LQ�WHUPV�RI
QDWXUDO� IUHTXHQF\� DQG� GDPSLQJ�� WKH� HLJHQYDOXHV�� WKDW� LV� WKH� URRWV� RI� WKH
FKDUDFWHULVWLF�HTXDWLRQ�RI�WKH�OLQHDU�VHFRQG�RUGHU�V\VWHP��DUH�WR�EH�DVVHVVHG��7KH
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)LJ�������� 3RVVLEOH�HLJHQYDOXHV�IRU�WKH�RYHU�DQG�XQGHUVWHHUHG�FDU�DW�ORZHU�DQG�KLJKHU�VSHHGV�

0 �U% ' 0U% .U ' '�
0

% .�

0 �
% ' % . ' �

FKDUDFWHULVWLF�HTXDWLRQ�RI�WKH�V\VWHP�GHVFULEHG�E\�WKH�HTXDWLRQV���������RU�������
UHDGV�DIWHU�XVLQJ�WKH�UHODWLRQ��������EHWZHHQ�V�DQG� ��

����� ������P �N �9 � �
%P&�T �

% N ��9 %&�&�O
� �%

J O
9 �

' �

)RU�D� VLQJOH�PDVV�GDPSHU�VSULQJ�V\VWHP�VKRZQ� LQ�)LJ������ZLWK� U� WKH�PDVV
GLVSODFHPHQW�� ��WKH�IRUFHG�GLVSODFHPHQW�RI�WKH�VXSSRUW��0�WKH�PDVV��'�WKH�VXP
RI�WKH�WZR�GDPSLQJ�FRHIILFLHQWV�'��DQG�'���DQG�.�WKH�VXP�RI�WKH�WZR�VSULQJ
VWLIIQHVVHV�.��DQG�.���D�GLIIHUHQWLDO�HTXDWLRQ�VLPLODU�LQ�VWUXFWXUH�WR�(T�������
DULVHV�

������

DQG�WKH�FRUUHVSRQGLQJ�FKDUDFWHULVWLF�HTXDWLRQ�

������

:KHQ� DQ� RYHUVWHHUHG� FDU� H[FHHGV� LWV� FULWLFDO� VSHHG�� WKH� ODVW� WHUP� RI� ������
EHFRPHV�QHJDWLYH�ZKLFK�DSSDUHQWO\�FRUUHVSRQGV�ZLWK�D�QHJDWLYH�VWLIIQHVV�.��$Q
LQYHUWHG�SHQGXOXP�LV�DQ�H[DPSOH�RI�D�VHFRQG�RUGHU�V\VWHP�ZLWK�QHJDWLYH�ODVW
FRHIILFLHQW�VKRZLQJ�PRQRWRQRXV��GLYHUJLQJ��LQVWDELOLW\�

7KH�URRWV� �RI�HTXDWLRQ��������PD\�KDYH�ORFL�LQ�WKH�FRPSOH[�SODQH�DV�VKRZQ
LQ� )LJ������� )RU� SRVLWLYH� YDOXHV� RI� WKH� FRUQHULQJ� VWLIIQHVVHV� RQO\� WKH� ODVW
FRHIILFLHQW� RI� WKH� FKDUDFWHULVWLF� HTXDWLRQ� FDQ� EHFRPH� QHJDWLYH� ZKLFK� LV
UHVSRQVLEOH�IRU�WKH�OLPLWHG�W\SHV�RI�HLJHQYDOXHV�WKDW�FDQ�RFFXU��$V�ZH�ZLOO�VHH�LQ
6XEVHFWLRQ��������SRVVLEOH�QHJDWLYH�VORSHV�EH\RQG�WKH�SHDN�RI�WKH�QRQ�OLQHDU�D[OH
FKDUDFWHULVWLFV�PD\�JLYH�ULVH�WR�RWKHU�W\SHV�RI�XQVWDEOH�PRWLRQV�FRQQHFWHG�ZLWK
WZR�SRVLWLYH�UHDO�URRWV�RU�WZR�FRQMXJDWHG�FRPSOH[�URRWV�ZLWK�D�SRVLWLYH�UHDO�SDUW�
)RU�WKH�OLQHDU�YHKLFOH�PRGHO�ZH�PD\�KDYH�WZR�UHDO�URRWV�LQ�WKH�RYHUVWHHU�FDVH�DQG
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parameter influence

)LJ��������7KH�LQIOXHQFH�RI�SDUDPHWHUV�RQ�QDWXUDO�IUHTXHQF\�DQG�GDPSLQJ�

D�SDLU�RI�FRPSOH[�URRWV�LQ�WKH�XQGHUVWHHU�FDVH��H[FHSW�DW�ORZ�VSHHGV�ZKHUH�WKH
XQGHUVWHHUHG�YHKLFOH�FDQ�VKRZ�D�SDLU�RI�UHDO�QHJDWLYH�URRWV��

$V�LQGLFDWHG�LQ�WKH�ILJXUH��WKH�FRPSOH[�URRW�LV�FKDUDFWHULVHG�E\�WKH�QDWXUDO
IUHTXHQF\� R�RI� WKH�XQGDPSHG�V\VWHP��'� ����� WKH�GDPSLQJ� UDWLR� � DQG� WKH
UHVXOWLQJ�DFWXDO�QDWXUDO�IUHTXHQF\� Q��([SUHVVLRQV�IRU�WKHVH�TXDQWLWLHV�LQ�WHUPV
RI�WKH�PRGHO�SDUDPHWHUV�DUH�UDWKHU�FRPSOH[��+RZHYHU��LI�ZH�WDNH�LQWR�DFFRXQW
WKDW�LQ�QRUPDO�FDVHV�_V_©�O�DQG�T�.�N�.ò�O�ZH�PD\�VLPSOLI\�WKHVH�H[SUHVVLRQV�DQG
ILQG�WKH�IROORZLQJ�XVHIXO�IRUPXODH�

7KH�QDWXUDO�IUHTXHQF\�RI�WKH�XQGDPSHG�V\VWHP�

������

7KH�GDPSLQJ�UDWLR�

������

7KH�QDWXUDO�IUHTXHQF\�

������

7KH�LQIOXHQFH�RI�SDUDPHWHUV�KDV�EHHQ�LQGLFDWHG�LQ�)LJ�������$Q�DUURZ�SRLQWLQJ
XSZDUGV�UHSUHVHQWV�DQ�LQFUHDVH�RI�WKH�TXDQWLW\�LQ�WKH�VDPH�FROXPQ�RI�WKH�PDWUL[�

7KH�\DZ�UDWH�UHVSRQVH�WR�D�VWHS�FKDQJH�LQ�VWHHU�DQJOH�LV�W\SLILHG�E\�WKH�ULVH
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)LJ�������� 6WHS� UHVSRQVH� RI� \DZ� UDWH� WR� VWHHU� DQJOH�� 3DUDPHWHUV� DFFRUGLQJ� WR�7DEOH�����
3DUDPHWHU�LQIOXHQFH�RQ�WKH�ULVH�WLPH�W

U
�

WLPH�WU�LQGLFDWHG�LQ�)LJ������DQG�H[SUHVVHG�LQ�WHUPV�RI�WKH�SDUDPHWHUV�DV�IROORZV�
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7KH�SDUDPHWHU�LQIOXHQFH�KDV�EHHQ�LQGLFDWHG�LQ�WKH�ILJXUH��7KH�UHVXOWV�FRUUHVSRQG
TXDOLWDWLYHO\�ZHOO�ZLWK�WKH�����UHVSRQVH�WLPHV�IRXQG�LQ�YHKLFOH�PRGHO�VLPXODWLRQ
VWXGLHV��$�UHPDUNDEOH�UHVXOW�LV�WKDW�IRU�DQ�XQGHUVWHHUHG�DXWRPRELOH�WKH�UHVSRQVH
WLPH�LV�VPDOOHU�WKDQ�IRU�DQ�RYHUVWHHUHG�FDU�

)RUFHG�/LQHDU�9LEUDWLRQV

7KH�FRQYHUVLRQ�RI�WKH�HTXDWLRQV�RI�PRWLRQ��������LQWR�WKH�VWDQGDUG�VWDWH�VSDFH
UHSUHVHQWDWLRQ� LV�XVHIXO�ZKHQ� WKH� OLQHDU� V\VWHP�SURSHUWLHV�DUH� WKH� VXEMHFW� RI
LQYHVWLJDWLRQ��7KH�V\VWHP�DW�KDQG�LV�RI�WKH�VHFRQG�RUGHU�DQG�KHQFH�SRVVHVVHV�WZR
VWDWH�YDULDEOHV�IRU�ZKLFK�ZH�FKRRVH��Y�DQG�U��7KH�V\VWHP�LV�VXEMHFWHG�WR�D�VLQJOH
LQSXW�VLJQDO��WKH�VWHHU�DQJOH� ��9DULRXV�YDULDEOHV�PD\�EH�RI�LQWHUHVW�WR�DQDO\VH�WKH
YHKLFOH¶V�UHVSRQVH�WR�VWHHULQJ�LQSXW�RVFLOODWLRQV��7KH�IROORZLQJ�TXDQWLWLHV�DUH
VHOHFWHG� WR� LOOXVWUDWH� WKH�PHWKRG� DQG� WR� VWXG\� WKH� G\QDPLF� EHKDYLRXU� RI� WKH
YHKLFOH��WKH�ODWHUDO�DFFHOHUDWLRQ�D\�RI�WKH�FHQWUH�RI�JUDYLW\�RI�WKH�YHKLFOH��WKH�\DZ
UDWH�U�DQG�WKH�YHKLFOH�VOLS�DQJOH� �GHILQHG�DW�WKH�FHQWUH�RI�JUDYLW\��,Q�PDWUL[
QRWDWLRQ�WKH�HTXDWLRQ�EHFRPHV�
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7KH�IUHTXHQF\�UHVSRQVH�IXQFWLRQV�KDYH�EHHQ�FRPSXWHG�XVLQJ�0DWODE�VRIWZDUH�
)LJXUH������SUHVHQWV�WKH�DPSOLWXGH�DQG�SKDVH�UHVSRQVH�IXQFWLRQV�IRU�HDFK�RI�WKH
WKUHH�RXWSXW�TXDQWLWLHV�DQG�DW�WKUHH�GLIIHUHQW�YDOXHV�RI�VSHHG�RI�WUDYHO��7KH�YDOXHV
RI�WKH�FKRVHQ�PRGHO�SDUDPHWHUV�DQG�D�QXPEHU�RI�FKDUDFWHULVWLF�TXDQWLWLHV�KDYH
EHHQ�OLVWHG�LQ�7DEOH�����

([SOLFLW�H[SUHVVLRQV�RI�WKH�IUHTXHQF\�UHVSRQVH�IXQFWLRQV�LQ�WHUPV�RI�PRGHO
SDUDPHWHUV�DUH�KHOSIXO�WR�XQGHUVWDQG�DQG�SUHGLFW�WKH�FKDUDFWHULVWLF�DVSHFWV�RI
WKHVH�IXQFWLRQV�ZKLFK�PD\�EH�HVWDEOLVKHG�E\�PHDQV�RI�FRPSXWDWLRQV�RU�SRVVLEO\
WKURXJK�IXOO�VFDOH�H[SHULPHQWV�

)URP� WKH� GLIIHUHQWLDO� HTXDWLRQ� ������� WKH� IUHTXHQF\� UHVSRQVH� IXQFWLRQ� LV
HDVLO\�GHULYHG��&RQVLGHULQJ�WKH�TXDQWLWLHV�IRUPXODWHG�E\��������DQG��������DQG
WKH�VWHDG\�VWDWH�UHVSRQVH��U� �VV� �9�5��� �REWDLQHG�IURP��������ZH�ILQG�
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�7DEOH��������3DUDPHWHU�YDOXHV�DQG�W\SLI\LQJ�TXDQWLWLHV

SDUDPHWHUV ������������������GHULYHG�W\SLI\LQJ�TXDQWLWLHV
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6LPLODUO\��WKH�IRUPXOD�IRU�WKH�UHVSRQVH�RI��ODWHUDO�DFFHOHUDWLRQ�D\�FDQ�EH�GHULYHG�

������

DQG�IRU�WKH�VOLS�DQJOH� ��

������
%\�FRQVLGHULQJ�(T��������LW�FDQ��QRZ�EH�H[SODLQHG�IRU�LQVWDQFH�WKDW�DW�KLJKHU
IUHTXHQFLHV�WKH�V\VWHP�VKRZV�IHDWXUHV�RI�D�ILUVW�RUGHU�V\VWHP��EHFDXVH�RI�WKH�M
WHUP�LQ�WKH�QXPHUDWRU�WKH�\DZ�UDWH�DPSOLWXGH�UHVSRQVH�WHQGV�WR�D�GHFD\�DW�D���G%
SHU�RFWDYH�UDWH��LI�SORWWHG�LQ�ORJ�ORJ�VFDOH��DQG�WKH�SKDVH�ODJ�DSSURDFKHV�

� M �'
VV
@

�&
PN �9

DP9 �
&E&� O

M

�&
R

�

% �
M

R

�
VV

'&

E

O

�&
D

E

P

&� O
9 �

�%
J O

9 �



��7<5(�&+$5$&7(5,67,&6�$1'�9(+,&/(�+$1'/,1*�$1'�67$%,/,7<

0 0.5 1 1.5 2
-90

-45

0

45

20

phase

deg.

frequency    Hz

0

5

10

15
U

δ

20

V=60m/s
40

yaw velocity response to steer angle

1/s 

60

10

20

30

40

0

20

V=60m/s

D��J
δ
\

lateral acceleration response to steer angle

 1 
rad

0 0.5 1 1.5 2
-145

-90

-45

0

45

frequency    Hz

V=20m/s

phase

deg.

40

60

40

0 0.5 1 1.5 2
-270

-180

-90

0
phase

deg.

frequency    Hz

20

0

2

4

6β
δ

V=60m/s
40

vehicle slip angle response to steer angle

_

60

20

)LJ���������)UHTXHQF\�UHVSRQVH�IXQFWLRQV��YHKLFOH�SDUDPHWHUV�DFFRUGLQJ�WR�7DEOH�����
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)LJ���������µ)RXU�ZKHHO¶�VWHHULQJ�WR�PDNH�VOLS�DQJOH� � �����([HUFLVH������

���GHJUHHV��7KH�SKDVH�LQFUHDVH�DW�ORZ�IUHTXHQFLHV�DQG�KLJKHU�VSHHGV�LV�GXH�WR�WKH
SUHVHQFH�RI�WKH�VSHHG�9�LQ�WKDW�VDPH�WHUP��$W�VSHHGV�EH\RQG�DSSUR[LPDWHO\�WKH
FKDUDFWHULVWLF�VSHHG��WKH�FRUUHVSRQGLQJ��ODVW��WHUP�LQ�WKH�GHQRPLQDWRU�KDV�OHVV
LQIOXHQFH�RQ�WKH�LQLWLDO�VORSH�RI�WKH�SKDVH�FKDUDFWHULVWLF��7KH�ODWHUDO�DFFHOHUDWLRQ
UHVSRQVH��������VKRZQ�LQ�WKH�FHQWUH�JUDSK�RI�)LJ������JLYHV�D�ILQLWH�DPSOLWXGH�DW
IUHTXHQFLHV�WHQGLQJ�WR�LQILQLW\�EHFDXVH�RI�WKH�SUHVHQFH�RI� ��LQ�WKH�QXPHUDWRU�
)RU�WKH�VDPH�UHDVRQ��WKH�SKDVH�ODJ�JRHV�EDFN�WR�]HUR�DW�ODUJH�IUHTXHQFLHV��7KH
VLGH�VOLS�SKDVH�UHVSRQVH�WHQGV�WR������GHJUHHV��DW�ODUJHU�VSHHGV��ZKLFK�LV�GXH�WR
WKH�QHJDWLYH�FRHIILFLHQW�RI�M �LQ�WKH�QXPHUDWRU�RI���������7KLV�LQ�FRQWUDVW�WR�WKDW
FRHIILFLHQW�RI�WKH�\DZ�UDWH�UHVSRQVH���������

,W�LV�RI�LQWHUHVW�WR�VHH�WKDW�WKH�VWHDG\�VWDWH�VOLS�DQJOH�UHVSRQVH��LQGLFDWHG�LQ
��������FKDQJHV�VLJQ�DW�D�FHUWDLQ�VSHHG�9��$W�ORZ�VSHHGV�ZKHUH�WKH�W\UH�VOLS
DQJOHV�DUH�VWLOO�YHU\�VPDOO��WKH�YHKLFOH�VOLS�DQJOH�REYLRXVO\�LV�QHJDWLYH�IRU�SRVLWLYH
VWHHU�DQJOH��FRQVLGHULQJ�SRVLWLYH�GLUHFWLRQV�DV�DGRSWHG�LQ�)LJ��������$W�ODUJHU
YHORFLWLHV�WKH�W\UH�VOLS�DQJOHV�LQFUHDVH�DQG�DV�D�UHVXOW�� �FKDQJHV�LQWR�WKH�SRVLWLYH
GLUHFWLRQ�

([HUFLVH����� )RXU�ZKHHO�VWHHU���FRQGLWLRQ�WKDW�WKH�YHKLFOH�VOLS�DQJOH�YDQLVKHV

&RQVLGHU�WKH�YHKLFOH�PRGHO�RI�)LJ�������%RWK�WKH�IURQW�DQG�WKH�UHDU�ZKHHOV�FDQ�EH
VWHHUHG��7KH�REMHFWLYH�LV�WR�KDYH�D�YHKLFOH�PRYLQJ�ZLWK�D�VOLS�DQJOH� �UHPDLQLQJ�HTXDO
WR�]HUR��,Q�SUDFWLFH��WKLV�PD\�EH�GRQH�WR�LPSURYH�KDQGOLQJ�TXDOLWLHV�RI�WKH�DXWRPRELOH
�UHGXFHV�WR�ILUVW�RUGHU�V\VWHP���DQG�WR�DYRLG�H[FHVVLYH�VLGH�VOLSSLQJ�PRWLRQV�RI�WKH�UHDU
D[OH�LQ�ODQH�FKDQJH�PDQRHXYUHV��$GDSW�WKH�HTXDWLRQV�RI�PRWLRQ��������DQG�DVVHVV�WKH
UHTXLUHG� UHODWLRQVKLS�EHWZHHQ� WKH� VWHHU� DQJOHV� �� DQG� ��

��'R� WKLV� LQ� WHUPV�RI� WKH
WUDQVIHU�IXQFWLRQ�EHWZHHQ� ��DQG� ��DQG�WKH�DVVRFLDWHG�GLIIHUHQWLDO�HTXDWLRQ��)LQG�WKH
VWHDG\�VWDWH�UDWLR�� ��

� ��
�VV�DQG�SORW�WKLV�DV�D�IXQFWLRQ�RI�WKH�VSHHG�9��6KRZ�DOVR�WKH

IUHTXHQF\�UHVSRQVH�IXQFWLRQ� ��
� ��

�M ��IRU�WKH�DPSOLWXGH�DQG�SKDVH�DW�D�VSHHG�9� ���
P�V��8VH�WKH�YHKLFOH�SDUDPHWHUV�VXSSOLHG�LQ�7DEOH�����
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��������1RQ�/LQHDU�6WHDG\�6WDWH�&RUQHULQJ�6ROXWLRQV

)URP�(TV��������DQG��������ZLWK�WKH�VDPH�UHVWULFWLRQV�DV�VWDWHG�EHORZ�(T��������
WKH� IROORZLQJ� IRUFH� EDODQFH� HTXDWLRQV� FDQ� EH� GHULYHG� �IROORZV� DOVR� IURP
(TV����������7KH�HIIHFW�RI�WKH�SQHXPDWLF�WUDLOV�ZLOO�EH�GHDOW�ZLWK�ODWHU�RQ�

�� ������
)

\�

)
]�

'

)
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)
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'

D
\

J
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.

PJ

:KHUH�.� PD\�UHSUHVHQWV�WKH�FHQWULIXJDO�IRUFH��7KH�NLQHPDWLF�UHODWLRQVKLS�

� ������&�
�
&

�
� '

O

5

IROORZV� IURP�(TV��������DQG� �������� ,Q�)LJ������ WKH�YHKLFOH�PRGHO�KDV�EHHQ
GHSLFWHG�LQ�D�VWHDG\�VWDWH�FRUQHULQJ�PDQRHXYUH��,W�FDQ�HDVLO\�EH�REVHUYHG�IURP
WKLV�GLDJUDP�WKDW�UHODWLRQ��������KROGV�DSSUR[LPDWHO\�ZKHQ�WKH�DQJOHV�DUH�VPDOO�

7KH�UDWLR�RI�WKH�VLGH�IRUFH�DQG�YHUWLFDO�ORDG�DV�VKRZQ�LQ��������SORWWHG�DV�D
IXQFWLRQ� RI� WKH� VOLS� DQJOH� PD\� EH� WHUPHG� DV� WKH� QRUPDOLVHG� W\UH� RU� D[OH
FKDUDFWHULVWLF��7KHVH� FKDUDFWHULVWLFV� VXEWUDFWHG� KRUL]RQWDOO\� IURP� HDFK� RWKHU
SURGXFH�WKH�µKDQGOLQJ�FXUYH¶��&RQVLGHULQJ�WKH�HTXDOLWLHV��������WKH�RUGLQDWH�PD\
EH�UHSODFHG�E\�D\���J���7KH�UHVXOWLQJ�GLDJUDP�ZLWK�DEVFLVVD� ���� ��LV�WKH�QRQ�OLQHDU
YHUVLRQ�RI�WKH�ULJKW�KDQG�GLDJUDP�RI�)LJ�������URWDWHG���E�DQWL�FORFNZLVH���7KH
GLDJUDP�PD\�EH�FRPSOHWHG�E\�DWWDFKLQJ�WKH�JUDSK�WKDW�VKRZV�IRU�D�VHULHV�RI
VSHHGV�9�WKH�UHODWLRQVKLS�EHWZHHQ�ODWHUDO�DFFHOHUDWLRQ��LQ�J�XQLWV��D\��J�DQG�WKH
UHODWLYH�SDWK�FXUYDWXUH�O�5�DFFRUGLQJ�WR�(T��������
� )LJXUH������VKRZV�WKH�QRUPDOLVHG�D[OH�FKDUDFWHULVWLFV�DQG�WKH�FRPSOHWHG
KDQGOLQJ�GLDJUDP��7KH�KDQGOLQJ�FXUYH�FRQVLVWV�RI�D�PDLQ�EUDQFK�DQG�WZR�VLGH
OREHV�� 7KH� GLIIHUHQW� SRUWLRQV� RI� WKH� FXUYHV� KDYH� EHHQ� FRGHG� WR� LQGLFDWH� WKH
FRUUHVSRQGLQJ�SDUWV�RI�WKH�RULJLQDO�QRUPDOLVHG�D[OH�FKDUDFWHULVWLFV�WKH\�RULJLQDWH
IURP�� 1HDU� WKH� RULJLQ� WKH� V\VWHP�PD\� EH� DSSUR[LPDWHG� E\� D� OLQHDU�PRGHO�
&RQVHTXHQWO\��WKH�VORSH�RI�WKH�KDQGOLQJ�FXUYH�LQ�WKH�RULJLQ�ZLWK�UHVSHFW�WR�WKH
YHUWLFDO�D[LV�LV�HTXDO�WR�WKH�XQGHUVWHHU�FRHIILFLHQW� ��,Q�FRQWUDVW�WR�WKH�VWUDLJKW
KDQGOLQJ� OLQH�RI� WKH� OLQHDU� V\VWHP� �)LJ�������� WKH�QRQ�OLQHDU� V\VWHP�VKRZV�D
FXUYHG�OLQH��7KH�VORSH�FKDQJHV�DORQJ�WKH�FXUYH�ZKLFK�PHDQV�WKDW�WKH�GHJUHH�RI
XQGHUVWHHU�FKDQJHV�ZLWK�LQFUHDVLQJ�ODWHUDO�DFFHOHUDWLRQ��7KH�GLDJUDP�RI�)LJ�����
VKRZV� WKDW� WKH�YHKLFOH�FRQVLGHUHG�FKDQJHV� IURP�XQGHUVWHHU� WR� RYHUVWHHU��:H
GHILQH�
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1 L =1  (front)

L =2  (rear)

1

9

δ  =0.04 rad

0.1
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[rad]
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α − α  =
δ − δ

1 2

0

9�=50 km/h 

      ( O�=3 m)II

I

III

oversteer

understeer

��)LJ�������� +DQGOLQJ� GLDJUDP� UHVXOWLQJ� IURP�QRUPDOL]HG�W\UH�FKDUDFWHULVWLFV��(TXLOLEULXP
SRLQWV�,��,,�DQG�,,,��VWHDG\�WXUQV��RI�ZKLFK�RQO\�,�LV�VWDEOH��DULVH�IRU�VSHHG�9 ���
NP�K�DQG�VWHHU�DQJOH� � ������UDG��)URP�WKH�GLIIHUHQW�OLQH�W\SHV�WKH�PDQQHU�LQ
ZKLFK�WKH�FXUYHV�DUH�REWDLQHG�IURP�WKH�XSSHU�GLDJUDP�PD\�EH�UHWULHYHG�

������

XQGHUVWHHU LI �
M

M9
5

! �

RYHUVWHHU LI �
M

M9
5

� �

7KH�IDPLO\�RI�VWUDLJKW�OLQHV�UHSUHVHQWV�WKH�UHODWLRQVKLS�EHWZHHQ�DFFHOHUDWLRQ�DQG
FXUYDWXUH�DW�GLIIHUHQW�OHYHOV�RI�VSHHG��7KH�VSHHG�OLQH�EHORQJLQJ�WR�9 ���NP�K�KDV
EHHQ�LQGLFDWHG��ZKHHO�EDVH�O� ��P���7KLV�OLQH�LV�VKLIWHG�WR�WKH�OHIW�RYHU�D�GLVWDQFH
HTXDO�WR�WKH�VWHHU�DQJOH� � �����UDG�DQG� WKUHH�SRLQWV�RI� LQWHUVHFWLRQ�ZLWK�WKH
KDQGOLQJ�FXUYH�DULVH��7KHVH�SRLQWV�,��,,�DQG�,,,�LQGLFDWH�WKH�SRVVLEOH�HTXLOLEULXP
FRQGLWLRQV�DW� WKH�FKRVHQ�VSHHG�DQG�VWHHU�DQJOH��7KH�FRQQHFWHG�YDOXHV� RI� WKH
UHODWLYH�SDWK�FXUYDWXUH�O�5�FDQ�EH�IRXQG�E\�JRLQJ�EDFN�WR�WKH�VSHHG�OLQH��$V�ZLOO
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1

2

1

2

2

2

1

1

oversteer

understeer

understeer

oversteer

rear slide

front slide

oversteer

understeer

rear slide

front slide

1α  , 2α  1α  − 2α  

)��]L

)��\L

)LJ������� $�QXPEHU�RI�KDQGOLQJ�FXUYHV�DULVLQJ�IURP�WKH�SDLUV�RI�QRUPDOL]HG�W\UH�FKDUDFWHULVWLFV

VKRZQ�OHIW��2QO\�WKH�PDLQ�EUDQFK�RI��KDQGOLQJ�FXUYH�LV�GUDZQ�����IURQW�����UHDU��

EH�VKRZQ�IXUWKHU�RQ��RQO\�SRLQW�,�UHIHUV�WR�D�VWDEOH�FRUQHULQJ�PRWLRQ��,Q�SRLQWV
,,�DQG�,,,��5�������WKH�PRWLRQ�LV�XQVWDEOH�

$W�D�JLYHQ�VSHHG�9��D�FHUWDLQ�VWHHU�DQJOH� �LV�QHHGHG�WR�QHJRWLDWH�D�FLUFXODU
SDWK�ZLWK�JLYHQ�UDGLXV�5��7KH�VWHHU�DQJOH�UHTXLUHG�FDQ�EH�UHDG�GLUHFWO\�IURP�WKH
KDQGOLQJ�GLDJUDP��7KH�VWHHU�DQJOH�QHHGHG�WR�QHJRWLDWH�WKH�VDPH�FXUYH�DW�YHU\�ORZ
VSHHG��9ß���WHQGV�WR�O�5��7KLV�VWHHU�DQJOH�LV�GHQRWHG�ZLWK� ���&RQVHTXHQWO\��WKH
DEVFLVVD�RI�WKH�KDQGOLQJ�FXUYH� �� ��PD\�DV�ZHOO�EH�UHSODFHG�E\� �� ���7KLV�RSHQV
WKH� SRVVLELOLW\� WR� GHWHUPLQH� WKH� KDQGOLQJ� FXUYH� ZLWK� WKH� DLG� RI� VLPSOH
H[SHULPHQWDO� PHDQV�� L�H�� PHDVXULQJ� WKH� VWHHULQJ� ZKHHO� LQSXW� �UHGXFHG� WR
HTXLYDOHQW�URDG�ZKHHO�VWHHU�DQJOH�E\�PHDQV�RI�WKH�VWHHULQJ�UDWLR��ZKLFK�PHWKRG
DXWRPDWLFDOO\�LQFOXGHV�VWHHULQJ�FRPSOLDQFH�HIIHFWV��DW�YDULRXV�VSHHGV�UXQQLQJ
RYHU�WKH�VDPH�FLUFXODU�SDWK�

6XEWUDFWLQJ� QRUPDOL]HG� FKDUDFWHULVWLFV�PD\� JLYH� ULVH� WR� YHU\� GLIIHUHQWO\
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)LJ���������7\SHV�RI�TXDVL�VWHDG\�VWDWH�PDQRHXYUHV�

VKDSHG�KDQGOLQJ�FXUYHV�RQO\�E\�VOLJKWO\�PRGLI\LQJ�WKH�RULJLQDO�FKDUDFWHULVWLFV�
$V�)LJ������ VKRZV��DSDUW� IURP� WKH�PDLQ�EUDQFK�SDVVLQJ� WKURXJK� WKH�RULJLQ�
LVRODWHG� EUDQFKHV�PD\� RFFXU�� 7KHVH� DUH� DVVRFLDWHG�ZLWK� DW� OHDVW� RQH� RI� WKH
GHFD\LQJ�HQGV�RI�WKH�SDLU�RI�QRUPDOL]HG�W\UH�FKDUDFWHULVWLFV��

,Q�)LJ������D�VHW�RI�IRXU�SRVVLEOH�FRPELQDWLRQV�RI�D[OH�FKDUDFWHULVWLFV�KDYH
EHHQ�GHSLFWHG� WRJHWKHU�ZLWK� WKH� UHVXOWLQJ�KDQGOLQJ�FXUYHV��7KLV�FROOHFWLRQ�RI
FKDUDFWHULVWLFV�VKRZV�WKDW�WKH�QDWXUH�RI�VWHHULQJ�EHKDYLRXU�LV�HQWLUHO\�JRYHUQHG
E\�WKH�QRUPDOLVHG�D[OH�FKDUDFWHULVWLFV�DQG�LQ�SDUWLFXODU�WKHLU�UHODWLYH�VKDSH�ZLWK
UHVSHFW�WR�HDFK�RWKHU��

7KH�ZD\�LQ�ZKLFK�ZH�FDQ�XVH�WKH�KDQGOLQJ�GLDJUDP�LV�SUHVHQWHG�LQ�)LJ������
7KH�VSHHG�RI�WUDYHO�PD\�EH�NHSW�FRQVWDQW�DQG�WKH�ODWHUDO�DFFHOHUDWLRQ�LV�LQFUHDVHG
EH�UXQQLQJ�RYHU�D�VSLUDO�SDWK�ZLWK�GHFUHDVLQJ�UDGLXV��7KH�UHTXLUHG�YDULDWLRQ�RI
WKH�VWHHU�DQJOH�IROORZV�IURP�WKH�GLVWDQFH�EHWZHHQ�WKH�KDQGOLQJ�FXUYH�DQG�WKH
VSHHG�OLQH��6LPLODUO\�ZH�FDQ�REVHUYH�ZKDW�KDSSHQV�ZKHQ�WKH�SDWK�FXUYDWXUH�LV
NHSW�FRQVWDQW�DQG�WKH�VSHHG�LV� LQFUHDVHG��$OVR��WKH�UHVXOWLQJ�YDULDWLRQ�RI�WKH
FXUYDWXUH�DW�D�FRQVWDQW�VWHHU�DQJOH�DQG�LQFUHDVLQJ�VSHHG�FDQ�EH�IRXQG��0RUH
JHQHUDO�FDVHV�RI�TXDVL�VWHDG\�VWDWH�PRWLRQV�PD\�EH�VWXGLHG�DV�ZHOO���
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6WDELOLW\�RI�WKH�0RWLRQ�DW�/DUJH�/DWHUDO�$FFHOHUDWLRQV

7KH�QRQ�OLQHDU�VHW�RI�HTXDWLRQV�����������PD\�EH�OLQHDULVHG�DURXQG�WKH�SRLQW�RI
RSHUDWLRQ��WKDW�LV�RQH�RI�WKH�HTXLOLEULXP�VWDWHV�LQGLFDWHG�DERYH��7KH�UHVXOWLQJ
VHFRQG�RUGHU�GLIIHUHQWLDO�HTXDWLRQ�KDV�D�VWUXFWXUH�VLPLODU�WR�(T��������RU�������
EXW�ZLWK� WKH�YDULDEOHV� UHSODFHG� E\� WKHLU� VPDOO�YDULDWLRQV�ZLWK� UHVSHFW� WR� WKH
VWHDG\�VWDWH� FRQGLWLRQ� FRQVLGHUHG�� $QDO\VLV� RI� WKH� FRHIILFLHQWV� RI� WKH
FKDUDFWHULVWLF� HTXDWLRQ� UHYHDOV� LI� VWDELOLW\�H[LVWV��$OVR� WKH�QDWXUH�RI� VWDELOLW\
�PRQRWRQRXV��RVFLOODWRU\��IROORZV�IURP�WKHVH�FRHIILFLHQWV��7KLV�LV�UHIOHFWHG�E\�WKH
W\SH� RI� VLQJXODU� SRLQWV� �QRGH�� VSLUDO�� VDGGOH�� UHSUHVHQWLQJ� WKH� HTXLOLEULXP
VROXWLRQV�LQ�WKH�SKDVH�SODQH�DV�WUHDWHG�LQ�WKH�QH[W�VHFWLRQ�

,W�QRZ�WXUQV�RXW�WKDW�QRW�RQO\�WKH�ODVW�FRHIILFLHQW�FDQ�EHFRPH�QHJDWLYH�EXW
DOVR�WKH�VHFRQG�FRHIILFLHQW�D���,QVWHDG�RI�WKH�FRUQHULQJ�VWLIIQHVVHV�&�GHILQHG�LQ�WKH
RULJLQ� RI� WKH� W\UH� FRUQHULQJ� FKDUDFWHULVWLFV�� WKH� VORSH� RI� WKH� QRUPDOLVHG
FKDUDFWHULVWLFV�DW�D�JLYHQ�OHYHO�RI�D\��J�EHFRPHV�QRZ�RI�LPSRUWDQFH��:H�GHILQH

��

������

7KH� FRQGLWLRQV� IRU� VWDELOLW\�� WKDW� LV�� VHFRQG� DQG� ODVW� FRHIILFLHQW� RI� HTXDWLRQ
FRPSDUDEOH�ZLWK�(T��������PXVW�EH�SRVLWLYH��UHDG�DIWHU�KDYLQJ�LQWURGXFHG�WKH
UDGLXV�RI�J\UDWLRQ�N��N� �,�P��

������

������

7KH�VXEVFULSW�9�UHIHUV�WR�WKH�FRQGLWLRQ�RI�GLIIHUHQWLDWLRQ�ZLWK�9�NHSW�FRQVWDQW�
WKDW�LV�ZKLOH�VWD\LQJ�RQ�WKH�VSHHG�OLQH�RI�)LJ�������7KH�ILUVW�FRQGLWLRQ��������PD\
EH�YLRODWHG�ZKHQ�ZH�GHDO�ZLWK�W\UH�FKDUDFWHULVWLFV�VKRZLQJ�D�SHDN�LQ�VLGH�IRUFH
DQG�D�GRZQZDUGV�VORSLQJ�IXUWKHU�SDUW�RI�WKH�FKDUDFWHULVWLF��7KH�VHFRQG�FRQGLWLRQ
FRUUHVSRQGV�WR�FRQGLWLRQ��������IRU�WKH�OLQHDU�PRGHO��$FFRUGLQJO\��LQVWDELOLW\�LV
H[SHFWHG�WR�RFFXU�EH\RQG�WKH�SRLQW�ZKHUH�WKH�VWHHU�DQJOH�UHDFKHV�D�PD[LPXP
ZKLOH�WKH�VSHHG�LV�NHSW�FRQVWDQW��7KLV��REYLRXVO\��FDQ�RQO\�RFFXU�LQ�WKH�RYHUVWHHU
UDQJH� RI� RSHUDWLRQ�� ,Q� WKH� KDQGOLQJ� GLDJUDP� WKH� VWDELOLW\� ERXQGDU\� FDQ� EH
DVVHVVHG�E\�ILQGLQJ�WKH�WDQJHQW�WR�WKH�KDQGOLQJ�FXUYH�WKDW�UXQV�SDUDOOHO�WR�WKH
VSHHG�OLQH�FRQVLGHUHG��

,Q�WKH�XSSHU�GLDJUDP�RI�)LJ������WKH�VWDELOLW\�ERXQGDU\��WKDW�KROGV�IRU�WKH
ULJKW�SDUW�RI�WKH�GLDJUDP��D\�YV�O�5���KDV�EHHQ�GUDZQ�IRU�WKH�V\VWHP�RI�)LJ�����
WKDW�FKDQJHV�IURP�LQLWLDO�XQGHUVWHHU�WR�RYHUVWHHU��,Q�WKH�PLGGOH�GLDJUDP�D�QXPEHU
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)LJ������� &RQVWUXFWLRQ�RI�VWDELOLW\�ERXQGDU\��XSSHU�GLDJUDP��IURP�)LJ��������2Q�WKH�LVRODWHG
EUDQFK�D�VWDEOH�UDQJH�PD\�RFFXU��ODUJH�VWHHU�DQJOH�DV�LQGLFDWHG�LQ�PLGGOH�GLDJUDP��
7KH�ORZHU�GLDJUDP�VKRZV�WKH�FDVH�ZLWK�FRPSOHWH�XQGHUVWHHU�IHDWXULQJ�D�VWDEOH�PDLQ
EUDQFK�

RI�VKLIWHG�9�OLQHV��HDFK�IRU�D�GLIIHUHQW�VWHHU�DQJOH� ��KDV�EHHQ�LQGLFDWHG��,Q�HDFK
FDVH� WKH�SRLQWV�RI� LQWHUVHFWLRQ� UHSUHVHQW�SRVVLEOH� VWHDG\�VWDWH� VROXWLRQV��7KH
KLJKHVW�SRLQW�UHSUHVHQWV�DQ�XQVWDEOH�VROXWLRQ�DV�WKH�FRUUHVSRQGLQJ�SRLQW�RQ�WKH
VSHHG�OLQH�OLHV�LQ�WKH�XQVWDEOH�DUHD��:KHQ�WKH�VWHHU�DQJOH�LV�LQFUHDVHG�WKH�WZR
SRLQWV�RI�LQWHUVHFWLRQV�PRYH�WRZDUGV�HDFK�RWKHU��,W�WXUQV�RXW�WKDW�IRU�WKLV�W\SH�RI
KDQGOLQJ�FXUYH�D�UDQJH�RI� �YDOXHV�H[LVWV�ZLWKRXW�LQWHUVHFWLRQV�ZLWK�WKH�SRVLWLYH
KDOI�RI�WKH�FXUYH��7KH�IDFW�WKDW�ERWK�ULJKW�KDQG�WXUQ�VROXWLRQV�PD\�YDQLVK�KDV
VHULRXV�LPSOLFDWLRQV�ZKLFK�IROORZV�IURP�WKH�SKDVH�SORW��$W�LQFUHDVHG�VWHHU�DQJOH�
KRZHYHU��QHZ�VROXWLRQV�PD\�VKRZ�XS��$W� ILUVW�� WKHVH� VROXWLRQV�DSSHDU� WR�EH
XQVWDEOH��EXW�DW�UDWKHU�ODUJH�VWHHU�DQJOHV�RI�PRUH�WKDQ�DERXW�����UDG�ZH�ILQG�DJDLQ
VWDEOH�VROXWLRQV��7KHVH�RFFXU�RQ�WKH�LVRODWHG�EUDQFK�ZKHUH� ��LV�VPDOO�DQG� ��LV
ODUJH��$SSDUHQWO\��ZH�ILQG�WKDW�WKH�YHKLFOH�WKDW�LQFUHDVHV�LWV�VSHHG�ZKLOH�UXQQLQJ
DW�D�FRQVWDQW�WXUQLQJ�UDGLXV�ZLOO�ILUVW�FURVV�WKH�VWDELOLW\�ERXQGDU\�DQG�PD\�WKHQ
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α   [rad]

c (wet, worn tyre)

b (different type)
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a, b   (dry)

c  (wet, new tyre)

[rad]
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)LJ��������7KUHH�VHWV�RI�K\SRWKHWLFDO�D[OH�FRUQHULQJ�FKDUDFWHULVWLFV���([HUFLVH������

UHFRYHU�LWV�VWDELOLW\�E\�WXUQLQJ�WKH�VWHHULQJ�ZKHHO�WR�D�UHODWLYHO\�ODUJH�DQJOH��,Q
WKH�GLDJUDP�WKH�OHIW�SDUW�RI�WKH�LVRODWHG�EUDQFK�LV�UHDFKHG�ZKHUH�VWDEOH�VSLUDOV
DSSHDU�WR�RFFXU��7KLV�SKHQRPHQRQ�PD\�FRUUHVSRQG�WR�VLPLODU�H[SHULHQFHV�LQ�WKH
UDFLQJ�SUDFWLFH��FI��-HQNLQVRQ��������

7KH� ORZHU� GLDJUDP� GHSLFWV� WKH� KDQGOLQJ� FXUYH� IRU� D� FDU� WKDW� UHPDLQV
XQGHUVWHHUHG�WKURXJKRXW�WKH�ODWHUDO�DFFHOHUDWLRQ�UDQJH��(YHU\ZKHUH�WKH�VWHDG\�
VWDWH�FRUQHULQJ�PRWLRQ� UHPDLQV�VWDEOH��8S� WR� WKH�PD[LPXP�RI� WKH� FXUYH� WKH
WDQJHQWV�VORSH�WR�WKH�OHIW�DQG�FDQQRW�UXQ�SDUDOOHO�WR�D�VSHHG�OLQH��%H\RQG�WKH
SHDN��KRZHYHU��ZH�FDQ�ILQG�D�VSHHG�OLQH�SDUDOOHO�WR�WKH�WDQJHQW��EXW�DW�WKH�VDPH
WLPH�RQH�RI�WKH�VORSHV�� ���RI�WKH�QRUPDOLVHG�D[OH�FKDUDFWHULVWLFV�VWDUWV�WR�VKRZ
D�QHJDWLYH� VLJQ�VR� WKDW�FRQGLWLRQ� ������� LV� VWLOO� VDWLVILHG��6LPLODUO\�� WKH� OLPLW
RYHUVWHHU�YHKLFOH�RI�WKH�XSSHU�JUDSK�UHPDLQV�XQVWDEOH�EH\RQG�WKH�SHDN��2Q�WKH
LVRODWHG�SDUW�RI�WKH�KDQGOLQJ�FXUYH�RI�WKH�ORZHU�GLDJUDP� WKH�PRWLRQ�UHPDLQV
XQVWDEOH��,W�ZLOO�EH�FOHDU�WKDW�WKH�LVRODWHG�EUDQFKHV�YDQLVK�ZKHQ�ZH�GHDO�ZLWK�D[OH
FKDUDFWHULVWLFV�WKDW�GR�QRW�VKRZ�D�SHDN�DQG�GHFD\LQJ�SDUW�RI�WKH�FXUYH�

,W�PD\�VHHP�WKDW�WKH�HVWDEOLVKPHQW�RI�XQVWDEOH�VROXWLRQV�KDV�QR�SDUWLFXODU
YDOXH��,W�ZLOO�EHFRPH�FOHDU��KRZHYHU��WKDW�WKH�H[LVWHQFH�DQG�WKH�ORFDWLRQ�RI�ERWK
VWDEOH� DQG� XQVWDEOH� VLQJXODU� SRLQWV� SOD\� DQ� LPSRUWDQW� UROH� LQ� VKDSLQJ� WKH
WUDMHFWRULHV�LQ�WKH�SKDVH�SODQH��$OVR��WKH�QDWXUH�RI�VWDELOLW\�RU�LQVWDELOLW\�LQ�WKH
VLQJXODU�SRLQWV�DUH�RI�LPSRUWDQFH�

([HUFLVH������ &RQVWUXFWLRQ�RI�WKH�FRPSOHWH�KDQGOLQJ�GLDJUDP�IURP�SDLUV�RI�D[OH
FKDUDFWHULVWLFV



�� 7<5(�&+$5$&7(5,67,&6�$1'�9(+,&/(�+$1'/,1*�$1'�67$%,/,7<

:H�FRQVLGHU�WKUHH�VHWV�RI�K\SRWKHWLFDO�D[OH�FKDUDFWHULVWLFV��D��E�DQG�F��VKRZQ�LQ�WKH
JUDSK�RI�)LJ�������7KH�GLPHQVLRQV�RI�WKH�YHKLFOH�PRGHO�DUH��D� �E� �òO� �����P��)RU
WKH�W\UHV�ZH�PD\�HPSOR\�D[OH�FKDUDFWHULVWLFV�GHVFULEHG�E\�WKH�0DJLF�)RUPXOD�������

)\� �'�VLQ>&�DUFWDQ^% ���(�% ���DUFWDQ�% ��`@������
�����
:H�GHILQH��WKH�SHDN�VLGH�IRUFH�'� �:)]�DQG�WKH�FRUQHULQJ�VWLIIQHVV�&) � �%&'� �F) �

)]
VR�WKDW�%� �F) ���&����)RU�WKH�VL[�W\UH�D[OH�FRQILJXUDWLRQV�WKH�SDUDPHWHU�YDOXHV�KDYH
EHHQ�JLYHQ�LQ�WKH�WDEOH�EHORZ�

�D[OH �FDVH ���� ���F) ���& ���(

�IURQW
�D��E ����� ����� ������ �����

�F ������ ����� ������ �����

�UHDU

�D ����� ����� ������ �����

�E ����� ����� ������ �����

�F ������ ����� ������ �����

'HWHUPLQH�IRU�HDFK�RI�WKH�WKUHH�FRPELQDWLRQV��WZR�GU\��RQH�ZHW��

�� 7KH�KDQGOLQJ�FXUYH��FI��)LJ��������
�� 7KH�FRPSOHWH�KDQGOLQJ�GLDJUDP��FI��)LJ��������
�� 7KH�SRUWLRQ�RI�WKH�FXUYHV�ZKHUH�WKH�YHKLFOH�VKRZV�DQ�RYHUVWHHU�QDWXUH�
�� 7KH�VWDELOLW\�ERXQGDU\��DVVRFLDWHG�ZLWK�WKHVH�RYHUVWHHU�UDQJHV��LQ�WKH��D\��J�YHUVXV

O�5��GLDJUDP�� �ULJKW�KDQG�VLGH�RI�WKH�KDQGOLQJ�GLDJUDP���FI��)LJ�������
�� ,QGLFDWH�LQ�WKH�GLDJUDP��RU�LQ�D�VHSDUDWH�JUDSK��

D� WKH�FRXUVH�RI�WKH�VWHHU�DQJOH� �UHTXLUHG�WR�QHJRWLDWH�D�FXUYH�ZLWK�UDGLXV�5� ���P
DV�D�IXQFWLRQ�RI�WKH�VSHHG�9��,I�DSSOLFDEOH��LQGLFDWH�WKH�VWDELOLW\�ERXQGDU\��WKDW
LV�WKH�FULWLFDO�VSHHG�9FULW���EHORQJLQJ�WR�WKLV�UDGLXV�

E� WKH�FRXUVH�RI�VWHHU�DQJOH� �DV�D�IXQFWLRQ�RI�UHODWLYH�SDWK�FXUYDWXUH�O�5�DW�D�IL[HG
VSHHG�9� ����NP�K�DQG�LI�DSSOLFDEOH�DVVHVV�WKH�FULWLFDO�UDGLXV�5FULW��

)RU�WKH�YHKLFOH�V\VWHPV�FRQVLGHUHG�VR�IDU�D�XQLTXH�KDQGOLQJ�FXUYH�DSSHDUV�WR
VXIILFH� WR� GHVFULEH� WKH� VWHDG\�VWDWH� WXUQLQJ� EHKDYLRXU�� &DVHV� PD\� RFFXU�
KRZHYHU��ZKHUH�PRUH�FXUYHV�DUH�QHHGHG��RQH�IRU�HDFK�YHORFLW\��$�VLPSOH�H[DPSOH
LV� WKH� VLWXDWLRQ� ZKHQ� WKH� FDU� UXQV� RYHU� D� ZHW� VXUIDFH� ZKHUH� WKH� W\UH
FKDUDFWHULVWLFV�FKDQJH�FRQVLGHUDEO\�ZLWK�VSHHG��$OVR��DV�D�UHVXOW�RI�WKH�GRZQ
IRUFHV�DFWLQJ�RQ�H�J��WKH�ERG\�RI�D�UDFLQJ�FDU��WKH�W\UH�ORDGV�LQFUHDVH�ZLWK�VSHHG�
&RQVHTXHQWO\�� WKH� W\UH�FKDUDFWHULVWLFV�FKDQJH�DFFRUGLQJO\�ZKLFK� UHTXLUHV�DQ
DGDSWDWLRQ�RI�WKH�KDQGOLQJ�FXUYH��

$�PRUH�GLIILFXOW�DQG�IXQGDPHQWDOO\�GLIIHUHQW�VLWXDWLRQ�RFFXUV�ZKHQ�WKH�YHKLFOH
LV�HTXLSSHG�ZLWK�D�WKLUG�D[OH��$OVR�LQ�WKLV�FDVH�PXOWLSOH�KDQGOLQJ�FXUYHV�DULVH��$
WDQGHP�UHDU�D[OH�FRQILJXUDWLRQ�RI�D�KHDY\�WUXFN�IRU�H[DPSOH��VWURQJO\�RSSRVHV
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PRYHPHQW� DORQJ� D� FXUYHG� WUDFN�� 7KH� VOLS� DQJOHV� RI� WKH� WZR� UHDU� D[OHV� DUH
GLIIHUHQW�VR�WKDW�D�FRXQWHUDFWLQJ�WRUTXH�DULVHV��7KLV�WRUTXH�JHWV�ODUJHU�ZKHQ�WKH
WXUQLQJ�UDGLXV�EHFRPHV�VPDOOHU��7KLV�PD\�IRU�LQVWDQFH�RFFXU�DW�D�JLYHQ�OHYHO�RI
ODWHUDO�DFFHOHUDWLRQ��:KHQ�DW�WKLV�OHYHO�WKH�VSHHG�EHFRPHV�ORZHU��WKH�FXUYDWXUH
PXVW� EHFRPH� ODUJHU� DQG� WKH� RSSRVLQJ� WRUTXH�ZLOO� LQFUHDVH�ZKLFK� HQWDLOV� DQ
LQFUHDVHG�IURQW�VWHHU�DQJOH�WR�JHQHUDWH�D�ODUJHU�VLGH�IRUFH�QHHGHG�WR�EDODQFH�WKH
YHKLFOH��7KLV�LQFUHDVHG�VWHHU�DQJOH�JRHV�RQ�WRS�RI�WKH�VWHHU�DQJOH�ZKLFK�ZDV
DOUHDG\�ODUJHU�EHFDXVH�RI�WKH�LQFUHDVHG�O�5��+HUH��O�LV�WKH�DYHUDJH�ZKHHO�EDVH�
&RQVHTXHQWO\�� LQ� WKH� KDQGOLQJ� GLDJUDP�� WKH� SRLQWV� RQ� WKH� KDQGOLQJ� FXUYH
EHORQJLQJ�WR�WKH�ORZHU�VSHHG�OLH�PRUH�WR�WKH�OHIW��)RU�D�GHWDLOHG�VWXG\�RQ�WKLV
VSHFLDO�VXEMHFW�ZH�UHIHU�WR�:LQNOHU��������

$VVHVVPHQW�RI�WKH�,QIOXHQFH�RI�WKH�3QHXPDWLF�7UDLO�RQ�WKH�+DQGOLQJ�&XUYH

6R� IDU� WKH� GLUHFW� LQIOXHQFH� RI� WKH� SQHXPDWLF� WUDLOV� KDYH� QRW� EHHQ� WDNHQ� LQWR
DFFRXQW��$V�ZLWK�WKH�OLQHDU�DQDO\VLV�ZH�PD\�GR�WKLV�E\�FRQVLGHULQJ�WKH�HIIHFWLYH
D[OH�SRVLWLRQV��

� ������DQG������ ������D
'D&W� � E
'E%W� O
'D
%E


7KH�GLIILFXOW\�ZH�KDYH�WR�IDFH�QRZ�LV�WKH�IDFW�WKDW�WKHVH�SQHXPDWLF�WUDLOV�WL�ZLOO
YDU\� ZLWK� WKH� UHVSHFWLYH� VOLS� DQJOHV�� :H� KDYH� LI� WKH� UHVLGXDO� WRUTXHV� DUH
QHJOHFWHG�

������

,QWURGXFLQJ�WKH�HIIHFWLYH�D[OH�ORDGV

������

\LHOGV�IRU�WKH�ODWHUDO�IRUFH�EDODQFH�LQVWHDG�RI��������

������

RU�DIWHU�VRPH�UHDUUDQJHPHQWV�

������

ZLWK

������

D


D

)\�

)]�

'

E


E

)\�

)]�

' 4
D\

J

4 '

O

O


D
E


D E
. �

)
]� '
E


O

PJ � )
]� '

D


O

PJ



�� 7<5(�&+$5$&7(5,67,&6�$1'�9(+,&/(�+$1'/,1*�$1'�67$%,/,7<

GY

GU
'N �

)\�%)\�&P9U

D)\�&E)\�

G �

G �

'

GY�GU&E

GY�GU%D

G �

G �

'

)\� � ���)]�& � & �% ��9
��JO

)\�� ���)]�&� & �% ��9
��JO

7KH�FRUUHFWHG�QRUPDOLVHG�VLGH�IRUFH�FKDUDFWHULVWLFV�DV�LQGLFDWHG�LQ��������FDQ�EH
FRPSXWHG�EHIRUHKDQG�DQG�GUDZQ�DV�IXQFWLRQV�RI�WKH�VOLS�DQJOHV�DQG�WKH�QRUPDO
SURFHGXUH�WR�DVVHVV�WKH�KDQGOLQJ�FXUYH�FDQ�EH�IROORZHG��7KLV�FDQ�EH�GRQH�E\
WDNLQJ�WKH�YHU\�JRRG�DSSUR[LPDWLRQ�4� ��RU�ZH�PLJKW�VHOHFW�D�OHYHO�RI�4D\��J
WKHQ�DVVHVV�WKH�YDOXHV�RI�WKH�VOLS�DQJOHV�WKDW�EHORQJ�WR�WKDW�OHYHO�RI�WKH�FRUUHFWHG
QRUPDOLVHG�VLGH�IRUFHV�DQG�FRPSXWH�4�DFFRUGLQJ�WR��������DQG�IURP�WKDW�WKH
FRUUHFW�YDOXH�RI�D\��J��

/DUJH�'HYLDWLRQV�ZLWK�5HVSHFW�WR�WKH�6WHDG\�VWDWH�0RWLRQ

7KH�YDULDEOHV�U�DQG�Y�PD\�EH�FRQVLGHUHG�DV�WKH�WZR�VWDWH�YDULDEOHV�RI�WKH�VHFRQG�
RUGHU�QRQ�OLQHDU�V\VWHP�UHSUHVHQWHG�E\�WKH�HTXDWLRQV���������7KURXJK�FRPSXWHU
QXPHULFDO� LQWHJUDWLRQ�WKH�UHVSRQVH� WR�D�JLYHQ�DUELWUDU\�YDULDWLRQ�RI�WKH�VWHHU
DQJOH�FDQ�EH�HDVLO\�REWDLQHG��)RU�PRWLRQV�ZLWK�FRQVWDQW�VWHHU�DQJOH� ��SRVVLEO\
DIWHU�D�VWHS�FKDQJH���WKH�V\VWHP�LV�DXWRQRPRXV�DQG�WKH�SKDVH�SODQH�UHSUHVHQW�
DWLRQ�PD\�EH�XVHG�WR�ILQG�WKH�VROXWLRQ��)RU�WKDW��ZH�SURFHHG�E\�HOLPLQDWLQJ�WKH
WLPH�IURP�(TV����������7KH�UHVXOW�LV�D�ILUVW�RUGHU�QRQ�OLQHDU�HTXDWLRQ��XVLQJ�N��

 �,�P��

������

6LQFH�)\��DQG�)\��DUH�IXQFWLRQV�RI� ��DQG� ��LW�PD\�EH�HDVLHU�WR�WDNH� ��DQG� ��DV
WKH�VWDWH�YDULDEOHV��:LWK��������ZH�REWDLQ�

������

ZKLFK�EHFRPHV�ZLWK��������

������

)RU�WKH�VDNH�RI�VLPSOLFLW\�ZH�KDYH�DVVXPHG�,�P �N�� �DE�
%\�XVLQJ�(T��������WKH�WUDMHFWRULHV��VROXWLRQ�FXUYHV��FDQ�EH�FRQVWUXFWHG�LQ�WKH

� ��� ���SODQH��7KH�LVRFOLQH�PHWKRG�WXUQV�RXW�WR�EH�VWUDLJKWIRUZDUG�DQG�VLPSOH�WR
HPSOR\��7KH�SDWWHUQ�RI�WKH�WUDMHFWRULHV�LV�VWURQJO\�LQIOXHQFHG�E\�WKH�VR�FDOOHG
VLQJXODU�SRLQWV��,Q�WKHVH�SRLQWV�WKH�PRWLRQ�ILQGV�DQ�HTXLOLEULXP��,Q�WKH�VLQJXODU
SRLQWV�WKH�PRWLRQ�LV�VWDWLRQDU\�DQG�FRQVHTXHQWO\��WKH�GLIIHUHQWLDOV�RI�WKH�VWDWH
YDULDEOHV�YDQLVK�

)URP� WKH� KDQGOLQJ� GLDJUDP�.�PJ� DQG� O�5� DUH� UHDGLO\� REWDLQHG� IRU� JLYHQ
FRPELQDWLRQV� RI� 9� DQG� �� 8VHG� LQ� FRPELQDWLRQ� ZLWK� WKH� QRUPDOL]HG� W\UH
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FKDUDFWHULVWLFV��)\���)]��DQG�)�\���)]���WKH�YDOXHV�RI� ���DQG� ��DUH�IRXQG��ZKLFK�IRUP
WKH�FRRUGLQDWHV�RI� WKH� VLQJXODU�SRLQWV��7KH�PDQQHU� LQ�ZKLFK�D� VWDEOH� WXUQ� LV
DSSURDFKHG�DQG�IURP�ZKDW�FROOHFWLRQ�RI�LQLWLDO�FRQGLWLRQV�VXFK�D�PRWLRQ�FDQ�RU
FDQQRW�EH�DWWDLQHG�PD\�EH�VWXGLHG�LQ�WKH�SKDVH�SODQH��2QH�RI�WKH�PRUH�LQWHUHVWLQJ
UHVXOWV�RI�VXFK�DQ�LQYHVWLJDWLRQ�LV�WKH�GHWHUPLQDWLRQ�RI�WKH�ERXQGDULHV�RI�WKH
GRPDLQ�RI�DWWUDFWLRQ�LQ�FDVH�VXFK�D�GRPDLQ�ZLWK�ILQLWH�GLPHQVLRQV�H[LVWV��7KH
VL]H�RI�WKH�GRPDLQ�PD\�JLYH�LQGLFDWLRQV�DV�WR�WKH�VR�FDOOHG�VWDELOLW\�LQ�WKH�ODUJH�
,Q� RWKHU�ZRUGV� WKH�TXHVWLRQ�PD\�EH�DQVZHUHG��GRHV� WKH�YHKLFOH� UHWXUQ� WR� LWV
RULJLQDO�VWHDG\�VWDWH�FRQGLWLRQ�DIWHU�D�GLVWXUEDQFH�DQG�WR�ZKDW�GHJUHH�GRHV�WKLV
GHSHQG�RQ�WKH�PDJQLWXGH�DQG�SRLQW�RI�DSSOLFDWLRQ�RI�WKH�GLVWXUEDQFH�LPSXOVH"

)RU�WKH�FRQVWUXFWLRQ�RI�WKH�WUDMHFWRULHV�ZH�GUDZ�LVRFOLQHV�LQ�WKH�� ��� ���SODQH�
7KHVH�LVRFOLQHV�DUH�JRYHUQHG�E\�(T��������ZLWK�VORSH�G ���G ��NHSW�FRQVWDQW��7KH
IROORZLQJ�WKUHH�LVRFOLQHV�PD\�DOUHDG\�SURYLGH�VXIILFLHQW� LQIRUPDWLRQ�WR�GUDZ
HVWLPDWHG�FRXUVHV�RI�WKH�WUDMHFWRULHV��:H�KDYH�IRU�N�� �DE�

YHUWLFDO�LQWHUFHSWV���G ���G ��ß�4��

������

KRUL]RQWDO�LQWHUFHSWV���G ���G ��ß����

������

LQWHUFHSWV�XQGHU�������G ���G �� ����

������

)LJXUH������LOOXVWUDWHV�WKH�ZD\�WKHVH�LVRFOLQHV�DUH�FRQVWUXFWHG��7KH�V\VWHP�RI
)LJ������ZLWK�N� �D� �E�� � ������UDG�DQG�9� ����NP�K�KDV�EHHQ�FRQVLGHUHG��1RWH�
WKDW�WKH�QRUPDOLVHG�W\UH�FKDUDFWHULVWLFV�DSSHDU�LQ�WKH�OHIW�KDQG�GLDJUDP�IRU�WKH
FRQVWUXFWLRQ�RI�WKH�LVRFOLQHV��7KH�WKUHH�SRLQWV�RI�LQWHUVHFWLRQ�RI�WKH�LVRFOLQHV�DUH
WKH�VLQJXODU�SRLQWV��7KH\�FRUUHVSRQG�WR�WKH�SRLQWV�,��,,�DQG�,,,�RI�)LJ�������7KH
VWDEOH�SRLQW� LV�D� IRFXV��VSLUDO��SRLQW�ZLWK�D�FRPSOH[�SDLU�RI�VROXWLRQV�RI�WKH
FKDUDFWHULVWLF�HTXDWLRQ�ZLWK�D�QHJDWLYH�UHDO�SDUW��7KH�WZR�XQVWDEOH�SRLQWV�DUH�RI
WKH�VDGGOH�W\SH�FRUUHVSRQGLQJ�WR�D�UHDO�SDLU�RI�VROXWLRQV��RQH�RI�ZKLFK�LV�SRVLWLYH�
7KH�GLUHFWLRQ�LQ�ZKLFK�WKH�PRWLRQ�IROORZV�WKH�WUDMHFWRULHV�LV�VWLOO�D�TXHVWLRQ�WR�EH
H[DPLQHG��$OVR� IRU� WKLV� SXUSRVH� WKH� DOWHUQDWLYH� VHW� RI� D[HV�ZLWK� U� DQG� Y� DV
FRRUGLQDWHV��PXOWLSOLHG�ZLWK�D�IDFWRU��KDV�EHHQ�LQWURGXFHG�LQ�WKH�GLDJUDP�DIWHU
XVLQJ�WKH�UHODWLRQV��������
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)LJ������� ,VRFOLQHV�IRU�WKH�FRQVWUXFWLRQ�RI�WUDMHFWRULHV�LQ�WKH�SKDVH�SODQH��$OVR�VKRZQ��WKH�WKUHH
VLQJXODU� SRLQWV� ,�� ,,� DQG� ,,,� �FI�� )LJ������� DQG� WKH� VHSDUDWULFHV� FRQVWLWXWLQJ� WKH
ERXQGDU\�RI�WKH�GRPDLQ�RI�DWWUDFWLRQ��3RLQW�,�UHSUHVHQWV�WKH�VWDEOH�FRUQHULQJ�PRWLRQ
DW�VWHHU�DQJOH� �

)URP�WKH�RULJLQDO�HTXDWLRQV��������LW�FDQ�EH�IRXQG�WKDW�WKH�LVRFOLQH�������
IRUPV�WKH�ERXQGDU\�EHWZHHQ�DUHDV�ZLWK��Us�!���DQG��Us������LQGLFDWHG�LQ�)LJ�������
1RZ�LW�LV�HDV\�WR�DVFHUWDLQ�WKH�GLUHFWLRQ�DORQJ�WKH�WUDMHFWRULHV��:H�QRWH�WKDW�WKH
V\VWHP� H[KLELWV� D� ERXQGHG� GRPDLQ� RI� DWWUDFWLRQ�� 7KH� ERXQGDULHV� DUH� FDOOHG
VHSDUDWULFHV��2QFH�RXWVLGH�WKH�GRPDLQ��WKH�PRWLRQ�ILQGV�LWVHOI� LQ�DQ�XQVWDEOH
VLWXDWLRQ��5HPDLQV�WKH�GLVWXUEDQFH�OLPLWHG�VR�WKDW�UHVXOWLQJ�LQLWLDO�FRQGLWLRQV�RI
WKH�VWDWH�YDULDEOHV�VWD\�ZLWKLQ�WKH�ERXQGDULHV��WKHQ�XOWLPDWHO\�WKH�VWHDG\�VWDWH
FRQGLWLRQ�LV�UHDFKHG�DJDLQ�

)RU�V\VWHPV�ZLWK�QRUPDOL]HG�FKDUDFWHULVWLFV�VKRZLQJ�HYHU\ZKHUH�D�SRVLWLYH
VORSH��D�KDQGOLQJ�FXUYH�DULVHV�WKDW�FRQVLVWV�RI�RQO\�WKH�PDLQ�EUDQFK�WKURXJK�WKH
RULJLQ��,I�WKH�UHDU�D[OH�FKDUDFWHULVWLF��DW�OHDVW�LQ�WKH�HQG��LV��KLJKHU�WKDQ�WKH�IURQW
D[OH�FKDUDFWHULVWLF�� WKH�YHKLFOH�ZLOO�VKRZ��DW� OHDVW� LQ�WKH�OLPLW��DQ�XQGHUVWHHU
QDWXUH�DQG�XQVWDEOH�VLQJXODU�SRLQWV�FDQQRW�RFFXU��7KLV�DW�OHDVW�LI�IRU�WKH�FDVH�RI
LQLWLDO�RYHUVWHHU�WKH�VSHHG�UHPDLQV�XQGHU�WKH�FULWLFDO�VSHHG��,Q�VXFK�FDVHV��WKH
GRPDLQ�RI�DWWUDFWLRQ�LV�WKHRUHWLFDOO\�XQERXQGHG�VR�WKDW�IRU�DOO�LQLWLDO�FRQGLWLRQV
XOWLPDWHO\�WKH�VWDEOH�HTXLOLEULXP�LV�DWWDLQHG��7KH�GRPDLQ�RI�)LJ������DSSHDUV�WR
EH�RSHQ�RQ�WZR�VLGHV�ZKLFK�PHDQV�WKDW�LQLWLDO�FRQGLWLRQV��LQ�D�FHUWDLQ�UDQJH�RI
�U�Y�� YDOXHV�� GR� QRW� UHTXLUH� WR� EH� OLPLWHG� LQ� RUGHU� WR� UHDFK� WKH� VWDEOH� SRLQW�
2EYLRXVO\��GLVWXUEDQFH�LPSXOVHV�DFWLQJ�LQ�IURQW�RI�WKH�FHQWUH�RI�JUDYLW\�PD\�JLYH
ULVH�WR�VXFK�FRPELQDWLRQV�RI�LQLWLDO�FRQGLWLRQV��

,Q�)LJV������DQG������WKH� LQIOXHQFH�RI�DQ�LQFUHDVH�LQ�VWHHU�DQJOH� �RQ�WKH
VWDELOLW\�PDUJLQ��GLVWDQFH�EHWZHHQ�VWDEOH�SRLQW�DQG�VHSDUDWUL[��KDV�EHHQ�VKRZQ
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δ = 0.04δ = 0 δ = 0.06
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)LJ������� /DUJH�GLVWXUEDQFH�LQ�D�FXUYH��1HZ�LQLWLDO�VWDWH�YHFWRU�� Y��� U��DIWHU�WKH�DFWLRQ�RI�D
ODWHUDO� LPSXOVH�6��2QFH� RXWVLGH� WKH� GRPDLQ� RI� � DWWUDFWLRQ� WKH�PRWLRQ� EHFRPHV
XQVWDEOH�DQG�PD\��JHW�RXW�RI�FRQWURO�

IRU�WKH�WZR�YHKLFOHV�FRQVLGHUHG�LQ�)LJ�������7KH�V\VWHP�RI�)LJ������LV�FOHDUO\
PXFK�PRUH�VHQVLWLYH��$Q�LQFUHDVH�LQ� ��EXW�DOVR�DQ�LQFUHDVH�LQ�VSHHG�9���UHGXFHV
WKH�VWDELOLW\�PDUJLQ�XQWLO�LW�LV�WRWDOO\�YDQLVKHG�DV�VRRQ�DV�WKH�WZR�VLQJXODU�SRLQWV
PHUJH��DOVR�WKH�FRUUHVSRQGLQJ�SRLQWV�,�DQG�,,�RQ�WKH�KDQGOLQJ�FXUYH�RI�)LJ������
DQG�WKH�GRPDLQ�EUHDNV�RSHQ��$V�D�UHVXOW��DOO�WUDMHFWRULHV�VWDUWLQJ�DERYH�WKH�ORZHU
VHSDUDWUL[�WHQG�WR�OHDYH�WKH�DUHD��7KLV�FDQ�RQO\�EH�VWRSSHG�E\�HLWKHU�TXLFNO\
UHGXFLQJ�WKH�VWHHU�DQJOH�RU�HQODUJLQJ� �WR�DURXQG����UDG�RU�PRUH��7KH�ODWWHU
VLWXDWLRQ�DSSHDUV�WR�EH�VWDEOH�DJDLQ��IRFXV��DV�KDV�EHHQ�VWDWHG�EHIRUH��)RU�WKH
XQGHUVWHHUHG�YHKLFOH�RI�)LJ������VWDELOLW\�LV�SUDFWLFDOO\�DOZD\V�HQVXUHG�

)RU�D�IXUWKHU�DSSUHFLDWLRQ�RI�WKH�SKDVH�GLDJUDP�LW�LV�RI�LQWHUHVW�WR�GHWHUPLQH
WKH�QHZ�LQLWLDO�VWDWH��UR���YR��DIWHU�WKH�DFWLRQ�RI�D�ODWHUDO�LPSXOVH�WR�WKH�YHKLFOH��FI�
)LJ��������)RU�DQ�LPSXOVH�6�DFWLQJ�DW�D�GLVWDQFH�[�LQ�IURQW�RI�WKH�FHQWUH�RI�JUDYLW\
WKH�LQFUHDVH�LQ�U�DQG�Y�EHFRPHV�

������

ZKLFK�UHVXOWV�LQ�WKH�GLUHFWLRQ

������
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)[1

)
[2
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O

)LJ���������7KH�DXWRPRELOH�VXEMHFWHG�WR�ORQJLWXGLQDO�IRUFHV�DQG�WKH�UHVXOWLQJ�ORDG�WUDQVIHU�

7KH�ILJXUH�VKRZV�WKH�FKDQJH�LQ�VWDWH�YHFWRU�IRU�GLIIHUHQW�SRLQWV�RI�DSSOLFDWLRQ
DQG�GLUHFWLRQ�RI�WKH�LPSXOVH�6��N�� �,�P� �DE���(YLGHQWO\��DQ�LPSXOVH�DFWLQJ�DW�WKH
UHDU��LQ�RXWZDUG�GLUHFWLRQ��FRQVWLWXWHV�WKH�PRVW�GDQJHURXV�GLVWXUEDQFH��2Q�WKH
RWKHU�KDQG��DQ�LPSXOVH�DFWLQJ�LQ�IURQW�RI�WKH�FHQWUH�RI�JUDYLW\�DERXW�KDOI�ZD\�WKH
IURQW�D[OH�GRHV�QRW�DSSHDU�WR�EH�DEOH�WR�JHW�WKH�QHZ�VWDUWLQJ�SRLQW�RXWVLGH�RI�WKH
GRPDLQ�RI�DWWUDFWLRQ�QR�PDWWHU�WKH�LQWHQVLW\�RI�WKH�LPSXOVH�

:KHQ�WKH�VOLS�DQJOHV�EHFRPH�ODUJHU��WKH�IRUZDUG�VSHHG�X�PD\�QR�ORQJHU�EH
FRQVLGHUHG�DV�D�FRQVWDQW�TXDQWLW\��7KHQ��WKH�V\VWHP�LV�GHVFULEHG�E\�D�WKLUG�RUGHU
VHW� RI� HTXDWLRQV�� ,Q� WKH� SDSHU� �3DFHMND�� ������ WKH� VROXWLRQV� IRU� WKH� VLPSOH
DXWRPRELOH�PRGHO�KDYH�EHHQ�SUHVHQWHG�DOVR�IRU�\DZ�DQJOHV�!���E�

��������7KH�9HKLFOH�DW�%UDNLQJ�RU�'ULYLQJ

:KHQ�WKH�YHKLFOH�LV�VXEMHFWHG�WR�ORQJLWXGLQDO�IRUFHV�WKDW�PD\�UHVXOW�IURP�EUDNLQJ
RU�GULYLQJ�DFWLRQV�SRVVLEO\�WR�FRPSHQVDWH�IRU�ORQJLWXGLQDO�ZLQG�GUDJ�IRUFHV�RU
GRZQ�RU�XSZDUG�VORSHV��IRUH�DQG�DIW� ORDG�WUDQVIHU�ZLOO�DULVH��)LJ��������7KH
UHVXOWLQJ�FKDQJH�LQ�W\UH�QRUPDO�ORDGV�FDXVHV�WKH�FRUQHULQJ�VWLIIQHVVHV�DQG�WKH
SHDN�VLGH�IRUFHV�RI�WKH�IURQW�DQG�UHDU�D[OHV�WR�FKDQJH��6LQFH��DV�ZH�DVVXPH�KHUH�
WKH�IRUH�DQG�DIW�SRVLWLRQ�RI�WKH�FHQWUH�RI�JUDYLW\�LV�QRW�DIIHFWHG��QR�UHODWLYH�FDU
ERG\�PRWLRQ���ZH�PD\�H[SHFW�D�FKDQJH�LQ�KDQGOLQJ�EHKDYLRXU�LQGLFDWHG�E\�D�ULVH
RU�GURS�RI�WKH�XQGHUVWHHU�JUDGLHQW��,Q�DGGLWLRQ��WKH�ORQJLWXGLQDO�GULYLQJ�RU�EUDNLQJ
IRUFHV�JLYH�ULVH�WR�D�VWDWH�RI�FRPELQHG�VOLS��WKHUHE\�DIIHFWLQJ�WKH�VLGH�IRUFH�LQ�D
ZD\�DV�VKRZQ�LQ�)LJ������

)RU�PRGHUDWH�GULYLQJ�RU�EUDNLQJ�IRUFHV�WKH�LQIOXHQFH�RI�WKHVH�IRUFHV�RQ�WKH
VLGH�IRUFH�)\�LV�UHODWLYHO\�VPDOO�DQG�PD\�EH�QHJOHFWHG�IRU�WKLV�RFFDVLRQ��7KLV
PHDQV�WKDW��IRU�QRZ��WKH�FRUQHULQJ�VWLIIQHVV�PD\�EH�FRQVLGHUHG�WR�EH�GHSHQGHQW
RQ� WKH� QRUPDO� ORDG� RQO\�� 7KH� XSSHU� OHIW� GLDJUDP� RI� )LJ����� GHSLFWV� W\SLFDO
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YDULDWLRQV�RI�WKH�FRUQHULQJ�VWLIIQHVV�ZLWK�YHUWLFDO�ORDG���
7KH�ORDG�WUDQVIHU�IURP�WKH�UHDU�D[OH�WR�WKH�IURQW�D[OH� WKDW�UHVXOWV�IURP�D

IRUZDUG�ORQJLWXGLQDO�IRUFH�)/�DFWLQJ�DW�WKH�FHQWUH�RI�JUDYLW\�DW�D�KHLJKW�K�DERYH
WKH� URDG�VXUIDFH� �)/�SRVVLEO\� FRUUHVSRQGLQJ� WR� WKH� LQHUWLDO� IRUFH�DW�EUDNLQJ�
EHFRPHV�

�������

7KH�XQGHUVWHHU�JUDGLHQW�UHDGV�DFFRUGLQJ�WR�(T��������

�������

7KH�VWDWLF�D[OH�ORDGV�)]LR��L ��RU����DUH�FDOFXODWHG�DFFRUGLQJ�WR�(T���������ZKLOH
WKH�DFWXDO�ORDGV�)]L�IURQW�DQG�UHDU�EHFRPH�

�������

$W�PRGHUDWH�EUDNLQJ�ZLWK�GHFHOHUDWLRQ��D[� �)/��P�WKH�ORDG�WUDQVIHU�UHPDLQV�VPDOO
DQG�ZH� PD\� XVH� WKH� OLQHDULVHG� DSSUR[LPDWLRQ� RI� WKH� YDULDWLRQ� RI� FRUQHULQJ
VWLIIQHVV�ZLWK�YHUWLFDO�ORDG�

�������

7KH� XQGHUVWHHU� JUDGLHQW� �������� FDQ� QRZ� EH� H[SUHVVHG� LQ� WHUPV� RI� WKH
ORQJLWXGLQDO�DFFHOHUDWLRQ�D[��ZKLFK�PLJKW�EH��PLQXV�WKH�IRUZDUG�FRPSRQHQW�RI
WKH�DFFHOHUDWLRQ�GXH�WR�JUDYLW\�SDUDOOHO�WR�WKH�URDG���:H�REWDLQ�

�������

ZLWK�WKH�GHWHUPLQLQJ�IDFWRU� �DSSUR[LPDWHO\�H[SUHVVHG�DV�

�������

DQG� R�GHQRWLQJ�WKH�RULJLQDO�YDOXH�QRW�LQFOXGLQJ�WKH�HIIHFW�RI�ORQJLWXGLQDO�IRUFHV�
2EYLRXVO\��VLQFH� ����LV�XVXDOO\�SRVLWLYH��QHJDWLYH�ORQJLWXGLQDO�DFFHOHUDWLRQV�D[�
FRUUHVSRQGLQJ�WR�EUDNLQJ��ZLOO�UHVXOW�LQ�D�GHFUHDVH�RI�WKH�GHJUHH�RI�XQGHUVWHHU�

7R�LOOXVWUDWH�WKH�PDJQLWXGH�RI�WKH�HIIHFW�ZH�XVH�WKH�SDUDPHWHU�YDOXHV�JLYHQ
LQ�7DEOH������DERYH�(T���������DQG�DGG�WKH�F�J��KHLJKW�K� ����P�DQG�WKH�FRUQHULQJ
VWLIIQHVV�YHUVXV�ORDG�JUDGLHQWV� L� ����&LR�)]LR��7KH�UHVXOWLQJ�IDFWRU�DSSHDUV�WR
WDNH�WKH�YDOXH� � ��������7KLV�FRQVWLWXWHV�DQ�LQFUHDVH�RI� �HTXDO�WR������D[�J�
$SSDUHQWO\�� WKH�HIIHFW�RI�D[�RQ� WKH�XQGHUVWHHU�JUDGLHQW� LV�FRQVLGHUDEOH�ZKHQ
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UHJDUGLQJ�WKH�RULJLQDO�YDOXH� R� ���������
$V� LOOXVWUDWHG� E\� )LJ����� WKH� SHDN� VLGH� IRUFH� ZLOO� EH� GLPLQLVKHG� LI� D

ORQJLWXGLQDO�GULYLQJ�RU�EUDNLQJ�IRUFH�LV�WUDQVPLWWHG�E\�WKH�W\UH��7KLV�ZLOO�KDYH�DQ
LPSDFW� RQ� WKH� UHVXOWLQJ� KDQGOLQJ� GLDJUDP� LQ� WKH� KLJKHU� UDQJH� RI� ODWHUDO
DFFHOHUDWLRQ��7KH�UHVXOWLQJ�VLWXDWLRQ�PD\�EH�UHSUHVHQWHG�E\�WKH�VHFRQG�DQG�WKLUG
GLDJUDPV�RI�)LJ������FRUUHVSRQGLQJ�WR�EUDNLQJ��RU�GULYLQJ��DW�WKH�IURQW�RU�UHDU
UHVSHFWLYHO\��7KH�SUREOHP�EHFRPHV�FRQVLGHUDEO\�PRUH�FRPSOH[�ZKHQ�ZH�UHDOLVH
WKDW�DW�WKH�IURQW�ZKHHOV�WKH�FRPSRQHQWV�RI�WKH�ORQJLWXGLQDO�IRUFHV�SHUSHQGLFXODU
WR�WKH�[�D[LV�RI�WKH�YHKLFOH�DUH�WR�EH�WDNHQ�LQWR�DFFRXQW��2EYLRXVO\��ZH�ILQG�WKDW
DW�EUDNLQJ�RI�WKH�IURQW�ZKHHOV�WKHVH�FRPSRQHQWV�ZLOO�FRXQWHUDFW�WKH�FRUQHULQJ
HIIHFW�RI�WKH�VLGH�IRUFHV�DQG�WKXV�ZLOO�PDNH�WKH�FDU�PRUH�XQGHUVWHHU��7KH�RSSRVLWH
RFFXUV�ZKHQ�WKHVH�ZKHHOV�DUH�GULYHQ��PRUH�RYHUVWHHU���)RU�D�PRUH�HODERUDWH
GLVFXVVLRQ�RQ�WKLV�LWHP�ZH�PD\�UHIHU�WR�3DFHMND������E��

$W�KDUG�EUDNLQJ��SRVVLEO\�XS�WR�ZKHHO�ORFN��VWDELOLW\�DQG�VWHHUDELOLW\�PD\
GHWHULRUDWH�VHYHUHO\��7KLV�PRUH�FRPSOH[�VLWXDWLRQ�ZLOO�EH�GLVFXVVHG��LQ�&KDSWHU
��ZKHUH�PRUH�LQIRUPDWLRQ�RQ�WKH�EHKDYLRXU�RI�W\UHV�DW�FRPELQHG�VOLS�LV�JLYHQ�

��������7KH�0RPHQW�0HWKRG

3RVVLEOH�VWHDG\�VWDWH�FRUQHULQJ�FRQGLWLRQV��VWDEOH�RU�XQVWDEOH��KDV�EHHQ�SRUWUD\HG
LQ�WKH�KDQGOLQJ�GLDJUDP�RI�)LJ�������,Q�)LJ������PRWLRQV�WHQGLQJ�WR�RU�GHSDUWLQJ
IURP� WKHVH� VWHDG\�VWDWH� FRQGLWLRQV� KDYH� EHHQ� GHSLFWHG�� 7KHVH� PRWLRQV� DUH
FRQVLGHUHG�WR�RFFXU�DIWHU�D�VXGGHQ�FKDQJH�LQ�VWHHU�DQJOH��7KH�SRWHQWLDO�DYDLODEOH
WR�GHYLDWH�IURP�WKH�VWHDG\�WXUQ�GHSHQGV�RQ�WKH�PDUJLQ�RI�WKH�IURQW�DQG�UHDU�VLGH
IRUFHV� WR� LQFUHDVH� LQ�PDJQLWXGH�� )RU� HDFK� SRLQW� RQ� WKH� KDQGOLQJ� FXUYH� LW� LV
SRVVLEOH�WR�DVVHVV�WKH�GHJUHH�RI�PDQRHXYHUDELOLW\�LQ�WHUPV�WKH�PRPHQW�WKDW�FDQ
EH�JHQHUDWHG�E\�WKH�W\UH�VLGH�IRUFHV�DERXW�WKH�YHKLFOH�FHQWUH�RI�JUDYLW\��1RWH�WKDW
DW�WKH�VWHDG\�VWDWH�HTXLOLEULXP�FRQGLWLRQ�WKH�W\UH�VLGH�IRUFHV�DUH�EDODQFHG�ZLWK
WKH�FHQWULIXJDO�IRUFH�DQG�WKH�PRPHQW�HTXDOV�]HUR�

,Q�JHQHUDO��WKH�KDQGOLQJ�FXUYH�KROGV�IRU�D�JLYHQ�VSHHG�RI�WUDYHO��7KDW�LV�VR�
ZKHQ�H�J��WKH�DHURG\QDPLF�GRZQ�IRUFHV�DUH�HVVHQWLDO�LQ�WKH�DQDO\VLV��,Q�)LJ�����
D� GLDJUDP�KDV� EHHQ� SUHVHQWHG� WKDW� LV� GHVLJQDWHG� DV� WKH�000� GLDJUDP� �WKH
0LOOLNHQ�0RPHQW�0HWKRG�GLDJUDP��DQG�LV�FRPSXWHG�IRU�D�VSHHG�RI����PSK��7KH
IRUFH�PRPHQW�FRQFHSW�ZDV�RULJLQDOO\�SURSRVHG�E\�:�)�0LOOLNHQ�LQ������DQG
WKHUHDIWHU� FRQWLQXRXVO\� IXUWKHU� GHYHORSHG� E\� WKH� &RUQHOO� $HURQDXWLFDO
/DERUDWRU\�VWDII�DQG�E\�0LOOLNHQ�5HVHDUFK�$VVRFLDWHV��$�GHWDLOHG�GHVFULSWLRQ�LV
JLYHQ�LQ�0LOOLNHQ¶V�ERRN���������

7KH�JUDSK�VKRZV�FXUYHV�RI�WKH�UHVXOWLQJ�W\UH�PRPHQW�1�YHUVXV�WKH�UHVXOWLQJ
W\UH�VLGH�IRUFH�<�LQ�QRQ�GLPHQVLRQDO�IRUP��7KH�UHVXOWLQJ�IRUFH�DQG�PRPHQW�UHVXOW
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)LJ��������7KH�000�GLDJUDP�SRUWUD\LQJ�WKH�FDU¶V�SRWHQWLDO�PDQRHXYULQJ�FDSDFLW\��

IURP� WKH� LQGLYLGXDO� VLGH� IRUFHV� DQG� DFW� IURP� JURXQG� WR� YHKLFOH�� )RU� JUHDWHU
DFFXUDF\��RQH�PD\�WDNH�WKH�HIIHFW�RI�WKH�SQHXPDWLF�WUDLOV�LQWR�FRQVLGHUDWLRQ��7ZR
VHWV�RI�FXUYHV�KDYH�EHHQ�SORWWHG��RQH�VHW�IRU�FRQVWDQW�YDOXHV�RI�WKH�YHKLFOH�VLGH
VOLS�DQJOH� �ZLWK�WKH�VWHHULQJ�ZKHHO�DQJOH� VWZ�DV�SDUDPHWHU�DQG�WKH�RWKHU�VHW�IRU
FRQWDQW�VWHHU�DQJOH�DQG�YDU\LQJ�VOLS�DQJOH��$ORQJ�WKH�KRUL]RQWDO�D[LV�WKH�PRPHQW
LV� ]HUR� DQG� ZH� KDYH� WKH� VWHDG\�VWDWH� HTXLOLEULXP� FRUQHULQJ� VLWXDWLRQ� WKDW
FRUUHVSRQGV�ZLWK�WKH�KDQGOLQJ�FXUYH��,W�LV�REVHUYHG�WKDW�IRU�WKH�FRQVWDQW�VSHHG
FRQVLGHUHG�LQ�WKH�GLDJUDP��WKH�VWHHU�DQJOH�LQFUHDVHV�ZKHQ�WKH�WRWDO�VLGH�IRUFH�<
RU�ODWHUDO�DFFHOHUDWLRQ�D\�LV�FKRVHQ�ODUJHU�ZKLFK�LQGLFDWHV�WKDW�WKH�PRWLRQ�UHPDLQV
VWDEOH�� $W� WKH� OLPLW� �QHDU� QXPEHU� ��� WKH� PD[LPXP� VWHDG\�VWDWH� ODWHUDO
DFFHOHUDWLRQ�LV�DWWDLQHG��$W�WKDW�SRLQW�WKH�DELOLW\�WR�JHQHUDWH�D�SRVLWLYH�PRPHQW
LV�H[KDXVWHG��2QO\�D�QHJDWLYH�PRPHQW�PD\�VWLOO�EH�GHYHORSHG�E\�WKH�FDU�WKDW
WHQGV� WR� VWUDLJKWHQ� WKH� FXUYH� WKDW� LV� EHLQJ� QHJRWLDWHG�� $V� ZH� KDYH� VHHQ� LQ
)LJ�������VHFRQG�GLDJUDP���WKHUH�LV�VWLOO�VRPH�VLGH�IRUFH�PDUJLQ�DW�WKH�UHDU�W\UH
ZKLFK�FDQ�EH�XVHG�WR�LQFUHDVH�WKH�ODWHUDO�DFFHOHUDWLRQ�LQ�D�WUDQVLHQW�IDVKLRQ��$W
WKH�VDPH�WLPH��KRZHYHU��WKH�FDU�\DZV�RXWZDUGV�EHFDXVH�WKH�DVVRFLDWHG�PRPHQW
LV� QHJDWLYH� �FI�� GLDJUDP� QHDU� QXPEHU� ���� +RZ� WR� JHW� DW� SRLQWV� EHORZ� WKH
HTXLOLEULXP�SRLQW�QHDU�WKH�QXPEHU���LV�D�SUREOHP��5HDU�ZKHHO�VWHHULQJ�LV�DQ
REYLRXV�WKHRUHWLFDO�RSWLRQ��,Q�WKDW�ZD\��WKH�YHKLFOH�VOLS�DQJOH� �DQG�IURQW�VWHHU
DQJOH� �FDQ�UHPDLQ�XQFKDQJHG�ZKLOH�WKH�UHDU�VWHHU�DQJOH�SURGXFH�WKH�GHVLUHG�UHDU
W\UH�VOLS�DQJOH��2I�FRXUVH��WKH�GLDJUDP�QHHGV�WR�EH�DGDSWHG�LQ�FDVH�RI�UHDU�ZKHHO
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)LJ���������7KH�076�)ODW�7UDF�5RDGZD\�6LPXODWRU70��0LOOLNHQ���������

VWHHULQJ��$QRWKHU�PRUH�SUDFWLFOH�VROXWLRQ�ZRXOG�EH�WR�EULQJ�WKH�YHKLFOH�LQ�WKH
GHVLUHG�DWWLWXGH�� �6�E��E\�EULHIO\�LQGXFLQJ�ODUJH�EUDNH�RU�GULYH�VOLS�DW�WKH�UHDU
WKDW�ORZHUV�WKH�FRUQHULQJ�IRUFH�DQG�OHWV�WKH�FDU�VZLQJ�WR�WKH�GHVLUHG�VOLS�DQJOH
ZKLOH�DW�WKH�VDPH�WLPH�WKH�VWHHULQJ�ZKHHO�LV�WXUQHG�EDFNZDUGV�WR�HYHQ�QHJDWLYH
YDOXHV�

7KH�000�GLDJUDP��ZKLFK�LV�DFWXDOO\�D�*RXJK�SORW��IRU�D�VLQJOH�W\UH��FI�
)LJV�����DQG�������HVWDEOLVKHG�IRU�WKH�ZKROH�FDU�DW�GLIIHUHQW�VWHHU�DQJOHV��PD\�EH
DVVHVVHG�H[SHULPHQWDOO\�HLWKHU�WKURXJK�RXWGRRU�RU�LQGRRU�H[SHULPHQWV��2Q�WKH
SURYLQJ�JURXQG�D�YHKLFOH�PD\�EH�DWWDFKHG�DW�WKH�VLGH�RI�D�KHDY\�WUXFN�RU�UDLOZD\
YHKLFOH�DQG�VHW�DW�GLIIHUHQW�VOLS�DQJOHV�ZKLOH�WKH�IRUFH�DQG�PRPHQW�DUH�EHLQJ
PHDVXUHG� �WHWKHUHG� WHVWLQJ��� FI�� 0LOOLNHQ� �������� )LJXUH� ����� GHSLFWV� WKH
UHPDUNDEOH� ODERUDWRU\�000� WHVW� PDFKLQH�� 7KLV�076� )ODW�7UDF�5RDGZD\
6LPXODWRU70�XVHV�IRXU�IODW�EHOWV�ZKLFK�FDQ�EH�VWHHUHG�DQG�GULYHQ�LQGHSHQGHQWO\�
7KH�FDU�LV�FRQVWUDLQW�LQ�LWV�FHQWUH�RI�JUDYLW\�EXW�LV�IUHH�WR�UROO�DQG�SLWFK�

��������7KH�&DU�7UDLOHU�&RPELQDWLRQ

,Q�WKLV�VHFWLRQ�ZH�ZLOO�GLVFXVV�WKH�UROH�RI�WKH�W\UH�LQ�FRQQHFWLRQ�ZLWK�WKH�G\QDPLF
EHKDYLRXU� RI� D� FDU� WKDW� WRZV� D� WUDLOHU��0RUH� VSHFLILFDOO\�� ZH�ZLOO� VWXG\� WKH
SRVVLEOH�XQVWDEOH�PRWLRQV�WKDW�PD\�VKRZ�XS�ZLWK�VXFK�D�FRPELQDWLRQ��/LQHDU
GLIIHUHQWLDO�HTXDWLRQV�DUH�VXIILFLHQW�WR�DQDO\VH�WKH�VWDELOLW\�RI�WKH�VWUDLJKW�DKHDG
PRWLRQ��:H�ZLOO�DJDLQ�HPSOR\�/DJUDQJH¶V�HTXDWLRQV�WR�VHW�XS�WKH�HTXDWLRQV�RI
PRWLRQ��7KH��RULJLQDO�HTXDWLRQV��������PD\�EH�HPSOR\HG�EHFDXVH�WKH�\DZ�DQJOH
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)LJ���������6LQJOH�WUDFN�PRGHO�RI�FDU�WUDLOHU�FRPELQDWLRQ�

LV�DVVXPHG�WR�UHPDLQ�VPDOO��7KH�JHQHUDOLVHG�FRRUGLQDWHV�<�� �DQG� �DUH�XVHG�WR
GHVFULEH� WKH� FDU¶V� ODWHUDO� SRVLWLRQ� DQG� WKH� \DZ� DQJOHV� RI� FDU� DQG� WUDLOHU
UHVSHFWLYHO\��7KH�IRUZDUG�VSHHG�G;�GW��.9�.�X��LV�FRQVLGHUHG�WR�EH�FRQVWDQW�
)LJXUH������JLYHV�D�WRS�YLHZ�RI�WKH�V\VWHP�ZLWK�WKUHH�GHJUHHV�RI�IUHHGRP��7KH
DOWHUQDWLYH�VHW�RI�WKUHH�YDULDEOHV�Y��U�DQG�WKH�DUWLFXODWLRQ�DQJOH�n�DQG�WKH�YHKLFOH
YHORFLW\�9��D�SDUDPHWHU��ZKLFK�DUH�QRW�FRQQHFWHG�WR�WKH�LQHUWLDO�D[HV�V\VWHP����
;��<���KDV�EHHQ�LQGLFDWHG�DV�ZHOO�DQG�ZLOO�EH�HPSOR\HG�ODWHU�RQ��7KH�NLQHWLF
HQHUJ\�IRU�WKLV�V\VWHP�EHFRPHV��LI�ZH�QHJOHFW�DOO�WKH�WHUPV�RI�WKH�VHFRQG�RUGHU
RI�PDJQLWXGH��SURGXFWV�RI�YDULDEOHV��

�������

7KH�SRWHQWLDO�HQHUJ\�UHPDLQV�]HUR�

�������

DQG�WKH�YLUWXDO�ZRUN�GRQH�E\�WKH�H[WHUQDO�URDG�FRQWDFW�IRUFHV�DFWLQJ�RQ�WKH�WKUHH
D[OHV�UHDGV�

�������

:LWK�WKH�XVH�RI�WKH�HTXDWLRQV��������DQG��������WKH�IROORZLQJ�HTXDWLRQV�RI�PRWLRQ
DUH�HVWDEOLVKHG�IRU�WKH�JHQHUDOLVHG�FRRUGLQDWHV�<�� �DQG� ��
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U�WKH�RUGHU�FDQ�EH�UHGXFHG�WR�IRXU��,Q�DGGLWLRQ��WKH�DQJOH�RI�DUWLFXODWLRQ�n��ZLOO
EH�XVHG��:H�KDYH�WKH�UHODWLRQV�

�������0< ' 9 %Y � 0 ' U � ' &n

DQG�ZLWK�WKHVH�WKH�HTXDWLRQV�IRU�Y��U�DQG�n��

�������

�������

�������

7KH� ULJKW�KDQG� PHPEHUV� DUH� VWLOO� WR� EH� H[SUHVVHG� LQ� WHUPV� RI� WKH� PRWLRQ
YDULDEOHV��:LWK�WKH�D[OH�FRUQHULQJ�VWLIIQHVVHV�&���&��DQG�&��ZH�KDYH�

�������

)URP�WKH�UHVXOWLQJ�VHW�RI�OLQHDU�GLIIHUHQWLDO�HTXDWLRQV�WKH�FKDUDFWHULVWLF�HTXDWLRQ
PD\�EH�GHULYHG�ZKLFK�LV�RI�WKH�IRXUWK�GHJUHH��,WV�JHQHUDO�VWUXFWXUH�LV�

�������

7KH�VWDELOLW\�RI�WKH�V\VWHP�FDQ�EH�LQYHVWLJDWHG�E\�FRQVLGHULQJ�WKH�UHDO�SDUWV�RI
WKH� URRWV� RI� WKLV� HTXDWLRQ� RU� ZH� PLJKW� HPSOR\� WKH� FULWHULXP� IRU� VWDELOLW\
DFFRUGLQJ�WR�5RXWK�+XUZLW]��$FFRUGLQJ�WR�WKLV�FULWHULXP��WKH�V\VWHP�RI�RUGHU�Q
LV�VWDEOH�ZKHQ�DOO�WKH�FRHIILFLHQWV�DL�DUH�SRVLWLYH�DQG�WKH�+XUZLW]�GHWHUPLQDQWV
+Q����+Q���HWF��DUH�SRVLWLYH��)RU�RXU�IRXUWK�RUGHU�V\VWHP�WKH�FRPSOHWH�FULWHULXP�IRU
VWDELOLW\�UHDGV�

�

�������

,Q�)LJ�������WKH�ERXQGDULHV�RI�VWDELOLW\�KDYH�EHHQ�SUHVHQWHG�LQ�WKH�FDUDYDQ�D[OH
FRUQHULQJ�VWLIIQHVV�YV�VSHHG�SDUDPHWHU�SODQH�

� �
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)LJ������� 6WDELOLW\� ERXQGDULHV� IRU� WKH� FDU� FDUDYDQ� FRPELQDWLRQ� LQ� WKH� FDUDYDQ�FRUQHULQJ
VWLIIQHVV�YHUVXV�FULWLFDO�VSHHG�GLDJUDP��9HKLFOH�SDUDPHWHUV�DFFRUGLQJ�WR�7DEOH�����

LQ�DGGLWLRQ���K� ��P��J ��P��N
F
 ����P���,

F
 P

F
N
F

�����FI��)LJ������

WKUHH�GLIIHUHQW�VHWV�RI�SDUDPHWHUV�IRU�WKH�SRVLWLRQ�I�RI�WKH�FDUDYDQ¶V�FHQWUH�RI
JUDYLW\�DQG�WKH�FDUDYDQ¶V�PDVV�PF�DV�LQGLFDWHG�LQ�WKH�ILJXUH��$Q�LPSRUWDQW�UHVXOW
LV�WKDW�D�ORZHU�FRUQHULQJ�VWLIIQHVV�SURPRWHV�RVFLOODWRU\�LQVWDELOLW\��WKH�FULWLFDO
VSHHG�EH\RQG�ZKLFK�LQVWDELOLW\�RFFXUV�GHFUHDVHV��)XUWKHUPRUH��LW�DSSHDUV�IURP
WKH�GLDJUDP� WKDW�PRYLQJ� WKH�FDUDYDQV�FHQWUH� RI�JUDYLW\� IRUZDUG� �� I� VPDOOHU�
VWDELOLVHV�WKH�V\VWHP�ZKLFK�LV�UHIOHFWHG�E\�WKH�ODUJHU�FULWLFDO�VSHHG��$�KHDYLHU
FDUDYDQ��PF� ODUJHU��DSSHDUV�WR�EH�EDG�IRU�VWDELOLW\��)XUWKHUPRUH�� LW�KDV�EHHQ
IRXQG�WKDW�D�ODUJHU�GUDZ�EDU�OHQJWK�J�LV�IDYRXUDEOH�IRU�VWDELOLW\��

,W�WXUQV�RXW�WKDW�D�VHFRQG�W\SH�RI�LQVWDELOLW\�PD\�VKRZ�XS��7KLV�RFFXUV�ZKHQ
WKH�SRUWLRQ�RI�WKH�ZHLJKW�RI�WKH�FDUDYDQ�VXSSRUWHG�E\�WKH�FRXSOLQJ�SRLQW�EHFRPHV
WRR�ODUJH��7KLV�H[WUD�ZHLJKW� LV�IHOW�E\�WKH�WRZLQJ�YHKLFOH�DQG�PDNHV�LW�PRUH
RYHUVWHHU��7KH�FULWLFDO�VSHHG�DVVRFLDWHG�ZLWK�WKLV�SKHQRPHQRQ�LV�LQGLFDWHG�LQ�WKH
GLDJUDP�E\�WKH�YHUWLFDO�OLQHV��7KLV�GLYHUJHQW�LQVWDELOLW\�RFFXUV�ZKHQ��VWDUWLQJ�RXW
IURP�D�VWDEOH�FRQGLWLRQ��WKH�ODVW�FRHIILFLHQW�EHFRPHV�QHJDWLYH��WKDW�LV�DQ� �D������

7KH�RVFLOODWRU\�LQVWDELOLW\�FRQQHFWHG�ZLWK�WKH�µVQDNLQJ¶�SKHQRPHQRQ�DULVHV
DV�VRRQ�DV��IURP�D�VWDEOH�FRQGLWLRQ��WKH�VHFRQG�KLJKHVW�+XUZLW]�GHWHUPLQDQW
EHFRPHV�QHJDWLYH��+Q��� �+�������WKHQ�DOVR�+Q�������FI��.ORWWHU��������RU�/HLSKRO]
��������:KHQ�WKH�FULWLFDO�VSHHG�LV�VXUSDVVHG�VHOI�H[FLWHG�RVFLOODWLRQV�DUH�FUHDWHG
ZKLFK�VKRZV�DQ�DPSOLWXGH�WKDW�LQ�WKH�DFWXDO�QRQ�OLQHDU�FDVH�GRHV�QRW�DSSHDU�WR
OLPLW�LWVHOI��7KLV�LV�LQ�FRQWUDVW�WR�WKH�FDVH�RI�WKH�ZKHHO�VKLPP\�SKHQRPHQRQ�WR
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)LJ���������2Q�WKH�VWDELOLW\�RI�D�WUDLOHU��([HUFLVH������

EH�WUHDWHG�LQ�&KDSWHU���ZKHUH�D�VWDEOH�OLPLWHG�RVFLOODWLRQ�DSSHDUV�WR�DULVH��7KH
FDXVH�RI�WKH�XQOLPLWHG�VQDNLQJ�RVFLOODWLRQ�LV�WKDW�ZLWK�LQFUHDVLQJ�DPSOLWXGHV�DOVR
WKH� VOLS� DQJOH� LQFUHDVHV� ZKLFK� ORZHUV� WKH� DYHUDJH� FRUQHULQJ� VWLIIQHVV� DV� D
FRQVHTXHQFH�RI�WKH�GHJUHVVLYHO\�QRQ�OLQHDU�FRUQHULQJ�IRUFH�FKDUDFWHULVWLF��)URP
WKH�GLDJUDP�ZH�IRXQG�WKDW�WKLV�ZLOO�PDNH�WKH�VLWXDWLRQ�LQFUHDVLQJO\�ZRUVH��$V�KDV
EHHQ�VHHQ�IURP�IXOO�YHKLFOH�FDUDYDQ�PRGHO�VLPXODWLRQV��WKH�ZKROH�FRPELQDWLRQ
ZLOO�ILQDOO\�RYHUWXUQ��$QRWKHU�HIIHFW�RI�WKLV�UHGXFWLRQ�RI�WKH�DYHUDJH�FRUQHULQJ
VWLIIQHVV�LV�WKDW�ZKHQ�WKH�YHKLFOH�PRYHV�DW�D�VSHHG�ORZHU�WKDQ�WKH�FULWLFDO�VSHHG�
WKH�RULJLQDOO\�VWDEOH�VWUDLJKW�DKHDG�PRWLRQ�PD\�EHFRPH�XQVWDEOH�LI�WKURXJK�WKH
DFWLRQ�RI�DQ�H[WHUQDO�GLVWXUEDQFH��VLGH�ZLQG�JXVW��WKH�VOLS�DQJOH�RI�WKH�FDUDYDQ
D[OH�EHFRPHV�WRR�ODUJH��VXUSDVVLQJ�RI�WKH�DVVRFLDWHG�XQVWDEOH�OLPLW�F\FOH���7KLV
LV�DQ�XQIRUWXQDWH��SRVVLEO\�GDQJHURXV�VLWXDWLRQ��:H�UHIHU�WR�7URJHU��������IRU
IXUWKHU�GHWDLOV�

([HUFLVH�������6WDELOLW\�RI�D�WUDLOHU����

&RQVLGHU�WKH�WUDLOHU�RI�)LJ������WKDW�LV�WRZHG�E\�D�KHDY\�VWHDGLO\��PRYLQJ�YHKLFOH�DW�D
IRUZDUG�VSHHG�9�DORQJ�D�VWUDLJKW�OLQH��7KH�WUDLOHU�LV�FRQQHFWHG�WR�WKH�YHKLFOH�E\�PHDQV
RI�D�KLQJH��7KH�DWWDFKPHQW�SRLQW�VKRZV�D�ODWHUDO�IOH[LELOLW\�WKDW�LV�UHSUHVHQWHG�E\�WKH
ODWHUDO�VSULQJ�ZLWK�VWLIIQHVV�F\��)XUWKHUPRUH��D�\DZ�WRUVLRQDO�VSULQJ�DQG�GDPSHU�DUH
SURYLGHG�ZLWK�FRHIILFLHQWV�Fn�DQG�Nn��

'HULYH�WKH�HTXDWLRQV�RI�PRWLRQ�RI�WKLV�V\VWHP�ZLWK�JHQHUDOLVHG�FRRUGLQDWHV�\�DQG
n��$VVXPH�VPDOO�GLVSODFHPHQWV�VR�WKDW�WKH�HTXDWLRQV�FDQ�EH�NHSW�OLQHDU��7KH�GDPSLQJ
FRXSOH�Nn�

sn��PD\�EH�FRQVLGHUHG�DV�DQ�H[WHUQDO�PRPHQW�DFWLQJ�RQ�WKH�WUDLOHU�RU�ZH�PD\
XVH�WKH�GLVVLSDWLRQ�IXQFWLRQ�'� �ò�Nn� sn

���DQG�DGG���M'�MJTL�WR�WKH�OHIW�KDQG�VLGH�RI
/DJUDQJH¶V�HTXDWLRQ���������2EYLRXVO\�� WKH� LQWURGXFWLRQ�RI� WKLV�H[WUD� WHUP�ZLOO�EH
EHQHILFLDO�SDUWLFXODUO\�ZKHQ�WKH�V\VWHP�WR�EH�PRGHOOHG�LV�PRUH�FRPSOH[���

$VVHVV�WKH�FRQGLWLRQ�IRU�VWDELOLW\�IRU�WKLV�IRXUWK�RUGHU�V\VWHP��6LPSOLI\�WKH�V\VWHP
E\�SXWWLQJ�J� �I�DQG�Fn�

 �Nn�
 ����1RZ�ILQG�WKH�H[SOLFLW�FRQGLWLRQDO�VWDWHPHQW�IRU�WKH

FRUQHULQJ�VWLIIQHVV�&�
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��������9HKLFOH�'\QDPLFV�DW�0RUH�&RPSOH[�7\UH�6OLS�&RQGLWLRQV

6R�IDU��UHODWLYHO\�VLPSOH�YHKLFOH�G\QDPLFV�SUREOHPV�KDYH�EHHQ�VWXGLHG�LQ�ZKLFK
WKH�EDVLF�VWHDG\�VWDWH�FRUQHULQJ�IRUFH�YHUVXV�VOLS�DQJOH�FKDUDFWHULVWLF�SOD\V�WKH
GRPLQDQW�UROH��7KH�VLWXDWLRQ�EHFRPHV�PRUH�FRPSOH[�ZKHQ�PDWWHUV�OLNH�FRPELQHG
VOLS�DW�KDUG�EUDNLQJ��ZKHHO�FDPEHU��W\UH�WUDQVLHQW�DQG�YLEUDWLRQDO�SURSHUWLHV�DQG
H�J��REVWDFOH�FURVVLQJV�DUH�WR�EH�FRQVLGHUHG�

,Q�WKH�VXEVHTXHQW�FKDSWHUV�W\UH�SHUIRUPDQFH�DQG�PRGHOOLQJ�ZLOO�EH�WUHDWHG�LQ
JUHDWHU� GHWDLO� ZKLFK� HQDEOHV� XV� WR� LQWURGXFH� UHOHYDQW� W\UH� SURSHUWLHV� LQ� WKH
DQDO\VLV��7KH�IROORZLQJ�VSHFLILF�VXEMHFWV�ZLOO�EH�VWXGLHG�DV�DSSOLFDWLRQV�RI�WKH
W\UH�PRGHOOLQJ�WKHRU\�

� 9HKLFOH�VWDELOLW\�DW�H[FHVVLYH�EUDNLQJ�DQG�ZKHHO�ORFN��&KDSWHU���
� 0RWRUF\FOH�VWHDG\�VWDWH�FRUQHULQJ��&KDSWHU����
� :KHHO�VKLPP\��&KDSWHU���
� 6WHHULQJ�YLEUDWLRQV��&KDSWHU���
� 0RWRUF\FOH�ZHDYH�DQG�ZREEOH��&KDSWHU����
� 7\UH�RXW�RI�URXQGQHVV��&KDSWHU���
� &RUQHULQJ�RQ�XQHYHQ�URDGV��&KDSWHUV�����
� $%6�RQ�XQHYHQ�URDGV��&KDSWHU���
� 7UDYHUVLQJ�VKRUW�REVWDFOHV��&KDSWHU���
� 3DUNLQJ��&KDSWHU���
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������,QWURGXFWLRQ

7KH�SHUIRUPDQFH�RI�D�W\UH�DV�D�IRUFH�DQG�PRPHQW�JHQHUDWLQJ�VWUXFWXUH�LV�D�UHVXOW
RI�D�FRPELQDWLRQ�RI�VHYHUDO�DVSHFWV��)DFWRUV�ZKLFK�FRQFHUQ�WKH�SULPDU\�WDVNV�RI
WKH� W\UH�PD\�EH� GLVWLQJXLVKHG� IURP� IDFWRUV�ZKLFK� LQYROYH� �RIWHQ� LPSRUWDQW�
VHFRQGDU\�HIIHFWV�

,Q�7DEOH�����WKHVH�IDFWRUV�DUH�SUHVHQWHG�LQ�PDWUL[�IRUP��$�IXUWKHU�GLVWLQFWLRQ
LV�PDGH�EHWZHHQ��TXDVL��VWHDG\�VWDWH�DQG�YLEUDWRU\�EHKDYLRXU�DQG��DGGLWLRQDOO\�
EHWZHHQ�V\PPHWULF��RU�LQ�SODQH��DQG�DQWL�V\PPHWULF��RU�RXW�RI�SODQH��DVSHFWV�
7KH� SULPDU\� WDVN� IDFWRUV� DSSHDU� LQ� EROG� OHWWHUV�� 7KH� UHPDLQLQJ� IDFWRUV� DUH
FRQVLGHUHG�DV�VHFRQGDU\�IDFWRUV�

7KH� SULPDU\� UHTXLUHPHQWV� WR� WUDQVPLW� IRUFHV� LQ� WKH� WKUHH� SHUSHQGLFXODU
GLUHFWLRQV� �)[��)\��)]�� DQG� WR� FXVKLRQ� WKH� YHKLFOH� DJDLQVW� URDG� LUUHJXODULWLHV
LQYROYH� VHFRQGDU\� IDFWRUV� OLNH� ODWHUDO� DQG� ORQJLWXGLQDO� GLVWRUWLRQV� DQG� VOLS�
$OWKRXJK�UHJDUGHG�DV�VHFRQGDU\�SKHQRPHQD��VRPH�RI�WKH�TXDQWLWLHV�LQYROYHG�DUH
FUXFLDO�IRU�WKH�JHQHUDWLRQ�RI�WKH�GHIRUPDWLRQV�DQG�WKH�DVVRFLDWHG�IRUFHV�DQG�ZLOO

7DEOH�������7\UH�IDFWRUV�

������SULPDU\�WDVN�IXQFWLRQV���DQG���VHFRQGDU\�HIIHFWV

�������TXDVL��VWHDG\�VWDWH����]����WUDQVLHQW�YLEUDWRU\�VWDWH

V\PPHWULF
�LQ�SODQH�

ORDG�FDUU\LQJ
EUDNLQJ�GULYLQJ
UROOLQJ�UHVLVWDQFH

UDGLDO�GHIOHFWLRQ
WDQJHQWLDO�VOLS
DQG�GLVWRUVLRQ

FXVKLRQLQJ
G\QDPLF�FRXSOLQJ
QDWXUDO�YLEUDWLRQV

���DQWL�
V\PPHWULF
�RXW�RI�SODQH�

FRUQHULQJ
SQHXPDWLF�WUDLO
RYHUWXUQLQJ�FRXSOH

ODWHUDO�DQG
VSLQ�WXUQ�VOLS
DQG�GLVWRUVLRQ

SKDVH�ODJ
GHVWDELOLVDWLRQ
QDWXUDO�YLEUDWLRQV
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ρ  ��UDGLDO�GHIOHFWLRQ
κ  ���ORQJLWXGLQDO�VOLS
Ω  ��VSHHG�RI�UHYROXWLRQ

α  ���ODWHUDO�VOLS�DQJOH
ϕ ����VSLQ��WXUQVOLS
γ �����FDPEHU�DQJOH

) ��QRUPDO�ORDG

) ��ORQJLWXGLQDO�IRUFH

) ��FRUQHULQJ��VLGH��IRUFH

0 ��UROOLQJ�UHVLVW��PRPHQW

0 ���VHOI��DOLJQLQJ�WRUTXH

0 ��RYHUWXUQLQJ�FRXSOH

]

]

[

\

\

[

LQSXW�YHFWRU RXWSXW�YHFWRU

)LJ��������,QSXW�RXWSXW�TXDQWLWLHV��URDG�VXUIDFH�FRQVLGHUHG�IODW��

EH�WUHDWHG�DV�LQSXW�YDULDEOHV�LQWR�WKH�V\VWHP��)LJXUH�����SUHVHQWV�WKH�µYHFWRUV¶�RI
LQSXW�DQG�RXWSXW�FRPSRQHQWV��,Q�WKLV�GLDJUDP�WKH�W\UH�LV�DVVXPHG�WR�EH�XQLIRUP
DQG�WR�PRYH�RYHU�D�IODW�URDG�VXUIDFH��7KH�LQSXW�YHFWRU�VWHPV�IURP�PRWLRQV�RI�WKH
ZKHHO�UHODWLYH�WR�WKH�URDG��$�SUHFLVH�GHILQLWLRQ�RI�WKHVH�LQSXW�TXDQWLWLHV�LV�JLYHQ
LQ�WKH�QH[W�VHFWLRQ�

)RU�VPDOO�GHYLDWLRQV�IURP�WKH�VWUDLJKW�DKHDG�PRWLRQ�D�OLQHDU�GHVFULSWLRQ�RI�WKH
EHKDYLRXU�PD\�EH�JLYHQ��7KHQ��LW�LV�DGYDQWDJHRXV�WR�UHFRJQL]H�WKH�IDFW�WKDW�WKH
UHVSRQVHV� WR� WKH� V\PPHWULF� DQG� DQWL�V\PPHWULF� PRWLRQV� RI� WKH� DVVXPHGO\
V\PPHWULF�ZKHHO�W\UH�V\VWHP�FDQ�EH�FRQVLGHUHG�DV�XQFRXSOHG��)LJXUH�����VKRZV
WKH�VHSDUDWH�IXQFWLRQ�EORFNV�ZLWK�WKH�LQSXW�DQG�RXWSXW�TXDQWLWLHV��+HUH�ZH�KDYH
DOVR�FRQVLGHUHG�WKH�SRVVLELOLW\�RI�LQSXW�IURP�YDULDWLRQV�LQ�URDG�VXUIDFH�JHRPHWU\
DQG� IURP� W\UH� QRQ�XQLIRUPLWLHV� UHVXOWLQJ� LQ� H�J�� RXW�RI�URXQGQHVV�� VWLIIQHVV
YDULDWLRQV�DQG�µEXLOW�LQ¶�IRUFHV�

7KH�IRUFHV�DQG�PRPHQWV�DUH�FRQVLGHUHG�DV�RXWSXW�TXDQWLWLHV��,W�LV�VRPHWLPHV
EHQHILFLDO�WR�DVVXPH�WKHVH�IRUFHV�WR�DFW�RQ�D�ULJLG�GLVF�ZLWK�LQHUWLDO�SURSHUWLHV
HTXDO�WR�WKRVH�RI�WKH�W\UH�ZKHQ�FRQVLGHUHG�ULJLG��7KHVH�IRUFHV�PD\�GLIIHU�IURP
WKH�IRUFHV�DFWLQJ�EHWZHHQ�URDG�DQG�W\UH�EHFDXVH�RI�WKH�G\QDPLF�IRUFHV�DFWLQJ�RQ
WKH�W\UH�ZKHQ�YLEUDWLQJ�UHODWLYH�WR�WKH�ZKHHO�ULP��7KH�PRWLRQV�RI�WKH�ZKHHO�ULP
DQG� WKH�SURILOH�RI� WKH� URDG�� UHSUHVHQWHG�E\� LWV�KHLJKW�Z� DQG� LWV� IRUZDUG�DQG
WUDQVYHUVH�VORSH�DW�RU�QHDU�WKH�FRQWDFW�FHQWUH��DUH�UHJDUGHG�DV�LQSXW�TXDQWLWLHV�WR
WKH�W\UH��%UDNLQJ�DQG�GULYLQJ�WRUTXHV�0D�DUH�FRQVLGHUHG�WR�DFW�RQ�WKH�URWDWLQJ
ZKHHO�LQHUWLD�,Z�

��)RU�WKH�IUHHO\�UROOLQJ�W\UH��WKHQ��E\�GHILQLWLRQ�0D� �����WKH�ZKHHO
DQJXODU�PRWLRQ�DERXW�WKH�VSLQGOH�D[LV�LV�JRYHUQHG�E\�RQO\�WKH�LQWHUQDO�PRPHQW
0 �DFWLQJ�EHWZHHQ�ULP�DQG�W\UH��7KH�ILYH�PRWLRQ�FRPSRQHQWV�RI�WKH�ZKHHO�VSLQ
D[LV�PD\�WKHQ�UHPDLQ�WR�VHUYH�DV�LQSXW�YHFWRU�

7KH�GLVFXVVLRQ�RQ�WKH�IRUFH�JHQHUDWLRQ�DQG�G\QDPLF�SURSHUWLHV�RI�WKH�W\UH�ZLOO
EH�FRQGXFWHG�DORQJ�WKH�WZR�PDLQ�OLQHV��V\PPHWULF�DQG�DQWL�V\PPHWULF�EHKDYLRXU�
,QWHUDFWLRQ�EHWZHHQ�WKHVH�PDLQ�JURXSV�RI�LQSXW�PRWLRQV�FRPSOLFDWHV�WKH�VLWXDWLRQ
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radial deflection
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lateral distortion
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)LJ������ :KHHO�D[OH�PRWLRQ�DQG�URDG�VXUIDFH�FRRUGLQDWHV�DQG�SRVVLEO\�XQFRXSOHG�W\UH�V\VWHP
EORFNV�YDOLG�IRU�VPDOO�GHYLDWLRQV�IURP�WKH�VWHDG\�VWDWH�VWUDLJKW�DKHDG�PRWLRQ�

�FRPELQHG�VOLS���7KHVH�LQWHUDFWLRQV�EHFRPH�LPSRUWDQW�LI�DW�OHDVW�RQH�RI�WKH�LQSXW
PRWLRQV�� RU�PRUH� SUHFLVHO\�� RQH� RI� WKH� DVVRFLDWHG� VOLS� FRPSRQHQWV� EHFRPHV
UHODWLYHO\�ODUJH��%HFDXVH�RI�LWV�UHODWLYH�VLPSOLFLW\��WKH�VWHDG\�VWDWH�EHKDYLRXU�ZLOO
EH�WUHDWHG�ILUVW��&KDSWHU�����7KH�GLVFXVVLRQ�RQ�W\UH�G\QDPLF�EHKDYLRXU�VWDUWV�LQ
&KDSWHU���

������'HILQLWLRQ�RI�7\UH�,QSXW�4XDQWLWLHV

,I�WKH�SUREOHP�ZKLFK�LV�JRLQJ�WR�EH�LQYHVWLJDWHG�LQYROYHV�URDG�LUUHJXODULWLHV��WKHQ
WKH�ORFDWLRQ�DQG�WKH�RULHQWDWLRQ�RI�WKH�VWXE�D[OH��VSLQGOH�D[LV��PXVW�EH�NQRZQ
ZLWK�UHVSHFW�WR�WKH�VSHFLILF�LUUHJXODULW\�PHW�RQ�WKH�URDG��7KH�URDG�VXUIDFH�LV�GH�
ILQHG�ZLWK�UHVSHFW�WR�D�FRRUGLQDWH�V\VWHP�RI�D[HV�DWWDFKHG�WR�WKH�URDG��,I�WKH
SRVLWLRQ�DQG�RULHQWDWLRQ�RI�WKH�D[OH�LV�NQRZQ�ZLWK�UHVSHFW�WR�WKH�IL[HG�WULDG�WKHQ
WKH�H[DFW�SRVLWLRQ�RI�WKH�ZKHHO�ZLWK�UHVSHFW�RI�WKH�SRVVLEO\�LUUHJXODU�URDG�VXUIDFH
FDQ� EH� GHWHUPLQHG�� 7KLV� UHODWLYH� SRVLWLRQ� DQG� RULHQWDWLRQ� RI� WKH�ZKHHO� ZLWK
UHVSHFW� WR� WKH� URDG� LV� LPSRUWDQW� WR� GHULYH� WKH� UDGLDO� W\UH� GHIOHFWLRQ� DQG� WKH
UHODWLYH� DWWLWXGH� �FDPEHU�� DQG� WR� DVVHVV� WKH� FXUUHQW� YDOXH� RI� WKH� IULFWLRQ
FRHIILFLHQW�ZKLFK�PD\�YDU\�GXH� WR�H�J�� VOLSSHU\�VSRWV� �RU�QRQ�KRPRJHQHRXV
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QRUPDO�WR
JURXQG�SODQH

ZKHHO�FHQWUH�SODQH

JURXQG�SODQH

OLQH�RI
LQWHUVHFWLRQ l

SODQH�WKURXJK�ZKHHO�VSLQ�D[LV s

LQHUWLDO
WULDG

&

)LJ������ 'HILQLWLRQ�RI�SRVLWLRQ��DWWLWXGH�DQG�PRWLRQ�RI�WKH�ZKHHO�DQG�WKH�IRUFHV�DQG�PRPHQWV
DFWLQJ�IURP�WKH�URDG�RQ�WKH�ZKHHO��'LUHFWLRQV�VKRZQ�DUH�GHILQHG�DV�SRVLWLYH�

VXUIDFH��FRQGLWLRQV��JURRYHV���7KH�WLPH�UDWH�RI�FKDQJH�RI�WKLV�UHODWLYH�SRVLWLRQ�LV
QHHGHG�QRW�RQO\�IRU�SRVVLEOH�K\VWHUHVLV�HIIHFWV�EXW�PDLQO\�IRU�WKH�GHWHUPLQDWLRQ
RI�WKH�VR�FDOOHG�µVOLS¶�RI�WKH�ZKHHO�ZLWK�UHVSHFW�WR�WKH�JURXQG�

,I�WKH�URDG�VXUIDFH�QHDU�WKH�FRQWDFW�SDWFK�FDQ�EH�DSSUR[LPDWHG�E\�D�IODW�SODQH
�WKDW�LV��ZKHQ�WKH�VPDOOHVW�FRQVLGHUHG�ZDYHOHQJWK�RI�WKH�GHFRPSRVHG�VXUIDFH
YHUWLFDO�SURILOH�LV�ODUJH�ZLWK�UHVSHFW�WR�WKH�FRQWDFW�OHQJWK�DQG�LWV�DPSOLWXGH�VPDOO�
WKH�GLVWDQFH�RI�WKH�ZKHHO�FHQWUH�WR�WKH�URDG�SODQH�DQG�WKH�DQJOH�EHWZHHQ�ZKHHO
SODQH�DQG�WKH�QRUPDO�WR�WKH�URDG�VXUIDFH�ZLOO�VXIILFH�LQ�DGGLWLRQ�WR�WKH�VHYHUDO
VOLS�TXDQWLWLHV�DQG�WKH�UXQQLQJ�VSHHG�RI�WKH�ZKHHO�

)RU�WKH�GHILQLWLRQ�RI�WKH�YDULRXV�PRWLRQ�DQG�SRVLWLRQ�LQSXW�TXDQWLWLHV�OLVWHG�LQ
)LJ������LW�LV�KHOSIXO�WR�FRQVLGHU�)LJ������$�QXPEHU�RI�SODQHV�KDYH�EHHQ�GUDZQ�
7KH�URDG�SODQH�DQG�WKH�ZKHHO�FHQWUH�SODQH��ZLWK�OLQH�RI�LQWHUVHFWLRQ�DORQJ�WKH
XQLW�YHFWRU�O��DQG�WZR�SODQHV�QRUPDO�WR�WKH�URDG�SODQH��RQH�RI�ZKLFK�FRQWDLQV�WKH
YHFWRU�O�DQG�WKH�RWKHU�WKH�XQLW�YHFWRU�V�ZKLFK�LV�GHILQHG�DORQJ�WKH�ZKHHO�VSLQ�D[LV�
)URP�WKH�ILJXUH�IROORZV�WKH�GHILQLWLRQ�RI�WKH�FRQWDFW�FHQWUH�&�DOVR�GHVLJQDWHG�DV
WKH�SRLQW�RI�LQWHUVHFWLRQ��RI�WKH�WKUHH�SODQHV���7KH�XQLW�YHFWRU�W�OLHV�LQ�WKH�URDG
SODQH�DQG�LV�GLUHFWHG�SHUSHQGLFXODU�WR�O��9HFWRU�U�IRUPV�WKH�FRQQHFWLRQ�EHWZHHQ
ZKHHO�FHQWUH�$�DQG�FRQWDFW�FHQWUH�&��,WV�OHQJWK��U��LV�GHILQHG�DV�WKH�ORDGHG�UDGLXV
RI�WKH�W\UH��7KH�SRVLWLRQ�DQG�DWWLWXGH�RI�WKH�ZKHHO�ZLWK�UHVSHFW�WR�WKH�LQHUWLDO�WULDG
LV�FRPSOHWHO\�GHVFULEHG�E\�WKH�YHFWRUV�E���D�DQG�V�7KH�URDG�SODQH�LV�GHILQHG�DW
WKH�FRQWDFW�FHQWUH�E\�WKH�SRVLWLRQ�YHFWRU�RI�WKDW�SRLQW�F�DQG�WKH�QRUPDO�WR�WKH
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URDG�LQ�WKDW�SRLQW�UHSUHVHQWHG�E\�WKH�XQLW�YHFWRU�Q��SRVLWLYH�XSZDUGV���)LJXUH����
DOVR�VKRZV�WZR�V\VWHPV�RI�D[HV��EHVLGHV�WKH�LQHUWLDO� WULDG���)LUVWO\��ZH�KDYH
LQWURGXFHG�WKH�URDG�FRQWDFW�D[HV�V\VWHP��&��[��\��]��RI�ZKLFK�WKH�[�D[LV�SRLQWV
IRUZDUGV�DORQJ�WKH�OLQH�RI�LQWHUVHFWLRQ��O���WKH�]�D[LV�SRLQWV�GRZQZDUGV�QRUPDO
WR�WKH�URDG�SODQH���Q��DQG�WKH�\�D[LV�SRLQWV�WR�WKH�ULJKW�DORQJ�WKH�WUDQVYHUVH�XQLW
YHFWRU�W��6HFRQGO\��WKH�ZKHHO�D[OH�V\VWHP�RI�D[HV��$�� �� ��

�
��KDV�EHHQ�GHILQHG

ZLWK�WKH� �D[LV�SDUDOOHO�WR�WKH�[�D[LV��WKH� �D[LV�DORQJ�WKH�ZKHHO�VSLQGOH�D[LV��V�
DQG�WKH� �D[LV�DORQJ�WKH�UDGLXV��U��

6LJQ� FRQYHQWLRQV� LQ� WKH� OLWHUDWXUH� DUH� QRW� XQLIRUP�� )RU� WKH� VDNH� RI
FRQYHQLHQFH�DQG� WR�UHGXFH�VRXUFHV�RI�PDNLQJ�HUURUV��ZH�KDYH�FKRVHQ�D�VLJQ
FRQYHQWLRQ�WKDW�DYRLGV�ZRUNLQJ�ZLWK�QHJDWLYH�TXDQWLWLHV�DV�PXFK�DV�SRVVLEOH�

7KH�UDGLDO�GHIOHFWLRQ�RI�WKH�W\UH� �LV�GHILQHG�DV�WKH�UHGXFWLRQ�RI�WKH�W\UH�UDGLXV
IURP�WKH�XQORDGHG�VLWXDWLRQ�UI�WR�WKH�ORDGHG�FDVH�U�

���� � �UI����
U �����

)RU�SRVLWLYH� �WKH�ZKHHO�ORDG�)]��SRVLWLYH�XSZDUGV��LV�SRVLWLYH�DV�ZHOO�
7KH�WDQJHQWLDO�RU�ORQJLWXGLQDO�VOLS� �

�
UHTXLUHV�GHHSHU�DQDO\VLV��)RU�WKH�VDNH�RI

SURSHUO\�GHILQLQJ�WKH�ORQJLWXGLQDO�VOLS��WKH�VR�FDOOHG�VOLS�SRLQW�6�LV�LQWURGXFHG�
7KLV�SRLQW�LV�WKRXJKW�WR�EH�DWWDFKHG�WR�WKH�ULP�RU�ZKHHO�ERG\�DW�D�UDGLXV�HTXDO
WR�WKH�VOLS�UDGLXV�UV�DQG�IRUPV�WKH�FHQWUH�RI�URWDWLRQ�ZKHQ�WKH�ZKHHO�UROOV�DW
ORQJLWXGLQDO�VOLS�HTXDO�WR�]HUR��7KH�VOLS�UDGLXV�LV�WKH�UDGLXV�RI�WKH�VOLS�FLUFOH��$W
YDQLVKLQJ�ORQJLWXGLQDO�VOLS��WKLV�VOLS�FLUFOH�UROOV�SXUHO\�RYHU�DQ�LPDJLQDU\�VXUIDFH
SDUDOOHO�WR�WKH�URDG�SODQH��7KH�OHQJWK�RI�WKH�VOLS�UDGLXV�GHSHQGV�RQ�WKH�GHILQLWLRQ
RI�ORQJLWXGLQDO�VOLS�WKDW�LV�DGRSWHG��$�VWUDLJKW�IRUZDUG�GHILQLWLRQ�ZRXOG�EH�WR
PDNH�WKH�VOLS�UDGLXV�HTXDO�WR�WKH�ORDGHG�ZKHHO�UDGLXV��7KLV��KRZHYHU��ZRXOG
DOUHDG\�OHDG�WR�D�FRQVLGHUDEOH�PDJQLWXGH�RI�WKH�ORQJLWXGLQDO�IRUFH�)[�WKDW�ZRXOG
EH�JHQHUDWHG�DW�ORQJLWXGLQDO�VOLS�HTXDO�WR�]HUR��$�PRUH�FRQYHQLHQW�DQG�SK\VLFDOO\
SURSHU�GHILQLWLRQ�FRUUHVSRQGV�WR�WKH�VLWXDWLRQ�WKDW�)[�

 
�
��DW�]HUR�ORQJLWXGLQDO�VOLS�

%HFDXVH�RI�WKH�RFFXUUHQFH�RI�UROOLQJ�UHVLVWDQFH��PHDVXUHPHQWV�RI�W\UH�FKDUDFW�
HULVWLFV� ZRXOG� WKHQ� UHTXLUH� WKH� DSSOLFDWLRQ� RI� D� GULYLQJ� WRUTXH� WR� UHDFK� WKH
FRQGLWLRQ�RI�VOLS�HTXDO�WR�]HUR��7KLV�PD\�EHFRPH�RI�LPSRUWDQFH�HVSHFLDOO\�ZKHQ
H[SHULPHQWV�DUH�FRQGXFWHG�DW�ODUJH�FDPEHU�DQJOHV�ZKHUH�WKH�GUDJ�PD\�EHFRPH
FRQVLGHUDEOH��PRWRUF\FOH�W\UHV���$Q�DOWHUQDWLYH��RIWHQ�XVHG�GHILQLWLRQ�WDNHV�WKH
HIIHFWLYH�UROOLQJ�UDGLXV�UH�GHILQHG�DW�IUHH�UROOLQJ��0D� �����DV�WKH�VOLS�UDGLXV�
8QGHU�QRUPDO�FRQGLWLRQV��WKH�UHVXOWLQJ�)[�YV� ��GLDJUDPV�DFFRUGLQJ�WR�WKH�ODWWHU
WZR� GHILQLWLRQV� DUH� YHU\� FORVH�� $� VPDOO� KRUL]RQWDO� VKLIW� RI� WKH� FXUYHV� LV
VXIILFLHQWO\�DFFXUDWH�WR�FKDQJH�IURP�RQH�GHILQLWLRQ�WR�WKH�RWKHU��7KH�GUDZEDFN
RI�WKH�ODVW�GHILQLWLRQ�LV�WKDW�ZKHQ�WHVWLQJ�RQ�YHU\�ORZ�IULFWLRQ��LF\��VXUIDFHV��WKH
UROOLQJ�UHVLVWDQFH�PD\�EH�WRR�ODUJH�WR�OHW�WKH�ZKHHO�URWDWH�ZLWKRXW�WKH�DSSOLFDWLRQ
RI�D�GULYLQJ�WRUTXH��&RQVHTXHQWO\��WKH�VWDWH�RI�IUHH�UROOLQJ�FDQQRW�EH�UHDOLVHG
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�)LJ��������(IIHFWLYH�UROOLQJ�UDGLXV�DQG�ORQJLWXGLQDO�VOLS�YHORFLW\��

XQGHU�WKHVH�FRQGLWLRQV��1HYHUWKHOHVV��ZH�ZLOO�DGRSW�WKH�ODVW�GHILQLWLRQ�ZKHUH�UV
 �UH�DQG�FRQVHTXHQWO\��SRLQW�6�LV�ORFDWHG�DW�D�GLVWDQFH�UH�IURP�WKH�ZKHHO�FHQWUH�
)LJXUH�����GHSLFWV�WKLV�FRQILJXUDWLRQ�

$FFRUGLQJ�WR�WKLV�GHILQLWLRQ�ZH�ZLOO�KDYH�WKH�VLWXDWLRQ�WKDW�ZKHQ�D�ZKHHO�UROOV
IUHHO\��WKDW�LV��DW�0D� ����DW�FRQVWDQW�VSHHG�RYHU�D�IODW�HYHQ�URDG�VXUIDFH��WKH
ORQJLWXGLQDO�VOLS�

�
�LV�HTXDO�WR�]HUR��7KLV��QRWZLWKVWDQGLQJ�WKH�IDFW�WKDW�DW�IUHH

UROOLQJ�VRPH�IRUH�DQG�DIW�GHIRUPDWLRQV�ZLOO�RFFXU�EHFDXVH�RI�WKH�SUHVHQFH�RI
K\VWHUHVLV�LQ�WKH�W\UH�WKDW�JHQHUDWHV�D�UROOLQJ�UHVLVWDQFH�PRPHQW�0\�

��7KURXJK�WKLV
D�UROOLQJ�UHVLVWDQFH�IRUFH�)U�� �0\�

�U�DULVHV�ZKLFK�QHFHVVDULO\�LV�DFFRPSDQLHG�E\
WDQJHQWLDO�GHIRUPDWLRQV��:H�PD\�DJUHH�WKDW�DW�WKH�LQVWDQW�RI�REVHUYDWLRQ��SRLQW
6��WKDW�OLHV�RQ�WKH�VOLS�FLUFOH�DQG�LV�DWWDFKHG�WR�WKH�ZKHHO�ULP��KDV�UHDFKHG�LWV
ORZHVW�SRVLWLRQ��WKDW�LV��RQ�WKH�OLQH�DORQJ�WKH�UDGLXV�YHFWRU�U��$W�IUHH�UROOLQJ��LWV
YHORFLW\�KDV�WKHQ�EHFRPH�HTXDO�WR�]HUR�DQG�SRLQW�6�KDV�EHFRPH�WKH�FHQWUH�RI
URWDWLRQ�RI�WKH�PRWLRQ�RI�WKH�ZKHHO�ULP��:H�KDYH�DW�IUHH�UROOLQJ�RQ�D�IODW�URDG�IRU
D�ZKHHO�LQ�XSULJKW�SRVLWLRQ�� � ����DQG�RU�ZLWKRXW�ZKHHO�\DZ�UDWH��

�
 �����FI�0

)LJ������D�YHORFLW\�RI�WKH�ZKHHO�FHQWUH�LQ�IRUZDUG��[�RU�
�
��GLUHFWLRQ�

�����

ZLWK� � GHQRWLQJ� WKH� VSHHG� RI� UHYROXWLRQ� RI� WKH� ZKHHO� ERG\� WR� EH� GHILQHG
KHUHDIWHU��%\�XVLQJ�WKLV�UHODWLRQVKLS��WKH�YDOXH�RI�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�FDQ
EH�DVVHVVHG� IURP�DQ�H[SHULPHQW��7KH� IRUZDUG�VSHHG�DQG� WKH�ZKHHO� VSHHG�RI
UHYROXWLRQ�DUH�ERWK�PHDVXUHG�ZKLOH�WKH�ZKHHO�D[OH�LV�PRYHG�DORQJ�D�VWUDLJKW�OLQH
RYHU�D�IODW�URDG��'LYLVLRQ�RI�ERWK�TXDQWLWLHV�OHDGV�WR�WKH�YDOXH�RI�UH��7KH�HIIHFWLYH
UROOLQJ�UDGLXV�ZLOO�EH�D�IXQFWLRQ�RI�WKH�QRUPDO�ORDG�DQG�WKH�VSHHG�RI�WUDYHO��:H
PD\�SRVVLEO\�KDYH�WR�WDNH�LQWR�DFFRXQW�WKH�GHSHQGHQF\�RQ�WKH�FDPEHU�DQJOH�DQG
WKH�VOLS�DQJOH���
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,I�DW�EUDNLQJ�RU�GULYLQJ�WKH�ORQJLWXGLQDO�VOLS�LV�QR�ORQJHU�]HUR��SRLQW�6�ZLOO
PRYH�ZLWK�D�ORQJLWXGLQDO�VOLS�VSHHG�9V[�ZKLFK�GLIIHUV�IURP�]HUR��:H�REYLRXVO\
REWDLQ�LI�DJDLQ

�
� ���0

���� �����

7KH�ORQJLWXGLQDO�VOLS��VRPHWLPHV�FDOOHG�WKH�VOLS�UDWLR��LV�GHQRWHG�E\� �
�
DQG�PD\

EH�WHQWDWLYHO\�GHILQHG�DV�WKH�UDWLR�RI�ORQJLWXGLQDO�VOLS�YHORFLW\��9V[�RI�SRLQW�6�DQG
WKH�IRUZDUG�VSHHG�RI�WKH�ZKHHO�FHQWUH�9[��

�����

RU�ZLWK�������

�����

7KLV�DJDLQ�KROGV�IRU�D�ZKHHO�RQ�D�IODW�URDG�DQG�ZLWK� � ����$�PRUH�JHQHUDO�DQG0

SUHFLVH�GHILQLWLRQ�RI� �
�
ZLOO�EH�JLYHQ�ODWHU�RQ��7KH�VLJQ�RI�WKH�ORQJLWXGLQDO�VOLS�

KDV�EHHQ�FKRVHQ�VXFK�WKDW�DW�GULYLQJ��ZKHQ�)[�
!

�
���� �

�
LV�SRVLWLYH�DQG�DW�EUDNLQJ�

ZKHQ�)[�
�

�
��� �LV�QHJDWLYH��:KHQ�WKH�ZKHHO�LV�ORFNHG�� � ����ZH�REYLRXVO\�KDYH

� �����,Q�WKH�OLWHUDWXUH��WKH�V\PERO�V��RU�6��LV�PRUH�FRPPRQO\�XVHG�WR�GHQRWH�WKH
VOLS�UDWLR�

7KH�DQJXODU�VSHHG�RI�UROOLQJ� U�PRUH�SUHFLVHO\�GHILQHG�IRU�WKH�FDVH�RI�PRYLQJ
RYHU�XQGXODWHG�URDG�VXUIDFHV��LV�WKH�WLPH�UDWH�RI�FKDQJH�RI�WKH�DQJOH�EHWZHHQ�WKH
UDGLXV�FRQQHFWLQJ�6�DQG�$��WKLV�UDGLXV�LV�WKRXJKW�WR�EH�DWWDFKHG�WR�WKH�ZKHHO��DQG
WKH�UDGLXV�

�
U�GHILQHG�LQ�)LJ������DOZD\V�O\LQJ�LQ�WKH�SODQH�QRUPDO�WR�WKH�URDG

WKURXJK�WKH�ZKHHO�VSLQ�D[LV���)LJXUH�����LOOXVWUDWHV�WKH�VLWXDWLRQ�
7KH� OLQHDU� VSHHG� RI� UROOLQJ�9U� LV� GHILQHG� DV� WKH� YHORFLW\� ZLWK� ZKLFK� DQ

LPDJLQDU\�SRLQW�&�WKDW�LV�SRVLWLRQHG�RQ�WKH�OLQH�DORQJ�WKH�UDGLXV�YHFWRU�U�DQG
FRLQFLGHV� ZLWK� SRLQW� 6� DW� WKH� LQVWDQW� RI� REVHUYDWLRQ�� PRYHV� IRUZDUG� �LQ� [
GLUHFWLRQ��ZLWK�UHVSHFW�WR�SRLQW�6�WKDW�LV�IL[HG�WR�WKH�ZKHHO�ULP�

���� �����

)RU�D�W\UH�IUHHO\�UROOLQJ�RYHU�D�IODW�URDG�ZH�KDYH�� U� � �DQG�ZLWK
�

� ���LQ0

DGGLWLRQ��9U� �9[��1RWH��WKDW�DW�ZKHHO�ORFN�� � ����WKH�DQJXODU�VSHHG�RI�UROOLQJ

U�LV�QRW�HTXDO�WR�]HUR�ZKHQ�WKH�ZKHHO�PRYHV�RYHU�D�URDG�ZLWK�D�FXUYHG�YHUWLFDO
SURILOH��WKHQ�QRW�DOZD\V�WKH�VDPH�SRLQW�RI�WKH�ZKHHO�LV�LQ�FRQWDFW�ZLWK�WKH�URDG��
)RU�D�FDPEHUHG�ZKHHO�VKRZLQJ�D�\DZ�UDWH� ��SXUH�UROOLQJ�FDQ�RFFXU�RQ�D�IODW0

URDG�HYHQ�ZKHQ�WKH�VSHHG�RI�WKH�ZKHHO�FHQWUH�9[� ����,Q�WKDW�FDVH�D�OLQHDU�VSHHG
RI�UROOLQJ�DULVHV�WKDW�LV�HTXDO�WR�9U� �

VLQ �DQG�FRQVHTXHQWO\�DQ�DQJXODU�VSHHGU
H
0
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)LJ��������5ROOLQJ�DQG�VOLSSLQJ�RI�D�W\UH�RYHU�DQ�XQGXODWHG�URDG�VXUIDFH�

RI�UROOLQJ� U� �
VLQ �0

,Q�WKH�QRUPDO�FDVH�RI�DQ�DSSUR[LPDWHO\�KRUL]RQWDO�URDG�VXUIDFH��WKH�ZKHHO
VSHHG�RI�UHYROXWLRQ� �PD\�EH�GHILQHG�DV�WKH�DQJXODU�VSHHG�RI�WKH�ZKHHO�ERG\
�ULP��VHHQ�ZLWK�UHVSHFW�WR�D�YHUWLFDO�SODQH�WKDW�SDVVHV�WKURXJK�WKH�ZKHHO�VSLQGOH
D[LV��2Q�D� IODW� OHYHO� URDG�� WKH�DQJXODU� VSHHG�RI� UROOLQJ� U� DQG� WKH�VSHHG�RI
UHYROXWLRQ�RI�WKH�ZKHHO� �DUH�HTXDO�WR�HDFK�RWKHU��7KH�DEVROXWH�VSHHG�RI�URWDWLRQ
RI�WKH�ZKHHO�DERXW�WKH�VSLQGOH�D[LV� �ZLOO�EH�GLIIHUHQW�IURP�� �ZKHQ�WKH�ZKHHO
LV�FDPEHUHG�DQG�D�\DZ�UDWH�RFFXUV�RI�WKH�SODQH�WKURXJK�WKH�VSLQGOH�D[LV�DQG
QRUPDO�WR�WKH�URDG�DERXW�WKH�QRUPDO�WR�WKH�URDG��7KHQ��FI��)LJ������

�
�����

7KLV�HTXDWLRQ�IRUPV�D�FRUUHFW�EDVLV�IRU�D�JHQHUDO�GHILQLWLRQ�RI� �DOVR�RQ�QRQ�
OHYHO�URDG�VXUIDFHV��,WV�FRPSXWDWLRQ�LV�VWUDLJKW�IRUZDUG��LI� �LV�DYDLODEOH�IURP
ZKHHO�G\QDPLFV�FDOFXODWLRQV�

7KH�ORQJLWXGLQDO�UXQQLQJ�VSHHG�9F

[�LV�GHILQHG�DV�WKH�ORQJLWXGLQDO�FRPSRQHQW

RI�WKH�YHORFLW\�RI�SURSDJDWLRQ�RI�WKH�LPDJLQDU\�SRLQW�&��RQ�UDGLXV�YHFWRU�U��LQ
WKH�GLUHFWLRQ�RI�WKH�[�D[LV��YHFWRU�O

�
���,Q�FDVH�WKH�ZKHHO�LV�PRYHG�LQ�VXFK�D�ZD\

WKDW�WKH�VDPH�SRLQW�UHPDLQV�LQ�FRQWDFW�ZLWK�WKH�URDG�ZH�ZRXOG�KDYH�9F

[� �9V[�

7KLV�FRUUHVSRQGV�WR�ZKHHO�ORFN�ZKHQ�WKH�URDG�LV�IODW�DQG�WKH�YHKLFOH�SLWFK�UDWH
LV�]HUR��)RU�D�IUHHO\�UROOLQJ�W\UH�WKH�ORQJLWXGLQDO�UXQQLQJ�VSHHG�HTXDOV�WKH�OLQHDU
VSHHG�RI�UROOLQJ��9F


[� �9U��2Q�D�IODW�URDG�DQG�DW�]HUR�FDPEHU�RU�]HUR�\DZ�UDWH�� 0

 ����ZH�REWDLQ�9F

[� �9[��7KH�JHQHUDO�GHILQLWLRQ�IRU�ORQJLWXGLQDO�VOLS�QRZ�UHDGV�

�����
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7KH�ODWHUDO�VOLS�LV�GHILQHG�DV�WKH�UDWLR�RI�WKH�ODWHUDO�YHORFLW\��9F\�RI�WKH�FRQWDFW
FHQWUH�&�DQG�WKH�ORQJLWXGLQDO�UXQQLQJ�VSHHG�9F


[���:H�KDYH�LQ�WHUPV�RI�WKH�VOLS

DQJOH� ��

�����

ZKLFK�IRU�D�ZKHHO��QRW�VKRZLQJ�FDPEHU�UDWH� �QRU�UDGLDO�GHIOHFWLRQ�UDWH� �DQG0 0

\DZ�UDWH� �DW�QRQ�]HUR�FDPEHU�DQJOH� ��ZKHQ�UXQQLQJ�RQ�D�IODW�URDG�UHGXFHV�WR0

WKH�UDWLR�RI�ODWHUDO�DQG�IRUZDUG�VSHHG�RI�WKH�ZKHHO�FHQWUH�

������

,Q�SUDFWLFH��SRLQWV�&�DQG�&�OLH�FORVHO\�WRJHWKHU�DQG�PDNLQJ�GLVWLQFWLRQ�EHWZHHQ
WKH� ORQJLWXGLQDO� RU� WKH� ODWHUDO� YHORFLWLHV� RI� WKHVH� SRLQWV� LV� RQO\� RI� DFDGHPLF
LQWHUHVW�DQG�PD\�EH�QHJOHFWHG��,QVWHDG�RI�9F


[�LQ�WKH�GHQRPLQDWRU�ZH�PD\�ZULWH�9F[

DQG� LI�ZH�ZLVK�� LQVWHDG�RI�9F\� LQ� WKH�QXPHUDWRU� WKH� ODWHUDO� VSHHG�RI�SRLQW�6
�SDUDOOHO�WR�URDG�SODQH��ZKLFK�LV�9V\��7KLV�PD\�HYHQ�EH�D�EHWWHU�FKRLFH�LI�ODUJH
YDOXHV�RI�FDPEHU�DUH�FRQVLGHUHG�ZKLOH�D�YHUWLFDO�W\UH�GHIOHFWLRQ�UDWH�RFFXUV��7KH
GHILQLWLRQV�RI�WKH�VOLS�FRPSRQHQWV�WKHQ�UHGXFH�WR�

������

������

7KH�VOLS�YHORFLWLHV�9V[�DQG�9V\�IRUP�WKH�FRPSRQHQWV�RI�WKH�VOLS�VSHHG�YHFWRU�9V

DQG� ��DQG�WDQ ��WKH�FRPSRQHQWV�RI�WKH�VOLS�YHFWRU�VV��:H�KDYH�

������

DQG

������

7KH�
VSLQ
�VOLS�n�LV�GHILQHG�DV�WKH�FRPSRQHQW�� ]�RI�WKH�DEVROXWH�VSHHG�RI�URWDWLRQ
YHFWRU� ��RI�WKH�ZKHHO�ERG\�DORQJ�WKH�QRUPDO�WR�WKH�URDG�SODQH�Q�GLYLGHG�E\�WKH
IRUZDUG�UXQQLQJ�VSHHG��:H�REWDLQ�WKH�H[SUHVVLRQ�LQ�WHUPV�RI�\DZ�UDWH� �DQG0

FDPEHU�DQJOH� ��FI��)LJ������
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)LJ��������5RWDWLRQDO�VOLS�UHVXOWLQJ�IURP�SDWK�FXUYDWXUH�DQG�ZKHHO�FDPEHU��VOLS�DQJOH� ����
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7KH�PLQXV�VLJQ�LV�LQWURGXFHG�DJDLQ�WR�UHPDLQ�FRQVLVWHQW�ZLWK�WKH�GHILQLWLRQV�RI
ORQJLWXGLQDO�DQG�ODWHUDO�VOLS���������������7KHQ��ZH�ZLOO�KDYH�DV�D�UHVXOW�RI�D
SRVLWLYH�n�D�SRVLWLYH�PRPHQW�0]���,W�WXUQV�RXW�WKDW�WKHQ�DOVR�WKH�UHVXOWLQJ�VLGH
IRUFH�)\�LV�SRVLWLYH��7KH�\DZ�UDWH� �LV�GHILQHG�DV�WKH�VSHHG�RI�URWDWLRQ�RI�WKH�OLQH0

RI�LQWHUVHFWLRQ��XQLW�YHFWRU�O��DERXW�WKH�]�D[LV�QRUPDO�WR�WKH�URDG��FI��)LJ�������,I
VLGH�VOLS�GRHV�QRW�RFFXU�� �/����DQG�WKH�ZKHHO�PRYHV�RYHU�D�IODW�URDG��HTXDWLRQ
�������PD\�EH�ZULWWHQ�DV

������

:KHQ�WKH�W\UH�UROOV�IUHHO\��WKHQ�9V[ ����9F

[� �9U��ZH�REYLRXVO\�REWDLQ�

������

ZLWK���5�GHQRWLQJ�WKH�PRPHQWDU\�FXUYDWXUH�RI�WKH�SDWK�RI�&�RU�DSSUR[LPDWHO\
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LI LV FRQVWDQW

RI�WKH�FRQWDFW�FHQWUH�&�
)RU�D�W\UH�ZH�VKDOO�GLVWLQJXLVK�EHWZHHQ�VSLQ�GXH�WR�SDWK�FXUYDWXUH�DQG�VSLQ

GXH�WR�ZKHHO�FDPEHU��)RU�D�KRPRJHQHRXV�EDOO�WKH�HIIHFW�RI�ERWK�LQSXW�TXDQWLWLHV
LV�WKH�VDPH��)RU�IXUWKHU�XVH�ZH�GHILQH�WXUQ�VOLS�DV

�����������

:KHHO�FDPEHU�RU�ZKHHO�LQFOLQDWLRQ�DQJOH� �LV�GHILQHG�DV�WKH�DQJOH�EHWZHHQ�WKH
ZKHHO�FHQWUH�SODQH�DQG�WKH�QRUPDO�WR�WKH�URDG��:LWK�)LJ�����ZH�ILQG�

������

RU�RQ�OHYHO�URDGV�

������

ZKHUH�V]�UHSUHVHQWV�WKH�YHUWLFDO�FRPSRQHQW�RI�WKH�XQLW�YHFWRU�V�DORQJ�WKH�ZKHHO
VSLQ�D[LV�

������$VVHVVPHQW�RI�7\UH�,QSXW�0RWLRQ�&RPSRQHQWV

7KH�ORFDWLRQ�RI�WKH�FRQWDFW�FHQWUH�&�DQG�WKH�PDJQLWXGH�RI�WKH�ZKHHO�UDGLXV�U
UHVXOW�IURP�WKH�URDG�JHRPHWU\�DQG�WKH�SRVLWLRQ�RI�WKH�ZKHHO�D[OH��:H�FRQVLGHU�WKH
DSSUR[LPDWH�DVVXPSWLRQ�WKDW�WKH�URDG�SODQH�LV�GHILQHG�E\�WKH�SODQH�WRXFKLQJ�WKH
VXUIDFH�DW�SRLQW�4�ORFDWHG�YHUWLFDOO\�EHORZ�WKH�ZKHHO�FHQWUH�$��7KH�SRVLWLRQ�RI
SRLQW�4�ZLWK�UHVSHFW�WR�WKH�LQHUWLDO�IUDPH��2R��[R��\R��]R��LV�JLYHQ�E\�YHFWRU�T��7KH
QRUPDO�WR�WKH�URDG�SODQH�LV�GHILQHG�E\�XQLW�YHFWRU�Q��7KH�ORFDWLRQ�RI�D�UHIHUHQFH
SRLQW�%�RI�WKH�YHKLFOH�LV�GHILQHG�E\�YHFWRU�E�DQG�WKH�ORFDWLRQ�RI�WKH�ZKHHO�FHQWUH
$�E\�E���D��FI��)LJ�������7KH�RULHQWDWLRQ�RI�WKH�ZKHHO�VSLQ�D[LV�LV�JLYHQ�E\�XQLW
YHFWRU�V�DQG�WKH�ORFDWLRQ�RI�WKH�FRQWDFW�FHQWUH�&�E\

������

ZKHUH� U� LV� VWLOO� WR� EH� GHWHUPLQHG�� 7KH� H[SUHVVLRQ� IRU� U� LV� GHULYHG� IURP� WKH
HTXDWLRQV�

������

ZLWK
������

�ZLWK� �UHVXOWLQJ�IURP�WKH�FRQGLWLRQ�WKDW�*O�*� ����DQG�ZLWK��������LQ�RUGHU�WR
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REWDLQ�WKH�PDJQLWXGH�RI�WKH�ORDGHG�UDGLXV�U�

�� �������

ZKLFK�LQGLFDWHV�WKDW�FRQWDFW�SRLQW�&�DQG�URDG�SRLQW�4� OLH�RQ�WKH�VDPH�SODQH
SHUSHQGLFXODU�WR�Q��2Q�IODW�OHYHO�URDGV�WKH�DERYH�HTXDWLRQV�EHFRPH�D�ORW�VLPSOHU
VLQFH�LQ�WKDW�FDVH�Q7� ������������DQG�WKH�]�FRPSRQHQWV�RI�F�DQG�T�EHFRPH�]HUR�

7KH�UDGLDO�W\UH�GHIOHFWLRQ� �LV�QRZ�UHDGLO\�REWDLQHG�IURP

������

ZLWK�UI��WKH�IUHH�XQORDGHG�UDGLXV��)RU�D�JLYHQ�W\UH�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�UH
LV�D�IXQFWLRQ�RI�DPRQJVW�RWKHU�WKLQJV�WKH�XQORDGHG�UDGLXV��WKH�UDGLDO�GHIOHFWLRQ�
WKH�FDPEHU�DQJOH�DQG�WKH�VSHHG�RI�WUDYHO�

7KH�YHFWRU�IRU�WKH�VSHHG�RI�SURSDJDWLRQ�RI�WKH�FRQWDFW�FHQWUH�9F�UHSUHVHQWLQJ
WKH�PDJQLWXGH�DQG�GLUHFWLRQ�RI�WKH�YHORFLW\�ZLWK�ZKLFK�SRLQW�&�PRYHV�RYHU�WKH
URDG�VXUIDFH��LV�REWDLQHG�E\�GLIIHUHQWLDWLRQ�ZLWK�UHVSHFW�WR�WLPH�RI�SRVLWLRQ�YHFWRU
F��������

������

:LWK� 9� WKH� YHORFLW\� YHFWRU� RI� WKH� ZKHHO� FHQWUH� $� �)LJ������� 7KH� VSHHG� RI
SURSDJDWLRQ�RI�SRLQW�&�UHSUHVHQWHG�E\�WKH�YHFWRU�9F

�EHFRPHV��FI��)LJ�����DQG
DVVXPH�UH��U�FRQVWDQW��

������

7KH�YHORFLW\�YHFWRU�RI�SRLQW�6�WKDW�LV�IL[HG�WR�WKH�ZKHHO�ERG\�UHVXOWV�IURP�

������

ZLWK� �EHLQJ� WKH� WKH� DQJXODU�YHORFLW\�RI� WKH�ZKHHO�ERG\�ZLWK� UHVSHFW� WR� WKH
LQHUWLDO�IUDPH��2Q�WKH�RWKHU�KDQG��WKLV�YHORFLW\�LV�HTXDO�WR�WKH�VSHHG�RI�SRLQW�&

PLQXV�WKH�OLQHDU�VSHHG�RI�UROOLQJ

������

IURP�ZKLFK�9U�IROORZV�

������

RU

������

7KH�OLQHDU�VSHHG�RI�UROOLQJ�LV�DFFRUGLQJ�WR�������UHODWHG�WR�WKH�DQJXODU�VSHHG�RI
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2I�FRXUVH��RQ�IODW�URDGV� U� � �ZKLFK�LV�WKH�ZKHHO�VSHHG�RI�UHYROXWLRQ�DQG�PD\
EH�GLUHFWO\�FDOFXODWHG�E\�XVLQJ�WKH�UHODWLRQVKLS��������

7KH�ODWHUDO�VOLS�VSHHG�9F\�LV�REWDLQHG�E\�WDNLQJ�WKH�ODWHUDO�FRPSRQHQW�RI�9F

�������

������

ZLWK

������

7KH�ODWHUDO�VOLS�WDQ �UHDGV�

������

7KH�ORQJLWXGLQDO�VOLS�VSHHG�9V[�LV�REWDLQHG�LQ�D�VLPLODU�ZD\�

�������

7KH�ORQJLWXGLQDO�VOLS� �QRZ�EHFRPHV�

������

7KH�WXUQ�VOLS�DFFRUGLQJ�WR�GHILQLWLRQ��������LV�GHULYHG�DV�IROORZV

������

ZLWK�LQ�WKH�QXPHUDWRU�WKH�WLPH�GHULYDWLYH�RI�WKH�XQLW�YHFWRU�O��7KH�ZKHHO�FDPEHU
DQJOH�LV�REWDLQHG�DV�LQGLFDWHG�EHIRUH�

������

([HUFLVH�������6OLS�DQG�UROOLQJ�VSHHG�RI�D�ZKHHO�VWHHUHG�DERXW�D�YHUWLFDO�D[LV

7KH�YHKLFOH�GHSLFWHG�LQ�)LJ�����UXQV�RYHU�D�IODW�OHYHO�URDG��7KH�UHDU�IUDPH�PRYHV�ZLWK
YHORFLWLHV�X��Y�DQG�U�ZLWK�UHVSHFW�WR�DQ�LQHUWLDO�WULDG��FKRRVH��2R��[R��\R��]R��ZKLFK�DW�WKH
LQVWDQW�FRQVLGHUHG�LV�SRVLWLRQHG�SDUDOOHO�WR�WKH�PRYLQJ�WULDG��%��[��\��]��DWWDFKHG�WR�WKH
UHDU�IUDPH���7KH�IURQW��IUDPH�FDQ�EH�WXUQHG�ZLWK�D�UDWH����� 

�
G

�
�G

�
W

�
��ZLWK�UHVSHFW�WR�WKH0

UHDU�IUDPH��$W�WKH�LQVWDQW�FRQVLGHUHG�WKH�IURQW�IUDPH�LV�VWHHUHG�RYHU�DQ�DQJOH� ��
,W�LV�DVVXPHG�WKDW�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�LV�HTXDO�WR�WKH�ORDGHG�UDGLXV��UH� �U�
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)LJ������� 6LGH�YLHZ�RI�IURQW�SDUW�RI�YHKLFOH��PRWRUF\FOH��ZLWK�ZKHHO�WXUQHG�RYHU�DQJOH� �DERXW
VWHHU�D[LV��D���([HUFLVH������

&� �&����7KH�ORQJLWXGLQDO�VOLS�DW�WKH�IURQW�ZKHHOV�LV�DVVXPHG�WR�EH�HTXDO�WR�]HUR��9V[

 ����
'HULYH�H[SUHVVLRQV�IRU�WKH�ODWHUDO�VOLS�VSHHG�9F\��WKH�OLQHDU�VSHHG�RI�UROOLQJ�9U�DQG

WKH�ODWHUDO�VOLS�WDQ �IRU�WKH�ULJKW�IURQW�ZKHHO��

([HUFLVH����� 6OLS�DQG�UROOLQJ�VSHHG�RI�D�ZKHHO�VWHHUHG�DERXW�DQ�LQFOLQHG�D[LV
�PRWRUF\FOH�

7KH�ZKHHO�VKRZQ�LQ�)LJ�����UXQV�RYHU�D�IODW�OHYHO�URDG�VXUIDFH��,WV�FHQWUH�$�PRYHV
DORQJ�D�KRUL]RQWDO�VWUDLJKW�OLQH�DW�D�KHLJKW�+�ZLWK�D�VSHHG�X��7KH�UDNH�DQJOH�g�LV�����
7KH�VWHHU�D[LV�%$��YHFWRU�D���WUDQVODWHV�ZLWK�WKH�VDPH�VSHHG�X��7KHUH�LV�QR�ZKHHO�VOLS
LQ�ORQJLWXGLQDO�GLUHFWLRQ��9V[� �����$JDLQ�ZH�DVVXPH�UH� �U��)RU�WKH�VDNH�RI�VLPSOLI\LQJ
WKH�FRPSOH[�SUREOHP��LW�LV�DVVXPHG�WKDW�WKH�ZKHHO�FHQWUH�KHLJKW�+�LV�D�JLYHQ�FRQVWDQW�
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'HULYH�H[SUHVVLRQV�IRU�WKH�ODWHUDO�VOLS�VSHHG�9F\��WKH�OLQHDU�VSHHG�RI�UROOLQJ�9U�DQG
WKH�WXUQ�VOLS�VSHHG� �LQ�WHUPV�RI�+��X�DQG� �IRU� � ���������DQG������$OVR�VKRZ�WKH0

0

H[SUHVVLRQV� IRU� WKH� VOLS� DQJOH� �� WKH� FDPEHU� DQJOH� � DQG� WKH� VSLQ� VOLS� n� ZLWK
FRQWULEXWLRQV�ERWK�IURP�WXUQLQJ�DQG�FDPEHU��1RWH��WKDW�LQ�UHDOLW\�KHLJKW�+�GHSHQGV�RQ�
DQG�FKDQJHV�GXH�WR� �0

�����)XQGDPHQWDO�'LIIHUHQWLDO�(TXDWLRQV�IRU�
D�5ROOLQJ�DQG�6OLSSLQJ�%RG\

$�ZKHHO�ZLWK�W\UH�WKDW�UROOV�RYHU�D�VPRRWK�OHYHO�VXUIDFH�DQG�DW�WKH�VDPH�WLPH
SHUIRUPV� ORQJLWXGLQDO� DQG� ODWHUDO� VOLSSLQJ� PRWLRQV�� ZLOO� GHYHORS� KRUL]RQWDO
GHIRUPDWLRQV�DV�D�UHVXOW�RI�WKH�SUHVHQFH�RI�IULFWLRQDO�IRUFHV�ZKLFK�DWWHPSW�WR
SUHYHQW�WKH�W\UH�SDUWLFOHV��WKDW�KDYH�HQWHUHG�WKH�FRQWDFW�DUHD��IURP�VOLGLQJ�RYHU
WKH�URDG��%HVLGHV�DUHDV�RI�DGKHVLRQ��DUHDV�RI�VOLGLQJ�PD\�RFFXU�LQ�WKH�FRQWDFW
SDWFK��7KH�ODWWHU�FRQGLWLRQ�ZLOO�DULVH�ZKHQ�WKH�GHIOHFWLRQ�JHQHUDWHG�LQ�WKH�UDQJH
RI�DGKHVLRQ�ZRXOG�KDYH�EHFRPH� WRR� ODUJH� WR�EH�PDLQWDLQHG�E\� WKH�DYDLODEOH
IULFWLRQDO�IRUFHV��,Q�WKH�IROORZLQJ��D�VHW�RI�SDUWLDO�GLIIHUHQWLDO�HTXDWLRQV�ZLOO�EH
GHULYHG� WKDW� JRYHUQV� WKH� KRUL]RQWDO� W\UH� GHIOHFWLRQV� LQ� WKH� FRQWDFW� DUHD� LQ
FRQQHFWLRQ�ZLWK�SRVVLEO\�RFFXUULQJ�YHORFLWLHV�RI�VOLGLQJ�RI�WKH�W\UH�SDUWLFOHV��)RU
D�JLYHQ�SK\VLFDO�VWUXFWXUH�RI�WKH�W\UH��WKHVH�HTXDWLRQV�FDQ�EH�XVHG�WR�GHYHORS�WKH
FRPSOHWH� PDWKHPDWLFDO� GHVFULSWLRQ� RI� W\UH� PRGHO� EHKDYLRXU� DV� ZLOO� EH
GHPRQVWUDWHG�LQ�VXEVHTXHQW�FKDSWHUV�

&RQVLGHU�D�URWDWLRQDOO\�V\PPHWULF�HODVWLF�ERG\�UHSUHVHQWLQJ�D�ZKHHO�DQG�W\UH
UROOLQJ�RYHU�D�VPRRWK�KRUL]RQWDO�ULJLG�VXUIDFH�UHSUHVHQWLQJ�WKH�URDG��$V�LQGLFDWHG
LQ�)LJ�����D�V\VWHP�RI�D[HV��2E��[E��\E��]E��LV�DVVXPHG�WR�EH�IL[HG�WR�WKH�URDG�
7KH�[E�DQG�\E�D[HV�OLH�LQ�WKH�URDG�VXUIDFH�DQG�WKH�]E�D[LV�SRLQWV�GRZQZDUGV�
$QRWKHU�FRRUGLQDWH�V\VWHP��&��[��\��]��LV�LQWURGXFHG�RI�ZKLFK�WKH�D[HV�[�DQG�\�OLH
LQ�WKH��[E��2E��\E��SODQH�DQG�]�SRLQWV�GRZQZDUGV��7KH�[�D[LV�LV�GHILQHG�WR�OLH�LQ
WKH�ZKHHO�FHQWUH�SODQH�DQG�WKH�\�D[LV�IRUPV�WKH�YHUWLFDO�SURMHFWLRQ�RI�WKH�ZKHHO
VSLQGOH�D[LV��7KH�RULJLQ�&�ZKLFK� LV� WKH� VR�FDOOHG�FRQWDFW�FHQWUH�RU��SHUKDSV
EHWWHU��WKH�SRLQW�RI�LQWHUVHFWLRQ��WUDYHOV�ZLWK�DQ�DVVXPHGO\�FRQVWDQW�VSHHG�9F�RYHU
WKH���[E��2E��\E��SODQH��7KH�WUDYHOOHG�GLVWDQFH�V�LV

������

ZKHUH�W�GHQRWHV�WKH�WLPH��7KH�WDQJHQW�WR�WKH�RUELW�RI�&�PDNHV�DQ�DQJOH� �ZLWK�WKH
IL[HG�[E�D[LV��:LWK�UHVSHFW�WR�WKLV�WDQJHQW�WKH�[�D[LV�LV�URWDWHG�RYHU�DQ�DQJOH� �
GHILQHG�DV�WKH�VOLS�DQJOH��7KH�DQJXODU�GHYLDWLRQ�RI�WKH�[�D[LV�ZLWK�UHVSHFW�WR�WKH
[E�D[LV��WKDW�LV�WKH�\DZ�DQJOH��EHFRPHV
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)LJ������ 7RS�YLHZ�RI�W\UH�FRQWDFW�DUHD�VKRZLQJ�LWV�SRVLWLRQ�ZLWK�UHVSHFW�WR�WKH�V\VWHP�RI�D[HV
�2R��[R��\R��]R��IL[HG�WR�WKH�URDG�DQG�LWV�GHIRUPDWLRQV��X��Y��ZLWK�UHVSHFW�WR�WKH�PRYLQJ
WULDG��&��[��\��]��

������ ������' %

)RU�WKH�DQJOH� �WKH�IROORZLQJ�UHODWLRQ�ZLWK�\E��WKH�ODWHUDO�GLVSODFHPHQW�RI�
&��KROGV

������

$V�D�UHVXOW�RI�IULFWLRQ��KRUL]RQWDO�GHIRUPDWLRQV�PD\�RFFXU�LQ�WKH�FRQWDFW�SDWFK�
7KH�FRUUHVSRQGLQJ�GLVSODFHPHQWV�RI�D�FRQWDFW�SRLQW�ZLWK�UHVSHFW�WR�WKH�SRVLWLRQ
WKLV�PDWHULDO�SRLQW�ZRXOG�KDYH�LQ�WKH�KRUL]RQWDOO\�XQGLVWXUEHG�VWDWH��GHILQHG�WR
RFFXU�ZKHQ� UROOLQJ� RQ� D� IULFWLRQOHVV� VXUIDFH��� ZLWK� FRRUGLQDWHV� �[R�� \R��� DUH
LQGLFDWHG�E\�X�DQG�Y�LQ�[�DQG�\�GLUHFWLRQ�UHVSHFWLYHO\��7KHVH�GLVSODFHPHQWV�DUH
IXQFWLRQV�RI�FRRUGLQDWHV�[�DQG�\�DQG�RI�WKH�WUDYHOOHG�GLVWDQFH�V�RU�WKH�WLPH�W�

7KH�SRVLWLRQ�LQ�VSDFH�RI�D�PDWHULDO�SRLQW�RI�WKH�UROOLQJ�DQG�VOLSSLQJ�ERG\�LQ
FRQWDFW�ZLWK�WKH�URDG��FI��)LJ������LV�LQGLFDWHG�E\�WKH�YHFWRU



��%$6,&�7<5(�02'(//,1*�&216,'(5$7,216

S ' F % T

T ' �[
R
%X�H

[
% �\

R
%Y�H

\

9
J
' 0S' 0F% 0T'9

F
% � 0[

R
% 0X�H

[
%� 0\

R
% 0Y�H

\
% 0 ^�[

R
%X�H

\
&�\

R
%Y�H

[
`

0[ '
G[

G W
' &U

R
�\� @

0\ '
G\

G W
' &[ VLQ @

�������

ZKHUH�F�LQGLFDWHV�WKH�SRVLWLRQ�RI�WKH�FRQWDFW�FHQWUH�&�LQ�VSDFH�DQG�T�WKH�SRVLWLRQ
RI�WKH�PDWHULDO�SRLQW�ZLWK�UHVSHFW�WR�WKH�FRQWDFW�FHQWUH��:H�KDYH�IRU�WKH�ODWWHU
YHFWRU�

����������

ZLWK�H[�� �O���DQG�H\�� �W���UHSUHVHQWLQJ�WKH�XQLW�YHFWRUV�LQ�[�DQG�\�GLUHFWLRQV��7KH
YHFWRU�RI�WKH�VOLGLQJ�YHORFLW\�RI�WKH�PDWHULDO�SRLQW�UHODWLYH�WR�WKH�URDG�REYLRXVO\
EHFRPHV�

������

ZKHUH�9F� � �GHQRWHV�WKH�YHFWRU�RI�WKH�VSHHG�RI�SURSDJDWLRQ�RI�FRQWDFW�FHQWUH�&�0F

7KH�FRRUGLQDWHV�[R�DQG�\R�RI�WKH�PDWHULDO�FRQWDFW�SRLQW�RI�WKH�KRUL]RQWDOO\
XQGLVWXUEHG�W\UH��]HUR�IULFWLRQ��ZLOO�FKDQJH�GXH�WR�UROOLQJ��7KHQ��WKH�SRLQW�ZLOO
PRYH�WKURXJK�WKH�FRQWDFW�DUHD�IURP�WKH�OHDGLQJ�HGJH�WR�WKH�WUDLOLQJ�HGJH��,Q�WKH
JHQHUDO�FDVH��H�J��RI�DQ�HODVWLF�EDOO�UROOLQJ�RYHU�WKH�JURXQG��ZH�PD\�KDYH�UROOLQJ
ERWK�LQ�WKH�IRUZDUG�DQG�ODWHUDO�GLUHFWLRQV��7KHQ��ERWK�FRRUGLQDWHV�RI�WKH�PDWHULDO
SRLQW�ZLOO�FKDQJH�ZLWK�WLPH��,Q�WKH�SUHVHQW�DQDO\VLV�RI�WKH�UROOLQJ�ZKHHO�ZH�ZLOO
GLVUHJDUG�WKH�SRVVLELOLW\�RI�VLGHZD\V�UROOLQJ��

7R�DVVHVV�WKH�YDULDWLRQ�RI�WKH�FRRUGLQDWHV�RI�WKH�SRLQW�RQ�WKH�]HUR�IULFWLRQ
VXUIDFH�OHW�XV�ILUVW�FRQVLGHU�DQ�LPDJLQDU\�URDG�VXUIDFH�WKDW�LV�LQ�WKH�VDPH�SRVLWLRQ
DV�WKH�DFWXDO�VXUIDFH�EXW�GRHV�QRW�WUDQVPLW�IRUFHV�WR�WKH�ZKHHO��7KHQ��WKH�W\UH
SHQHWUDWHV� WKH� LPDJLQDU\� VXUIDFH� ZLWKRXW� GHIRUPDWLRQ�� :KHQ� WKH� JHQHUDO
VLWXDWLRQ�LV�FRQVLGHUHG�RI�D�ZKHHO�VSLQ�D[LV�WKDW�LV�LQFOLQHG�ZLWK�UHVSHFW�WR�WKH
LPDJLQDU\�URDG�VXUIDFH��L�H��UROOLQJ�DW�D�FDPEHU�DQJOH� ��WKH�FRRUGLQDWHV�[�DQG�\
RI�WKH�PDWHULDO�SRLQW�FKDQJH�ZLWK�WLPH�DV�IROORZV�

�

������

,I� �WKH�HIIHFW�RI�WKH�WLPH�UDWH�RI�FKDQJH�RI�WKH�FDPEHU�DQJOH��ZKHHOòD_0 _ © U
R
_ _

SODQH�URWDWLRQ�DERXW�WKH�[�D[LV��RQ�WKH�SDUWLDO�GHULYDWLYH�M\�MW�DQG�WKXV�RQ�
�
PD\0\

EH�QHJOHFWHG��7KLV�HIIHFW�LV�GLUHFWO\�FRQQHFWHG�ZLWK�WKH�VPDOO�LQVWDQWDQHRXV�RU�VR�
FDOOHG�QRQ�ODJJLQJ�UHVSRQVH�WR�FDPEHU�FKDQJHV��6LPLODU�LQVWDQWDQHRXV�UHVSRQVHV
PD\�RFFXU�DV�D�UHVXOW�RI�QRUPDO�ORDG�FKDQJHV�ZKHQ�WKH�W\UH�VKRZV�FRQLFLW\�RU
SO\�VWHHU��7KH� WHUPV�DVVRFLDWHG�ZLWK�M\�MW�KDYH�EHHQ�QHJOHFWHG� LQ� WKH�DERYH
HTXDWLRQ�DQG�UHODWHG�QHJOHFWLRQV�ZLOO�EH�SHUIRUPHG�LQ�VXEVHTXHQW�IRUPXODH�IRU

�0\
R
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7KH�UDGLXV�RI�WKH�RXWHU�VXUIDFH�LQ�WKH�XQGHIRUPHG�VWDWH�UR�PD\�GHSHQG�RQ�WKH
ODWHUDO�FRRUGLQDWH�\��,I�WKH�UROOLQJ�ERG\�VKRZV�D�WRXFKLQJ�VXUIDFH�WKDW�LV�DOUHDG\
SDUDOOHO�WR�WKH�URDG�EHIRUH�LW�LV�GHIRUPHG��ZH�ZRXOG�KDYH�LQ�WKH�QHLJKERXUKRRG
RI�WKH�FHQWUH�RI�FRQWDFW��UR�\�� �

UR������\�VLQ ��,Q�FDVH�RI�D�FDPEHUHG�FDU�W\UH�D
GLVWRUWLRQ�RI�EHOW�DQG�FDUFDVV�LV�QHHGHG�WR�HVWDEOLVK�FRQWDFW�RYHU�D�ILQLWH�DUHD�ZLWK
WKH�JURXQG��7KH�VKDSH�RI�WKH�W\UH�FURVV�VHFWLRQ�LQ�WKH�XQGHIRUPHG�VWDWH�JRYHUQV
WKH�GHSHQGHQF\�RI�WKH�IUHH�UDGLXV�ZLWK�WKH�GLVWDQFH�WR�WKH�ZKHHO�FHQWUH�SODQH��

,Q� )LJ������ DQ� H[DPSOH� LV� JLYHQ� RI� WZR� GLIIHUHQW� FDVHV�� 7KH� XSSHU� SDUW
FRUUHVSRQGV�WR�D�UHDU�YLHZ�DQG�WKH�ORZHU�RQH�WR�D�SODQ�YLHZ�RI�D�PRWRUF\FOH�W\UH
DQG�RI�D�FDU�W\UH�SUHVVHG�DJDLQVW�DQ�DVVXPHGO\�IULFWLRQOHVV�VXUIDFH���� �����,W�PD\
EH�QRWHG�WKDW�LQ�FDVH�RI�D�ODUJH�FDPEHU�DQJOH�OLNH�ZLWK�WKH�PRWRUF\FOH�W\UH��RQH
PLJKW�GHFLGH�WR�UHGHILQH�WKH�SRVLWLRQ�RI�WKH�[�DQG��]�D[HV��7KH�FRQWDFW�OLQH�ZKLFK
LV�WKH�SDUW�RI�WKH�SHULSKHUDO�OLQH�WKDW�WRXFKHV�WKH�URDG�VXUIDFH�KDV�EHHQ�LQGLFDWHG
LQ�WKH�ILJXUH��

:KHQ� WKH� W\UH� LV� ORDGHG� DJDLQVW� DQ� DVVXPHGO\� IULFWLRQOHVV� ULJLG� VXUIDFH�
GHIRUPDWLRQV� RI� WKH� W\UH� ZLOO� RFFXU�� 7KHVH� ZLOO� EH� GXH� WR�� ���� ODWHUDO� DQG
ORQJLWXGLQDO�FRPSUHVVLRQ�LQ�WKH�FRQWDFW�UHJLRQ������D�SRVVLEO\�QRW�TXLWH�V\P�
PHWULF�VWUXFWXUH�RI�WKH�W\UH�UHVXOWLQJ�LQ�HIIHFWV�NQRZQ�DV�SO\�VWHHU�DQG�FRQLFLW\
DQG�����ORDGLQJ�DW�D�FDPEHU�DQJOH�ZKLFK�ZLOO�UHVXOW�LQ�GLVWRUWLRQ�RI�WKH�FDUFDVV
DQG�EHOW��7KH�GHIRUPDWLRQV�RFFXUULQJ�LQ�WKH�FRQWDFW�SODQH�ZLOO�EH�GHQRWHG�ZLWK
XR� DQG�YR��:H�ZLOO� LQWURGXFH� WKH� IXQFWLRQV� [�\�[�� \�� UHSUHVHQWLQJ� WKH� SDUWLDO
GHULYDWLYHV�RI�WKHVH�QRUPDO�ORDG�LQGXFHG�ORQJLWXGLQDO�DQG�ODWHUDO�GHIRUPDWLRQV
ZLWK�UHVSHFW�WR�[��:H�KDYH�

�����DQG������ ������
[
�[�\�'

MX
R

M[ \
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MY
R

M[
7KHVH�IXQFWLRQV�GHSHQG�RQ�WKH�YHUWLFDO�ORDG�DQG�RQ�WKH�FDPEHU�DQJOH��

,I�WKH�W\UH�LV�FRQVLGHUHG�WR�UROO�RQ�D�IULFWLRQOHVV�IODW�VXUIDFH�DW�D�FDPEHU�DQJOH
RU�ZLWK�QRQ�]HUR�

�
¶V���ODWHUDO�DQG�ORQJLWXGLQDO�VOLGLQJ�RI�WKH�FRQWDFW�SRLQWV�ZLOO

RFFXU�HYHQ�ZKHQ�WKH�ZKHHO�GRHV�QRW�H[KLELW�ODWHUDO��ORQJLWXGLQDO�RU�WXUQ�VOLS�
6LQFH�KRUL]RQWDO�IRUFHV�GR�QRW�RFFXU�LQ�WKLV�LPDJLQDU\�FDVH��X�DQG�Y�DUH�GHILQHG
WR�EH�]HUR��7KH�FRRUGLQDWHV�ZLWK�UHVSHFW�RI�WKH�PRYLQJ�D[HV�V\VWHP��&��[��\��]�
RI� WKH� FRQWDFW� SRLQW� VOLGLQJ� RYHU� WKH� K\SRWKHWLFDO� IULFWLRQOHVV� VXUIDFH� ZHUH
GHQRWHG�DV�[R�DQG�\R��7KH�WLPH�UDWHV�RI�FKDQJH�RI�[R�DQG�\R�GHSHQG�RQ�WKH�SRVLWLRQ
LQ�WKH�FRQWDFW�SDWFK��RQ�WKH�VSHHG�RI�UROOLQJ�� �DQG�RQ�WKH�FDPEHU�DQJOH� ��:H
ILQG�DIWHU�GLVUHJDUGLQJ�WKH�HIIHFW�RI�M\R�MW�
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)RU�KRPRJHQHRXV�UROOLQJ�ERGLHV��H�J��D�UDLOZD\�ZKHHO�RU�D�UXEEHU�EDOO��ZLWK
FRXQWHU�VXUIDFHV�DOUHDG\�SDUDOOHO�EHIRUH�WRXFKLQJ��WRUVLRQ�DERXW�WKH�ORQJLWXGLQDO
D[LV�DQG� ODWHUDO�EHQGLQJ�GR�QRW�RFFXU��SO\�VWHHU�DQG�FRQLFLW\�DUH�DEVHQW�DQG
KRUL]RQWDO�FRPSUHVVLRQ�PD\�EH�QHJOHFWHG�� �¶V�YDQLVK���0RUHRYHU��ZH�WKHQ�KDG�
UR�\�� �UR����\�VLQ �VR�WKDW�IRU�WKLV�VSHFLDO�FDVH��������UHGXFHV�WR�

������

)RU�D�W\UH�WKH�WHUPV�ZLWK� �DUH�DSSURSULDWH��&LUFXPIHUHQWLDO�FRPSUHVVLRQ�� [����
GHFUHDVHV�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�U

H
�WKDW�LV�GHILQHG�DW�IUHH�UROOLQJ��$W�FDPEHU�

GXH�WR�WKH�VWUXFWXUH�RI�D�FDU�W\UH�ZLWK�D�EHOW� WKDW� LV�UHODWLYHO\�VWLII� LQ� ODWHUDO
EHQGLQJ��WKH�FRPSUHVVLRQ�H[WHQVLRQ�IDFWRU� [�ZLOO�QRW�EH�DEOH�WR�FRPSHQVDWH�IRU
WKH�IDFW�WKDW�D�FDU�W\UH�VKRZV�RQO\�D�UHODWLYHO\�VPDOO�YDULDWLRQ�RI�WKH�IUHH�UDGLXV
UR�\�� DFURVV� WKH� ZLGWK� RI� WKH� WUHDG�� ZKLOH� IRU� WKH� VDPH� UHDVRQ� WKH� ODWHUDO
GLVWRUVLRQ� IDFWRU� \� DSSHDUV� WR�EH�FDSDEOH�RI�FRQVLGHUDEO\�FRXQWHUDFWLQJ� WKH
HIIHFW�RI�WKH�WHUP�ZLWK�VLQ �LQ�WKH�VHFRQG�HTXDWLRQ���������)RU�D�PRWRUF\FOH�W\UH
ZLWK�D�FURVV� VHFWLRQ�DSSUR[LPDWHO\� IRUPLQJ�D�VHFWRU�RI�D�FLUFOH�� WRXFKLQJ�DW
FDPEHU�LV�DFFRPSOLVKHG�SUDFWLFDOO\�ZLWKRXW�WRUVLRQ�DERXW�D�ORQJLWXGLQDO�D[LV�DQG
WKH�DVVRFLDWHG�ODWHUDO�EHQGLQJ�RI�WKH�W\UH�QHDU� WKH�FRQWDFW�]RQH��)LJXUH�����
LOOXVWUDWHV�WKH�H[SHFWHG�GHIRUPDWLRQV�DQG�WKH�UHVXOWLQJ�PXFK�VPDOOHU�FXUYDWXUH
RI� WKH� FRQWDFW� OLQH� RQ� D� IULFWLRQOHVV� VXUIDFH� IRU� WKH� FDU� W\UH� UHODWLYH� WR� WKH
FXUYDWXUH�H[KLELWHG�E\�WKH�PRWRUF\FOH�W\UH��6LQFH�RQ�D�VXUIDFH�ZLWK�IULFWLRQ�WKH
UROOLQJ�W\UH�ZLOO�EH�GHIRUPHG�WR�DFTXLUH�D�VWUDLJKW�FRQWDFW�OLQH��WKLV�REVHUYDWLRQ
PD\�H[SODLQ�WKH�UHODWLYHO\�ORZ�FDPEHU�VWLIIQHVV�RI�WKH�FDU�DQG�WUXFN��W\UH�

$V�PHQWLRQHG�DERYH��FLUFXPIHUHQWLDO�FRPSUHVVLRQ�RI�EHOW�DQG�WUHDG�UHVXOWLQJ
IURP�WKH�QRUPDO�ORDGLQJ�SURFHVV��VRPHZKDW�FRXQWHUDFWHG�E\�WKH�SUHVHQFH�RI
K\VWHUHVLV�DOVR� UHSUHVHQWHG�E\� WKH� IDFWRU� [� ��JLYHV� ULVH� WR�D�GHFUHDVH� RI� WKH
HIIHFWLYH�UROOLQJ�UDGLXV��7KH�FRPSUHVVLRQ�PD\�QRW�EH�XQLIRUP�DORQJ�WKH�[�D[LV�
)RU�RXU�SXUSRVHV��KRZHYHU��ZH�ZLOO�GLVUHJDUG�WKH�UHVXOWLQJ�VHFRQGDU\�HIIHFWV�
7KH�FRHIILFLHQW�LQ��������WKDW�UHODWHV�WKH�SDVVDJH�YHORFLW\� �DQG�WKH�VSHHG�RI& 0[

R

UHYROXWLRQ� �RI�WKH�ZKHHO�LV�GHVLJQDWHG�DV�WKH�ORFDO�HIIHFWLYH�UROOLQJ�UDGLXV�U
HM�DW

H�J��URZ�M�RI�WUHDG�HOHPHQWV��7KLV�UDGLXV�GHSHQGV�RQ�WKH�ODWHUDO�SRVLWLRQ�\M�DQG
ZLOO�FKDQJH�ZLWK�WKH�YHUWLFDO�ORDG�)]�DQG�WKH�FDPEHU�DQJOH� ��7KH�YHORFLW\�WKURXJK
WKH�FRQWDFW�]RQH�RI�WKH�HOHPHQWV�RI�URZ�M�LV�� ��:H�PD\�ZULWH�& 0[

R
' U

HM

������

LQ�ZKLFK�XVH�KDV�EHHQ�PDGH�RI�WKH�RYHUDOO�W\UH�HIIHFWLYH�UROOLQJ�UDGLXV�UH�GHILQHG
DFFRUGLQJ�WR�(TV������������DQG� UHM�\M���WKH�SRVVLEO\�DQWL�V\PPHWULF�YDULDWLRQ�RI
WKH�ORFDO�HIIHFWLYH�UROOLQJ�UDGLXV�RYHU�WKH�WUHDG�ZLGWK�ZLWK�UHVSHFW�WR�UH�GXH�WR
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ORDGLQJ� DW� FDPEHU� RU� FRQLFLW\�� 7KH� �DYHUDJH�� HIIHFWLYH� UROOLQJ� UDGLXV� UH� LV
H[SHFWHG�WR�GHSHQG�RQ�WKH�FDPEHU�DQJOH�DV�ZHOO�

:H�ZLOO�QRZ�WU\�WR�PDNH�D�GLVWLQFWLRQ�EHWZHHQ�WKH�FRQWULEXWLRQV�WR�WKH�DQWL�
V\PPHWULF�YDULDWLRQ�RULJLQDWLQJ�IURP�FRQLFLW\�DQG�IURP�FDPEHU��:H�ZULWH�IRU�WKH
ORFDO�SDVVDJH�YHORFLW\�

������

,Q�WKLV�ZD\�ZH�KDYH�DFKLHYHG�D�VWUXFWXUH�FORVHO\�UHODWHG�WR�WKH�ILUVW�HTXDWLRQ�RI
��������)RU�D�UROOLQJ�HODVWLF�ERG\�OLNH�D�EDOO�RU�D�PRWRUF\FOH�W\UH�� [�ZLOO�EH
�FORVH�WR��]HUR��ZKLOH�D�FDU��WUXFN�RU�UDFLQJ�FDU�W\UH�LV�H[SHFWHG�WR�KDYH�D� [

FORVHU�WR�WKH�YDOXH�����$�ELDV�SO\�W\UH�IHDWXULQJ�D�PRUH�FRPSOLDQW�FDUFDVV�DQG
WUHDG�EDQG�DQG�D�URXQGHU�FURVV�VHFWLRQ�SURILOH�LV�H[SHFWHG�WR�EHWWHU�µUHFRYHU¶
IURP�WKH�WRUVLRQ�HIIHFWV��UHVXOWLQJ�LQ�D�YDOXH�LQ�EHWZHHQ�WKH�WZR�H[WUHPHV��,W�LV
WUXH�WKDW�LQ�JHQHUDO�ELDV�SO\�W\UHV�VKRZ�FRQVLGHUDEO\�ODUJHU�VLGH�IRUFHV�DV�D�UHVXOW
RI�FDPEHU�WKDQ�UDGLDO�SO\�FDU�W\UHV���

:KHQ�WKH�SURGXFW�RI� \�DQG�UR���UH�LV�FRQVLGHUHG�WR�EH�QHJOLJLEOH�ZH�ZULWH�IRU
WKH�ODWHUDO�YHORFLW\�RI�WKH�SRLQWV�RYHU�D�IULFWLRQOHVV�VXUIDFH�ZLWK�UHVSHFW�WR�WKH�[
D[LV�LQVWHDG�RI��������

������

7KH�UHVXOWLQJ�H[SUHVVLRQV������������PD\�QRZ�EH�VXEVWLWXWHG�LQ�H[SUHVVLRQ�������
IRU�WKH�VOLGLQJ�VSHHG�FRPSRQHQWV�

)RU�D�JLYHQ�PDWHULDO�SRLQW�RI�WKH�W\UH�RXWHU�VXUIDFH�WKDW�QRZ�UROOV�RQ�D�URDG
VXUIDFH�ZLWK� IULFWLRQ� UHLQWURGXFHG�� WKH�DVVRFLDWHG�GHIOHFWLRQV�X� DQG�Y� �ZKLFK
RFFXU�RQ�WRS�RI�WKH�LQLWLDO�ORDG�LQGXFHG�GHIOHFWLRQV�XR�DQG�YR��DUH�IXQFWLRQV�RI�LWV
ORFDWLRQ�LQ�WKH�FRQWDFW�SDWFK�DQG�RI�WKH�WLPH��X� �X�[R��\R��W��DQG�Y� �Y�[R��\R��W��
+HQFH�ZH�KDYH�IRU�WKH�WLPH�UDWHV�RI�FKDQJH�

������

LQ�ZKLFK�WKH�H[SUHVVLRQV������������DSSO\��,I�ZH�GLVUHJDUG�VLGHZD\V�UROOLQJ�DQG
QHJOHFW� D� SRVVLEOH� VPDOO� HIIHFW� RI� WKH� YDULDWLRQ� RI� \R� WKDW� RFFXUV� DW� FDPEHU�
FRQLFLW\�RU�SO\�VWHHU��WKH�VHFRQG�WHUPV�RI�WKH�ULJKW�KDQG�PHPEHUV�GLVDSSHDU��7KH
UHPDLQLQJ�H[SUHVVLRQV�DUH��VXEVWLWXWHG�LQ���������

$FFRUGLQJ�WR�(T��������WKH�OLQHDU�VSHHG�RI� UROOLQJ�DQG�WKH�YHORFLW\�RI�WKH
FRQWDFW�FHQWUH�DUH�UHODWHG�WKURXJK�WKH�VOLS�VSHHG��:H�KDYH��ZKHQ�GLVUHJDUGLQJ�WKH
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JHQHUDOO\�YHU\�VPDOO�GLIIHUHQFH�EHWZHHQ�WKH�YHORFLWLHV�RI�&�DQG�&��WKH�YHFWRU
UHODWLRQVKLS�

��������ZLWK���� ������9
U
' U

H

$IWHU� VLPSOLI\LQJ� WKH� HTXDWLRQV� E\� QHJOHFWLQJ� SURGXFWV� RI� DVVXPHGO\� VPDOO
TXDQWLWLHV��L�H��GHIOHFWLRQV�DQG�LQSXW��VOLS��TXDQWLWLHV��DQG�XVLQJ�WKH�H[SUHVVLRQ
IRU� ]�ZKLFK�LV�WKH�DEVROXWH�DQJXODU�YHORFLW\�RI�WKH�ZKHHO�ERG\�DERXW�WKH�]�D[LV
DV�LQGLFDWHG�LQ�(T���������FRPSRQHQWV�RI�WKH�VOLGLQJ�YHORFLW\�EHFRPH�

������

������

:LWK�DOO� �¶V�RPLWWHG�ZH�ZRXOG�UHWXUQ�WR�WKH�EDVLF�FDVH�RI�H�J��D�EDOO�UROOLQJ�DQG
VOLSSLQJ�RYHU�D�IODW�ULJLG�VXUIDFH��,Q�&KDSWHU���D�SK\VLFDO�W\UH�PRGHO�LV�GHYHORSHG
XVLQJ�WKH�DERYH�HTXDWLRQV��7KHUH��WKH� �¶V�DUH�H[SUHVVHG�LQ�WHUPV�RI�WKH�FDPEHU
DQJOH� DQG� RI� HTXLYDOHQW� FDPEHU� DQG� VOLS� DQJOHV� FRQ� DQG� SO\� WR� DFFRXQW� IRU
FRQLFLW\�DQG�SO\�VWHHU��FI��(TV��������������
� /HW�XV�QRZ�FRQVLGHU�WKH�VSHFLDO�FDVH�RI�D�IUHHO\�UROOLQJ�W\UH�VXEMHFWHG�WR�RQO\
VPDOO�ODWHUDO�VOLS�DQG�VSLQ��� � ����_ _�©����_ _�©����U

H
�©�_5�_��ZLWK�5���WKH�LQVWDQWDQHRXV

UDGLXV�RI�SDWK�FXUYDWXUH��DQG�WKXV�_n�W�_©��U
H
��DQG�QHJOHFW�HIIHFWV�RI�LQLWLDO�QRQ�

SDUDOOHOOLW\�RI�WRXFKLQJ�VXUIDFHV�DV�ZHOO�DV�µEXLOW�LQ¶�ORDG�DQG�FDPEHU�LQGXFHG
GHIRUPDWLRQ�HIIHFWV��DOO� ¶V� ����:H�WKHQ�KDYH��DSSUR[LPDWHO\��

������

8VLQJ�WKH�WUDYHOOHG�GLVWDQFH� V� �������LQVWHDG�RI�WKH�WLPH� W�DV�DQ�LQGHSHQGHQW
YDULDEOH�� ZH� REWDLQ� WKH� IROORZLQJ� H[SUHVVLRQV� IRU� WKH� VOLGLQJ� YHORFLWLHV� RI� D
FRQWDFW�SRLQW�ZLWK�FRRUGLQDWHV��[��\��RI�D�IUHHO\�UROOLQJ�W\UH�DW�VPDOO�ODWHUDO�VOLS
DQG�VSLQ�

������

������

,Q� WKH�FRQWDFW�DUHD� UHJLRQV�RI�DGKHVLRQ�PD\�RFFXU�DV�ZHOO�DV� UHJLRQV�ZKHUH
VOLGLQJ�WDNHV�SODFH��,Q�WKH�UHJLRQ�RI�DGKHVLRQ�WKH�W\UH�SDUWLFOHV�WRXFKLQJ�WKH�URDG
GR�QRW�PRYH�DQG�ZH�KDYH�9J[� �9J\� ����,Q�WKLV�SDUW�RI�WKH�FRQWDFW�DUHD��WKH
IULFWLRQDO�VKHDU�IRUFHV�DFWLQJ�IURP�URDG�WR�W\UH�RQ�D�XQLW�DUHD��ZLWK�FRPSRQHQWV
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GHQRWHG�E\�T[�DQG�T\�QRW�WR�EH�FRQIXVHG�ZLWK�WKH�FRPSRQHQWV�RI�WKH�SRVLWLRQ
YHFWRU��������XVHG�HDUOLHU��GR�QRW�H[FHHG�WKH�PD[LPXP�DYDLODEOH�IULFWLRQDO�IRUFH
SHU�XQLW�DUHD��7KH�PD[LPXP�IULFWLRQDO�VKHDU�VWUHVV�LV�JRYHUQHG�E\�WKH�FRHIILFLHQW
RI� IULFWLRQ� �� DQG� WKH� QRUPDO� FRQWDFW� SUHVVXUH� T]�� ,Q� WKH� DGKHVLRQ� UHJLRQ
(TV������������UHGXFH�WR�

������

������

)XUWKHUPRUH�ZH�KDYH�WKH�FRQGLWLRQ�

������

,Q�WKH�UHJLRQ�RI�VOLGLQJ��HTXDWLRQV������������KROG��,I�WKH�GHIRUPDWLRQ�JUDGLHQWV
ZHUH�NQRZQ��WKH�YHORFLW\�FRPSRQHQWV�9J[�DQG�9J\�PLJKW�EH�REWDLQHG�IURP�WKHVH
HTXDWLRQV��)RU�WKH�IULFWLRQDO�VWUHVV�YHFWRU�ZH�REWDLQ�

������

ZLWK

����������������

)RU�WKH�VLPSOHU�FDVH�WKDW�RQO\�ODWHUDO�VOLS�RFFXUV��n� ����WKH�HTXDWLRQV�IRU�WKH
ODWHUDO�GHIRUPDWLRQV�UHGXFH�WR�

LQ�DGKHVLRQ�UHJLRQ���
������

�������� ������� ������

LQ�VOLGLQJ�UHJLRQ����������

����� ������

7KH�HTXDWLRQV������������DSSO\�LQ�JHQHUDO��7KHLU�VROXWLRQV�FRQWDLQ�FRQVWDQWV�RI



�� %$6,&�7<5(�02'(//,1*�&216,'(5$7,216

LQWHJUDWLRQ�ZKLFK�GHSHQG�RQ�WKH�VHOHFWHG�SK\VLFDO�PRGHO�GHVFULSWLRQ�RI�WKH�W\UH�
$SSOLFDWLRQV�RI�WKH�GLIIHUHQWLDO�HTXDWLRQV�GHULYHG�DERYH�ZLOO�EH�GHPRQVWUDWHG�LQ
VXEVHTXHQW�FKDSWHUV�ERWK�IRU�VWHDG\�VWDWH�DQG�QRQ�VWHDG\�VWDWH�FRQGLWLRQV��,Q�WKH
FDVH�RI�VWHDG\�VWDWH�PRWLRQ�RI�WKH�ZKHHO��WKH�SDUWLDO�GHULYDWLYHV�ZLWK�UHVSHFW�WR
WLPH�W�RU�WUDYHOOHG�GLVWDQFH�V�EHFRPH�HTXDO�WR�]HUR��MY�MV� �MX�MV� �����7KHQ��WKH
GHIRUPDWLRQ�JUDGLHQWV�LQ�WKH�DUHD�RI�DGKHVLRQ��9J�� ����IROORZ�HDVLO\�IURP�WKH�WKHQ
RUGLQDU\�GLIIHUHQWLDO�HTXDWLRQV��,Q�WKH�ODVW�VLPSOH�FDVH��������ZH�ZRXOG�REWDLQ�
GY�G[� �� �ZKLFK�PHDQV�WKDW�WKH�FRQWDFW�OLQH�LV�VWUDLJKW�DQG�UXQV�SDUDOOHO�WR�WKH
VSHHG�YHFWRU�9F�

([HUFLVH�������3DUWLDO�GLIIHUHQWLDO�HTXDWLRQV�ZLWK�ORQJLWXGLQDO�VOLS�LQFOXGHG

(VWDEOLVK�WKH�GLIIHUHQWLDO�HTXDWLRQV�IRU�WKH�VOLGLQJ�YHORFLWLHV�VLPLODU�WR�WKH�(TV�������
����EXW�QRZ�ZLWK�ORQJLWXGLQDO�VOLS� �LQFOXGHG�� �DQG�n�

�
UHPDLQ�VPDOO���1RWH�WKDW�LQ

WKDW�FDVH�9U�
û

�
9F�DQG�WKDW�9U�

�PD\�EH�H[SUHVVHG�LQ�WHUPV�RI�9F[��-9F��DQG� ��$OVR��ILQG
WKH�SDUWLDO�GLIIHUHQWLDO�HTXDWLRQV�JRYHUQLQJ�WKH�GHIOHFWLRQV�LQ�WKH�DGKHVLRQ�]RQH�VLPLODU
WR�WKH�(TV��������������

������7\UH�0RGHOV��,QWURGXFWRU\�'LVFXVVLRQ�

6HYHUDO�W\SHV�RI�PDWKHPDWLFDO�PRGHOV�RI�WKH�W\UH�KDYH�EHHQ�GHYHORSHG�GXULQJ�WKH
ODVW�KDOI�FHQWXU\��(DFK�W\SH�IRU�D�VSHFLILF�SXUSRVH��'LIIHUHQW�OHYHOV�RI�DFFXUDF\
DQG�FRPSOH[LW\�PD\�EH�LQWURGXFHG�LQ�WKH�YDULRXV�FDWHJRULHV�RI�XWLOL]DWLRQ��7KLV
RIWHQ� LQYROYHV� HQWLUHO\� GLIIHUHQW� ZD\V� RI� DSSURDFK�� )LJXUH� ����� URXJKO\
LOOXVWUDWHV�KRZ�WKH�LQWHQVLW\�RI�YDULRXV�FRQVHTXHQFHV�DVVRFLDWHG�ZLWK�GLIIHUHQW
ZD\V�RI�DWWDFNLQJ�WKH�SUREOHP�WHQG�WR�YDU\��)URP�OHIW�WR�ULJKW�WKH�PRGHO�LV�EDVHG
OHVV�RQ�IXOO�VFDOH�W\UH�H[SHULPHQWV�DQG�PRUH�RQ�WKH�WKHRU\�RI�WKH�EHKDYLRXU�RI�WKH
SK\VLFDO� VWUXFWXUH� RI� WKH� W\UH�� ,Q� WKH�PLGGOH�� WKH�PRGHO�ZLOO� EH� VLPSOHU� EXW
SRVVLEO\�OHVV�DFFXUDWH�ZKLOH�DW�WKH�IDU�ULJKW�WKH�GHVFULSWLRQV�EHFRPHV�FRPSOH[
DQG�OHVV�VXLWDEOH�IRU�DSSOLFDWLRQ�LQ�WKH�VLPXODWLRQ�RI�YHKLFOH�PRWLRQV�DQG�PD\�EH
PRUH�DSSURSULDWH�IRU�WKH�DQDO\VLV�RI�GHWDLOHG�W\UH�SHUIRUPDQFH�LQ�UHODWLRQ�WR�LWV
FRQVWUXFWLRQ�

$W�WKH�OHIW�KDQG�FDWHJRU\��ZH�KDYH�PDWKHPDWLFDO�W\UH�PRGHOV�ZKLFK�GHVFULEH
PHDVXUHG� W\UH� FKDUDFWHULVWLFV� WKURXJK� WDEOHV� RU� PDWKHPDWLFDO� IRUPXODH� DQG
FHUWDLQ�LQWHUSRODWLRQ�VFKHPHV��7KHVH�IRUPXODH�KDYH�D�JLYHQ�VWUXFWXUH�DQG�SRVVHVV
SDUDPHWHUV�ZKLFK�DUH�XVXDOO\�DVVHVVHG�ZLWK�WKH�DLG�RI�UHJUHVVLRQ�SURFHGXUHV�WR
\LHOG�D�EHVW�ILW�WR�WKH�PHDVXUHG�GDWD��$�ZHOO�NQRZQ�HPSLULFDO�PRGHO�LV�WKH�0DJLF
)RUPXOD�W\UH�PRGHO�WUHDWHG�LQ�&KDSWHU����7KLV�PRGHO�LV�EDVHG�RQ�D�VLQ�DUFWDQ�
IRUPXOD�ZKLFK�QRW�RQO\�SURYLGHV�DQ�H[FHOOHQW�ILW�IRU�WKH�)\��)[�DQG�0]�FXUYHV�EXW
LQ�DGGLWLRQ�IHDWXUHV�FRHIILFLHQWV�ZKLFK�KDYH�FOHDU�UHODWLRQVKLSV�ZLWK�W\SLFDO�VKDSH



��%$6,&�7<5(�02'(//,1*�&216,'(5$7,216

degree of fit

number of full
      scale tests

complexity of formulations

effort

    insight in tyre
   behaviour

                    number of 
     special experiments

approach more

empirical                 theoretical

from experimental 
      data only

using similarity 
     method

through simple
physical model

through complex
 physical model

fitting full scale
tyre test data 
by regression 
techniques

distorting,
rescaling and 
combining
basic 
characteristics

using simple
mechanical
representation,
possibly closed
form solution

describing tyre
in greater detail,
computer simulation,
finite element 
method

)LJ����������)RXU�FDWHJRULHV�RI�SRVVLEOH�W\SHV�RI�DSSURDFK�WR�GHYHORS�D�W\UH�PRGHO�

DQG�PDJQLWXGH�IDFWRUV�RI�WKH�FXUYHV�WR�EH�ILWWHG�
7KH�VLPLODULW\�DSSURDFK��VHFRQG�FDWHJRU\��LV�EDVHG�RQ�WKH�XVH�RI�D�QXPEHU

RI� EDVLF� FKDUDFWHULVWLFV� W\SLFDOO\� REWDLQHG� IURP� PHDVXUHPHQWV�� 7KURXJK
GLVWRUWLRQ�� UHVFDOLQJ� DQG� PXOWLSOLFDWLRQV�� QHZ� UHODWLRQVKLSV� DUH� REWDLQHG� WR
GHVFULEH�FHUWDLQ�RII�QRPLQDO�FRQGLWLRQV��&KDSWHU���LQWURGXFHV�WKLV�PHWKRG�ZKLFK
LV�SDUWLFXODUO\�XVHIXO�IRU�DSSOLFDWLRQ�LQ�YHKLFOH�VLPXODWLRQ�PRGHOV�WKDW�UHTXLUHV
UDSLG��H�J��UHDO�WLPH��FRPSXWDWLRQV�

'HSHQGLQJ�RQ�WKH�W\SH�RI�WKH�SK\VLFDO�PRGHO�FKRVHQ��D�VLPSOH�IRUPXODWLRQ
PD\�DOUHDG\�SURYLGH�VXIILFLHQW�DFFXUDF\�IRU�OLPLWHG�ILHOGV�RI�DSSOLFDWLRQ��7KH
+65,�PRGHO� GHSLFWHG� LQ� )LJ������ GHYHORSHG� E\�'XJRII�� )DQFKHU� DQG� 6HJHO
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0 9Jsliding speed

friction coefficient
pressure distribution

)LJ������� D� 7KH�EUXVK�W\SH�W\UH�PRGHO�DW�FRPELQHG�ORQJLWXGLQDO��EUDNH��VOLS�DQG�ODWHUDO�VOLS
LQ�FDVH�RI�HTXDO�ORQJLWXGLQDO�DQG�ODWHUDO�VWLIIQHVVHV�

E� 7KH�OLQHDUO\�GHFD\LQJ�IULFWLRQ�FRHIILFLHQW�

�������DQG�ODWHU�FRUUHFWHG�DQG�LPSURYHG�E\�%HUQDUG�HW�DO���������LV�D�JRRG
H[DPSOH��7KH�ILJXUH�LOOXVWUDWHV�WKH�FRQVLGHUDEOH�VLPSOLILFDWLRQ�ZLWK�UHVSHFW�WR�D
PRUH�UHDOLVWLF�UHSUHVHQWDWLRQ�RI�W\UH�GHIRUPDWLRQ��)LJ�������WKDW�LV�QHHGHG�WR�NHHS
WKH� UHVXOWLQJ� PDWKHPDWLFDO� IRUPXODWLRQ� PDQDJHDEOH� IRU� YHKLFOH� G\QDPLFV
VLPXODWLRQ�SXUSRVHV�DQG�VWLOO�LQFOXGH�LPSRUWDQW�PDWWHUV�OLNH�WKH�UHSUHVHQWDWLRQ�RI
FRPELQHG�VOLS�DQG�D�FRHIILFLHQW�RI�IULFWLRQ�WKDW�PD\�GURS�ZLWK�VSHHG�RI�VOLGLQJ�

7KH�PRGHO�RI�)LJ������H[KLELWV�FDUFDVV�IOH[LELOLW\�DQG�VKRZV�D�PRUH�UHDOLVWLF
SDUDEROLF� SUHVVXUH� GLVWULEXWLRQ�� )RU� VXFK� D�PRGHO�� �DSSUR[LPDWH�� DQDO\WLFDO
VROXWLRQV� DUH� IHDVLEOH� RQO\�ZKHQ� SXUH� VLGH� VOLS� �SRVVLEO\� LQFOXGLQJ� FDPEHU�
RFFXUV�DQG�WKH�IULFWLRQ�FRHIILFLHQW�LV�FRQVLGHUHG�FRQVWDQW��H�J��)LDOD��������

5HODWLYHO\�VLPSOH�SK\VLFDO�PRGHOV�RI�WKLV�WKLUG�FDWHJRU\�OLNH�WKH�µEUXVK�PRGHO¶
RI�)LJ������DUH�HVSHFLDOO\�XVHIXO�WR�JHW�D�EHWWHU�XQGHUVWDQGLQJ�RI�W\UH�EHKDYLRXU�
7KH�EUXVK�PRGHO�ZLWK� D� SDUDEROLF�SUHVVXUH�GLVWULEXWLRQ�ZLOO�EH�GLVFXVVHG�DW
OHQJWK�LQ�&KDSWHU���

7KH�ULJKW�PRVW�JURXS�RI�)LJ������LV�DLPHG�SULPDULO\�DW�PRUH�GHWDLOHG�DQDO\VLV
RI�WKH�W\UH��7KH�FRPSOH[�ILQLWH�HOHPHQW�EDVHG�PRGHOV�EHORQJV�WR�WKLV�FDWHJRU\�
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)LJ����������7\UH�PRGHO�ZLWK�IOH[LEOH�FDUFDVV�DW�VWHDG\�VWDWH�UROOLQJ�ZLWK�VOLS�DQJOH� �

$�VLPSOHU�UHSUHVHQWDWLRQ�RI�FDUFDVV�FRPSODQFH�WKDW�LV�H[SHULHQFHG�LQ�WKH�ORZHU
SDUW�RI�WKH�W\UH�QHDU�WKH�FRQWDFW�SDWFK�FRQVLGHUDEO\�VSHHGV�XS�WKH�FRPSXWDWLRQ�
$OVR�WKH�ZD\�LQ�ZKLFK�WKH�WUHDG�HOHPHQWV�DUH�KDQGOHG�LV�FUXFLDO��7KH�FRPSXWHU
VLPXODWLRQ�WUHDG�HOHPHQW�IROORZLQJ�PHWKRG�LV�DWWUDFWLYH�DQG�DOORZV�FRQVLGHUDEOH
IUHHGRP� WR� FKRRVH� SUHVVXUH� GLVWULEXWLRQ� DQG� IULFWLRQ� FRHIILFLHQW� IXQFWLRQV� RI
VOLGLQJ�YHORFLW\�DQG�ORFDO�FRQWDFW�SUHVVXUH��7KH�SK\VLFDO�PRGHO�WKDW�IRUPV�WKH
EDVLV� RI� WKH� ODWWHU�PHWKRG� KDV� EHHQ� GHSLFWHG� LQ� )LJ������� ,QIOXHQFH� �*UHHQ�
IXQFWLRQV�PD\� EH� XVHG� WR� GHVFULEH� WKH� FDUFDVV� KRUL]RQWDO� FRPSOLDQFH� LQ� WKH
FRQWDFW�]RQH�DQG�SRVVLEO\�VHYHUDO�URZV�RI�WUHDG�HOHPHQWV�PD\�EH�FRQVLGHUHG�WR
PRYH�WKURXJK�WKH�FRQWDFW�SDWFK��2QH�HOHPHQW�SHU�URZ�LV�IROORZHG�ZKLOH�LW�WUDYHOV
WKURXJK�WKH�OHQJWK�RI�FRQWDFW��RU�VHYHUDO�HOHPHQWV�WKURXJK�UHVSHFWLYH�VXE�]RQHV��
'XULQJ�VXFK�D�SDVVDJH�WKH�FDUFDVV�GHIOHFWLRQ�LV�NHSW�FRQVWDQW��WKH�PRWLRQ�RI�WKH
VLQJOH�PDVV�VSULQJ��WUHDG�HOHPHQW��V\VWHP�WKDW� LV�GUDJJHG�RYHU�WKH�JURXQG�LV
FRPSXWHG�� WKH� IULFWLRQDO� IRUFHV� DUH� LQWHJUDWHG�� WKH� WRWDO� IRUFHV� DQG�PRPHQW
GHWHUPLQHG�DQG�WKH�FDUFDVV�GHIOHFWLRQ�LV�XS�GDWHG��,QVWHDG�RI�XVLQJ�WKH�G\QDPLF
ZD\�RI�VROYLQJ�IRU�WKH�GHIOHFWLRQ�RI�WKH�WUHDG�HOHPHQW�ZKLOH�LW�UXQV�WKURXJK�WKH
FRQWDFW�SDWFK��DQ�LWHUDWLRQ�SURFHVV�PD\�EH�HPSOR\HG��7KH�PRGHO�LV�FDSDEOH�RI
KDQGOLQJ�QRQ�VWHDG\�VWDWH�FRQGLWLRQV��$�UHODWLYHO\�VLPSOH�DSSOLFDWLRQ�RI�WKH�WUHDG�
HOHPHQW�IROORZLQJ�PHWKRG�ZLOO�EH�VKRZQ�LQ�WKH�VXEVHTXHQW�FKDSWHU�ZKHQ�GHDOLQJ
ZLWK�WKH�µEUXVK�PRGHO¶�VXEMHFWHG�WR�FRPELQHG�VOLS�ZLWK�FDPEHU��D�FRQGLWLRQ�WKDW
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)LJ������� &RPSXWHU� VLPXODWLRQ� W\UH� PRGHO� ZLWK� IOH[LEOH� FDUFDVV�� DUELWUDU\�SUHVVXUH
GLVWULEXWLRQ� DQG� IULFWLRQ� FRHIILFLHQW� IXQFWLRQV�� )RUFHV� DFWLQJ� RQ� D� VLQJOH� WUHDG
HOHPHQW�PDVV�GXULQJ�RQH�SDVVDJH�WKURXJK�WKH�FRQWDFW�OHQJWK�DUH�LQWHJUDWHG�WR�REWDLQ
WKH�WRWDO�IRUFHV�DQG�PRPHQW�)[���)\��DQG�0]��

LV� WRR� GLIILFXOW� WR� GHDO� ZLWK� DQDO\WLFDOO\�� $OVR� WKH� LQWURGXFWLRQ� RI� FDUFDVV
FRPSOLDQFH�ZLOO�EH�GHPRQVWUDWHG��)RU�IXUWKHU�VWXG\�ZH�UHIHU�WR�WKH�RULJLQDO�ZRUN
RI�:LOOXPHLW���������3DFHMND������D���6KDUS���������*LSVHU���������*XR�������
DQG�0DVWLQX��������DQG�WKH�VWDWH�RI�WKH�DUW�SDSHU�RI�3DFHMND�DQG�6KDUS��������

$OWKRXJK�LW�LV�SRVVLEOH�WR�GHYHORS�D�PRGHO�IRU�QRQ�VWHDG\�VWDWH�FRQGLWLRQV�E\
SXUHO\�HPSLULFDO�PHDQV��PRVW�UHODWLYHO\�VLPSOH�DQG�PRUH�FRPSOH[�WUDQVLHQW�DQG
G\QDPLF�W\UH�PRGHOV�DUH�EDVHG�RQ�WKH�SK\VLFDO�QDWXUH�RI�WKH�W\UH��,W�LV�RI�LQWHUHVW
WR�QRWH�WKDW�IRU�D�SURSHU�GHVFULSWLRQ�RI�W\UH�EHKDYLRXU�DW�WLPH�YDU\LQJ��FRQGLWLRQV
DQ�HVVHQWLDO�SURSHUW\�PXVW�EH�UHSUHVHQWHG�LQ�WKH�SK\VLFDO�PRGHOV�EHORQJLQJ�WR
ERWK�ULJKW�KDQG�FDWHJRULHV�RI�)LJ�������7KDW�LV�WKH�ODWHUDO�DQG�VRPHWLPHV�DOVR�WKH
IRUH� DQG� DIW� FRPSOLDQFH� RI� WKH� FDUFDVV��/HVV� FRPSOH[� QRQ�VWHDG\�VWDWH� W\UH
PRGHOV�IHDWXUH�RQO\��FDUFDVV�FRPSOLDQFH�ZLWKRXW�WKH�LQFOXVLRQ�RI�HODVWLF�WUHDG
HOHPHQWV��,Q�VWHDG\�VWDWH�PRGHOV�WKH�LQWURGXFWLRQ�RI�VXFK�D�IOH[LELOLW\�LV�RIWHQ�QRW
UHTXLUHG��2QO\�WR�SURSHUO\�UHSUHVHQW�WKH�VHOI�DOLJQLQJ�WRUTXH�LQ�FDVH�RI�D�EUDNHG
RU�GULYHQ�ZKHHO�� FDUFDVV� ODWHUDO�FRPSOLDQFH� LV�QHHGHG��7\UH� LQHUWLD�EHFRPHV
LPSRUWDQW�DW�KLJKHU�VSHHGV�DQG�IUHTXHQFLHV�RI�WKH�ZKHHO�PRWLRQ��7KH�SUREOHP�RI
HVWDEOLVKLQJ�QRQ�VWHDG\�VWDWH�W\UH�PRGHOV�LV�DGGUHVVHG�LQ�&KDSWHUV�������DQG��
LQ�VXFFHVVLYH�OHYHOV�RI�FRPSOH[LW\�WR�PHHW�FRQGLWLRQV�RI�LQFUHDVLQJ�GLIILFXOW\��

&RQGLWLRQV�EHFRPH�PRUH�GHPDQGLQJ�ZKHQ�IRU�H[DPSOH������WKH�ZKHHO�PRWLRQ
JLYHV�ULVH�WR�ODUJHU�YDOXHV�RI�VOLS�ZKLFK�QR�ORQJHU�SHUPLWV�DQ�DSSUR[LPDWH�OLQHDU
GHVFULSWLRQ�RI�WKH�IRUFH�DQG�PRPHQW�JHQHUDWLQJ�SURSHUWLHV������FRPELQHG�VOLS
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RFFXUV��SRVVLEO\�LQFOXGLQJ�ZKHHO�FDPEHU�DQG�WXUQ�VOLS������ODUJH�FDPEHU�RFFXUV
ZKLFK�PD\�QHFHVVLWDWH� WKH�FRQVLGHUDWLRQ�RI� WKH� GLPHQVLRQV�RI� WKH� W\UH�FURVV
VHFWLRQ�� ���� WKH� IULFWLRQ� FRHIILFLHQW� FDQ� QRW� EH� DSSUR[LPDWHG� DV� D� FRQVWDQW
TXDQWLW\�EXW�PD\�YDU\�ZLWK�VOLGLQJ�YHORFLW\�DQG�VSHHG�RI�WUDYHO�DV�RFFXUV�RQ�ZHW
RU�LF\�VXUIDFHV������WKH�ZDYHOHQJWK�RI�WKH�SDWK�RI�FRQWDFW�SRLQWV�DW�QRQ�VWHDG\�
VWDWH� FRQGLWLRQV� FDQ� QR� ORQJHU� EH� FRQVLGHUHG� ODUJH�� ZKLFK� PD\� UHTXLUH� WKH
LQWURGXFWLRQ�RI�WKH�ODWHUDO�DQG�ORQJLWXGLQDO�FRPSOLDQFH�RI�WKH�FDUFDVV������WKH
ZDYHOHQJWK�EHFRPHV�UHODWLYHO\�VKRUW�ZKLFK�PD\�QHFHVVLWDWH�WKH�FRQVLGHUDWLRQ�RI
D�ILQLWH�FRQWDFW�OHQJWK��UHWDUGDWLRQ�HIIHFW��DQG�SRVVLEO\�WKH�FRQWDFW�ZLGWK��DW�WXUQ
VOLS�DQG�FDPEHU�������WKH�VSHHG�RI�WUDYHO�LV�ODUJH�VR�WKDW�W\UH�LQHUWLD�EHFRPHV�RI
LPSRUWDQFH�LQ�SDUWLFXODU� LWV�J\URVFRSLF�HIIHFW������WKH�IUHTXHQF\�RI�WKH�ZKHHO
PRWLRQ�KDV�UHDFKHG�D�OHYHO�WKDW�UHTXLUHV�WKH�LQFOXVLRQ�RI�WKH�ILUVW�RU�HYHQ�KLJKHU
PRGHV�RI�YLEUDWLRQ�RI�WKH�EHOW������WKH�YHUWLFDO�SURILOH�RI�WKH�URDG�VXUIDFH�FRQWDLQV
YHU\�VKRUW�ZDYHOHQJWKV�ZLWK�DSSUHFLDEOH�DPSOLWXGHV�DV�ZRXOG��RFFXU�LQ�WKH�FDVH
RI� UROOLQJ� RYHU� D� VKRUW� REVWDFOH� RU� FOHDW�� WKHQ� DPRQJVW� RWKHU� WKLQJV� WKH� W\UH
HQYHORSLQJ� SURSHUWLHV� VKRXOG� EH� DFFRXQWHG� IRU�� �����PRWLRQV� EHFRPH� VHYHUH
�ODUJH�VOLS�DQG�KLJK�VSHHG��ZKLFK�PD\�QHFHVVLWDWH�PRGHOOLQJ�WKH�HIIHFW�RI�WKH
ZDUPLQJ� XS� RI� WKH� W\UH� LQYROYLQJ� SRVVLEO\� WKH� LQWURGXFWLRQ� RI� WKH� W\UH
WHPSHUDWXUH�DV�D�PRGHO�SDUDPHWHU��$OO�LWHPV�PHQWLRQHG��H[FHSW�WKH�ODVW�RQH��ZLOO
EH�DFFRXQWHG�IRU�LQ�WKH�UHPDLQGHU�RI�WKLV�ERRN�
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7KLV�FKDSWHU�LV�GHYRWHG�WR�WKH�DQDO\VLV�RI�WKH�SURSHUWLHV�RI�D�UHODWLYHO\�VLPSOH
WKHRUHWLFDO� W\UH� PRGHO� EHORQJLQJ� WR� WKH� WKLUG� FDWHJRU\� RI� )LJ������� 7KH
PDWKHPDWLFDO�PRGHOOLQJ�RI�WKH�SK\VLFDO�PRGHO�VKRZQ�LQ�)LJ������KDV�EHHQ�D
FKDOOHQJH� WR� YDULRXV� LQYHVWLJDWRUV�� )RXU� IXQGDPHQWDO� IDFWRUV� SOD\� D� UROH�
IULFWLRQDO�SURSHUWLHV�LQ�WKH�URDG�W\UH�LQWHUIDFH��GLVWULEXWLRQ�RI�WKH�QRUPDO�FRQWDFW
SUHVVXUH��FRPSOLDQFH�RI�WKH�WUHDG�UXEEHU�DQG�FRPSOLDQFH�RI�WKH�EHOW�FDUFDVV�

0RGHOV�RI�WKH�FDUFDVV�ZLWK�EHOW�DQG�VLGH�ZDOOV�ZLWK�HQFDSVXODWHG�SUHVVXULVHG
DLU�WKDW�DUH�FRPPRQO\�HQFRXQWHUHG�LQ�WKH�W\UH�PRGHOOLQJ�OLWHUDWXUH��DUH�HLWKHU
EDVHG�RQ�DQ�HODVWLF�EHDP�RU�RQ�D�VWUHWFKHG�VWULQJ�ERWK�VXVSHQGHG�RQ�DQ�HODVWLF
IRXQGDWLRQ�ZLWK�UHVSHFW�WR�WKH�ZKHHO�ULP��7KH��UHSUHVHQWDWLRQ�RI�WKH�EHOW�E\�D
EHDP�LQVWHDG�RI�E\�D�VWUHWFKHG�VWULQJ�LV�PRUH�GLIILFXOW�EHFDXVH�RI�WKH�IDFW�WKDW�WKH
GLIIHUHQWLDO� HTXDWLRQ� WKDW�JRYHUQV� WKH� ODWHUDO�GHIOHFWLRQ�RI� WKH�EHOW�XQGHU� WKH
DFWLRQ�RI�D�ODWHUDO�IRUFH�EHFRPHV�RI�WKH�IRXUWK�LQVWHDG�RI�WKH�VHFRQG�RUGHU��)RU
WKH�VWXG\�RI�VWHDG\�VWDWH�W\UH�EHKDYLRXU��PRVW�DXWKRUV�DSSUR[LPDWH�WKH�PRUH�RU
OHVV�H[DFW�H[SUHVVLRQV�IRU�WKH�ODWHUDO�GHIOHFWLRQ�RI�WKH�EHDP�RU�VWULQJ�

$V�DQ�H[WHQVLRQ�WR�WKH�RULJLQDO�µEUXVK¶�PRGHO�RI�)URPP�DQG�RI�-XOLHQ��FI�
+DGHNHO��������IRU�UHIHUHQFHV��ZKR�GLG�QRW�FRQVLGHU�FDUFDVV�FRPSOLDQFH��)LDOD
������� DQG� )UHXGHQVWHLQ� ������� GHYHORSHG� WKHRULHV� LQ� ZKLFK� WKH� FDUFDVV
GHIOHFWLRQ� LV� DSSUR[LPDWHG� E\� D� V\PPHWULF� SDUDEROD�� %|KP� ������� DQG
%RUJPDQQ���������WKH�ODWWHU�ZLWKRXW�WKH�LQWURGXFWLRQ�RI�WUHDG�HOHPHQWV��XVHG
DV\PPHWULF�DSSUR[LPDWH�VKDSHV�GHWHUPLQHG�E\�ERWK�WKH�ODWHUDO�IRUFH�DQG�WKH
DOLJQLQJ� WRUTXH�� 3DFHMND� ������� ������ HVWDEOLVKHG� WKH� VWHDG\�VWDWH� VLGH� VOLS
FKDUDFWHULVWLFV�IRU�D�VWUHWFKHG�VWULQJ�W\UH�PRGHO�ZLWKRXW�DQG�ZLWK�WKH�LQFOXVLRQ
RI� WUHDG�HOHPHQWV�DWWDFKHG� WR� WKH� VWULQJ��7KH� ODWHUDO� VWLIIQHVV� GLVWULEXWLRQ�DV
PHDVXUHG�RQ�D�VORZO\�UROOLQJ�W\UH�LQ�WHUPV�RI�LQIOXHQFH�RU�*UHHQ
V�IXQFWLRQV��FI�
6DYNRRU��������PD\�EH�HPSOR\HG�LQ�D�PRGHO�IRU�WKH�VLGH�VOLSSLQJ�W\UH�SRVVLEO\
LQ�FRQQHFWLRQ�ZLWK�WKH�WUHDG�HOHPHQW�IROORZLQJ�PHWKRG�WKDW�ZDV�EULHIO\�GLVFXVVHG
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)LJ������� &RPSDULVRQ�RI�FDOFXODWHG�FKDUDFWHULVWLFV�IRU�IRXU�GLIIHUHQW�W\UH�PRGHOV�ZLWK�WUHDG
HOHPHQWV�DQG�QRQ�V\PPHWULFDO�SUHVVXUH�GLVWULEXWLRQ�DW�D�JLYHQ�ZKHHO�YHUWLFDO�ORDG
�D��VWULQJ��E��EHDP��F��)LDOD��G��EUXVK�L�H��ZLWK�ULJLG�FDUFDVV���IURP�)UDQN�������

LQ�WKH�SUHFHGLQJ�VHFWLRQ��FI��3DFHMND�������������DQG�ZLOO�EH�GHPRQVWUDWHG�ODWHU
RQ�LQ�6HFWLRQ�����RI�WKH�SUHVHQW�FKDSWHU�

)UDQN������D��KDV�FDUULHG�RXW�D�WKRURXJK�FRPSDUDWLYH�LQYHVWLJDWLRQ�RI�WKH
YDULRXV�RQH�GLPHQVLRQDO�PRGHOV��+H�HPSOR\HG�D�JHQHUDO�IRXUWK�RUGHU�GLIIHUHQWLDO
HTXDWLRQ�ZLWK�ZKLFK�W\UH�PRGHOV�FDQ�EH�H[DPLQHG�WKDW�IHDWXUH�D�VWUHWFKHG�VWULQJ�
D�EHDP�RU�D�VWUHWFKHG�EHDP�SURYLGHG�ZLWK�HODVWLF�WUHDG�HOHPHQWV��)UDQN�REWDLQHG
D�VROXWLRQ�RI�WKH�VWHDG\�VWDWH�VOLS�SUREOHP�ZLWK�WKH�DLG�RI�D�VSHFLDO�DQDORJXH
FRPSXWHU� FLUFXLW�� $� FRUUHODWLRQ� ZLWK� )RXULHU� FRPSRQHQWV� RI� WKH� PHDVXUHG
GHIRUPDWLRQ�RI�UHDO�W\UHV�UHYHDOV�WKDW�WKH�VWUHWFKHG�VWULQJ�W\SH�PRGHO�VHHPV�PRUH
VXLWDEOH� IRU� WKH� VLPXODWLRQ� RI� D� ELDV� SO\� W\UH�� ZKHUHDV� WKH� EHDP�PRGHO� LV
SUREDEO\�PRUH�DSSURSULDWH�IRU�UHSUHVHQWLQJ�WKH�UDGLDO�SO\�W\UH�

)LJXUH������IURP�)UDQN������E��SUHVHQWV�WKH�FDOFXODWHG�FKDUDFWHULVWLFV�RI
VHYHUDO� W\SHV� RI� FDUFDVV� PRGHOV� SURYLGHG� ZLWK� WUHDG� HOHPHQWV�� 7KH� FXUYHV
UHSUHVHQW��D��VWUHWFKHG�VWULQJ�PRGHO��E��EHDP�PRGHO��F��DSSUR[LPDWLRQ�EDVHG�RQ
)LDOD¶V�PRGHO� �V\PPHWULF�SDUDEROLF�FDUFDVV�GHIOHFWLRQ���G��PRGHO� RI�)URPP
�EUXVK�PRGHO�ZLWK�ULJLG�FDUFDVV���7KH�WUHDG�HOHPHQW�VWLIIQHVV�LV�WKH�VDPH�IRU�HDFK
PRGHO��7KH�SDUDPHWHUV�LQ�WKH�FDVHV�D��E�DQG�F�KDYH�EHHQ�FKRVHQ�LQ�VXFK�D�ZD\
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DV� WR� JLYH� D� EHVW� ILW� WR� H[SHULPHQWDO� GDWD� IRU� WKH� � SHDN� VLGH� IRUFH� DQG� WKH
FRUQHULQJ�IRUFH�DW�VPDOO�VOLS�DQJOHV��WKDW�LV��VDPH�FRUQHULQJ�VWLIIQHVV���,W�DSSHDUV
WKHQ�WKDW�PRGHO�F�VKRZV�FORVH�FRUUHVSRQGHQFH�ZLWK�FXUYH�D�IRU�WKH�VLGH�IRUFH�
&XUYHV�G�VKRZ�WKH�UHVXOW�ZKHQ�WKH�FDUFDVV�HODVWLFLW\�LV�QHJOHFWHG�DQG�RQO\�WKH
IOH[LELOLW\�RI�WKH�WUHDG�HOHPHQWV�LV�WDNHQ�LQWR�DFFRXQW��:KHQ�WKH�WUHDG�HOHPHQW
VWLIIQHVV�RI�PRGHO�G�LV�DGDSWHG��L�H��ORZHUHG��LQ�VXFK�D�ZD\�WKDW�WKH�FRUQHULQJ
VWLIIQHVV�EHFRPHV�HTXDO�WR�WKDW�RI�WKH�RWKHU�WKUHH�PRGHOV��QR�GLIIHUHQFH�EHWZHHQ
WKH�VLGH�IRUFH�FKDUDFWHULVWLFV�DFFRUGLQJ�WR�)URPP¶V�DQG�)LDOD¶V�PRGHOV�DSSHDU
WR�RFFXU��'XH� WR�DSSUR[LPDWLRQV� LQWURGXFHG�E\�)LDOD�� WKH�FRHIILFLHQWV� LQ� WKH
H[SUHVVLRQ�IRU�WKH�VLGH�IRUFH�YHUVXV�VOLS�DQJOH��LI�SDUDEROLF�SUHVVXUH�GLVWULEXWLRQ
LV�DGRSWHG��EHFRPH�HTXDO�WR�WKRVH�REWDLQHG�GLUHFWO\�E\�)URPP��

,Q� WKH�FDOFXODWLRQV� IRU�)LJ������)UDQN�HPSOR\HG� D� FRQVWDQW�FRHIILFLHQW�RI
IULFWLRQ���DQG�D�VOLJKWO\�DV\PPHWULF�YHUWLFDO�SUHVVXUH�GLVWULEXWLRQ�T]�[���IRXQG
IURP�PHDVXUHPHQWV��7KH�SRVLWLYH�DOLJQLQJ�WRUTXH�REWDLQHG�DW�ODUJHU�YDOXHV�RI�WKH
VOLS� DQJOH� � DULVHV� DV� D� UHVXOW� RI� WKLV� DV\PPHWU\�� 7KH� SKHQRPHQRQ� WKDW� LQ
SUDFWLFH�WKH�DOLJQLQJ�WRUTXH�LQGHHG�YDULHV�LQ�WKLV�ZD\�LV�GXH�WR�D�FRPELQDWLRQ�RI
VHYHUDO� HIIHFWV�7KH� PDLQ� FDXVH� LV� SUREDEO\� FRQQHFWHG� ZLWK� WKH� DV\PPHWULF
SUHVVXUH�GLVWULEXWLRQ�RI�WKH�UROOLQJ�W\UH��GXH�WR�K\VWHUHVLV�RI�WKH�W\UH�FRPSRXQG�
UHVXOWLQJ�LQ�D�VPDOO�IRUZDUG�VKLIW�RI�WKH�SRLQW�RI�DSSOLFDWLRQ�RI�WKH�QRUPDO�ORDG
�JLYLQJ�ULVH�WR�UROOLQJ�UHVLVWDQFH��DQG��FRQVHTXHQWO\��DW�IXOO�VOLGLQJ�DOVR�RI�WKH
UHVXOWLQJ�VLGH�IRUFH��$QRWKHU�LPSRUWDQW�IDFWRU�FDXVLQJ�WKH�PRPHQW�WR�EHFRPH
SRVLWLYH�LV�WKH�IDFW�WKDW�WKH�FRHIILFLHQW�RI�IULFWLRQ�LV�QRW�D�FRQVWDQW�EXW�WHQGV�WR
GHFUHDVH�ZLWK�VOLGLQJ�YHORFLW\��$V�PD\�EH�GHULYHG�IURP�H�J��(T��������WKH�VOLGLQJ
YHORFLW\�DWWDLQV�LWV�ODUJHVW�YDOXHV�LQ�WKH�UHDU�SRUWLRQ�RI�WKH�FRQWDFW�DUHD�ZKHUH�WKH
VORSH�MY�M[�EHFRPHV�ODUJHVW��&RQVHTXHQWO\��ZH�H[SHFW�WR�KDYH�ODUJHU�VLGH�IRUFHV
DFWLQJ�LQ�WKH�IURQW�KDOI�RI�WKH�FRQWDFW�DUHD�DW�IXOO�VOLGLQJ�FRQGLWLRQV�WKDQ�LQ�WKH
UHDU�KDOI��7KH� UROOLQJ� UHVLVWDQFH� IRUFH� WKDW� �GXH� WR� WKH� ODWHUDO�GLVWRUWLRQ�DFWV
VOLJKWO\�EHVLGH�WKH�ZKHHO�SODQH��PD\�DOVR�FRQWULEXWH�WR�WKH�VLJQ�FKDQJH�RI�0]��$
ZLWK�VOLGLQJ�YHORFLW\�GHFUHDVLQJ����QRW�FRQVLGHUHG�E\�)UDQN��FDXVHV�WKH�FUHDWLRQ
RI�D�SHDN�LQ�WKH�)\� ��FXUYHV�DQG�D�IXUWKHU�VOLJKW�GHFD\��7KLV�KDV�RIWHQ�EHHQ
REVHUYHG�WR�RFFXU�LQ�SUDFWLFH��HVSHFLDOO\�RQ�ZHW�DQG�LF\�URDGV��,Q�WKH�ORQJLWXGLQDO
IRUFH�FKDUDFWHULVWLF�WKH�SHDN�LV�XVXDOO\�PRUH�SURQRXQFHG��

7KH� LQIOXHQFH� RI� GLIIHUHQW� EXW� V\PPHWULF� VKDSHV� IRU� WKH� YHUWLFDO� IRUFH
GLVWULEXWLRQ�DORQJ� WKH�[�D[LV�KDV�EHHQ� WKHRUHWLFDOO\� LQYHVWLJDWHG�E\�%RUJPDQ
��������+H�ILQGV�WKDW��HVSHFLDOO\�IRU�W\UHV�H[KLELWLQJ�D�UHODWLYHO\�ODUJH�FDUFDVV
FRPSOLDQFH��WKH�LQIOXHQFH�RI�WKH�SUHVVXUH�GLVWULEXWLRQ�LV�RI�LPSRUWDQFH��1RQ�
V\PPHWULF�PRUH�JHQHUDO�GLVWULEXWLRQV�ZHUH�VWXGLHG�E\�*XR���������0DQ\�DXWKRUV
DGRSW�IRU�WKH�SXUSRVH�RI�PDWKHPDWLFDO�VLPSOLFLW\�WKH�SDUDEROLF�GLVWULEXWLRQ��)LDOD
������)UHXGHQVWHLQ�������%HUJPDQ�������3DFHMND�������6DNDL��DOVR�Q�WK�GHJUHH
SDUDEROD�������� 'XJRII� HW� DO�� ����� �XQLIRUP�� UHFWDQJXODU� GLVWULEXWLRQ�� DQG
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%HUQDUG� HW� DO�� ����� �WUDSH]LXP� VKDSH����0RGHOV� RI� )LDOD� DQG� )UHXGHQVWHLQ
IHDWXUH�D�IOH[LEOH�FDUFDVV�ZKLOH�WKH�UHPDLQLQJ�DXWKRUV�KDYH�UHVWULFWHG�WKHPVHOYHV
WR�D�ULJLG�FDUFDVV�RU�D�XQLIRUPO\�GHIOHFWHG�EHOW��7KDW��KRZHYHU��HQDEOHG�WKHP�WR
LQFOXGH� WKH� GHVFULSWLRQ� RI� WKH� PRUH� GLIILFXOW� FDVH� RI� FRPELQHG� VOLS�� 7KH
LQWURGXFWLRQ�RI�D�QRQ�FRQVWDQW�IULFWLRQ�FRHIILFLHQW�KDV�EHHQ�WUHDWHG�E\�DPRQJVW
RWKHUV��%|KP���������%RUJPDQQ���������'XJRII�H�D����������6DNDL��������DQG
%HUQDUG�H�D���������

)LJXUH�����VKRZV�WKDW��ZKHQ�WKH�PRGHO�SDUDPHWHUV�DUH�FKRVHQ�SURSHUO\��WKH
FKRLFH�RI�WKH�W\SH�RI�FDUFDVV�PRGHO��EHDP��VWULQJ�RU�ULJLG��KDV�RQO\�D�OLPLWHG
HIIHFW��4XDOLWDWLYHO\��WKH�UHVXOWLQJ�FXUYHV�DUH�LGHQWLFDO��7KH�ULJLG�FDUFDVV�PRGHO
ZLWK�HODVWLF�WUHDG�HOHPHQWV�LV�RIWHQ�UHIHUUHG�WR�DV�WKH�EUXVK�W\UH�PRGHO��%HFDXVH
RI�LWV�VLPSOLFLW\�DQG�TXDOLWDWLYH�FRUUHVSRQGHQFH�ZLWK�H[SHULPHQWDO�W\UH�EHKDYLRXU
ZH�ZLOO�JLYH�D�IXOO�WUHDWPHQW�RI�LWV�SURSHUWLHV��PDLQO\�WR�SURYLGH�XQGHUVWDQGLQJ
RI� VWHDG\�VWDWH� W\UH� VOLSSLQJ� SURSHUWLHV� ZKLFK� PD\� DOVR� EH� KHOSIXO� LQ� WKH
GHYHORSPHQW�RI�PRUH� FRPSOH[�PRGHOV��$�XQLIRUP�FDUFDVV�GHIOHFWLRQ�ZLOO�EH
FRQVLGHUHG�WR�LPSURYH�WKH�DOLJQLQJ�WRUTXH�UHSUHVHQWDWLRQ�DW�FRPELQHG�VOLS�

,Q�6HFWLRQ�����RI�WKLV�FKDSWHU�ZH�ZLOO�GHDO�ZLWK�WKH�HIIHFW�RI�QRQ�XQLIRUP
FDUFDVV�GHIOHFWLRQ��QRQ�FRQVWDQW�IULFWLRQ�FRHIILFLHQW�DQG�WKH�LQFOXVLRQ�RI�FDPEHU
DQG�WXUQLQJ��SDWK�FXUYDWXUH��FRPELQHG�ZLWK�VLGH�VOLS�DQG�EUDNLQJ�GULYLQJ��)RU
WKLV�SXUSRVH��WKH�WUHDG�VLPXODWLRQ�PRGHO�ZLOO�EH�HPSOR\HG��

������7\UH�%UXVK�0RGHO

7KH�EUXVK�PRGHO�FRQVLVWV�RI�D�URZ�RI�HODVWLF�EULVWOHV�WKDW�WRXFKHV�WKH�URDG�SODQH
DQG�FDQ�GHIOHFW�LQ�D�GLUHFWLRQ�SDUDOOHO�WR�WKH�URDG�VXUIDFH��7KHVH�EULVWOHV�PD\�EH
FDOOHG� WUHDG� HOHPHQWV�� 7KHLU� FRPSOLDQFH� UHSUHVHQWV� WKH� HODVWLFLW\� RI� WKH
FRPELQDWLRQ�RI�FDUFDVV��EHOW�DQG�DFWXDO�WUHDG�HOHPHQWV�RI�WKH�UHDO�W\UH��$V�WKH
W\UH� UROOV�� WKH� ILUVW� HOHPHQW� WKDW� HQWHUV� WKH�FRQWDFW�]RQH� LV�DVVXPHG� WR� VWDQG
SHUSHQGLFXODUO\�ZLWK�UHVSHFW�WR�WKH�URDG�VXUIDFH��:KHQ�WKH�W\UH�UROOV�IUHHO\��WKDW
LV�ZLWKRXW� WKH� DFWLRQ� RI� D� GULYLQJ� RU� EUDNLQJ� WRUTXH�� DQG�ZLWKRXW� VLGH� VOLS�
FDPEHU�RU�WXUQLQJ��WKH�ZKHHO�PRYHV�DORQJ�D�VWUDLJKW�OLQH�SDUDOOHO�WR�WKH�URDG�DQG
LQ�WKH�GLUHFWLRQ�RI�WKH�ZKHHO�SODQH��,Q�WKDW�VLWXDWLRQ��WKH�WUHDG�HOHPHQWV�UHPDLQ
YHUWLFDO�DQG�PRYH�IURP�WKH�OHDGLQJ�HGJH�WR�WKH�WUDLOLQJ�HGJH�ZLWKRXW�GHYHORSLQJ
D�KRUL]RQWDO�GHIOHFWLRQ�DQG�FRQVHTXHQWO\�ZLWKRXW�JHQHUDWLQJ�D�IRUH�DQG�DIW�RU�VLGH
IRUFH��$�SRVVLEOH�SUHVHQFH�RI�UROOLQJ�UHVLVWDQFH�LV�GLVUHJDUGHG��:KHQ�WKH�ZKHHO
VSHHG�YHFWRU�9�VKRZV�DQ�DQJOH�ZLWK�UHVSHFW�WR�WKH�ZKHHO�SODQH��VLGH�VOLS�RFFXUV�
:KHQ�WKH�ZKHHO�YHORFLW\�RI�UHYROXWLRQ� �PXOWLSOLHG�ZLWK�WKH�HIIHFWLYH�UROOLQJ
UDGLXV�UH�LV�QRW�HTXDO�WR�WKH�IRUZDUG�FRPSRQHQW�RI�WKH�ZKHHO�VSHHG�9[� �9FRV
ZH�KDYH�IRUH�DQG�DIW�VOLS��8QGHU�WKHVH�FRQGLWLRQV��GHSLFWHG�LQ�)LJ������KRUL]RQWDO
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)LJ������ 7KH�EUXVK�W\UH�PRGHO��
7RS�OHIW��YLHZ�RI�GULYHQ�DQG�VLGH�VOLSSLQJ�W\UH�
7RS�ULJKW��WKH�W\UH�DW�GLIIHUHQW�VOLS�FRQGLWLRQV�
%RWWRP�OHIW��WKH�W\UH�DW�SXUH�VLGH�VOLS��IURP�VPDOO�WR�ODUJH�VOLS�DQJOH�
%RWWRP�ULJKW��WKH�UHVXOWLQJ�VLGH�IRUFH�DQG�DOLJQLQJ�WRUTXH�FKDUDFWHULVWLFV�
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GHIOHFWLRQV�DUH�GHYHORSHG�DQG�FRUUHVSRQGLQJ�IRUFHV�DQG�PRPHQW�DULVH��7KH�WUHDG
HOHPHQWV�PRYH�IURP�WKH��OHDGLQJ�HGJH��DW�WKH�ULJKW�KDQG�VLGH�RI�WKH�SLFWXUHV��WR
WKH�WUDLOLQJ�HGJH��7KH�WLS�RI�WKH�HOHPHQW�ZLOO�DV�ORQJ�DV�WKH�DYDLODEOH�IULFWLRQ
DOORZV�DGKHUH�WR�WKH�JURXQG��WKDW�LV��LW�ZLOO�QRW�VOLGH�RYHU�WKH�URDG�VXUIDFH���$W
WKH�VDPH�WLPH��WKH�EDVH�SRLQW�RI�WKH�HOHPHQW�UHPDLQV�LQ�WKH�ZKHHO�SODQH�DQG
PRYHV�EDFNZDUGV�ZLWK�WKH�OLQHDU�VSHHG�RI�UROOLQJ�9U��WKDW�LV�HTXDO�WR� UH��ZLWK
UHVSHFW�WR�ZKHHO�D[LV�RU�EHWWHU��ZLWK�UHVSHFW�WR�WKH�FRQWDFW�FHQWUH�&��:LWK�UHVSHFW
WR�WKH�URDG��WKH�EDVH�SRLQW�RI�WKH�HOHPHQW�PRYHV�ZLWK�D�YHORFLW\�WKDW�LV�GHVLJQDWHG
DV�WKH�VOLS�VSHHG�9V�RI�WKH�ZKHHO��

,Q�WKH�ORZHU�SDUW�RI�WKH�ILJXUH�WKH�PRGHO�LV�VKRZQ�DW�SXUH�VLGH�VOLS��7KH�VOLS
FKDQJHV� IURP�YHU\� VPDOO� WR� UHODWLYHO\� ODUJH��:H� REVHUYH� WKDW� WKH� GHIOHFWLRQ
LQFUHDVHV� ZKLOH� WKH� HOHPHQW� PRYHV� IXUWKHU� WKURXJK� WKH� FRQWDFW� SDWFK�� 7KH
GHIOHFWLRQ� UDWH� LV� HTXDO� WR� WKH� DVVXPHGO\� FRQVWDQW� VOLS� VSHHG�� 7KH� UHVXOWLQJ
GHIOHFWLRQ�YDULHV�OLQHDUO\�ZLWK�WKH�GLVWDQFH�WR�WKH�OHDGLQJ�HGJH�DQG�WKH�WLSV�IRUP
D�VWUDLJKW�FRQWDFW�OLQH�WKDW�OLHV�LQ�D�GLUHFWLRQ�SDUDOOHO�WR�WKH�ZKHHO�VSHHG�YHFWRU
9��7KH�ILJXUH�DOVR�VKRZV�WKH�PD[LPXP�SRVVLEOH�GHIOHFWLRQ�WKDW�FDQ�EH�UHDFKHG
E\�WKH�HOHPHQW�GHSHQGLQJ�RQ�LWV�SRVLWLRQ�LQ�WKH�FRQWDFW�UHJLRQ��7KLV�PD[LPXP�LV
JRYHUQHG�E\�WKH��FRQVWDQW��FRHIILFLHQW�RI�IULFWLRQ����WKH�YHUWLFDO�IRUFH�GLVWULEXWLRQ
T]�DQG�WKH�VWLIIQHVV�RI�WKH�HOHPHQW�FS\��7KH�SUHVVXUH�GLVWULEXWLRQ�DQG�FRQVHTXHQWO\
DOVR�WKH�PD[LPXP�GHIOHFWLRQ�YPD[�KDYH�EHHQ�DVVXPHG� WR�YDU\�DFFRUGLQJ�WR�D
SDUDEROD��$V�VRRQ�DV�WKH�VWUDLJKW�FRQWDFW�OLQH�LQWHUVHFWV�WKH�SDUDEROD��VOLGLQJ�ZLOO
VWDUW��7KH�UHPDLQLQJ�SDUW�RI�WKH�FRQWDFW�OLQH�ZLOO�FRLQFLGH�ZLWK�WKH�SDUDEROD�IRU
WKH�PD[LPXP�SRVVLEOH�GHIOHFWLRQ��$W�LQFUHDVLQJ�VOLS�DQJOH��WKH�VLGH�IRUFH�WKDW�LV
JHQHUDWHG�ZLOO� LQFUHDVH��7KH�GLVWDQFH�RI� LWV� OLQH�RI�DFWLRQ�EHKLQG�WKH�FRQWDFW
FHQWUH�LV�WHUPHG�WKH�SQHXPDWLF�WUDLO�W��7KH�DOLJQLQJ�WRUTXH�DULVHV�WKURXJK�WKH�QRQ�
V\PPHWULF�VKDSH�RI�WKH�GHIOHFWLRQ�GLVWULEXWLRQ�DQG�ZLOO�EH�IRXQG�E\�PXOWLSO\LQJ
WKH�VLGH�IRUFH�ZLWK�WKH�SQHXPDWLF�WUDLO��$V�WKH�VOLS�LQFUHDVHV��WKH�GHIRUPDWLRQ
VKDSH�EHFRPHV�PRUH�V\PPHWULF�DQG��DV�D�UHVXOW��WKH�WUDLO�JHWV�VPDOOHU��7KLV�LV
EHFDXVH�WKH�SRLQW�RI�LQWHUVHFWLRQ�PRYHV�IRUZDUG��WKHUHE\�LQFUHDVLQJ�WKH�VOLGLQJ
UDQJH�DQG�GHFUHDVLQJ�WKH�UDQJH�RI�DGKHVLRQ��7KLV�FRQWLQXHV�XQWLO�WKH�ZKHHO�VSHHG
YHFWRU�UXQV�SDUDOOHO�WR�WKH�WDQJHQW�WR�WKH�SDUDEROD�DW�WKH�IRUHPRVW�SRLQW��7KHQ�
WKH�SRLQW�RI�LQWHUVHFWLRQ�KDV�UHDFKHG�WKH�OHDGLQJ�HGJH�DQG�IXOO�VOLGLQJ�VWDUWV�WR
RFFXU��7KH�VKDSH�KDV�QRZ�EHFRPH�IXOO\�V\PPHWULF��7KH�VLGH�IRUFH�DWWDLQV�LWV
PD[LPXP�DQG�DFWV�LQ�WKH�PLGGOH�VR�WKDW�WKH�PRPHQW�YDQLVKHV��7KDW�VLWXDWLRQ
UHPDLQV� XQFKDQJHG� ZKHQ� WKH� VOLS� DQJOH� LQFUHDVHV� IXUWKHU�� 7KH� UHVXOWLQJ
FKDUDFWHULVWLFV�IRU�WKH�VLGH�IRUFH�DQG�WKH�DOLJQLQJ�WRUTXH�KDYH�EHHQ�GHSLFWHG�LQ�WKH
VDPH�ILJXUH��,Q�WKH�SDUW�WR�IROORZ�QH[W��WKH�PDWKHPDWLFDO�H[SUHVVLRQV�IRU�WKHVH
UHODWLRQVKLSV�ZLOO�EH�GHULYHG��ILUVW�IRU�WKH�FDVH�RI�SXUH�VLGH�VOLS��
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)LJ��������%UXVK�PRGHO�PRYLQJ�DW�SXUH�VLGH�VOLS�VKRZQ�LQ�WRS�DQG�VLGH�YLHZ�

��������3XUH�VLGH�VOLS

7KH�EUXVK�PRGHO�PRYLQJ�DW�D�FRQVWDQW�VOLS�DQJOH�KDV�EHHQ�GHSLFWHG�LQ�JUHDWHU
GHWDLO�LQ�)LJ������,W�VKRZV�D�FRQWDFW�OLQH�ZKLFK�LV�VWUDLJKW�DQG�SDUDOOHO�WR�WKH
YHORFLW\�YHFWRU�9�LQ�WKH�DGKHVLRQ�UHJLRQ�DQG�FXUYHG�LQ�WKH�VOLGLQJ�UHJLRQ�ZKHUH
WKH� DYDLODEOH� IULFWLRQDO� IRUFH� EHFRPHV� ORZHU� WKDQ� WKH� IRUFH�ZKLFK�ZRXOG� EH
UHTXLUHG�IRU�WKH�WLSV�RI�WKH�WUHDG�HOHPHQWV�WR�IROORZ�WKH�VWUDLJKW�OLQH�IXUWKHU��,Q
WKH�DGKHVLRQ�UHJLRQ�WKH�OLQHDU�YDULDWLRQ�RI�WKH�GHIRUPDWLRQ�LV�LQ�DFFRUGDQFH�ZLWK
WKH�JHQHUDO�HTXDWLRQ���������ZKHUH�WDQ �KDV�EHHQ�DVVXPHG�VPDOO�DQG�UHSODFHG�E\
��ZLWK�DW�VWHDG\�VWDWH�MY�MV� �

���)RU�WKLV�VLPSOH�PRGHO��WKH��GHIRUPDWLRQ�RI�WKH
WUHDG�HOHPHQW�DW�WKH�OHDGLQJ�HGJH�YDQLVKHV��&RQVHTXHQWO\��WKH�ODWHUDO�GHIRUPDWLRQ
LQ�WKH�DGKHVLRQ�UHJLRQ�UHDGV

�����

ZKHUH�D�GHQRWHV�KDOI�WKH�FRQWDFW�OHQJWK�
,Q�FDVH�RI�YDQLVKLQJ�VOLGLQJ��ZKLFK�ZLOO�RFFXU�IRU� �6���RU�IRU���6�4��H[SUHVVLRQ

������LV�YDOLG�IRU�WKH�HQWLUH�UHJLRQ�RI�FRQWDFW��:LWK�WKH�ODWHUDO�VWLIIQHVV�FS\�RI�WKH
WUHDG�HOHPHQWV�SHU�XQLW� OHQJWK�RI� WKH�DVVXPHGO\�UHFWDQJXODU�FRQWDFW�DUHD�WKH
IROORZLQJ�LQWHJUDOV�DQG�H[SUHVVLRQV�IRU�WKH�FRUQHULQJ�IRUFH�)\�DQG�WKH�DOLJQLQJ
WRUTXH�0]�KROG�
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&RQVHTXHQWO\�� WKH� FRUQHULQJ� VWLIIQHVV� DQG� WKH� DOLJQLQJ� VWLIIQHVV� EHFRPH

UHVSHFWLYHO\�

�����

1H[W��ZH�ZLOO�FRQVLGHU�WKH�FDVH�RI�ILQLWH���DQG�D�SUHVVXUH�GLVWULEXWLRQ�ZKLFK
JUDGXDOO\�GURSV�WR�]HUR�DW�ERWK�HGJHV��)RU�WKH�SXUSRVH�RI�VLPSOLFLW\�ZH�DVVXPH
D�SDUDEROLF�GLVWULEXWLRQ�RI�WKH�YHUWLFDO�IRUFH�SHU�XQLW�OHQJWK�DV�H[SUHVVHG�E\

�����

ZKHUH�)]�UHSUHVHQWV�WKH�YHUWLFDO�ZKHHO�ORDG��+HQFH��WKH�ODUJHVW�SRVVLEOH�VLGH�IRUFH
GLVWULEXWLRQ�EHFRPHV�

�����

,Q�)LJ�����WKH�PD[LPXP�SRVVLEOH�ODWHUDO�GHIRUPDWLRQ�YPD[� �T\�PD[��FS\�KDV�EHHQ
LQGLFDWHG�� )RU� WKH� VDNH� RI� DEEUHYLDWLRQ� WKH� IROORZLQJ� FRPSRVLWH� W\UH�PRGHO
SDUDPHWHU�LV�LQWURGXFHG�

�����

7KH�GLVWDQFH�IURP�WKH�OHDGLQJ�HGJH�WR�WKH�SRLQW�ZKHUH�WKH�WUDQVLWLRQ�IURP�WKH
DGKHVLRQ�WR�WKH�VOLGLQJ�UHJLRQ�RFFXUV�LV�ZULWWHQ�DV��D �DQG�LV�GHWHUPLQHG�E\�WKH
IDFWRU� ��7KH�YDOXH�RI�WKLV�QRQ�GLPHQVLRQDO�TXDQWLW\�LV�IRXQG�E\�UHDOLVLQJ�WKDW�DW
WKLV�SRLQW��ZKHUH�[� �[W���WKH�GHIOHFWLRQ�LQ�WKH�DGKHVLRQ�UDQJH�EHFRPHV�HTXDO�WR�WKDW
RI�WKH�VOLGLQJ�UDQJH���+HQFH��ZLWK�(TV�������������WKH�IROORZLQJ�HTXDOLW\�KROGV�

�����

DQG�WKXV�IRU� � ��D���[W������D�ZH�REWDLQ�WKH�UHODWLRQVKLS�ZLWK�WKH�VOLS�DQJOH� �

�����
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)URP� WKLV� HTXDWLRQ�� WKH� DQJOH� VO� ��ZKHUH� WRWDO� VOLGLQJ� VWDUWV� � � ����� FDQ� EH
FDOFXODWHG�

�����

$V�WKH�GLVWULEXWLRQ�RI�WKH�GHIOHFWLRQV�RI�WKH�HOHPHQWV�KDV�QRZ�EHHQ�HVWDEOLVKHG�
WKH�WRWDO�IRUFH�)\�DQG�WKH�PRPHQW�0]�FDQ�EH�DVVHVVHG�E\�LQWHJUDWLRQ�RYHU�WKH
FRQWDFW�OHQJWK��OLNH�LQ�(T�������EXW�QRZ�VHSDUDWH�IRU�WKH�VOLGLQJ�UDQJH��D�[�[W
DQG�WKH�DGKHVLRQ�UDQJH�[W�[�D���)RU�FRQYHQLHQFH�ZH�LQWURGXFH�WKH�QRWDWLRQ�IRU
WKH�VOLS�

������

7KH�UHVXOWLQJ�IRUPXOD�IRU�WKH�IRUFH�UHDGV�
LI�* *�#� VO

� ������

DQG�LI�* *
�
$

� VO���EXW���ò �

�����D�

�DQG�IRU�WKH�PRPHQW�
LI�* *

�
#

� VO

�
������

�
ZLWK�SHDN�YDOXH�����������)]�DW� \� ���� \���,I�* *

�
$

� VO���EXW���ò �

�����D�

7KH�SQHXPDWLF�WUDLO�W��ZKLFK�LQGLFDWHV�WKH�GLVWDQFH�EHKLQG�WKH�FRQWDFW�FHQWUH�&
ZKHUH�WKH�UHVXOWDQW�VLGH�IRUFH�)\�LV�DFWLQJ��EHFRPHV�
LI�* *

�
#

� VO

������

DQG�LI�* *
�
$

� VO���EXW���ò �

� �����D�W ' �
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�)LJ������ &KDUDFWHULVWLFV�RI�WKH�VLPSOH�EUXVK�PRGHO��VLGH�IRUFH��DOLJQLQJ�WRUTXH�DQG�SQHXPDWLF
WUDLO�YV�VOLS�DQJOH�

7KHVH�UHODWLRQVKLSV�KDYH�EHHQ�VKRZQ�JUDSKLFDOO\�LQ�)LJ������$W�YDQLVKLQJ�VOLS
DQJOH�H[SUHVVLRQ��������UHGXFHV�WR

������

7KLV�YDOXH�LV�VPDOOHU�WKDQ�QRUPDOO\�HQFRXQWHUHG�LQ�SUDFWLFH��7KH�LQWURGXFWLRQ�RI
DQ�HODVWLF�FDUFDVV�ZLOO�LPSURYH�WKLV�TXDQWLWDWLYH�DVSHFW��7KHQ��WKH�PRUH�UHDOLVWLF
YDOXH�RI�W�.�

���D�PD\�EH�DFKLHYHG��FI��3DFHMND������IRU�D�VWUHWFKHG�VWULQJ�PRGHO
WR�UHSUHVHQW�WKH�HODVWLF�FDUFDVV�DQG�6HFWLRQ�����IRU�D�PRUH�JHQHUDOO\�DSSOLFDEOH
ZD\�RI�DSSURDFK�WR�DFFRXQW�IRU�WKH�FDUFDVV�FRPSOLDQFH���$QRWKHU�SRLQW�LQ�ZKLFK
WKH�VLPSOH�PRGHO�GHYLDWHV�FRQVLGHUDEO\�IURP�H[SHULPHQWDO�UHVXOWV�FRQFHUQV�WKH
HIIHFW�RI� FKDQJLQJ� WKH�YHUWLFDO�ZKHHO� ORDG� �)]��:LWK� WKH�DVVXPSWLRQ� WKDW� WKH
FRQWDFW�OHQJWK��D�FKDQJHV�TXDGUDWLFDOO\�ZLWK�UDGLDO�W\UH�GHIOHFWLRQ� �DQG�WKDW�)]

GHSHQGV�OLQHDUO\�RQ� ��VR�WKDW�D�-)]���LW�FDQ�EH�HDVLO\�VKRZQ�WKDW�IRU�WKH�EUXVK
PRGHO�)\�DQG�0]�YDU\�SURSRUWLRQDOO\�ZLWK�)]�DQG�)]

����UHVSHFWLYHO\��([SHULPHQWV�
KRZHYHU��VKRZ�WKDW�)\�YDULHV�OHVV�WKDQ�OLQHDUO\�ZLWK�)]���,Q�PRVW�FDVHV��WKH�)\�YV
)]� FKDUDFWHULVWLF�� REWDLQHG� DW� D� VPDOO� YDOXH� RI� WKH� VOLS� DQJOH�� HYHQ� VKRZV� D
PD[LPXP�DIWHU�ZKLFK� WKH�FRUQHULQJ� IRUFH�GURSV�ZLWK� LQFUHDVLQJ�ZKHHO� ORDG�
2EYLRXVO\��WKH�VDPH�KROGV�IRU�WKH�FRUQHULQJ�VWLIIQHVV�&) ��FI��)LJ�������$OVR�LQ
WKLV�UHVSHFW�WKH�LQWURGXFWLRQ�RI�DQ�HODVWLF�FDUFDVV��LQ�SDUWLFXODU�ZKHQ�LWV�ODWHUDO
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�)LJ������� 7KH�VR�FDOOHG�*RXJK�SORW�IRU�WKH�EUXVK�PRGHO��QRQ�GLPHQVLRQDO�DQG�ZLWK�GLPHQVLRQ
XVLQJ�DQ�DVVXPHG�ORDG�YV�FRQWDFW�OHQJWK�UHODWLRQVKLS�

VWLIIQHVV�GHFUHDVHV�ZLWK�LQFUHDVLQJ��QRUPDO�ORDG��LPSURYHV�WKH�DJUHHPHQW�ZLWK
H[SHULPHQWV��:KHQ�FRQVLGHULQJ�D�GHIOHFWHG�FURVV�VHFWLRQ�RI�D�W\UH�ZLWK�VLGH�ZDOOV
PRGHOOHG� DV�PHPEUDQHV� XQGHU� WHQVLRQ� HQFDSVXODWLQJ� SUHVVXULVHG� DLU�� VXFK� D
GHFUHDVH�LQ�ODWHUDO�VWLIIQHVV�FDQ�EH�IRXQG�WR�RFFXU�LQ�WKHRU\��FI��3DFHMND������
S�����DQG������

�$Q�LQWHUHVWLQJ�GLDJUDP�LV�WKH�VR�FDOOHG�*RXJK�SORW��LQ�ZKLFK�)\�LV�SORWWHG�YV
0]�IRU�D�VHULHV�RI�FRQVWDQW�YDOXHV�RI�)]��RU�SRVVLEO\�RI���DW�FRQVWDQW�)]��DQG�RI
�UHVSHFWLYHO\��7KLV�SURGXFHV�WZR�VHWV�RI�FXUYHV�VKRZQ�LQ�)LJV�����DQG������,Q
WKH�ILUVW�ILJXUH��WKH�FKDUDFWHULVWLFV�IRU�WKH�EUXVK�PRGHO�KDYH�EHHQ�SUHVHQWHG��7KH
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)LJ��������6LGH�YLHZ�RI�WKH�EUXVK�W\UH�PRGHO�DW�EUDNLQJ��QR�VOLGLQJ�FRQVLGHUHG��

OHIW�KDQG�GLDJUDP�VKRZV�WKDW�ZKHQ�PDGH�QRQ�GLPHQVLRQDO��D�VLQJOH�FXUYH�UHVXOWV�
7KH�VHFRQG�ILJXUH�SUHVHQWV�WKH�PHDVXUHG�FXUYHV�IRU�D�WUXFN�W\UH�DQG�LQ�DGGLWLRQ
D�GLDJUDP�DFFRUGLQJ�WR�WKH�EUXVK�PRGHO��7KH�PRGHO�KDV�EHHQ�DGDSWHG�WR�LQFOXGH
WKH� QRQ�OLQHDU� UHODWLRQVKLS� RI� WKH� FRUQHULQJ� VWLIIQHVV� YHUVXV� YHUWLFDO� ORDG� E\
PDNLQJ�WKH�WUHDG�HOHPHQW�VWLIIQHVV�GHFUHDVH�OLQHDUO\�ZLWK�YHUWLFDO�ORDG��$V�FDQ�EH
VHHQ�IURP�WKH�OHIW�KDQG�SORW��DW�ODUJH�YDOXHV�RI� �ZKHUH�VDWXUDWLRQ�RI�)\�RFFXUV��
WKH�WUXFN�W\UH�DOVR�H[KLELWV�D�GHFD\�LQ�IULFWLRQ�FRHIILFLHQW�ZLWK�LQFUHDVLQJ�YHUWLFDO
ORDG� �QRW� LQFOXGHG� LQ� WKH� PRGHO� FDOFXODWLRQV��� FI�� DOVR� )LJ������ )XUWKHU�� DV
H[SHFWHG��WKH�DFWXDO�W\UH�JHQHUDWHV�DQ�DOLJQLQJ�WRUTXH�ODUJHU�WKDQ�DFFRUGLQJ�WR�WKH
PRGHO��

��������3XUH�/RQJLWXGLQDO�6OLS

)RU� WKH� EUXVK�W\SH� W\UH� PRGHO� ZLWK� WUHDG� HOHPHQWV� IOH[LEOH� LQ� ORQJLWXGLQDO
GLUHFWLRQ�� WKH� WKHRU\� IRU� ORQJLWXGLQDO� �EUDNLQJ� RU� GULYLQJ�� IRUFH� JHQHUDWLRQ
GHYHORSV�DORQJ�VLPLODU�OLQHV�DV�WKRVH�VHW�RXW�LQ�6HFWLRQ�������ZKHUH�WKH�VLGH�IRUFH
DQG�DOLJQLQJ�WRUTXH�UHVSRQVH�WR�VOLS�DQJOH�KDV�EHHQ�GHULYHG��7R�VLPSOLI\� WKH
GLVFXVVLRQ��ZH�UHVWULFW�RXUVHOYHV�KHUH�WR�QRQ�QHJDWLYH�YDOXHV�RI�WKH�IRUZDUG�VSHHG
9[�DQG�RI�WKH�VSHHG�RI�UHYROXWLRQ� �

,Q�)LJ�����D�VLGH�YLHZ�RI�WKH�EUXVK�PRGHO�KDV�EHHQ�VKRZQ��$V�ZDV�LQGLFDWHG
EHIRUH�� WKH� VR�FDOOHG� VOLS� SRLQW� 6� LV� LQWURGXFHG�� 7KLV� LV� DQ� LPDJLQDU\� SRLQW
DWWDFKHG�WR�WKH�ZKHHO�ULP�DQG�LV�ORFDWHG��DW�WKH�LQVWDQW�FRQVLGHUHG��D�GLVWDQFH
HTXDO�WR�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�U

H
��GHILQHG�DW�IUHH�UROOLQJ��EHORZ�WKH�ZKHHO

FHQWUH��$W�IUHH�UROOLQJ��E\�GHILQLWLRQ��WKH�VOLS�SRLQW�6�KDV�D�YHORFLW\�HTXDO�WR�]HUR�
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7KHQ��LW�IRUPV�WKH�LQVWDQWDQHRXV�FHQWUH�RI�URWDWLRQ�RI�WKH�ZKHHO�ULP��:H�PD\
WKLQN�RI�D�VOLS�FLUFOH�ZLWK�UDGLXV�U

H
�WKDW�LQ�FDVH�RI�IUHH�UROOLQJ�UROOV�SHUIHFWO\��WKDW

LV��ZLWKRXW�VOLGLQJ��RYHU�DQ�LPDJLQDU\�URDG�VXUIDFH�WKDW�WRXFKHV�WKH�VOLS�FLUFOH�LQ
SRLQW� 6��:KHQ� WKH� ZKHHO� LV� EHLQJ� EUDNHG�� SRLQW� 6� PRYHV� IRUZDUG�ZLWK� WKH
ORQJLWXGLQDO�VOLS�YHORFLW\�9V[��:KHQ�GULYHQ��WKH�VOLS�SRLQW�PRYHV�EDFNZDUGV�ZLWK
FRQVHTXHQWO\�D�QHJDWLYH�VOLS�VSHHG��,Q�WKH�PRGHO��D�SRLQW�6
�LV�GHILQHG�WKDW�LV
DWWDFKHG� WR� WKH�EDVH� OLQH�DW� LWV�FHQWUH� �WKDW� LV��DW� WKH�EDVH�SRLQW�RI� WKH� WUHDG
HOHPHQW�EHORZ�WKH�ZKHHO�FHQWUH��FI��)LJ�������%\�GHILQLRQ��WKH�YHORFLW\�RI�WKLV
SRLQW�LV�WKH�VDPH�DV�WKDW�RI�SRLQW�6��7KDW�PHDQV�WKDW�6¶�DOVR�PRYHV�ZLWK�WKH�VDPH
VOLS�VSHHG�9V[�

��,W�LV�DVVXPHG�WKDW�WKH�WUHDG�HOHPHQWV�DWWDFKHG�DW�WKHLU�EDVH�SRLQWV
WR�WKH�FLUFXPIHUHQWLDOO\�ULJLG�FDUFDVV��HQWHU�WKH�FRQWDFW�DUHD�LQ�YHUWLFDO�SRVLWLRQ�
$W�IUHH�UROOLQJ�ZLWK�VOLS�VSHHG�9V[��RI�ERWK�SRLQWV�6�DQG�6¶��HTXDO�WR�]HUR��WKH
RULHQWDWLRQ�RI� WKH�HOHPHQWV� UHPDLQV�YHUWLFDO�ZKLOH�PRYLQJ� IURP�IURQW� WR� UHDU
WKURXJK� WKH� FRQWDFW� ]RQH�� &RQVHTXHQWO\�� QR� ORQJLWXGLQDO� IRUFH� LV� EHLQJ
WUDQVPLWWHG�DQG�ZH�KDYH�D�ZKHHO�VSHHG�RI�UHYROXWLRQ��

������

+HUH�LW�LV�DVVXPHG�WKDW�WKH�ORQJLWXGLQDO�FRPSRQHQW�RI�WKH�VSHHG�RI�SURSDJDWLRQ
RI�WKH�FRQWDFW�FHQWUH�&�LV�HTXDO�WR�WKH�ORQJLWXGLQDO�FRPSRQHQW�RI�WKH�VSHHG�RI�WKH
ZKHHO�FHQWUH��9F[� �

9[���$V�KDV�EHHQ�VHHQ�LQ�WKH�SUHYLRXV�FKDSWHU�WKLV�ZLOO�RFFXU
RQ�D�IODW�URDG�VXUIDFH�DW�YDQLVKLQJ

�
��:KHQ� �GLIIHUV�IURP�LWV�YDOXH�DW�IUHH0

UROOLQJ� R�WKH�ZKHHO�LV�EHLQJ�EUDNHG�RU�GULYHQ�DQG�WKH�ORQJLWXGLQDO�VOLS�VSHHG�9V[

EHFRPHV�

������

,Q�WKH�PRGHO��WKH�EDVH�SRLQWV�RI�DOO�WKH�WUHDG�HOHPHQWV�PRYH�ZLWK�WKH�VDPH�VSHHG
9V[��$�EDVH�SRLQW�SURJUHVVHV�EDFNZDUGV�WKURXJK�WKH�FRQWDFW�]RQH�ZLWK�D�VSHHG
9U�FDOOHG�WKH�OLQHDU�VSHHG�RI�UROOLQJ��$SSDUHQWO\��ZH�KDYH�

������

$Q�HOHPHQW�WKH�WLS�RI�ZKLFK�DGKHUHV�WR�WKH�JURXQG�DQG�WKH�EDVH�SRLQW�LV�PRYHG
WRZDUGV�WKH�UHDU�RYHU�D�GLVWDQFH�D�[�IURP�WKH�OHDGLQJ�HGJH��IRU�ZKLFK�D�WLPH�VSDQ
W� �

�D
�
�

�
[��9U�LV�QHHGHG��KDV�GHYHORSHG�D�GHIOHFWLRQ�LQ�ORQJLWXGLQDO�GLUHFWLRQ�

������

7KH�VDPH�H[SUHVVLRQ�PD\�EH�REWDLQHG�E\�LQWHJUDWLRQ�RI�WKH�IXQGDPHQWDO�HTXDWLRQ
�������DQG�QRWLQJ�WKDW�9J[�

 
� ]� �

MX�MW
�
 

�
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�
��DQG�ILQDOO\�XVLQJ�WKH�ERXQGDU\

FRQGLWLRQ�X� ��DW�[� �
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)LJ������ (TXDOLW\�RI� WKH� WZR�SXUH�VOLS�FKDUDFWHULVWLFV� IRU�DQ� LVRWURSLF� W\UH�PRGHO� LI�SORWWHG
DJDLQVW�WKH�WKHRUHWLFDO�VOLS�

X ' �D&[�
[

Y ' �D&[�
\

:H� PD\� ZULWH� WKH� ORQJLWXGLQDO� GHIOHFWLRQ� X� LQ� WHUPV� RI� WKH� µSUDFWLFDO¶
ORQJLWXGLQDO�VOLS� � ��9V[��9[��

������

,Q�WHUPV�RI�WKH�DOWHUQDWLYH�GHILQLWLRQ�RI�ORQJLWXGLQDO�VOLS��WKH�µWKHRUHWLFDO¶�VOLS��WR
EH�XVHG�LQ�WKH�VXEVHTXHQW�VHFWLRQ�DQG�GHILQHG�DV

������

�QRWH��ZH�UHVWULFW�RXUVHOYHV�WR�QRQ�QHJDWLYH�VSHHGV�RI�UROOLQJ��9U�$�
��DQG�

�
$

�
���

ZH�REWDLQ�

������

,Q�6HFWLRQ�����O�ZH�IRXQG�ZLWK�(TV�������DQG��������IRU�WKH�ODWHUDO�GHIOHFWLRQ�DW
SXUH�VLGH�VOLS�� \� �

WDQ ��

������

&RPSDULVRQ� RI� WKH� HTXDWLRQV� ������� DQG� ������� VKRZV� WKDW� WKH� ORQJLWXGLQDO
GHIRUPDWLRQV�X�ZLOO�EH�HTXDO�LQ�PDJQLWXGH�WR�WKH�ODWHUDO�GHIRUPDWLRQV�Y�LI� \�

 
WDQ �HTXDOV� [� � � ���� �

���)RU�HTXDO�WUHDG�HOHPHQW�VWLIIQHVVHV��FS[� �
FS\���DQG

IULFWLRQ�FRHIILFLHQWV���[� ��\���LQ�ODWHUDO�DQG�ORQJLWXGLQDO�GLUHFWLRQV��WKH�VOLS�IRUFH
FKDUDFWHULVWLFV�LQ�ERWK�GLUHFWLRQV�DUH�LGHQWLFDO�ZKHQ�WDQ� �DQG�

�
����

�
��DUH�XVHG

DV�DEVFLVVD��FI��)LJ������$OVR��(T��������KROGV�IRU�WKH�ORQJLWXGLQDO�IRUFH�)[�LI�WKH
VXEVFULSWV�\�DUH�UHSODFHG�E\�[�DQG�WDQ �E\� �

2EYLRXVO\��WRWDO�VOLGLQJ�ZLOO�VWDUW�DW� [� � ��� ������ ���� [��RU�LQ�WHUPV�RI�WKH
SUDFWLFDO�VOLS�DW�
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/LQHDUL]DWLRQ�IRU�VPDOO�YDOXHV�RI�VOLS� �
�
\LHOGV�D�GHIOHFWLRQ�DW�FRRUGLQDWH�[�

������

DQG�D�IRUH�DQG�DIW�IRUFH

������

ZLWK�FS[� WKH�ORQJLWXGLQDO�WUHDG�HOHPHQW�VWLIIQHVV�SHU�XQLW� OHQJWK��7KLV� UHODWLRQ
FRQWDLQV�WKH�ORQJLWXGLQDO�VOLS�VWLIIQHVV

������

)RU�HTXDO� ORQJLWXGLQDO�DQG�ODWHUDO�VWLIIQHVVHV��FS[� �FS\���ZH�REWDLQ�HTXDO�VOLS
VWLIIQHVVHV�&) � �&) ��,Q�UHDOLW\��KRZHYHU��DSSUHFLDEOH�GLIIHUHQFHV�EHWZHHQ�WKH
PHDVXUHG�YDOXHV�RI�&) �DQG�&) �PD\�RFFXU��VD\�&) �DERXW�����ODUJHU�WKDQ�&) �
ZKLFK�LV�GXH�WR�WKH�ODWHUDO��WRUVLRQDO��FRPSOLDQFH�RI�WKH�FDUFDVV�RI�WKH�DFWXDO
W\UH��6WLOO�� LW� LV�H[SHFWHG�WKDW�TXDOLWDWLYH�VLPLODULW\�RI�ERWK�SXUH�VOLS�FKDUDFW�
HULVWLFV�UHPDLQV�

��������,QWHUDFWLRQ�EHWZHHQ�/DWHUDO�DQG�/RQJLWXGLQDO�6OLS��FRPELQHG�VOLS�

)RU�WKH�DQDO\VLV�RI�WKH�LQIOXHQFH�RI�ORQJLWXGLQDO�VOLS��RU�ORQJLWXGLQDO�IRUFH��RQ�WKH
ODWHUDO� IRUFH� DQG� PRPHQW� JHQHUDWLRQ� SURSHUWLHV� ZH� VKDOO�� IRU� WKH� VDNH� RI
PDWKHPDWLFDO�VLPSOLFLW\��UHVWULFW�RXUVHOYHV�WR�WKH�FDVH�RI�HTXDO�ORQJLWXGLQDO�DQG
ODWHUDO�VWLIIQHVVHV�RI�WKH�WUHDG�HOHPHQWV��LVRWURSLF�PRGHO���L�H��

������

DQG�HTXDO�DQG�FRQVWDQW�IULFWLRQ�FRHIILFLHQWV

�������

$JDLQ�D�SDUDEROLF�SUHVVXUH�GLVWULEXWLRQ�LV�FRQVLGHUHG�
)LJXUH�����GHSLFWV�WKH�GHIRUPDWLRQV�ZKLFK�DULVH�ZKHQ�WKH�W\UH�PRGHO�ZKLFK

UXQV�DW�D�JLYHQ�VOLS�DQJOH� �LV�GULYHQ�RU�EUDNHG��'XH�WR�WKH�HTXDO�VWLIIQHVV�LQ�DOO
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��)LJ������� 9HFWRU�GLDJUDP�DQG�GHIRUPDWLRQ�RI�WKH�EUXVK�PRGHO�UXQQLQJ�DW�D�JLYHQ�VOLS�DQJOH�IRU
WKH�FDVHV�RI�GULYLQJ�DQG�EUDNLQJ�

KRUL]RQWDO�GLUHFWLRQV�DQG� WKH� LVRWURSLF� IULFWLRQ�SURSHUWLHV�� WKH�GHIOHFWLRQV�DUH
GLUHFWHG�RSSRVLWH�WR�WKH�VOLS�VSHHG�YHFWRU�9V���DOVR�LQ�WKH�VOLGLQJ�UHJLRQ��,Q�WKLV
ODWWHU�UHJLRQ��WKH�WLSV�RI�WKH�HOHPHQWV�VOLGH�RYHU�WKH�URDG�ZLWK�VOLGLQJ�VSHHG�9J

GLUHFWHG�RSSRVLWH�WR�WKH�ORFDO�IULFWLRQ�IRUFH�T��SHU�XQLW�FRQWDFW�OHQJWK���7KH�ZKROH
GHIRUPDWLRQ�KLVWRU\�RI�D�WUHDG�HOHPHQW�ZKLOH�UXQQLQJ�WKURXJK�WKH�FRQWDFW�DUHD�LV
D�RQH�GLPHQVLRQDO�SURFHVV�DORQJ�WKH�GLUHFWLRQ�RI�9V�

7KH�YHORFLW\�RI�SURJUHVVLRQ�RI�D�EDVH�SRLQW�WKURXJK�WKH�FRQWDFW�OHQJWK�LV�WKH
UROOLQJ�VSHHG�9U��DJDLQ�DVVXPHG�QRQ�QHJDWLYH���7KH�GHIOHFWLRQ�UDWH�RI�DQ�HOHPHQW
LQ�WKH�DGKHVLRQ�UHJLRQ�LV�HTXDO�WR�WKH�VOLS�VSHHG�9V��7KH�WLPH�ZKLFK�HODSVHV�IURP
WKH�SRLQW�RI�HQWUDQFH�WR�WKH�SRLQW�D�GLVWDQFH�[�LQ�IURQW�RI�WKH�FRQWDFW�FHQWUH�HTXDOV

� ������
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YHFWRULDO�IRUP

������

,W� VHHPV� QDWXUDO� DW� WKLV� VWDJH� WR� LQWURGXFH� WKH� DOWHUQDWLYH� �WKHRUHWLFDO�� VOLS
TXDQWLW\�DJDLQ��EXW�QRZ�LQ�YHFWRULDO�IRUP�

������

ZLWK�WKH�OLQHDU�VSHHG�RI�UROOLQJ

������

7KH�UHODWLRQV�RI�WKHVH�WKHRUHWLFDO�VOLS�TXDQWLWLHV�ZLWK�WKH�SUDFWLFDO�VOLS�TXDQWLWLHV
�� ��9V[��9[���DQG�WDQ �� ��9V\��9[���DUH�

������

7KH�GHIOHFWLRQ�RI�DQ�HOHPHQW�LQ�WKH�DGKHVLRQ�UHJLRQ�QRZ�UHDGV

�������������������

IURP�ZKLFK�LW�LV�DSSDUHQW�WKDW�ORQJLWXGLQDO�DQG�ODWHUDO�GHIOHFWLRQV�DUH�JRYHUQHG
E\� [�DQG� \�UHVSHFWLYHO\�DQG�LQGHSHQGHQW�RI�HDFK�RWKHU��7KLV�ZRXOG�QRW�EH�WKH
FDVH�LI�H[SUHVVHG�LQ�WHUPV�RI�WKH�SUDFWLFDO�TXDQWLWLHV� �DQG� ��

7KH�ORFDO�KRUL]RQWDO�FRQWDFW�IRUFH�DFWLQJ�RQ�WKH�WLSV�RI�WKH�HOHPHQWV��SHU�XQLW
FRQWDFW�OHQJWK��UHDGV

�DGKHVLRQ�UHJLRQ��������������������

$V�VRRQ�DV

������

WKH�VOLGLQJ�UHJLRQ�LV�HQWHUHG��7KHQ�WKH�IULFWLRQ�IRUFH�YHFWRU�EHFRPHV

�VOLGLQJ�UHJLRQ���������������������
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�
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)LJ���������(TXLYDOHQW�VLGH�VOLS�DQJOH�SURGXFLQJ�WKH�VDPH�SQHXPDWLF�WUDLO�W�

DQG�REYLRXVO\�IROORZV�WKH�VDPH�FRXUVH�DV�WKRVH�VKRZQ�LQ�)LJ������7KH�IRUFH
YHFWRU�)�DFWV�LQ�D�GLUHFWLRQ�RSSRVLWH�WR�9V�RU�� ��+HQFH

������

IURP�ZKLFK�WKH�FRPSRQHQWV�)[�DQG�)\�PD\�EH�REWDLQHG�
7KH�PRPHQW��0]�LV�REWDLQHG�E\�PXOWLSOLFDWLRQ�RI�)\�ZLWK�WKH�SQHXPDWLF�WUDLO

W��7KLV�WUDLO�LV�HDVLO\�IRXQG�ZKHQ�ZH�UHDOL]H�WKDW�WKH�GHIOHFWLRQ�GLVWULEXWLRQ�RYHU
WKH�FRQWDFW�OHQJWK�LV�LGHQWLFDO�ZLWK�WKH�FDVH�RI�SXUH�VLGH�VOLS�LI�WDQ HT� � ��FI��)LJ�
������� &RQVHTXHQWO\�� WKH� IRUPXOD� ������� UHSUHVHQWV� WKH� SQHXPDWLF� WUDLO� DW
FRPELQHG�VOLS�DV�ZHOO�LI� \ \�LV�UHSODFHG�E\� ��:H�KDYH�ZLWK��������

���������

,Q�)LJV������DQG������WKH�GUDPDWLF�UHGXFWLRQ�RI�WKH�SXUH�VOLS�IRUFHV��WKH�VLGH
IRUFH� DQG� WKH� ORQJLWXGLQDO� IRUFH� UHVSHFWLYHO\�� WKDW� RFFXUV� DV� D� UHVXOW� RI� WKH
VLPXOWDQHRXV�LQWURGXFWLRQ�RI�WKH�RWKHU�VOLS�FRPSRQHQW��WKH�ORQJLWXGLQDO�VOLS�DQG
WKH� VLGH� VOLS� UHVSHFWLYHO\�� KDYH� EHHQ� LQGLFDWHG�� :H� REVHUYH� DQ� �DOPRVW�
V\PPHWULF�VKDSH�RI�WKHVH�LQWHUDFWLRQ�FXUYHV��7KH�SHDN�RI�WKH�VLGH�IRUFH�YHUVXV
ORQJLWXGLQDO�VOLS�FXUYHV�DW�FRQVWDQW�YDOXHV�RI�WKH�VOLS�DQJOH�DSSHDUV�WR�EH�VOLJKWO\
VKLIWHG�WRZDUGV�WKH�EUDNLQJ�VLGH��7KLV�SKHQRPHQRQ�ZLOO�EH�IXUWKHU�GLVFXVVHG�LQ
FRQQHFWLRQ�ZLWK�WKH�DOWHUQDWLYH�UHSUHVHQWDWLRQ�RI�WKH�VDPH�UHVXOWV�DFFRUGLQJ�WR
)LJ�������$W�YHU\�ODUJH�ORQJLWXGLQDO�VOLS�WKDW�LV�ZKHQ�_9V[_�9[�64�WKH�VLGH�IRUFH
DSSURDFKHV�]HUR�DQG�WKH�VDPH�RFFXUV�IRU�WKH�ORQJLWXGLQDO�IRUFH�ZKHQ�WKH�ODWHUDO
VOLS� WDQ �JRHV� WR� LQILQLW\� � �6���E��DW�D�JLYHQ�YDOXH�RI� WKH� ORQJLWXGLQDO� VOLS
EHFDXVH�REYLRXVO\�LQ�WKDW�FDVH�ZLWK�9[�6��DOVR�WKH�ORQJLWXGLQDO�VOLS�VSHHG�PXVW
YDQLVK��)RU�D�ORFNHG�ZKHHO�ZLWK�9V[� �9[�DQG� � �����ZH�KDYH�)\� ��)]�VLQ �DQG��)[

 ���)]�FRV �
,Q�WKH�GLDJUDP�RI�)LJ������WKH�FDOFXODWHG�YDULDWLRQV�RI�)\�DQG�0]�ZLWK�)[�KDYH

EHHQ�SORWWHG�IRU�VHYHUDO�IL[HG�YDOXHV�RI� ��$OVR�WKH�FXUYHV�IRU�FRQVWDQW� �KDYH
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EUDNLQJ

GULYLQJ

)LJ���������5HGXFWLRQ�RI�ORQJLWXGLQDO�IRUFH�GXH�WR�WKH�SUHVHQFH�RI�VLGH�VOLS�

EHHQ�GHSLFWHG��)RU�FODULILFDWLRQ�RI�WKH�QDWXUH�RI�WKH�)\���)[�GLDJUDP�WKH�GHIOHFWLRQ
RI� DQ� HOHPHQW� QHDU� WKH� OHDGLQJ� HGJH� KDV� EHHQ� VKRZQ� LQ�)LJ�������6LQFH� WKH
GLVWDQFH�IURP�WKH�OHDGLQJ�HGJH�KDV�EHHQ�GHILQHG�IRU�WKLV�RFFDVLRQ�WR�EH�HTXDO�WR
XQLW\�WKH�GHIOHFWLRQ�H�RI�WKH�HOHPHQW�HTXDOV�WKH�VOLS� ��7KH�UDGLXV�RI�WKH�FLUFOH
GHQRWLQJ�PD[LPXP�SRVVLEOH�GHIOHFWLRQV�LV�HTXDO�WR� VO��7KH�WZR�SRLQWV�RQ�WKH
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)LJ�������� &RUQHULQJ�IRUFH�DQG�DOLJQLQJ�WRUTXH�DV�IXQFWLRQV�RI�ORQJLWXGLQDO�IRUFH�DW�FRQVWDQW
VOLS�DQJOH� �RU�ORQJLWXGLQDO�VOLS� ��

FLUFOH�ZKHUH�DW�WKH� �FRQVLGHUHG�WKH�VOLGLQJ�ERXQGDU\� VO�LV�DWWDLQHG�FRUUHVSRQG
WR�WKH�SRLQWV�RQ�WKH� �FXUYH�RI�WKH�IRUFH�GLDJUDP�RI�)LJ�������7KLV�DOVR�H[SODLQV
WKH�VOLJKWO\�LQFOLQHG�QDWXUH�RI�WKH� �FXUYHV��$W�EUDNLQJ��)\�DSSHDUV�WR�EH�D�OLWWOH
ODUJHU�WKDQ�DW�GULYLQJ��7KLV�LV�DW�OHDVW�WUXH�IRU�WKH�WZR�FDVHV�RI�)LJ������RQH�DW
GULYLQJ�DQG� WKH�RWKHU�DW�EUDNLQJ�� VKRZLQJ� WKH�VDPH�VOLS�DQJOH�DQG� WKH� VDPH
PDJQLWXGH�RI�WKH�GHYLDWLRQ�DQJOH� �RI�WKH�VOLS�YHORFLW\�YHFWRU�DQG�WKXV�RI�WKH
IRUFH�YHFWRU�ZLWK� UHVSHFW�WR�WKH�\�D[LV��7KHQ��WKH�VOLS�VSHHGV�9V�DUH�HTXDO� LQ
PDJQLWXGH��EXW�DW�EUDNLQJ�WKH�VSHHG�RI�UROOLQJ�9U�LV�REYLRXVO\�VPDOOHU��:KHQ
FRQVLGHULQJ� WKH� GHILQLWLRQ� RI� WKH� WKHRUHWLFDO� VOLS� � ������� DQG� WKH� IXQFWLRQDO
UHODWLRQVKLS��������ZLWK�WKH�IRUFH�)�LW�EHFRPHV�FOHDU�WKDW�)�PXVW�EH�ODUJHU�IRU�WKH
FDVH�RI�EUDNLQJ�EHFDXVH�RI�WKH�WKHQ�ODUJHU�PDJQLWXGH�RI�� ���)LQDOO\��WKH�FDVH�RI
ZKHHO�ORFN�LV�SRLQWHG�DW��7KHQ��WKH�IRUFH�YHFWRU�)�ZKLFK�LQ�PDJQLWXGH�LV�HTXDO
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3

���)LJ�������� 7KH��)[���)\��GLDJUDP�H[WHQGHG�ZLWK�WKH�FRUUHVSRQGLQJ�YHORFLW\�GLDJUDP��7KH�EUDNH
�SHGDO��IRUFH�LV�NHSW�FRQVWDQW�ZKLOH�WKH�VOLS�DQJOH�LV�LQFUHDVHG��7KH�VDPH�LV�GRQH�DW
D�FRQVWDQW�GULYLQJ�HIIRUW��,Q�WKH�FDVH�RI�EUDNLQJ�WKH�VSHHG�RI�UROOLQJ�9U�GHFUHDVHV
XQWLO�WKH�ZKHHO�JHWV�ORFNHG��,Q�WKH�VSHFLDO�FDVH��
�WKH�ZKHHO�LV�URWDWHG�EDFNZDUGV�WR
NHHS�WKH�VOLS�VSHHG�9V�DQG�WKXV�WKH�IRUFH�YHFWRU�)�LQ�WKH�RULJLQDO�GLUHFWLRQ�

�δVO�E

δ
VO�G

1 9

α

α

α
VO�PD[

VO

α

wheel 
lockαα

δ
σ

σVO

σVO

α

begin of
contact line

leading edge tread element near leading edge

)LJ�������7KH�VLWXDWLRQ�QHDU�WKH�OHDGLQJ�HGJH��9DULRXV�GHIOHFWLRQV�RI�DQ�HOHPHQW�DW�D�GLVWDQFH
HTXDO�WR���IURP�WKH�OHDGLQJ�HGJH�DUH�VKRZQ�FRUUHVSRQGLQJ�ZLWK�SRLQWV�LQ�WKH�XSSHU
GLDJUDP�RI�)LJ������
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�)LJ�������� 7\UH�FKDUDFWHULVWLFV�DW�FRQVWDQW�EUDNH� �SHGDO�� IRUFH�DQG�GULYLQJ�IRUFH��1XPHUDOV
FRUUHVSRQG�WR�WKRVH�RI�)LJ�������

WR��)]� �� LV� GLUHFWHG� RSSRVLWH� WR� WKH� VSHHG� YHFWRU� RI� WKH�ZKHHO�9�ZKLFK� WKHQ
FRLQFLGHV�ZLWK�WKH�VOLS�VSHHG�YHFWRU�9V�

([SHULPHQWDO�HYLGHQFH��H�J��)LJ�������VXSSRUWV�WKH�QDWXUH�RI�WKH�WKHRUHWLFDO
FXUYHV�IRU�WKH�IRUFHV�DV�VKRZQ�LQ�)LJ�������2IWHQ��WKH�VKDSH�DSSHDUV�WR�EH�PRUH
DV\PPHWULF�WKDQ�SUHGLFWHG�E\�WKH�VLPSOH�EUXVK�PRGHO��7KLV�PD\�EH�GXH�WR�D
VOLJKW�LQFUHDVH�LQ�WKH�FRQWDFW�OHQJWK�ZKLOH�EUDNLQJ��PDNLQJ�WKH�W\UH�VWLIIHU��DQG
E\�WKH�EUDNH�IRUFH�LQGXFHG�VOLS�DQJOH�RI�WKH�FRQWDFW�SDWFK�DW�VLGH�VOLS��7KLV�LV
DFFRPSOLVKHG�WKURXJK�WKH�WRUVLRQ�RI�WKH�FDUFDVV�LQGXFHG�E\�WKH�PRPHQW�DERXW
WKH�YHUWLFDO�D[LV�WKDW�LV�H[HUWHG�E\�WKH�EUDNLQJ�IRUFH�ZKLFK�KDV�VKLIWHG�LWV�OLQH�RI
DFWLRQ� GXH� WR� WKH� ODWHUDO� GHIOHFWLRQ� FRQQHFWHG�ZLWK� WKH� VLGH� IRUFH��7KH�PRUH
DGYDQFHG�PRGHO�WR�EH�GHYHORSHG�IXUWKHU�RQ�LQ�WKLV�FKDSWHU�ZLOO�WDNH�WKH�ODWWHU
HIIHFW�LQWR�DFFRXQW�

7KH�PRPHQW�FXUYHV�SUHVHQWHG�LQ�WKH�ORZHU�GLDJUDP�RI�)LJ������VKRZ�D�PRUH
RU�OHVV�V\PPHWULFDO�EHOO�VKDSH��$V�H[SHFWHG��WKH�DOLJQLQJ�WRUTXH�EHFRPHV�HTXDO
WR� ]HUR�ZKHQ� WRWDO� VOLGLQJ� RFFXUV� � �$ VO� ���/DWHU� RQ��ZH�ZLOO� VHH� WKDW� WKHVH
FRPSXWHG�PRPHQW�FKDUDFWHULVWLFV�PD\�DSSUHFLDEO\�GHYLDWH�IURP�H[SHULPHQWDOO\
REWDLQHG�FXUYHV�

$W�WKLV�VWDJH��ZH�ZLOO�ILUVW�DSSO\�WKH�NQRZOHGJH�JDLQHG�VRIDU�WR�WKH�DQDO\VLV
RI�D�SUDFWLFDO�VLWXDWLRQ�WKDW�RFFXUV�ZLWK�D�ZKHHO�WKDW� LV�EUDNHG�RU�GULYHQ� �DW
FRQVWDQW�EUDNH�SUHVVXUH�DQG�WKURWWOH�UHVSHFWLYHO\��ZKLOH�LWV�VOLS�DQJOH�LV�YDULHG�

,Q�)LJ������WKH�IRUFH�GLDJUDP�LV�VKRZQ�LQ�FRPELQDWLRQ�ZLWK�WKH�FRUUHVSRQGLQJ
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YHORFLW\�GLDJUDP��$W�D�JLYHQ�EUDNLQJ�IRUFH��)[�DQG�ZKHHO�VSHHG�RI�WUDYHO�9��WKH
VOLS�DQJOH� �LV�FKDQJHG�IURP�]HUR�WR���E��7KH�YDULDWLRQ�RI�VOLS�VSHHG�9V�DQG
UROOLQJ�VSHHG�9U�PD\�EH�IROORZHG�IURP�FDVH���ZKHUH� � ���WR�FDVH���ZKHUH�WRWDO
VOLGLQJ�VWDUWV�DQG�IXUWKHU�WR�FDVH���ZKHUH�9U�DQG�WKXV� �YDQLVKHV�DQG�WKH�ZKHHO
EHFRPHV�ORFNHG��$�IXUWKHU�LQFUHDVH�RI� ��DW�FRQVWDQW�EUDNH�SHGDO�IRUFH��DV�LQ�FDVH
��ZLOO�QHFHVVDULO\�OHDG�WR�D�UHGXFWLRQ�LQ�EUDNLQJ�IRUFH��)[�XQOHVV�WKH�ZKHHO�LV
URWDWHG�LQ�RSSRVLWH�GLUHFWLRQ�� ������DV�UHSUHVHQWHG�E\�FDVH��
��,Q�WKH�FDVHV�RI
GULYLQJ�LQGLFDWHG�E\�5RPDQ�QXPHUDOV�WKH�GULYLQJ�IRUFH�)[�FDQ�EH�PDLQWDLQHG
LUUHVSHFWLYH�RI�WKH�YDOXH�RI� ��ZLWK�* *�����E��

7KH�QDWXUH�RI�WKH�UHVXOWLQJ�)\��� ��FKDUDFWHULVWLFV�DW�JLYHQ�GULYLQJ�RU�EUDNLQJ
HIIRUW�LV�VKRZQ�LQ�)LJ�������3ORWWLQJ�RI�)\�YHUVXV�VLQ �LV�DGYDQWDJHRXV�EHFDXVH
WKH�SRUWLRQ�ZKHUH�ZKHHO�ORFN�RFFXUV�LV�WKHQ�UHSUHVHQWHG�E\�D�VWUDLJKW�OLQH�

$QRWKHU� LPSRUWDQW� DGYDQWDJH� RI� SXWWLQJ� VLQ � LQVWHDG� RI� WDQ � DORQJ� WKH
DEVFLVVD�LV�WKDW��DIWHU�KDYLQJ�FRPSOHWHG�WKH�GLDJUDP�IRU�QHJDWLYH�YDOXHV�RI�VLQ
UHVXOWLQJ�LQ�DQ�RGGO\�V\PPHWULF�JUDSK��WKH�FRPSOHWH�UDQJH�RI� �LV�FRYHUHG��WKH
VSHHG�YHFWRU�9�PD\�VZLQJ�DURXQG�RYHU�WKH�ZKROH�UDQJH�RI����E��$Q�DSSOLFDWLRQ
LQ� YHKLFOH� G\QDPLFV� ZLOO� EH� GLVFXVVHG� LQ� 6HFWLRQ� ���� RI� WKLV� FKDSWHU� �\DZ
LQVWDELOLW\�DW�ORFNHG�UHDU�ZKHHOV��

)RU�LOOXVWUDWLRQ�ZH�KDYH�VKRZQ�LQ�)LJV������DQG����H[SHULPHQWDOO\�DVVHVVHG
FKDUDFWHULVWLFV�� 7KH� IRUFH� GLDJUDPV� FRUUHVSRQG� UHDVRQDEO\� ZHOO� ZLWK� WKH
WKHRUHWLFDO�REVHUYDWLRQV��7KH�PRPHQW�FXUYHV��KRZHYHU��GHYLDWH�FRQVLGHUDEO\
IURP�WKH�WKHRUHWLFDO�SUHGLFWLRQV��FRPSDUH�)LJ������ZLWK�)LJ��������,W�DSSHDUV�WKDW
DFFRUGLQJ�WR�WKLV�ILJXUH�0]�FKDQJHV�LWV�VLJQ�LQ�WKH�EUDNLQJ�KDOI�RI�WKH�GLDJUDP�
7KLV�SKHQRPHQRQ�FDQ�QRW�EH�H[SODLQHG�ZLWK�WKH�VLPSOH�W\UH�EUXVK�PRGHO�WKDW�KDV
EHHQ�HPSOR\HG�WKXV�IDU��

7KH�LQWURGXFWLRQ�RI�D�ODWHUDOO\�IOH[LEOH�FDUFDVV�VHHPV�HVVHQWLDO�IRU�D�SURSHU
RQ�D�GULYHQ�RU�EUDNHG�ZKHHO��,Q�)LJ������D�SRVVLEOH�H[WHQVLRQ�RI�WKH�EUXVK�PRGHO
LV�GHSLFWHG��7KH�FDUFDVV�OLQH�LV�DVVXPHG�WR�UHPDLQ�VWUDLJKW�DQG�SDUDOOHO�WR�WKH
ZKHHO�SODQH�LQ�WKH�FRQWDFW�UHJLRQ��$�ODWHUDO�DQG�ORQJLWXGLQDO�FRPSOLDQFH�ZLWK
UHVSHFW�WR�WKH�ZKHHO�SODQH�LV�LQWURGXFHG��,Q�DGGLWLRQ��D�SRVVLEOH�LQLWLDO�RII�VHW�RI
WKH�OLQH�RI�DFWLRQ�RI�WKH�ORQJLWXGLQDO�IRUFH�ZLWK�UHVSHFW�WR�WKH�ZKHHO�FHQWUH�SODQH
LV�UHJDUGHG��6XFK�DQ�RII�VHW�LV�FDXVHG�E\�DV\PPHWU\�RI�WKH��FRQVWUXFWLRQ�RI�WKH
W\UH�RU�E\�WKH�SUHVHQFH�RI�D�FDPEHU�DQJOH��

:LWK�WKLV�PRGHO�WKH�PRPHQW�0]�LV�FRPSRVHG�RI�WKH�RULJLQDO�FRQWULEXWLRQ�0]


HVWDEOLVKHG�E\�WKH�EUXVK�PRGHO�DQG�WKRVH�GXH�WR�WKH�IRUFHV�)\�DQG�)[�ZKLFK�VKRZ
OLQHV�RI�DFWLRQ�VKLIWHG�ZLWK�UHVSHFW�WR�WKH�FRQWDFW�FHQWUH�&�RYHU�WKH�GLVWDQFHV�XF

DQG�YR���
YF�UHVSHFWLYHO\��7KH�VHOI�DOLJQLQJ�WRUTXH�QRZ�UHDGV��

�0
]
' 0

]
N&)

[
Y
R
%Y

F
% )

\
X
F

�� ����� ������
' 0

]

 & F )

[
)

\
& )

[
Y
R



��� 7+(25<�2)�67($'<�67$7(�6/,3�)25&(�$1'�020(17�*(1(5$7,21

α =8o

K

GULYLQJ EUDNLQJ

)[

)\0]

α = - 4
α =+4o

o

α =8o

α =4o

0

-100Nm

2000N

2000N

)LJ������� &RPELQHG� VOLS� VLGH� IRUFH� DQG� PRPHQW� YHUVXV� ORQJLWXGLQDO� IRUFH�FKDUDFWHULVWLFV
PHDVXUHG�DW�WZR�YDOXHV�RI�WKH�VOLS�DQJOH�IRU�D���������W\UH�RQ�D�GU\�IODW�VXUIDFH��IURP
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)LJ������� ([WHQGHG�W\UH�EUXVK�PRGHO�VKRZLQJ�RII�VHW�DQG�GHIOHFWLRQ�RI�FDUFDVV�OLQH��VWUDLJKW
DQG�SDUDOOHO�WR�ZKHHO�SODQH��

ZKHUH�WKH�FRPSOLDQFH�FRHIILFLHQW�F�KDV�EHHQ�LQWURGXFHG�WKDW�LV�GHILQHG�E\�

������F '
g
\

&
F\

&

g
[

&
F[

+HUH�� &F[� DQG� &F\� GHQRWH� WKH� ORQJLWXGLQDO� DQG� ODWHUDO� FDUFDVV� VWLIIQHVVHV
UHVSHFWLYHO\�DQG�g[�DQG�g\� WKH�HIIHFWLYH�IUDFWLRQV�RI�WKH�DFWXDO�GLVSODFHPHQWV�
7KHVH� IUDFWLRQV� PXVW� EH� FRQVLGHUHG� EHFDXVH� RI� FRQFXUUHQW� ODWHUDO� DQG
ORQJLWXGLQDO�UROOLQJ�RI�WKH�W\UH�ORZHU�VHFWLRQ�DJDLQVW�WKH�URDG�VXUIDFH�XQGHU�WKH
DFWLRQ�RI�D� ODWHUDO�DQG� IRUH�DQG�DIW� IRUFH� UHVSHFWLYHO\�ZKLFK�ZLOO� FKDQJH� WKH
QRUPDO� IRUFH�GLVWULEXWLRQ� LQ� WKH�FRQWDFW�SDWFK�DQG� WKHUHE\� UHGXFH� WKH�DFWXDO
GLVSODFHPHQWV� RI� WKH� OLQHV�RI�DFWLRQ�RI�ERWK�KRUL]RQWDO� IRUFHV��7KH� UHVXOWLQJ
FDOFXODWLRQV�FDQ�EH�SHUIRUPHG�LQ�D�GLUHFW�VWUDLJKWIRUZDUG�PDQQHU�EHFDXVH�WKH�VOLS
DQJOH�RI�WKH�H[WHQGHG�PRGHO�LV�WKH�VDPH�DV�WKH�RQH�IRU�WKH�LQWHUQDO�EUXVK�PRGHO�
/DWHU�RQ��LQ�6HFWLRQ������WKH�HIIHFW�RI�WKH�LQWURGXFWLRQ�RI�D�WRUVLRQDO�DQG��EHQGLQJ
VWLIIQHVV�RI�WKH�FDUFDVV�DQG�EHOW�ZLOO�EH�GLVFXVVHG��7KH�UHVXOWLQJ�PRGHO��KRZHYHU�
LV� D� ORW�PRUH� FRPSOH[� DQG� FORVHG� IRUP� VROXWLRQV� DUH� QR� ORQJHU� SRVVLEOH�� ,Q
6HF�����WKH�WHFKQLTXH��RI�WKH�WUHDG�HOHPHQW�IROORZLQJ�PHWKRG�ZLOO�EH�HPSOR\HG
LQ�WKH�WUHDG�VLPXODWLRQ�PRGHO�WR�GHWHUPLQH�WKH�UHVSRQVH�

7KH�FRPELQHG�VOLS�UHVSRQVH�RI�WKH�VLPSOH�H[WHQGHG�PRGHO�RI�)LJ������LV�JLYHQ
LQ� WKH�)LJV������DQG�������,W� LV�REVHUYHG�WKDW� LQ�)LJ������WKH�DOLJQLQJ�WRUTXH
FKDQJHV�LWV�VLJQ�LQ�WKH�EUDNLQJ�UDQJH��7KLV�LV�GXH�WR�WKH�WHUP�LQ�(T��������ZLWK
WKH�FRPSOLDQFH�FRHIILFLHQW�F��7KH�UHVXOWLQJ�TXDOLWDWLYH�VKDSH�LV�TXLWH�VLPLODU�WR
WKH�H[SHULPHQWDOO\�IRXQG�FXUYHV�RI�)LJ�������,Q�)LJ������WKH�HIIHFW�RI�DQ�LQLWLDO
RII�VHW�RI�YR�

 
�
�PP�KDV�EHHQ�GHSLFWHG�

�+HUH�FDUFDVV�FRPSOLDQFH�KDV�EHHQ�GLVUHJDUGHG�DQG�RQO\� WKH� ODVW�WHUP�RI
�������KDV�EHHQ�DGGHG��:H�VHH�WKDW�D�PRPHQW�LV�JHQHUDWHG�DOUHDG\�DW�]HUR�VOLS



��� 7+(25<�2)�67($'<�67$7(�6/,3�)25&(�$1'�020(17�*(1(5$7,21

-0.1

0

0.1

-11

0
]

µ)�D
]

)
[

µ)�
]

-0.025

0.025

0.075

EUDNLQJGULYLQJ

0.05

α =
0.1rad

0

θ = 5
F�=  2.5 x e-6m/N
Y =0
o

)LJ������� 7KH�LQIOXHQFH�RI�ODWHUDO�FDUFDVV�FRPSOLDQFH�RQ�WKH�DOLJQLQJ�WRUTXH�IRU�D�EUDNHG�RU
GULYHQ�ZKHHO�DFFRUGLQJ�WR�WKH�H[WHQGHG�EUXVK�PRGHO��
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F�= 0
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)LJ������� 7KH�LQIOXHQFH�RI�DQ�LQLWLDO�ODWHUDO�RII�VHW�YR�RI�)[�RQ�WKH�DOLJQLQJ�WRUTXH�IRU�D�EUDNHG
RU�GULYHQ�ZKHHO�DFFRUGLQJ�WR�WKH�H[WHQGHG�EUXVK�PRGHO��

DQJOH��7KH�FXUYHV�IRXQG�LQ�)LJ������IRU�QRQ�]HUR�VLGH�VOLS�DUH�WKHQ�VLPSO\�DGGHG
WR�WKH�LQFOLQHG�VWUDLJKW�OLQH�EHORQJLQJ�WR�

�
 

�
���7KH�W\SH�RI�FXUYHV�WKDW�UHVXOW�DUH

RIWHQ�IRXQG�H[SHULPHQWDOO\��7KH�HIIHFW�RI�ODWHUDO�FRPSOLDQFH�PD\�WKHQ�EH�YHU\
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VPDOO�RU�FDQFHOOHG�RXW�E\�WKH�HIIHFW�RI�WKH�IRUH�DQG�DIW�FRPSOLDQFH�RI�WKH�FDUFDVV
�VHFRQG�WHUP�RI�ULJKW�KDQG�PHPEHU�RI���������

([HUFLVH�������&KDUDFWHULVWLFV�RI�WKH�EUXVK�PRGHO

&RQVLGHU� WKH� EUXVK� W\UH� PRGHO� DV� WUHDWHG� LQ� 6HFWLRQ� ����� (ODVWLF� DQG� IULFWLRQDO
SURSHUWLHV�DUH�WKH�VDPH�LQ�DOO�KRUL]RQWDO�GLUHFWLRQV�DQG�(T��������KROGV�
)RU���#� �#�ò �WKH�VLGH�IRUFH�FKDUDFWHULVWLF�LV�GHVFULEHG�E\��DFFRUGLQJ�WR�(T��������

)\� ��)]�
��

��
WDQ ����

�

��WDQ� ��� ���WDQ� ������������� � �#� VO��
)\� ��)]��������������������������������������������� � �$� VO��

��� &DOFXODWH�WKH�YDOXH�RI� �DQG�WDQ VO�IRU���
�� �)]� ������1�
��� &) � �������1�UDG

��� 6NHWFK� WKH� )\�WDQ �� FKDUDFWHULVWLF� DQG� DOVR� WKH�0]�WDQ �� DQG� W�WDQ ��FXUYHV
�DFFRUGLQJ�WR�(TV�������������IRU

��� D� �����P

��� 5HSODFH�LQ�WKH�)\�WDQ ��GLDJUDP�WKH�RUGLQDWH�)\�E\�)�DQG�WKH�DEVFLVVD�WDQ �E\�
WKHUHE\�DVVHVVLQJ�WKH�WRWDO�IRUFH�YV�VOLS�GLDJUDP��&DOFXODWH�WKH�VOLS�YDOXHV� [�

�� \
DQG� �XVLQJ�HTXDWLRQV��������DQG��������IRU�RQH�YDOXH�RI�WDQ � ������DQG�D�QXPEHU
RI�YDOXHV�RI� �LQ�D�VXLWDEOH�UDQJH��H�J��IURP���� �WR����

�
���'HWHUPLQH�WKH�IRUFH

YHFWRU�)�IRU�HDFK�RI�WKH� �YDOXHV�DQG�VNHWFK�WKH�)\���)[�FXUYH�IRU�WDQ � �������'UDZ
WKH�IULFWLRQ�FLUFOH�ZLWK�UDGLXV�)PD[� ��)]�LQ�ZKLFK�WKH�FXUYH��ZLOO�DSSHDU��1RWH�WKH
WZR�SRLQWV�ZKHUH�

�
 � VO�� �WDQ VO��ZKHUH�WKH�FXUYH�WRXFKHV�WKH�FLUFOH��,QGLFDWH�WKH

SRLQW�ZKHUH�ZKHHO�ORFN�RFFXUV�
��� 5HSODFH� LQ� WKH� W�WDQ ��GLDJUDP� WKH� DEVFLVVD�E\� � WKHUHE\� HVWDEOLVKLQJ� WKH�W� �

GLDJUDP��'HWHUPLQH�WKH�YDOXHV�RI�0]¶� ��W)\�IRU�WKH�VDPH�VHULHV�RI� �YDOXHV�DQG�WDQ
 ������

��� 1RZ�XVH�(T��������DQG�FDOFXODWH�WKH�WRUTXH�0]�IRU�D�ODWHUDO�FDUFDVV�VWLIIQHVV�&F\� 
������1�P���&F[�6�4��DQG�GLVUHJDUG�WKH�FRUUHFWLRQ�IDFWRU�g\�� ���

��� 'UDZ�IRU�WKH�FDVHV�PHQWLRQHG�LQ�TXHVWLRQ���ZKHUH�WKH� �FXUYH�WRXFKHV�WKH�IULFWLRQ
FLUFOH�� � � VO���WKH�IRUFH�DQG�YHORFLW\�GLDJUDP�DFFRUGLQJ�WR�)LJ�������'R�WKH�VDPH
IRU�WKH�FDVH�RI�ZKHHO�ORFN�

��� 6NHWFK�WKH�)\�
�VLQ ��FKDUDFWHULVWLFV��)LJ�������IRU�)[�

 ���DQG�DOVR�IRU�WKDW�FRQVWDQW
EUDNH�SHGDO�IRUFH�FRUUHVSRQGLQJ�WR�WKH�YDOXH�RI��)[�ZKHUH�WKH�WDQ � ������FXUYH
WRXFKHV�WKH�IULFWLRQ�FLUFOH��

�
 � VO��
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)LJ������� :KHHO�UROOLQJ�DW�D�FDPEHU�DQJOH�ZKLOH�WXUQLQJ�DORQJ�D�FLUFXODU�SDWK�ZLWKRXW�VLGH�VOLS�
$W�WKH�ULJKW��D�WRS�YLHZ�RI�WKH�SHULSKHUDO�OLQH�RI�WKH�QRQ�UROOLQJ�ZKHHO�FRQVLGHUHG�DV
EHLQJ�D�SDUW�RI�DQ�LPDJLQDU\�EDOO�SUHVVHG�DJDLQVW�D�IODW�VXUIDFH�

��������&DPEHU�DQG�7XUQLQJ���6SLQ�

)RU�WKH�VWXG\�RI�KRUL]RQWDO�FRUQHULQJ��RQH�VKRXOG�QRW�RQO\�FRQVLGHU�VLGH�VOLS�EXW
DOVR� WKH� LQIOXHQFH� RI� WZR� RWKHU� HIIHFWV��ZKLFK� LQ�PRVW� FDVHV� �H[FHSW� IRU� WKH
PRWRUF\FOH��DUH�RI�PXFK�OHVV�LPSRUWDQFH�WKDQ�VLGH�VOLS��7KH�LQWURGXFWLRQ�RI�WKHVH
WZR�LQSXW�YDULDEOHV�ZKLFK�FRPSOHWHV�WKH�GHVFULSWLRQ�RI�WKH�RXW�RI�SODQH�W\UH�IRUFH
DQG�PRPHQW�JHQHUDWLRQ��DUH�ILUVWO\�WKH�ZKHHO�FDPEHU�RU�WLOW�DQJOH� �EHWZHHQ�WKH
ZKHHO�SODQH�DQG�WKH�QRUPDO�WR�WKH�URDG��FI��)LJ��������DQG�VHFRQGO\�WKH�WXUQ�VOLS
�9[�� %RWK� DUH� FRPSRQHQWV� RI� WKH� WRWDO� VSLQ�n�� )LUVW�� ZH� ZLOO� DQDO\VH� WKH0

VLWXDWLRQ�LQ�WKH�DEVHQFH�RI�ODWHUDO�DQG�ORQJLWXQDO�ZKHHO�VOLS�

3XUH�VSLQ

,Q�WKH�VWHDG\�VWDWH�FDVH�WKH�WXUQ�VOLS�HTXDOV�WKH�FXUYDWXUH���5�RI�D�FLUFXODU�SDWK
ZLWK�UDGLXV�5��)RU�KRPRJHQHRXV�UROOLQJ�ERGLHV��VROLG�UXEEHU�EDOO��VWHHO�UDLOZD\
ZKHHO��WKH�PHFKDQLVPV�WR�SURGXFH�VLGH�IRUFH�DQG�PRPHQW�DV�D�UHVXOW�RI�FDPEHU
DQG�WXUQLQJ�DUH�HTXDO�DV�WKH\�ERWK�RULJLQDWH�IURP�WKH�VDPH�VSLQ�PRWLRQ��FI��(T�
��������� )RU� D� W\UH� ZLWK� LWV� UDWKHU� FRPSOH[� VWUXFWXUH� WKH� VLWXDWLRQ� PD\� EH
TXDQWLWDWLYHO\�GLIIHUHQW�IRU�WKH�WZR�FRPSRQHQWV�RI�VSLQ�

$V�GHSLFWHG�LQ�)LJ�������WKH�ZKHHO�LV�FRQVLGHUHG�WR�PRYH�WDQJHQWLDOO\�WR�D
FLUFXODU�KRUL]RQWDO�SDWK�ZLWK�UDGLXV�5�ZKLOH�WKH�ZKHHO�SODQH�VKRZV�D�FRQVWDQW
FDPEHU�DQJOH� �DQG�DSSDUHQWO\�WKH�VOLS�DQJOH�LV�NHSW�HTXDO�WR�]HUR��7KH�ZKHHO�LV
SLFWXULVHG�KHUH�DV�D�SDUW�RI�DQ�LPDJLQDU\�EDOO��:KHQ�OLIWHG�IURP�WKH�JURXQG��WKH
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LQWHUVHFWLRQ�RI�ZKHHO�SODQH�DQG�EDOO�RXWHU�VXUIDFH�IRUPV�WKH�SHULSKHUDO�OLQH�RI�WKH
W\UH��:KHQ�ORDGHG�YHUWLFDOO\��WKH�EDOO�DQG�FRQVHTXHQWO\�WKH�SHULSKHUDO�OLQH�DUH
DVVXPHG�WR�VKRZ�QR�KRUL]RQWDO�GHIRUPDWLRQV��ZKLFK�LQ�UHDOLW\�ZLOO�DSSUR[LPDWHO\
EH�WKH�FDVH�IRU�D�KRPRJHQHRXV�EDOO�VKRZLQJ�D�UHODWLYHO\�VPDOO�FRQWDFW�DUHD�

:H�DSSO\�WKH�WKHRU\�RI�D�UROOLQJ�DQG�VOLSSLQJ�ERG\�DQG�FRQVLGHU�HTXDWLRQV
�����������DQG�UHVWULFW�RXUVHOYHV�WR�WKH�FDVH�RI�VWHDG\�VWDWH�SXUH�VSLQ��WKDW�LV�
ZLWK� � � � ����7KHQ�ZLWK�WXUQ�VOLS�YHORFLW\� ]W� �LQ�)LJ������ZH�ILQG�0

������

)XUWKHUPRUH��WKH�GLIIHUHQFH�EHWZHHQ��[�\��DQG��[R�\R��ZLOO�EH�QHJOHFWHG�DQG�W\UH
FRQLFLW\�DQG�SO\�VWHHU�GLVUHJDUGHG���7KH�FRUUHFWLRQ�IDFWRUV� �DWWULEXWHG�WR�FDPEHU
PD\�EH�DSSUR[LPDWHG�E\�

������

ZLWK�ERWK�UHGXFWLRQ�IDFWRUV�g�HTXDO�RU�FORVH�WR�]HUR�IRU�D�UDLOZD\�ZKHHO�RU�D
PRWRUF\FOH�W\UH�DQG�H[SHFWHG�WR�EH�FORVHU�WR�XQLW\�IRU�D�VWHHO�EHOWHG�FDU�RU�WUXFN
W\UH��FI��GLVFXVVLRQ�EHORZ�(T�����������:LWK�ERWK�IDFWRUV�DVVXPHG�HTXDO�DQG
GHQRWHG�DV�g �ZH�PD\�GHILQH�D�WRWDO�DFWXDO�VSLQ

������

7KH�ODVW�WHUP�UHSUHVHQWV�WKH�FXUYDWXUH����5 �RI�WKH�W\UH�SHULSKHUDO�OLQH�WRXFKLQJ
D� IULFWLRQOHVV� VXUIDFH� DW� D� FDPEHUHG� SRVLWLRQ��:KHQ� GLVUHJDUGLQJ� D� SRVVLEOH
XQLIRUP�RIIVHW�RI�WKLV�OLQH�ZH�REWDLQ�ZKHQ�LQWHJUDWLQJ��������E\�XVLQJ��������DQG
DSSUR[LPDWLQJ��������E\�WDNLQJ�
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,Q� WKH� UDQJH� RI� DGKHVLRQ� ZKHUH� WKH� VOLGLQJ� YHORFLWLHV� YDQLVK�� WKH� GHIOHFWLRQ
JUDGLHQWV�EHFRPH�
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FRQWDFW�DUHD�

������

7KH�VHFRQG�H[SUHVVLRQ�LV��RI�FRXUVH��DQ�DSSUR[LPDWLRQ�RI�WKH�DFWXDO�YDULDWLRQ
ZKLFK�LV�DFFRUGLQJ�WR�D�FLUFOH��7KH�DSSUR[LPDWLRQ�LV�GXH�WR�WKH�DVVXPSWLRQ�PDGH
WKDW�WKH�GHIOHFWLRQV�Y�DUH�PXFK�VPDOOHU�WKDQ�WKH�SDWK�UDGLXV�5��7KH�FRQVWDQWV�RI
LQWHJUDWLRQ�IROORZ�IURP�ERXQGDU\�FRQGLWLRQV�ZKLFK�GHSHQG�RQ�WKH�W\UH�PRGHO
HPSOR\HG�DQG�RQ�WKH�VOLS�OHYHO��$V�DQ�H[DPSOH��FRQVLGHU�WKH�VLPSOH�EUXVK�PRGHO
ZLWK�KRUL]RQWDO�GHIRUPDWLRQV�WKURXJK�HODVWLF�WUHDG�HOHPHQWV�RQO\��7KH�FRQWDFW
DUHD�LV�DVVXPHG�WR�EH�UHFWDQJXODU�ZLWK�OHQJWK��D�DQG�ZLGWK��E�DQG�ILOOHG�ZLWK�DQ
LQILQLWH�QXPEHU�RI�WUHDG�HOHPHQWV��,Q�)LJ������WKUHH�URZV�RI�WUHDG�HOHPHQWV�KDYH
EHHQ�VKRZQ�LQ�WKH�GHIRUPHG�VLWXDWLRQ��)RU�WKLV�PRGHO�WKH�IROORZLQJ�ERXQGDU\
FRQGLWLRQV�DSSO\�

������

:LWK�WKH�XVH�RI��������WKH�IRUPXODH�IRU�WKH�GHIRUPDWLRQV�LQ�WKH�DGKHVLRQ�]RQH
VWDUWLQJ�DW�WKH�OHDGLQJ�HGJH�UHDG�

������

$IWHU�LQWURGXFLQJ�F
S[�DQG�F
S\�GHQRWLQJ�WKH�VWLIIQHVV�RI�WKH�WUHDG�UXEEHU�SHU�XQLW
DUHD� LQ� [� DQG� \� GLUHFWLRQ� UHVSHFWLYHO\� DQG� DVVXPLQJ� VPDOO� VSLQ� DQG� KHQFH
YDQLVKLQJ�VOLGLQJ��ZH�FDQ�FDOFXODWH�WKH�ODWHUDO�IRUFH�DQG�WKH�PRPHQW�DERXW�WKH
YHUWLFDO�D[LV�E\�LQWHJUDWLRQ�RYHU�WKH�FRQWDFW�DUHD��:H�REWDLQ�
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RU�LQ�WHUPV�RI��SDWK�FXUYDWXUH��LI�
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WXUQ�VOLS���FDPEHU�

)LJ���������7RS�YLHZ�RI�FDPEHUHG�W\UH�PRGHO�UROOLQJ�LQ�D�FXUYH�ZLWK�UDGLXV��5�

,Q�FDVH�RI�SXUH�WXUQLQJ��WKH�IRUFH�DFWLQJ�RQ�WKH�W\UH�LV�GLUHFWHG�DZD\�IURP�WKH
SDWK�FHQWUH�DQG�WKH�PRPHQW�DFWV�RSSRVLWH�WR�WKH�VHQVH�RI�WXUQLQJ��&RQVHTXHQWO\
ERWK�WKH�IRUFH�DQG�WKH�PRPHQW�WU\�WR�UHGXFH�WKH�FXUYDWXUH���_5_��,Q�FDVH�RI�SXUH
FDPEHU��WKH�IRUFH�RQ�WKH�ZKHHO�LV�GLUHFWHG�WRZDUGV�WKH�SRLQW�RI�LQWHUVHFWLRQ�RI�WKH
ZKHHO�D[LV�DQG�WKH�URDG�SODQH��ZKLOH�WKH�PRPHQW�WULHV�WR�WXUQ�WKH�UROOLQJ�ZKHHO
WRZDUGV�WKLV�SRLQW�RI�LQWHUVHFWLRQ��1R�UHVXOWLQJ�IRUFH�RU�WRUTXH�LV�H[SHFWHG�WR
RFFXU�ZKHQ����g �VLQ

�
 

�
UH�
�5��)RU�WKH�VSHFLDO�FDVH�WKDW�g � ����WKLV�ZLOO�RFFXU�ZKHQ

WKH�SRLQW�RI�LQWHUVHFWLRQ�DQG�WKH�SDWK�FHQWUH�FRLQFLGH��$V�WKH�ODWHUDO�GHIOHFWLRQ
VKRZV� D� V\PPHWULF� GLVWULEXWLRQ�� WKH� PRPHQW� PXVW� EH� FDXVHG� VROHO\� E\� WKH
ORQJLWXGLQDO�IRUFHV��7KH�JHQHUDWLRQ�RI�WKH�PRPHQW�PD\�EH�H[SODLQHG�E\�FRQVLGH�
ULQJ�WKUHH�ZKHHOV�ULJLGO\�FRQQHFWHG�WR�HDFK�RWKHU��PRXQWHG�RQ�RQH�D[OH��7KH
ZKHHOV�URWDWH�DW�WKH�VDPH�UDWH�EXW�LQ�D�FXUYH�WKH�ZKHHO�FHQWUHV�WUDYHO�GLIIHUHQW
GLVWDQFHV�LQ�D�JLYHQ�WLPH�LQWHUYDO�DQG�ZKHQ�FDPEHUHG��WKHVH�GLVWDQFHV�DUH�HTXDO
EXW� WKH� HIIHFWLYH� UROOLQJ� UDGLL� DUH� GLIIHUHQW�� ,Q� ERWK� VLWXDWLRQV� RSSRVLWH
ORQJLWXGLQDO� VOLS� RFFXUV�� ZKLFK� UHVXOWV� LQ� D� EUDNHG� DQG� D� GULYHQ� ZKHHO� �LQ
)LJ������WKH�ULJKW�DQG�WKH�OHIW�KDQG�ZKHHO�UHVSHFWLYHO\��DQG�FRQVHTXHQWO\�LQ�D
FRXSOH�0]�

8S�WR�QRZ�ZH�KDYH�GHDOW�ZLWK�WKH�UHODWLYHO\�VLPSOH�FDVH�RI�FRPSOHWH�DGKHVLRQ�
:KHQ�VOLGLQJ� LV�DOORZHG� E\� LQWURGXFLQJ�D� OLPLWHG�YDOXH�RI� WKH�FRHIILFLHQW�RI
IULFWLRQ����WKH�FDOFXODWLRQV�EHFRPH�TXLWH�FRPSOLFDWHG��:KHQ�D�ILQLWH�ZLGWK��E�LV
FRQVLGHUHG��FRPSOHWH�DGKHVLRQ�ZLOO�RQO\�RFFXU�IRU�YDQLVKLQJ�YDOXHV�RI�VSLQ��:H
H[SHFW�WKDW�VOLGLQJ�ZLOO�VWDUW�DW�WKH�OHIW�DQG�ULJKW�UHDU�FRUQHUV�RI�WKH�FRQWDFW�DUHD�
VLQFH�LQ�WKHVH�SRLQWV�WKH�DYDLODEOH�KRUL]RQWDO�FRQWDFW�IRUFHV�UHGXFH�WR�]HUR�DQG
WKH�ORQJLWXGLQDO�GHIRUPDWLRQV�X�ZRXOG�EHFRPH�PD[LPDO�LQ�WKH�K\SRWKHWLFDO�FDVH
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WKDW��
�
6

�
4��7KH�]RQHV�RI�VOLGLQJ�JURZ�ZLWK�LQFUHDVLQJ�VSLQ�DQG�ZLOO�WKHUHE\�FDXVH

D�OHVV�WKDQ�SURSRUWLRQDO�YDULDWLRQ�RI�)\�DQG�0]�ZLWK�n��7KH�FDVH�RI�ILQLWH�FRQWDFW
ZLGWK�LV�WRR�GLIILFXOW�WR�KDQGOH�E\�D�VLPSOH�DQDO\VLV��,W�ZLOO�EH�GHDOW�ZLWK�ODWHU�RQ
LQ�6HF�����ZKHQ�WKH�WUHDG�HOHPHQW�IROORZLQJ�VLPXODWLRQ�PHWKRG�LV�LQWURGXFHG��

)RU�QRZ�ZH�DVVXPH�D�WKLQ�W\UH�PRGHO�ZLWK�E
�
 

�
���,I��DV�EHIRUH��D�SDUDEROLF

SUHVVXUH� GLVWULEXWLRQ� LV� DVVXPHG� ZLWK� D� VLPLODU� YDULDWLRQ� RI� WKH� PD[LPXP
SRVVLEOH�ODWHUDO�GHIOHFWLRQ�YPD[��LW�LV�REYLRXV�IURP�(T��������VKRZLQJ�WKDW�WKH
ODWHUDO�GHIOHFWLRQ�LV�DOVR��DSSUR[LPDWHO\��SDUDEROLF��WKDW�QR�VOLGLQJ�ZLOO�RFFXU�XS
WR� D� FHUWDLQ� FULWLFDO� YDOXH� RI� VSLQ� nVO�� ZKHUH� WKH� DGKHVLRQ� OLPLW� LV� UHDFKHG
WKURXJKRXW�WKH�FRQWDFW�OHQJWK��8S�WR�WKLV�SRLQW�)\�YDULHV�OLQHDUO\�ZLWK�n�DQG�0]

UHPDLQV�HTXDO�WR�]HUR�
$FFRUGLQJ�WR�(T���������ZLWK�g �DVVXPHG�WR�WDNH�D�YDOXH�WKDW�LV�PLQLPDOO\

HTXDO�WR�]HUR��VSLQ�GXH�WR�FDPEHU�WKHRUHWLFDOO\�FDQQRW�H[FHHG�WKH�YDOXH���UH�
&RQVHTXHQWO\��DW�ODUJHU�YDOXHV�RI�VSLQ�WXUQ�VOLS�PXVW�EH�LQYROYHG��%H\RQG�WKH
FULWLFDO�YDOXH�nVO�WKH�VLWXDWLRQ�EHFRPHV�TXLWH�FRPSOH[��7KH�GLVFXVVLRQ�PD\�EH
VLPSOLILHG�E\�FRQVLGHULQJ�D�WXUQ�WDEOH�RQ�WRS�RI�ZKLFK�WKH�ZKHHO�UROOV�ZLWK�LWV
VSLQ� D[LV� IL[HG�� 7KH� FRQGLWLRQ� RI� DGKHVLRQ� LV� VDWLVILHG�ZKHQ� WKH� GHIOHFWLRQV
UHPDLQ�ZLWKLQ� WKH� ERXQGDULHV� JLYHQ� E\� WKH� SDUDEROD¶V� �YPD[� DV� LQGLFDWHG� LQ
)LJ�����D��,Q�WKH�VDPH�ILJXUH�WKH�FRUUHVSRQGLQJ�VLWXDWLRQ�DW�FDPEHU�KDV�EHHQ
LQGLFDWHG�DW�WKH�VDPH�YDOXH�RI�VSLQ�ZLWK�FXUYDWXUH���5 �RI�WKH�GHIOHFWHG�SHULSKHUDO
OLQH��\ R���(T���������RQ�D��� ���VXUIDFH�HTXDO�WR�WKH�SDWK�FXUYDWXUH���5��
� 6OLGLQJ� RFFXUV� DV� VRRQ� DV� WKH� SRLQWV� RI� WKH� WDEOH� VXUIDFH� FDQ� FURVV�WKH
DGKHVLRQ�ERXQGDU\��YPD[��7KLV�RFFXUV��VLPXOWDQHRXVO\�IRU�DOO�WKH�SRLQWV�LQ�WKH
IURQW�KDOI�RI�WKH�FRQWDFW�OLQH�ZKHQ�WKH�SDWK�FXUYDWXUH�H[FHHGV�WKH�FXUYDWXUH�RI
WKH�DGKHVLRQ�ERXQGDU\��2QFH�WKH�FRQWDFW�SRLQW�DUULYHV�LQ�WKH�UHDU�KDOI�RI�WKH
FRQWDFW�]RQH��DW�[� �����WKH�SRLQW�FDQ�PDLQWDLQ�DGKHVLRQ�EHFDXVH�QRZ�WKH�SRLQW
RQ�WKH�WDEOH�PRYHV�WRZDUGV�WKH�LQVLGH�RI�WKH�DGKHVLRQ�ERXQGDULHV��7KH�SRLQW
IROORZV�D�FLUFOH�XQWLO�WKH�RSSRVLWH�ERXQGDU\�LV�UHDFKHG�DW�[� �[V���FI��)LJ�����E�F�
ZKHUH�WKH�GHIRUPDWLRQ�Y�LV�RSSRVLWH�LQ�VLJQ�DQG�UHDFKHV�LWV�PD[LPXP�YDOXH�YPD[�
DIWHU�ZKLFK�VOLGLQJ�RFFXUV�DJDLQ��:LWK�LQFUHDVLQJ�WXUQ�VOLS�n��� ����5��WKLV�ODWWHU
VOLGLQJ�]RQH�JURZV��$W�WKH�VDPH�WLPH�WKH�VLGH�IRUFH�)\�GHFUHDVHV�DQG�WKH�WRUTXH
0]��WKDW�DULVHV�IRU�n�!�nVO��LQFUHDVHV�XQWLO�WKH�VLWXDWLRQ�LV�UHDFKHG�ZKHUH�5�DQG�)\

DSSURDFK�]HUR�DQG�0]�DWWDLQV�LWV�PD[LPXP�YDOXH��W\UH�VWDQGLQJ�VWLOO�DQG�URWDWLQJ
DERXW�LWV�YHUWLFDO�D[LV���,Q�)LJ�����F�WKH�UDGLXV�5�KDV�EHHQ�FRQVLGHUHG�ODUJH�ZLWK
UHVSHFW� WR� KDOI� WKH� FRQWDFW� OHQJWK� D�� 7KHQ� WKH� FLUFOH� VHJPHQWV� PD\� EH
DSSUR[LPDWHG�E\�SDUDEROD¶V�ZKLFK�PDNHV�WKH�DQDO\VLV�D�ORW�VLPSOHU��,Q�WKH�ORZHU
SDUW�RI� WKH� ILJXUH�D�FDPEHU�HTXLYDOHQW�JUDSK�KDV�EHHQ�GHSLFWHG��7KH�FXUYHG
FRQWDFW�OLQH�LQ�WKH�DGKHVLRQ�UDQJH�LV�WKHQ�FRQYHUWHG�WR�D�VWUDLJKW��KRUL]RQWDO��OLQH�
7KH�JUDSK�LV�REWDLQHG�IURP�WKH�WXUQ�VOLS�JUDSK�E\�VXEWUDFWLQJ�IURP�DOO�WKH�FXUYHV
WKH�GHIOHFWLRQ�Yn4�WKDW�ZRXOG�RFFXU�LI�IXOO�DGKHVLRQ�FDQ�EH�PDLQWDLQHG��H�J��DW��
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4���:H�XVH�WKLV�JUDSK�DV�WKH�EDVLV�IRU�WKH�FDOFXODWLRQ�RI�WKH�IRUFH�DQG�PRPHQW

UHVSRQVH�WR�VSLQ��)LUVW�IRU�WKH�FDVH�RI�SXUH�VSLQ�DQG�WKHQ�IRU�WKH�FDVH�RI�FRPELQHG
VSLQ�DQG�VLGH�VOLS�
� 7KH�SDUDPHWHU� \�GHILQHG�E\�(T�������LV�XVHG�DJDLQ�DQG�WKH�PD[LPXP�SRVVLEOH
ODWHUDO�GHIOHFWLRQ�UHDGV�DFFRUGLQJ�WR�������

������

7KH�GHIOHFWLRQ�DW�DVVXPHG�IXOO�DGKHVLRQ�ZRXOG�EHFRPH�

������

(TXDWLQJ�WKH�GHIOHFWLRQ�DW�IXOO�VOLGLQJ�WR�WKH�RQH�DW�IXOO�DGKHVLRQ�\LHOGV�WKH�VSLQ
DW�WKH�YHUJH�RI�VOLGLQJ�

�������

7KH�ORFDWLRQV�RI�WKH�WUDQVLWLRQ�SRLQWV�LQGLFDWHG�LQ�)LJ�����F�DUH�IRXQG�WR�EH�JLYHQ
E\�WKH�FRRUGLQDWHV�

������

7KH�GHIOHFWLRQV�EHFRPH�LQ�WKH�ILUVW�DQG�VHFRQG�VOLGLQJ�UHJLRQV�DQG�LQ�WKH�DGKHVLRQ
UHJLRQ�UHVSHFWLYHO\�

������

,QWHJUDWLRQ�RYHU�WKH�FRQWDFW�OHQJWK�\LHOGV�IRU�WKH�VLGH�IRUFH�

������

DQG�IRU�WKH�PRPHQW�

������

$W�n� �
n�VO�WKH�IRUFH�UHGXFHV�WR��)]�VJQn�DQG�WKH�PRPHQW�WR�]HUR��7KH�VDPH�FDQ

EH�REWDLQHG�IURP�WKH�H[SUHVVLRQV��������KROGLQJ�IRU�WKH�FDVH�RI�IXOO�DGKHVLRQ
ZKHQ��F
S\�E�LV�UHSODFHG�E\�FS\�DQG�WKH�ZLGWK��E�LV�WDNHQ�HTXDO�WR�]HUR��
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)LJ������� 7KH�W\UH�EUXVK�PRGHO�ZLWK�]HUR�ZLGWK�UROOLQJ�ZKLOH�WXUQLQJ�RU�DW�D�FDPEHU�DQJOH��D�
DW�IXOO�DGKHVLRQ��7XUQLQJ�DW�ODUJH�VSLQ�VKRZLQJ�VOLGLQJ�DW�WKH�IURQW�KDOI�DQG�DW�WKH
UHDU�HQG��E�F���ZLWK�SDUDEROLF�DSSUR[LPDWLRQ�RI�WKH�FLUFXODU�SDWK�LQ��F��
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asymptote

)LJ���������)RUFH�DQG�PRPHQW�YHUVXV�QRQ�GLPHQVLRQDO�VSLQ�IRU�VLQJOH�URZ�EUXVK�PRGHO�

)RU�VSLQ�DSSURDFKLQJ�LQILQLW\��WKDW�LV�ZKHQ�WKH�UDGLXV�56���WKH�IRUFH�)\�YDQLVKHV
ZKLOH�WKH�PRPHQW�UHDFKHV�LWV�PD[LPXP�YDOXH�

������

,Q�)LJ������WKH�SXUH�VSLQ�FKDUDFWHULVWLFV�KDYH�EHHQ�SUHVHQWHG�DFFRUGLQJ�WR�WKH
DERYH�H[SUHVVLRQV��,W�LV�RI�LQWHUHVW�WR�QRWH�WKDW�DOWKRXJK�WKH�SDUDEROD�GRHV�QRW
UHVHPEOH�WKH�FLUFXODU�SDWK�VR�ZHOO�DW�VPDOOHU�UDGLL��WKH�UHVXOWLQJ�UHVSRQVH�VHHPV
WR�EH�DFFHSWDEOH�DW�OHDVW�LI�WKH�GHIOHFWLRQV�UHPDLQ�VXIILFLHQWO\�VPDOO�

6SLQ�DQG�VLGH�VOLS

,Q�WKH�DQDO\VLV�RI�FRPELQHG�VSLQ�DQG�VLGH�VOLS�ZH�PD\�GLVWLQJXLVK�DJDLQ�EHWZHHQ
WKH�FDVHV�RI�VPDOO�DQG�ODUJH�VSLQ��$V�EHIRUH��DW�VPDOO�VSLQ�ZH�KDYH�RQO\�D�VOLGLQJ
UDQJH�WKDW�VWDUWV�DW�WKH�UHDU�HQG�RI�WKH�FRQWDFW�OLQH��ZKHUHDV�DW�ODUJH�VSLQ�ZH�KDYH
DQ�DGGLWLRQDO�VOLGLQJ�]RQH�WKDW�VWDUWV�DW�WKH�OHDGLQJ�HGJH��)LUVW�ZH�ZLOO�FRQVLGHU
WKH�VLPSOHU�FDVH�RI�VPDOO�VSLQ�

,Q�)LJ������DQ�H[DPSOH�LV�VKRZQ�RI�WKH�VLQJOH�URZ�EUXVK�PRGHO��ERWK�IRU�WKH
FDVHV�RI�WXUQLQJ�DQG��HTXLYDOHQW��FDPEHU��,Q�WKH�FDPEHU�JUDSK��WKH�FXUYHV�\PD[/

DQG�\PD[5�KDYH�EHHQ�GUDZQ�ZKLFK�LQGLFDWH�WKH�PD[LPXP�SRVVLEOH�GLVSODFHPHQWV
RI�WKH�WLSV�RI�WKH�HOHPHQWV�WR�WKH�OHIW�DQG�WR�WKH�ULJKW�ZLWK�UHVSHFW�WR�WKH�\ R�OLQH�
7KH� VKDGHG� DUHD� FRUUHVSRQGV� WR� WKH� GHIRUPDWLRQ� RI� WKH� EUXVK� PRGHO� ZKHQ
VXEMHFWHG�VROHO\�WR�WKH�VOLS�DQJOH�ZLWK�WKH�PD[LPXP�SRVVLEOH�GHIOHFWLRQ��YPD[

UHSODFHG�E\��LQ�WKLV�FDVH�ZLWK�QHJDWLYH�VOLS�DQJOH��\PD[/��7KLV�ZRXOG�FRUUHVSRQG
WR� WKH� LQWURGXFWLRQ� RI� DQ� DGDSWHG� IULFWLRQ� FRHIILFLHQW� �� RU� SDUDPHWHU� \�
$SSDUHQWO\��WKH�DFWXDO�GHIOHFWLRQ�RI�WKH�HOHPHQWV�DW�FDPEHU�DQG�VLGH�VOLS�LV�WKHQ
REWDLQHG�E\�DGGLQJ�WKH�GHIOHFWLRQ�Yn4�WKDW�ZRXOG�RFFXU�ZKHQ�WKH�PRGHO�ZRXOG�EH
VXEMHFWHG�WR�VSLQ�RQO\�DQG�IXOO�DGKHVLRQ�LV�DVVXPHG��7KH�DGDSWHG�SDUDPHWHU� \
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DQG�HOVH��W � ���
7KH�JUDSK�RI�)LJ������FODULILHV�WKH�FRQILJXUDWLRQ�RI�WKH�YDULRXV�FXUYHV�DQG

WKHLU� PXWXDO� UHODWLRQVKLS�� )RU� GLIIHUHQW� YDOXHV� RI� WKH� FDPEHU� DQJOH� � WKH
FKDUDFWHULVWLFV�IRU�WKH�IRUFH�DQG�WKH�PRPHQW�YHUVXV�WKH�VOLS�DQJOH�KDYH�EHHQ
FDOFXODWHG� ZLWK� WKH� DERYH� HTXDWLRQV� DQG� SUHVHQWHG� LQ� )LJ������� 7KH
FRUUHVSRQGLQJ� *RXJK� SORW� KDV� EHHQ� GHSLFWHG� LQ� )LJ������� 7KH� UHODWLRQVKLS
EHWZHHQ� �DQG�WKH�VSLQ�n�IROORZV�IURP�(T��������
� 7KH� FXUYHV� HVWDEOLVKHG� VKRZ� JRRG� TXDOLWDWLYH� DJUHHPHQW� ZLWK�PHDVXUHG
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FKDUDFWHULVWLFV��6RPH�GHWDLOV�LQ�WKHLU�IHDWXUHV�PD\�EH�GLIIHUHQW�ZLWK�UHVSHFW�WR
H[SHULPHQWDO� HYLGHQFH�� ,Q� WKH� QH[W� VHFWLRQ� ZKHUH� WKH� VLPXODWLRQ� PRGHO� LV
LQWURGXFHG��WKH�HIIHFW�RI�YDULRXV�RWKHU�SDUDPHWHUV�OLNH�WKH�ZLGWK�RI�WKH�FRQWDFW
SDWFK�DQG�WKH�SRVVLEO\�FDPEHU�GHSHQGHQW�DYHUDJH�IULFWLRQ�FRHIILFLHQW�RQ�WKH�SHDN
VLGH�IRUFH�ZLOO�EH�GLVFXVVHG�

7KH�QH[W�LWHP�WR�EH�DGGUHVVHG�LV�WKH�UHVSRQVH�WR�ODUJH�VSLQ�LQ�WKH�SUHVHQFH�RI
VLGH�VOLS��)LJXUHV�����D�E�UHIHU�WR�WKLV�VLWXDWLRQ��/DUJH�VSLQ�ZLWK�WZR�VOLGLQJ
UDQJHV�RFFXUV�ZKHQ�WKH�IROORZLQJ�WZR�FRQGLWLRQV�DUH�IXOILOOHG�
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�D�E��RU�ODUJH�SRVLWLYH�RU�QHJDWLYH�VOLS�DQJOH��F��
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,QWHJUDWLRQ�RYHU�WKH�FRQWDFW�OHQJWK�DIWHU�DGGLWLRQ�RI�Yn4�DQG�PXOWLSOLFDWLRQ�ZLWK
WKH�VWLIIQHVV�SHU�XQLW�OHQJWK�FS\�JLYHV�WKH�VLGH�IRUFH�DQG�DIWHU�ILUVW�PXOWLSO\LQJ
ZLWK�[�WKH�DOLJQLQJ�WRUTXH��:H�REWDLQ�WKH�IRUPXODH�
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7KH�UHVXOWLQJ�FKDUDFWHULVWLFV�KDYH�EHHQ�SUHVHQWHG�LQ�)LJV������DQG�������7KH
JUDSKV�IRUP�DQ�H[WHQVLRQ�RI�WKH�GLDJUDP�RI�)LJ������ZKHUH�WKH�OHYHO�RI�FDPEHU
FRUUHVSRQG�WR�µVPDOO¶�VSLQ��,W�FDQ�EH�REVHUYHG�WKDW�LQ�DFFRUGDQFH�ZLWK�)LJ�����
WKH�IRUFH�DW�]HUR�VLGH�VOLS�ILUVW�LQFUHDVHV�ZLWK�LQFUHDVLQJ�VSLQ�DQG�WKHQ�GHFD\V��$V
ZDV�WKH�FDVH�ZLWK�VPDOOHU�VSLQ�IRU�WKH�FDVH�ZKHUH�VSLQ�DQG�VLGH�VOLS�KDYH�WKH
VDPH�VLJQ��WKH�VOLS�DQJOH�ZKHUH�WKH�SHDN�VLGH�IRUFH�LV�UHDFKHG�EHFRPHV�ODUJHU�
:KHQ��WKH�VLJQV�RI�ERWK�VOLS�FRPSRQHQWV�KDYH�RSSRVLWH�VLJQV��WKH�OHYHO�RI�VLGH
VOLS�ZKHUH� WKH� IRUFH�VDWXUDWHV�PD\�EHFRPH�YHU\� ODUJH��$V�FDQ�EH�VHHQ� IURP
)LJ�����E�WKH�GHIOHFWLRQ�SDWWHUQ�EHFRPHV�PRUH�DQWL�V\PPHWULF�ZKHQ�ZLWK�SRVLWLYH
VSLQ�WKH�VOLS�DQJOH�LV�QHJDWLYH��7KLV�H[SODLQV�WKH�IDFW�WKDW�DW�KLJKHU�OHYHOV�RI�VSLQ
WKH�WRUTXH�DWWDLQV�LWV�PD[LPXP�DW�ODUJHU�VOLS�DQJOHV�ZLWK�D�VLJQ�RSSRVLWH�WR�WKDW
RI�WKH�VSLQ���7KH�REVHUYDWLRQ�FRQFHUQLQJ�WKH�SHDN�VLGH�IRUFH��RI�FRXUVH��DOVR�KROGV
IRU�WKH�VOLS�DQJOH�ZKHUH�WKH�WRUTXH�UHGXFHV�WR�]HUR��

6SLQ��ORQJLWXGLQDO�DQG�VLGH�VOLS��WKH�ZLGWK�HIIHFW

7KH�ZLGWK� RI� WKH� FRQWDFW� SDWFK� KDV� D� FRQVLGHUDEOH� HIIHFW� RQ� WKH� WRUTXH� DQG
LQGLUHFWO\�RQ�WKH�VLGH�IRUFH�EHFDXVH�RI�WKH�FRQVXPSWLRQ�RI�VRPH�RI�WKH�IULFWLRQ�E\
WKH�ORQJLWXGLQDO�IRUFHV�LQYROYHG��)XUWKHUPRUH��IRU�WKH�DFWXDO�W\UH�ZLWK�FDUFDVV
FRPSOLDQFH��WKH�VSLQ�WRUTXH�ZLOO�JHQHUDWH�DQ�DGGLWLRQDO�GLVWRUWLRQ�RI�WKH�FDUFDVV
ZKLFK�UHVXOWV�LQ�D�IXUWKHU�FKDQJH�RI�WKH�HIIHFWLYH�VOLS�DQJOH��EHVLGH�WKH�GLVWRUWLRQ
DOUHDG\�EURXJKW�DERXW�E\�WKH�DOLJQLQJ�WRUTXH�WKDW�UHVXOWV�IURP�ODWHUDO�IRUFHV��
$PRQJVW� RWKHU� WKLQJV�� WKHVH�PDWWHUV� FDQ� EH� WDNHQ� LQWR� DFFRXQW� LQ� WKH� WUHDG
VLPXODWLRQ�PRGHO�WR�EH�GHDOW�ZLWK�LQ�6HFWLRQ������

,Q�WKH�SDUW�WKDW�IROORZV�QRZ��ZH�ZLOO�VKRZ�WKH�FRPSOH[LW\�LQYROYHG�ZKHQ
ORQJLWXGLQDO�VOLS�LV�FRQVLGHUHG�EHVLGH�VSLQ�DQG�VLGH�VOLS��7R�LQFOXGH�WKH�HIIHFW�RI
�WKH�ZLGWK�RI�WKH�FRQWDFW�SDWFK�ZH�FRQVLGHU�D�PRGHO�ZLWK�D�OHIW�DQG�D�ULJKW�URZ
RI�WUHDG�HOHPHQWV�SRVLWLRQHG�DW�D�GLVWDQFH�\/�
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FHQWUH�SODQH��,Q�IDFW��ZH�PD\�DVVXPH�WKDW�ZH�GHDO�ZLWK�WZR�ZKHHOV�DWWDFKHG�WR
HDFK�RWKHU�RQ�WKH�VDPH�VKDIW�DW�D�GLVWDQFH��EURZ�IURP�HDFK�RWKHU��7KH�ZKHHOV�DUH
VXEMHFWHG�WR�WKH�VDPH�VLGH�VOLS�DQG�WXUQ�VOLS�YHORFLWLHV��9V\�DQG� ��DQG�VKRZ�WKH0

VDPH�FDPEHU�DQJOH� ��+RZHYHU��WKH�ORQJLWXGLQDO�VOLS�YHORFLWLHV�DUH�GLIIHUHQW��IRU
WKH�FDVH�RI�FDPEHU�EHFDXVH�RI�D�GLIIHUHQFH�LQ�HIIHFWLYH�UROOLQJ�UDGLL��:H�KDYH�IRU
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ZLWK�WKH�PDJQLWXGH�RI�WKH�GHIOHFWLRQ

������

6ROYLQJ�IRU�[W�DQG�SHUIRUPLQJ�WKH�LQWHJUDWLRQ�RYHU�WKH�DGKHVLRQ�UDQJH�PD\�EH
FDUULHG�RXW�QXPHULFDOO\��,Q�WKH�VOLGLQJ�UDQJH��WKH�GLUHFWLRQ�RI�WKH�GHIOHFWLRQV�YDU\
ZLWK�[��$V�DQ�DSSUR[LPDWLRQ�RQH�PD\�DVVXPH�WKDW�WKHVH�GHIOHFWLRQV�H��IRU�DQ
LVRWURSLF�PRGHO��DUH�DOO�GLUHFWHG�RSSRVLWH�WR�WKH�VOLS�VSHHG�9V/�5��5HVXOWV�RI�VXFK
LQWHJUDWLRQV�\LHOGLQJ�WKH�YDOXHV�RI�)[��)\�DQG�0]�ZLOO�QRW�EH�VKRZQ�KHUH��:H�UHIHU
WR� 6DNDL� ������� IRU� DQDO\WLFDO� VROXWLRQV� RI� WKH� VLQJOH� URZ� EUXVK� PRGHO� DW
FRPELQHG�VOLS�ZLWK�FDPEHU�

������7KH�7UHDG�6LPXODWLRQ�0RGHO�

,Q�WKLV�VHFWLRQ�D�PHWKRGRORJ\�LV�GHYHORSHG�WKDW�HQDEOHV�XV�WR�LQYHVWLJDWH�HIIHFWV
RI�HOHPHQWV�LQ�WKH�W\UH�PRGHO�ZKLFK�ZHUH�LPSRVVLEOH�WR�LQFOXGH�LQ�WKH�DQDO\WLFDO
EUXVK� PRGHO� GHDOW� ZLWK� LQ� WKH� SUHFHGLQJ� 6HFWLRQ� ����� ([DPSOHV� RI� VXFK
FRPSOLFDWLQJ�IHDWXUHV�DUH��DUELWUDU\�SUHVVXUH�GLVWULEXWLRQ��YHORFLW\�DQG�SUHVVXUH
GHSHQGHQW�IULFWLRQ�FRHIILFLHQW��DQLVRWURSLF�VWLIIQHVV�SURSHUWLHV��FRPELQHG�ODWHUDO�
ORQJLWXGLQDO�DQG�FDPEHU�RU�WXUQ�VOLS��ODWHUDO��EHQGLQJ�DQG�\DZ�FRPSOLDQFH�RI�WKH
FDUFDVV�DQG�EHOW��ILQLWH�WUHDG�ZLGWK�DW�WXUQ�VOLS�RU�FDPEHU�

7KH�PHWKRG�LV�EDVHG�RQ�WKH�WLPH�VLPXODWLRQ�RI�WKH�GHIRUPDWLRQ�KLVWRU\�RI�RQH
RU�PRUH�WUHDG�HOHPHQWV�ZKLOH�PRYLQJ�WKURXJK�WKH�FRQWDFW�]RQH��7KH�PHWKRG�LV
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)LJ������� 7KH�LVRWURSLF�WUHDG�HOHPHQW�ZLWK�GHIOHFWLRQ�H�LQ�WZR�VXFFHVVLYH�SRVLWLRQV�L���DQG�L�
,WV�EDVH�SRLQW�%�PRYHV�ZLWK�VSHHG�9E�DQG�LWV�WLS�3�VOLGHV�ZLWK�VSHHG�9J�

YHU\� SRZHUIXO� DQG� FDQ� EH� XVHG� HLWKHU� XQGHU� VWHDG\�VWDWH� RU� WLPH� YDU\LQJ
FRQGLWLRQV��,Q�WKH�ODWWHU�QRQ�VWHDG\�VLWXDWLRQ�ZH�PD\�GLYLGH�WKH�FRQWDFW�OHQJWK
LQWR�D�QXPEHU�RI�]RQHV�RI�HTXDO� OHQJWK� LQ�HDFK�RI�ZKLFK�D� WUHDG� HOHPHQW� LV
IROORZHG��,Q�FDVH�RI�WXUQLQJ�RU�FDPEHU�WKH�FRQWDFW�SDWFK�VKRXOG�EH�GLYLGHG�LQWR
VHYHUDO�SDUDOOHO�URZV�RI�HOHPHQWV��:KLOH�PRYLQJ�WKURXJK�WKH�]RQHV�WKH�IRUFHV
DFWLQJ� RQ� WKH� HOHPHQWV� DUH� FDOFXODWHG� DQG� LQWHJUDWHG�� $IWHU� KDYLQJ� PRYHG
FRPSOHWHO\�WKURXJK�D�]RQH�WKH�LQWHJUDWLRQ�SURGXFHV�WKH�]RQH�IRUFHV��7KHVH�IRUFHV
DFW�RQ�WKH�EHOW�DQG�WKH�FRUUHVSRQGLQJ�GLVWRUWLRQ�LV�FDOFXODWHG��:LWK�WKH�XSGDWHG
EHOW� GHIOHFWLRQ� WKH� QH[W� SDVVDJH� WKURXJK� WKH� ]RQHV� LV� SHUIRUPHG� DQG� WKH
FDOFXODWLRQ�LV�UHSHDWHG��

+HUH��ZH�ZLOO�UHVWULFW�WKH�GLVFXVVLRQ�WR�VWHDG\�VWDWH�VOLS�FRQGLWLRQV�DQG�WDNH
D� VLQJOH� ]RQH� ZLWK� OHQJWK� HTXDO� WR� WKH� FRQWDFW� OHQJWK�� ,Q� 6HFWLRQ� ���� DQ
LQWURGXFWRU\�GLVFXVVLRQ�KDV�EHHQ�JLYHQ�DQG�UHIHUHQFH�KDV�EHHQ�PDGH�WR�D�QXPEHU
RI� VRXUFHV� LQ� WKH� OLWHUDWXUH��7KH� FRPSOHWH� OLVWLQJ� RI� WKH� VLPXODWLRQ� SURJUDP
7UHDG6LP�ZULWWHQ�LQ�0DWODE�FRGH�LV�JLYHQ�LQ�$SSHQGL[����)RU�GHWDLOV�ZH�PD\
UHIHU�WR�WKLV�SURJUDP��

)LJXUH������GHSLFWV�WKH�PRGHO�ZLWK�GHIOHFWHG�EHOW�DQG�WKH�WUHDG�HOHPHQW�WKDW
KDV�PRYHG�IURP�WKH�OHDGLQJ�HGJH�WR�D�FHUWDLQ�SRVLWLRQ�LQ�WKH�FRQWDFW�]RQH���,Q
)LJ������WKH�WUHDG�HOHPHQW�GHIOHFWLRQ�YHFWRU�H�KDV�EHHQ�VKRZQ��7KH�WUHDG�HOHPHQW
LV�DVVXPHG�WR�EH�LVRWURSLF�WKXV�ZLWK�HTXDO�VWLIIQHVVHV�LQ�[�DQG�\�GLUHFWLRQ��7KHQ�
ZKHQ�WKH�HOHPHQW�LV�VOLGLQJ��WKH�VOLGLQJ�VSHHG�YHFWRU�9J���WKDW�KDV�D�VHQVH�RSSRVLWH
WR�WKH�IULFWLRQ�IRUFH�YHFWRU�T

�
��LV�GLUHFWHG�RSSRVLWH�WR�WKH�GHIOHFWLRQ�YHFWRU�H��7KH

ILJXUH�GHSLFWV�WKH�GHIOHFWHG�HOHPHQW�DW�WKH�HQGV�RI�WZR�VXFFHVVLYH�WLPH�VWHSV�L��
DQG�L��7KH�ILUVW�REMHFWLYH�LV�QRZ�WR�ILQG�DQ�H[SUHVVLRQ�IRU�WKH�GLVSODFHPHQW�J�RI
WKH�WLS�RI�WKH�HOHPHQW�ZKLOH�VOLGLQJ�RYHU�WKH�JURXQG��

7KH�FRQWDFW�OHQJWK�LV�GLYLGHG�LQWR�Q�LQWHUYDOV��2YHU�HDFK�WLPH�VWHS�)W�WKH�EDVH
SRLQW�%�PRYHV�RYHU�DQ�LQWHUYDO�OHQJWK�WRZDUGV�WKH�UHDU��:LWK�JLYHQ�OHQJWK�

������[ '
�D
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DQG�WKH�OLQHDU�VSHHG�RI�UROOLQJ�9U� �
UH� �WKH�WLPH�VWHS� W�LV�REWDLQHG�

�������

:LWK�WKH�YHORFLW\�YHFWRU�9E�RI�SRLQW�%�WKH�GLVSODFHPHQW�YHFWRU� V�RI�WKLV�SRLQW
RYHU�WKH�WLPH�VWHS�EHFRPHV�

�������

7KH�EDVH�SRLQW�%�PRYHV�DORQJ�WKH�EHOW�SHULSKHUDO�OLQH�RU�D�OLQH�SDUDOOHO�WR�WKLV
OLQH��:LWK�WKH�NQRZQ�ODWHUDO�FRRUGLQDWH�\E�RI�WKLV�OLQH�RI�EDVH�SRLQWV�ZLWK�UHVSHFW
WR�WKH�ZKHHO�FHQWUH�SODQH��WKH�ORFDO�VORSH�M\E��M[�FDQ�EH�DVVHVVHG��7KHQ��ZLWK�WKH
VOLS�YHORFLW\�9V�RI�WKH�VOLS�SRLQW�6��WKH�\DZ�UDWH�RI�WKH�OLQH�RI�LQWHUVHFWLRQ� �DQG0

WKH�UROOLQJ�VSHHG�9U���WKH�FRPSRQHQWV�RI�9E�FDQ�EH�IRXQG�
7KH�YHORFLW\�RI�SRLQW�%�PD\�EH�FRQVLGHUHG�DV�WKH�VOLGLQJ�YHORFLW\�RI�WKLV�SRLQW

ZLWK�UHVSHFW�WR�WKH�JURXQG�DQG�ZH�PD\�HPSOR\�WKH�HTXDWLRQV�����������IRU�LWV
DVVHVVPHQW��,Q�WKHVH�HTXDWLRQV��DW�VWHDG\�VWDWH��WKH�WLPH�GHULYDWLYHV�RI�X�DQG�Y
YDQLVK��WKH�VORSH�MX�M[�LV�UHSODFHG�E\�]HUR�DQG�IRU�MY�M[�ZH�WDNH�WKH�JUDGLHQW�RI
WKH� EHOW� GHIOHFWLRQ� FDXVHG� E\� WKH� H[WHUQDO� IRUFH� DQG�PRPHQW��:H� KDYH�ZLWK
DYHUDJH�[�SRVLWLRQ�[E�
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�

�
��� [
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DQG

�������

ZLWK�WKH�VOLS�DQG�UROO�YHORFLWLHV

�������

7KH� ODWHUDO� GLVSODFHPHQW� \E� RI� WKH� EHOW� DW� WKH� FRQWDFW� FHQWUH� LV� DWWULEXWHG� WR
FDPEHU��FRQLFLW\�DQG�WKH�ODWHUDO�H[WHUQDO�IRUFH��WKURXJK�WKH�ODWHUDO�FRPSOLDQFH
RI� WKH� FDUFDVV��� 7KH� JUDGLHQW� M\E� �M[E� PD\� EH� DSSUR[LPDWHO\� DVVHVVHG� E\
DVVXPLQJ�D�SDUDEROLF�EDVH�OLQH�\E�[E��H[KLELWLQJ�DQ�DYHUDJH�VORSH�FV�LQIOXHQFHG
E\� WKH� DOLJQLQJ� WRUTXH� �WKURXJK� WKH� \DZ� FRPSOLDQFH�� DQG� SO\�VWHHU�� DQG� D
FXUYDWXUH�FF� LQIOXHQFHG�E\�WKH�VLGH�IRUFH��WKURXJK� WKH�EHQGLQJ�VWLIIQHVV��DQG
FDPEHU�DQG�FRQLFLW\��FI�����������:H�KDYH�IRU�WKH�ODWHUDO�FRRUGLQDWH�

�������

DQG�IRU�LWV�DSSUR[LPDWLRQ�XVHG�LQ���������
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DQG�WKH�VORSH�

�������

&RQLFLW\�DQG�SO\�VWHHU�ZLOO�EH�LQWHUSUHWHG�KHUH�WR�EH�FDXVHG�E\�µEXLOW�LQ¶�FDPEHU
DQG� VOLS� DQJOHV�� 7KHVH� HTXLYDOHQW� FDPEHU� DQG� VOLS� DQJOHV� FRQ� DQG� SO\� DUH
LQWURGXFHG�LQ�WKH�H[SUHVVLRQV�RI�WKH�TXDQWLWLHV� ��:H�GHILQH�

�������
DQG

�������

7KH�FRHIILFLHQWV�g [�DQG�g \�PD\�EH�WDNHQ�HTXDO�WR�HDFK�RWKHU��7KH�ILUVW�WHUP�RI�WKH
GLVSODFHPHQW���������LV�MXVW�D�JXHVV��,W�FRQVWLWXWHV�WKH�ODWHUDO�GLVSODFHPHQW�RI�WKH
EDVH�OLQH�DW�WKH�FRQWDFW�FHQWUH�ZKHQ�WKH�W\UH�LV�SUHVVHG�RQ�D�IULFWLRQOHVV�VXUIDFH
LQ�WKH�SUHVHQFH�RI�FRQLFLW\�DQG�FDPEHU��7KH�GLVSODFHPHQWV�DW�WKH�FRQWDFW�OHDGLQJ
DQG� WUDLOLQJ� HGJHV� DUH� DVVXPHG� WR� EH� ]HUR� XQGHU� WKHVH� FRQGLWLRQV�7KH
DSSUR[LPDWLRQ�\ER���������LV�XVHG�LQ���������WR�DYRLG�DSSDUHQW�FKDQJHV�LQ�WKH
HIIHFWLYH�UROOLQJ�UDGLXV�DW�FDPEHU��7KH�DFWXDO�ODWHUDO�FRRUGLQDWH�\E���������SOXV
D�WHUP�\U �LV�XVHG�WR�FDOFXODWH�WKH�DOLJQLQJ�WRUTXH��:LWK�WKLV�DGGLWLRQDO�WHUP�WKH
ODWHUDO�VKLIW�RI�)[�GXH�WR�VLGHZD\V�UROOLQJ�ZKHQ�WKH�W\UH�LV�EHLQJ�FDPEHUHG�LV
DFFRXQWHG�IRU��:H�KDYH�\E�HII�� �\E���\U �ZLWK�\U � �g\U �EVLQ �ZLWK�DQ�XSSHU�OLPLW�RI
LWV�PDJQLWXGH�HTXDO�WR�E��7KH�PRPHQW�0]¶�FDXVHV�WKH�WRUVLRQ�RI�WKH�FRQWDFW�SDWFK
DQG�LV�DVVXPHG�WR�DFW�DURXQG�D�SRLQW�FORVHU�WR�LWV�FHQWUH�OLNH�GHSLFWHG�LQ�)LJ������
$�UHGXFWLRQ�SDUDPHWHU�g\¶�LV�XVHG�IRU�WKLV�SXUSRVH��0RUH�UHILQHPHQWV�PD\�EH
LQWURGXFHG��)RU�GHWDLOV�ZH�UHIHU�WR�WKH�FRPSOHWH�OLVWLQJ�RI�WKH�SURJUDP�7UHDG6LP
LQFOXGHG�LQ�WKH�$SSHQGL[�

:LWK�WKH�GLVSODFHPHQW�YHFWRU� V���������HVWDEOLVKHG�ZH�FDQ�GHULYH�WKH�FKDQJH
LQ�GHIOHFWLRQ�H�RYHU�RQH�WLPH�VWHS��%\�NHHSLQJ�WKH�GLUHFWLRQV�RI�PRWLRQ�RI�WKH
SRLQWV�%� DQG�3� LQ� )LJ������ FRQVWDQW� GXULQJ� WKH� WLPH� VWHS�� DQ� DSSUR[LPDWH
H[SUHVVLRQ�IRU�WKH�QHZ�GHIOHFWLRQ�YHFWRU�LV�REWDLQHG��$IWHU�WKH�EDVH�SRLQW�%�KDV
PRYHG�DFFRUGLQJ�WR�WKH�YHFWRU� V�ZH�KDYH�
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+HUH��HL���GHQRWHV�WKH�DEVROXWH�YDOXH�RI�WKH�GHIOHFWLRQ�DQG�JL�WKH�GLVWDQFH�3�KDV
VOLGHG�LQ�WKH�GLUHFWLRQ�RI���HL����,Q�FDVH�RI�DGKHVLRQ��WKH�VOLGLQJ�GLVWDQFH�JL� ���
:KHQ�WKH�WLS�VOLGHV��WKH�GHIOHFWLRQ�EHFRPHV�
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)URP���������DQ�DSSUR[LPDWH�H[SUHVVLRQ�IRU�JL�FDQ�EH�HVWDEOLVKHG��FRQVLGHULQJ
WKDW�J�LV�VPDOO�ZLWK�UHVSHFW�WR�WKH�GHIOHFWLRQ�H��:H�REWDLQ�

�������

LQ�ZKLFK�H[SUHVVLRQ���������LV�WR�EH�VXEVWLWXWHG��,I�JL�LV�SRVLWLYH��VOLGLQJ�UHPDLQV�
,I�QRW��DGKHVLRQ�FRPPHQFHV��,Q�WKH�FDVH�RI�VOLGLQJ��WKH�GHIOHFWLRQ�FRPSRQHQWV�FDQ
EH�IRXQG�IURP���������XVLQJ����������7KHQ��WKH�IRUFH�YHFWRU�SHU�XQLW�OHQJWK�LV�

�������

,I�DGKHVLRQ�RFFXUV��JL� ���DQG�ZLWK���������WKH�GHIOHFWLRQ�LV�GHWHUPLQHG�DJDLQ�
7KH�IRUFH�SHU�XQLW�OHQJWK�QRZ�UHDGV�

�������
$V�VRRQ�DV�WKH�FRQGLWLRQ�IRU�DGKHVLRQ

�������

LV�YLRODWHG��VOLGLQJ�EHJLQV��7KH�VOLGLQJ�GLVWDQFH�JL�LV�FDOFXODWHG�DJDLQ�DQG�LWV�VLJQ
FKHFNHG�XQWLO�DGKHVLRQ�PD\�VKRZ�XS�DJDLQ�

,Q���������WKH�IULFWLRQ�FRHIILFLHQW�DSSHDUV��7KLV�TXDQWLW\�PD\�EH�H[SUHVVHG�DV
D� IXQFWLRQ� RI� WKH� VOLGLQJ� YHORFLW\� RI� WKH� WLS� RI� WKH� HOHPHQW� RYHU� WKH� JURXQG�
+RZHYHU��WKLV�YHORFLW\�LV�QRW�DYDLODEOH�DW�WKLV�VWDJH�RI�WKH�FDOFXODWLRQ��7KURXJK
LWHUDWLRQV�ZH�PD\�EH�DEOH�WR�DVVHVV�WKH�VOLGLQJ�VSHHG�DW�WKH�SRVLWLRQ�FRQVLGHUHG�
,QVWHDG��ZH�ZLOO�DGRSW�DQ�DSSUR[LPDWLRQ�DQG�XVH�WKH�YHORFLW\�RI�WKH�EDVH�SRLQW
�������� ����� WR� GHWHUPLQH� WKH� FXUUHQW� YDOXH� RI� WKH� IULFWLRQ� FRHIILFLHQW�� 7KH
IROORZLQJ�IXQFWLRQDO�UHODWLRQVKLS�PD\�EH�XVHG�IRU�WKH�IULFWLRQ�FRHIILFLHQW�YHUVXV
WKH�PDJQLWXGH�RI�WKH�DSSUR[LPDWHG�VOLGLQJ�VSHHG�9E��

�������

'XULQJ�WKH�SDVVDJH�RI�WKH�HOHPHQW�WKURXJK�WKH�FRQWDFW�]RQH�WKH�IRUFHV� )L�DUH
FDOFXODWHG�E\�PXOWLSO\LQJ�TL�ZLWK�WKH�SDUW�RI�WKH�FRQWDFW�OHQJWK� [�FRYHUHG�RYHU
WKH�WLPH�VWHS� W�

6XEVHTXHQWO\��WKH�WRWDO�IRUFH�FRPSRQHQWV�DQG�WKH�DOLJQLQJ�PRPHQW�DUH�IRXQG
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E\� DGGLQJ� WRJHWKHU� DOO� WKH� FRQWULEXWLRQV� )[L� �� )\L� �� DQG� [EL )\L� �� \EL�HII )[L

UHVSHFWLYHO\��$�FRUUHFWLRQ�WR�WKH�PRPHQW�DUP�PD\�EH�LQWURGXFHG�WR�DFFRXQW�IRU
WKH�VLGH�ZD\V�UROOLQJ�RI�WKH�W\UH�FURVV�VHFWLRQ�ZKLOH�EHLQJ�FDPEHUHG�DQG�GHIOHFWHG
�FDXVLQJ� ODWHUDO� VKLIW� RI� SRLQW� RI� DFWLRQ� RI� WKH� UHVXOWLQJ� QRUPDO� ORDG�)]� DQG
VLPLODUO\�RI�WKH�ORQJLWXGLQDO�IRUFH�)[���$OVR��WKH�FRXQWHU�HIIHFW�RI�WKH�ORQJLWXGLQDO
GHIOHFWLRQ�XF�PD\�FRQWULEXWH�WR�WKLV�FRUUHFWLRQ�IDFWRU��FI��(T��������

,Q�WKH�VHTXHO�D�QXPEHU�RI�H[DPSOH�UHVXOWV�RI�XVLQJ�WKH�WUHDG�VLPXODWLRQ�PRGHO
KDYH�EHHQ�SUHVHQWHG��7KH�IROORZLQJ�FDVHV�KDYH�EHHQ�LQYHVWLJDWHG�

�� 6OLGLQJ� YHORFLW\� GHSHQGHQW� IULFWLRQ� FRHIILFLHQW� �ULJLG� FDUFDVV� EXW
SDUDPHWHU�F�RI�(T��������LV�LQFOXGHG����)LJ�����D�

�� )OH[LEOH�FDUFDVV��ZLWKRXW�DQG�ZLWK�FDPEHU���)LJ�����E�
�� )LQLWH�WUHDG�ZLGWK��WZR�URZV�RI�WUHDG�HOHPHQWV���IOH[LEOH�FDUFDVV���ZLWK

DQG�ZLWKRXW�FDPEHU���)LJ�����F�
�� &RPELQHG�ODWHUDO�DQG�WXUQ�VOLS��WZR�URZV��IOH[LEOH�FDUFDVV����)LJ�����G�
�� 3QHXPDWLF�WUDLO�DW�SXUH�VLGH�VOLS��IOH[LEOH�DQG�ULJLG�FDUFDVV����)LJ������

7KH�FRPSXWDWLRQV�KDYH�EHHQ�FRQGXFWHG�ZLWK�WKH�VHW�RI�SDUDPHWHU�YDOXHV�OLVWHG
LQ�7DEOH�����

7DEOH��������3DUDPHWHU�YDOXHV�XVHG�LQ�WKH�WUHDG�VLPXODWLRQ�PRGHO���)LJV����������

D ���P )] �����1 FODW ����N1�P &) � ��)]

E ����P 9
F

���P�V FEHQG ��N1P \R ���YR�(T�����

EURZ ����P �R ��� F\DZ ��N1P�UDG SO\ �

U
H

����P D� �������V�P F ��FODW FRQ �

g\U ��� RWKHU�g¶V� ������� FS� �&) ����D
��QURZ� � �&) ������R�)]�

,Q�FDVH�RI�D�µULJLG¶�FDUFDVV��SDUDPHWHU�F�� ����P�N1���(T���������LV�XVHG�ZKLOH
FODW�� FEHQG�� F\DZ�64�� $V� LQGLFDWHG�� TXDQWLWLHV� FS� DQG� � IROORZ� IURP� WKH� PRGHO
SDUDPHWHUV�

7KH�JUDSKV�RI�WKH�ORZHU�KDOI�RI�)LJ�����D�UHODWLYH�WR�WKH�XSSHU�KDOI�VKRZ�WKH
PRVW�SURPLQHQW�HIIHFW�RI�D�ZLWK�VOLGLQJ�YHORFLW\�GHFUHDVLQJ�IULFWLRQ�FRHIILFLHQW�
$W�D�� ������WKH�VLGH�IRUFH�)\�H[KLELWV�D�FOHDU�SHDN�DW�D�VOLS�DQJOH�RI�DERXW�VHYHQ
GHJUHHV�ZKHQ�WKH�ZKHHO�LV�UROOLQJ�IUHHO\�� � �����$OVR�WKH�IRUH�DQG�DIW�IRUFH�)[

WHQGV�WR�GHFUHDVH�DIWHU�KDYLQJ�UHDFKHG�LWV�SHDN�YDOXH��7KH�LQZDUG�HQGLQJV�RI�WKH
FXUYHV�DW�FRQVWDQW�YDOXHV�RI�VOLS�DQJOH�VKRZQ�LQ�WKH�ERWWRP�GLDJUDP�DUH�W\SLFDO
HVSHFLDOO\�IRU�D�W\UH�UXQQLQJ�RQ�ZHW�URDG�VXUIDFHV��7KH�SHDN�YDOXHV�WKHPVHOYHV
ZLOO�GHFUHDVH�ZKHQ�WKH�VSHHG�RI�WUDYHO�LV�LQFUHDVHG��QRW�VKRZQ��ZKLOH�WKH�LQLWLDO
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VORSHV��VOLS�VWLIIQHVVHV��UHPDLQ�XQFKDQJHG��7KH�FKDQJH�LQ�VLJQ�RI�WKH�DOLJQLQJ
WRUTXH� LQ� WKH� EUDNLQJ� UDQJH� RI� LWV� GLDJUDP� RFFXUV� EHFDXVH� RI� WKH� UHWDLQHG
SDUDPHWHU� F� WKDW� SURGXFHV� WKH� HIIHFW� RI� WKH� IOH[LEOH� FDUFDVV� DFFRUGLQJ� WR
(TV������������7KH�H[SHFWHG�FKDQJH�LQ�VLJQ�RI�WKH�DOLJQLQJ�WRUTXH�FXUYH�DW�SXUH
VLGH�VOLS�DW�KLJKHU�OHYHOV�RI�VLGH�VOLS�GRHV�QRW�RFFXU�GXH�WR�WKH�OLPLWDWLRQ�RI�WKH
HVWLPDWLRQ�RI�WKH�VOLGLQJ�VSHHG�IRU�ZKLFK�WKH�VSHHG�RI�D�SRLQW�RI�WKH�EHOW�LV�WDNHQ
�KHUH�ULJLG���,Q�)LJ�����E�ZLWK�WKH�FDUFDVV�FRQVLGHUHG�IOH[LEOH�WKLV�VLJQ�FKDQJH
GRHV�VKRZ�XS�DV�LOOXVWUDWHG�LQ�WKH�XSSHU�ULJKW�GLDJUDP�

$�PRUH�LPSRUWDQW�HIIHFW�RI�WKH�IOH[LEOH�FDUFDVV�SUHVHQWHG�LQ�)LJ�����E�LV�WKH
GHFUHDVHG�FRUQHULQJ�VWLIIQHVV�ZKLOH�WKH�IRUH�DQG�DIW�VOLS�VWLIIQHVV�UHPDLQV�WKH
VDPH��7KH�ORZHU�YDOXH�RI�)\�DW� � ��E�LQ�WKH�)\�YV�)[�GLDJUDP�FOHDUO\�GHPRQ�
VWUDWHV�WKLV�HIIHFW��7KH�DOLJQLQJ�WRUTXH��KRZHYHU��LV�QRW�VR�PXFK�DIIHFWHG��7KLV
GXH�WR�WKH�ODUJHU�SQHXPDWLF�WUDLO�ZKLFK�LV�D�UHVXOW�RI�WKH�FXUYHG�GHIOHFWLRQ�OLQH�RI
WKH�EHOW��)LJXUH������VKRZV�WKH�SQHXPDWLF�WUDLO�GLDJUDP�IRU�WKH�PRGHO�ZLWK�DQG
ZLWKRXW�FDUFDVV�FRPSOLDQFH��WKH�QXPEHU�RI�URZV�KDV�QR�LQIOXHQFH�LQ�FDVH�RI�]HUR
VSLQ���$V�H[SHFWHG��WKH�VLPSOH�EUXVK�PRGHO�ZLWK�ULJLG�FDUFDVV�KDV�D�WUDLO�RI�����D
ZKHQ� WKH� VOLS�DQJOH�DSSURDFKHV�]HUR��7KH� IOH[LEOH�FDUFDVV�PRGHO�FRQVLGHUHG
IHDWXUHV�D�SQHXPDWLF�WUDLO�RI�DERXW�����D��6HH�)LJ������IRU�WKH�GHIOHFWLRQ�SDWWHUQ�

7KH�LQIOXHQFH�RQ�WKH�FXUYHV�RI�WKH�LQWURGXFWLRQ�RI�WKH�UHODWLYHO\�ODUJH�FDPEHU
DQJOH�RI���E�LV�LQGLFDWHG�LQ�WKH�ORZHU�KDOI�RI�)LJ�����E��7KH�HIIHFW�LV�PRVW�FOHDUO\
GHPRQVWUDWHG�LQ�WKH�ORZHU�OHIW�GLDJUDP��7KH�FDPEHU�WKUXVW�LV�DFFRPSDQLHG�E\�D
ODWHUDO�GHIOHFWLRQ�WKDW�FDXVHV�D�VKLIW�RI�WKH�OLQH�RI�DFWLRQ�RI�WKH�ORQJLWXGLQDO�IRUFH�
7KH�UHVXOWLQJ�WRUTXH�WHQGV�WR�URWDWH�WKH�ORZHU�SDUW�RI�WKH�EHOW�DERXW�WKH�YHUWLFDO
D[LV�ZKLFK�QRZ�FDQ�EH�DFFRPSOLVKHG�WKURXJK�WKH�\DZ�FRPSOLDQFH�RI�WKH�FDUFDVV�
$W�EUDNLQJ��WKH�URWDWLRQ�LV�VXFK�WKDW�DQ�DSSDUHQW�VOLS�DQJOH�DULVHV�WKDW�LQFUHDVHV
WKH�FDPEHU�VLGH�IRUFH��$W�GULYLQJ��WKH�RSSRVLWH�RFFXUV��$V�D�UHVXOW��WKH�FRQVWDQW
VOLS�DQJOH�FXUYHV�SORWWHG�LQ�WKH�GLDJUDP�VKRZ�DQ�LQFOLQDWLRQ��7KH�FRUUHVSRQGLQJ
LQIOXHQFH�GLDJUDP�RI� �RQ�)\�VKRZV�GLVWRUWHG�FXUYHV�ZKHQ�FRPSDUHG�ZLWK�WKRVH
RI�)LJ�������7KH�LQYHUVHG�6�VKDSH�RI�WKH�FXUYHV�DW�VPDOO�VOLS�DQJOH�LV�D�IHDWXUH
WKDW�LV�FRPPRQO\�HQFRXQWHUHG�LQ�PHDVXUHG�FKDUDFWHULVWLFV��7KH�DOLJQLQJ�WRUTXH
GLDJUDP��ORZHU�ULJKW�SLFWXUH��LV�FRQVLGHUDEO\�FKDQJHG�DV�D�UHVXOW�RI�WKH�DFWLRQ�RI
WKH�WRUTXH�PHQWLRQHG�DERYH�WKDW�RULJLQDWHV�IURP�)[�

,Q�)LJ�����F�WKH�HIIHFW�RI�D�ILQLWH�ZLGWK�RI�WKH�FRQWDFW�SDWFK�LV�GHPRQVWUDWHG�
7ZR�URZV�RI�WUHDG�HOHPHQWV�KDYH�EHHQ�FRQVLGHUHG��$W�WKH�FDPEHU�DQJOH�RI���E
D�VSLQ�WRUTXH�LV�JHQHUDWHG�WKDW�DSSHDUV�WR�URWDWH�WKH�ORZHU�SDUW�RI�WKH�EHOW�LQ�VXFK
D�ZD\�WKDW�DQ�DSSDUHQW�VOLS�DQJOH�DULVHV�WKDW�LQFUHDVHV�WKH�FDPEHU�WKUXVW��7KH
XSSHU�OHIW�KDQG�GLDJUDP�VKRZV�WKH�LQFUHDVH�LQ�VLGH�IRUFH��7KH�ULJKW�KDQG�GLDJUDP
LQGLFDWHV�WKH�FRQVLGHUDEOH�ULVH�LQ�WKH�DOLJQLQJ�WRUTXH�DV�D�UHVXOW�RI�WKH�VSLQ�WRUTXH
LQ�WKH�UDQJH�RI�VPDOO�ORQJLWXGLQDO�IRUFH�)[��
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)LJ�������� 3XUH�WXUQ�VOLS�FKDUDFWHULVWLFV�DFFRUGLQJ�WR�WKH�PRGHO��OHIW��ULJLG�FDUFDVV�ZLWK�RQH�RU
WZR�URZV�RI�HOHPHQWV��DQG�UHVXOWV�IURP�H[SHULPHQWV�ZLWK�D�ELDV�SO\�WUXFN�W\UH��ULJKW�
��������H+'��S

L
� �����EDU��9� �����NP�K�RQ�GU\�URDG��IURP�)UHXGHQVWHLQ��������

0RGHO�SDUDPDWHUV�� � ����D�� ����EURZ� �����D�

7KH�WZR�GLDJUDPV�LQ�WKH�VHFRQG�URZ�GHPRQVWUDWH�WKH�HIIHFWV�RI�WUHDG�ZLGWK�
FDUFDVV�IOH[LELOLW\�DQG�IULFWLRQ�GHFD\�ZLWK�YHORFLW\�RQ�WKH�VLGH�IRUFH�DQG�PRPHQW
YHUVXV�VOLS�DQJOH�FKDUDFWHULVWLFV�IRU�D�VHULHV�RI�FDPEHU�DQJOHV��7KH�SORWV�PD\�EH
FRPSDUHG�ZLWK�WKRVH�RI�)LJV�������7KH�ORZHU�KDOI�RI�)LJ�����F�UHIHUV�WR�WKH�FDVH
ZLWKRXW� FDPEHU� DQG� PD\� EH� FRPSDUHG� ZLWK� WKH� SORWV� RI� WKH� XSSHU� KDOI� RI
)LJ�����E�WKDW�GRHV�QRW�LQFOXGH�WKH�HIIHFWV�RI�WUHDG�ZLGWK�

)LJXUH�����G�SUHVHQWV�WKH�IRUFH�DQG�PRPHQW�FKDUDFWHULVWLFV�IRU�D�VHULHV�RI
OHYHOV�RI�WXUQ�VOLS�LQFOXGLQJ�ODUJH�YDOXHV�RI�VSLQ�FRUUHVSRQGLQJ�WR�D�UDGLXV�RI
FXUYDWXUH�HTXDO� WR�D������7KH� ILJXUHV�RI� WKH� VHFRQG� URZ�UHIHU� WR� WKH�FDVH�RI
FRQVWDQW�IULFWLRQ��D�� ����DQG�PD\�EH�FRPSDUHG�ZLWK�)LJV����������$Q�LQWHUHVWLQJ
HIIHFW�RI�WUHDG�ZLGWK�LV�WKH�IXUWKHU�GHFUHDVH�RI�WKH�VLGH�IRUFH�DW�KLJKHU�OHYHOV�RI
WXUQ�VOLS�GXH�WR�ORQJLWXGLQDO�VOLS�WKDW�RFFXUV�RQ�ERWK�VLGHV�RI�WKH�FRQWDFW�SDWFK
ZKLFK�FRQVXPHV�D�ORW�RI�WKH�DYDLODEOH�IULFWLRQDO�IRUFHV��2I�FRXUVH��WKH�DOLJQLQJ
WRUTXH�LV�QRZ�FRQVLGHUDEO\�ODUJHU��7KH�WKLUG�URZ�RI�GLDJUDPV�UHSUHVHQW�WKH�VSLQ
IRUFH�DQG�PRPHQW�FKDUDFWHULVWLFV�DW�YDULRXV�OHYHOV�RI�VLGH�VOLS��,Q�)LJ������WKH
SXUH�VSLQ�FKDUDFWHULVWLFV�KDYH�EHHQ�GUDZQ�IRU�WKH��PRGHO�ZLWK�D�ULJLG�FDUFDVV
SURYLGHG�ZLWK�RQH�URZ�RI�WUHDG�HOHPHQWV��VDPH�DV�)LJ�������DQG�ZLWK�WZR�URZV
FRPSXWHG� ZLWK� WKH� WUHDG� VLPXODWLRQ� PRGHO�� &RPSDULVRQ� FOHDUO\� VKRZV� WKH
FRQVLGHUDEOH�UHGXFWLRQ�RI�WKH�SHDN�VLGH�IRUFH�DQG�WKH�PXFK�ODUJHU�OHYHO�RI�WKH
DOLJQLQJ� WRUTXH� FDXVHG� E\� WKH� ILQLWH� WUHDG� ZLGWK�� 7KH� LQIOXHQFH� RI� FDUFDVV
IOH[LELOLW\�DSSHDUV�WR�EH�YHU\�VPDOO�ERWK�IRU�WKH�IRUFH�DQG�IRU�WKH�PRPHQW��

7KHVH�UHVXOWV�LQGLFDWH�WKDW�WKH�VLQJOH�URZ�WKHRU\�GHYHORSHG�LQ�6HFWLRQ�����DOVR



��� 7+(25<�2)�67($'<�67$7(�6/,3�)25&(�$1'�020(17�*(1(5$7,21

*0
]�PD[* ' 0

]n4
. �

�
�)

]
�D% �

�
E�

IRU�KLJK�VSLQ�LQ�FRPELQDWLRQ�ZLWK�VLGH�VOLS�KDV�RQO\�OLPLWHG�SUDFWLFDO�VLJQLILFDQFH�
7KH� LQIOXHQFH�RI� VPDOO� VSLQ�� L�H�� FDPEHU��RQ� WKH� VLGH� IRUFH�YHUVXV�VOLS�DQJOH
FKDUDFWHULVWLF�DV�FDOFXODWHG�ZLWK�WKH�DLG�RI�WKH�VLPSOH�VLQJOH�URZ��ULJLG�FDUFDVV
EUXVK�PRGHO�PD\�EH�FRQVLGHUHG�DV�UHDVRQDEOH���

)UHXGHQVWHLQ��������KDV�FRQGXFWHG�VLGH�VOLS�DQG�WXUQLQJ�H[SHULPHQWV�ZLWK�D
ELDV�SO\�WUXFN�W\UH�RQ�D�GU\�URDG�VXUIDFH��7KH�VLGH�VOLS�PHDVXUHPHQW�UHVXOWV�RI
WKLV�W\UH�ZHUH�DOUHDG\�GHSLFWHG�LQ�)LJ������,Q�WKH�ULJKW�KDQG�GLDJUDP�RI�)LJ�����
WKH�UHVXOWV�IURP�WKH�WXUQLQJ�H[SHULPHQWV�KDYH�EHHQ�SUHVHQWHG��$V�DEVFLVVD��ERWK
WKH�SDWK�UDGLXV�DQG�WKH�SDWK�FXUYDWXUH�KDYH�EHHQ�XVHG��2EYLRXVO\��WKH�FDOFXODWHG
WZR�URZ� PRGHO� FKDUDFWHULVWLFV� VKRZ� JRRG� TXDOLWDWLYH� DJUHHPHQW� ZLWK� WKH
H[SHULPHQWDO�FXUYHV��)RU�WKH�YDOXHV�D� ����P���)]� ������1�DQG� � ���D�YHU\
UHDVRQDEOH�DOVR�TXDQWLWDWLYH�FRUUHVSRQGDQFH�IRU�ERWK�WKH�IRUFH�DQG�WKH�PRPHQW
FKDUDFWHULVWLFV�RI�)LJ������FDQ�EH�REWDLQHG��)UHXGHQVWHLQ�VXJJHVWV�WKH�IROORZLQJ
IRUPXOD�IRU�WKH�SHDN�PRPHQW�JHQHUDWHG�DW�SXUH�WXUQLQJ�DW�ZKHHO�VSHHG�9� ���

�������

$V�)UHXGHQVWHLQ�GLG�QRW�JLYH�WKH�FDPEHU�FKDUDFWHULVWLFV�RI�WKH�WUXFN�W\UHV�RQ
ZKLFK� WKH� WXUQLQJ�EHKDYLRXU�ZDV�PHDVXUHG��ZH�DUH� QRW�DEOH� WR�FRPSDUH� WKH
UHVSRQVHV�WR�FDPEHU�DQG�WXUQLQJ��$FFRUGLQJ�WR�+DGHNHO���������IRU�DLUFUDIW�W\UHV
WKH�ODWHUDO�IRUFH�GXH�WR�WXUQLQJ�LV�DERXW�IRXU�WLPHV�KLJKHU�WKDQ�WKH�FDPEHU�IRUFH
DW�HTXDO�YDOXHV�RI�VSLQ��)URP�H[SHULPHQWV�SHUIRUPHG�E\�+LJXFKL��������D�IDFWRU
RI�DERXW�WKUHH�FDQ�EH�GHGXFHG�IRU�D�UDGLDO�SO\�FDU�W\UH��FI��&KDS���GLVFXVVLRQ
DERYH� )LJ������� 7KLV� VXSSRUWV� WKH� WKHRU\� RI� WKH� UHGXFHG� FXUYDWXUH� RI� WKH
SHULSKHUDO�OLQH�RI�WKH�FDPEHUHG�W\UH�SUHVVHG�RQ�D�IULFWLRQOHVV�VXUIDFH�GXH�WR�WKH
KLJK�ODWHUDO�EHQGLQJ�VWLIIQHVV�RI�WKH�WUHDG�EDQG��DV�LOOXVWUDWHG�LQ�)LJ�������DQG�WKH
DVVRFLDWHG�FRHIILFLHQW�g �LQ�(T��������

7KH� SURJUDP� 7UHDG6LP� DOVR� SURYLGHV� LQIRUPDWLRQ� RQ� WKH� GLVWULEXWLRQ� RI
FRQWDFW�IRUFHV�DQG�GHIOHFWLRQV�RI�EHOW�DQG�WUHDG�HOHPHQWV��6RPH�H[DPSOHV�RI�WKH
GHIRUPDWLRQ�SDWWHUQ�KDYH�EHHQ�GHSLFWHG�LQ�WKH�)LJV������DQG�����,Q�)LJ������WKH
GHIOHFWLRQV�RI�WKH�VLQJOH�URZ�EUXVK�PRGHO�KDYH�EHHQ�GHSLFWHG�DQG�LQ�DGGLWLRQ�RI
WKH�PRGHO�ZLWK�FDUFDVV�ODWHUDO��\DZ�DQG�EHQGLQJ�FRPSOLDQFH��$V�LQGLFDWHG��WKH
VFDOH�RI�WKH�GUDZLQJ�KDV�EHHQ�FKRVHQ�ODUJHU�LQ�ODWHUDO�GLUHFWLRQ��,Q�WKH�PLGGOH�WZR
GLDJUDPV�WKH�LQIOXHQFH�RI�FDPEHU�DQG�RI�WXUQLQJ�RQ�WKH�GHIOHFWLRQV�DW�VLGH�DQG
EUDNH�VOLS�KDV�EHHQ�VKRZQ��7XUQLQJ�ZDV�FRQVLGHUHG�ZLWK�DQ�H[FHSWLRQDOO\�VPDOO
WXUQ� UDGLXV�5�HTXDO�WR�D�ZKLFK�LV�KDOI�WKH�FRQWDFW� OHQJWK��2QH�PD\�QRWH� WKH
FHQWUDO�VHFWLRQ�ZKHUH�DGKHVLRQ�RFFXUV��7KH�ODWWHU�VLWXDWLRQ�DOVR�RFFXUV�ZLWK�WKH
PLGGOH�URZ�RI�WUHDG�HOHPHQWV�RI�WKH�WKUHH�URZ�EUXVK�PRGHO�GHSLFWHG�LQ�)LJ������
,Q�WKLV�GUDZLQJ�WKH�VFDOHV�DUH�WKH�VDPH��&OHDUO\��WKH�W\UH�JHQHUDWHV�ORQJLWXGLQDO
GHIOHFWLRQV�RI�WKH�RXWHU�URZV�RI�HOHPHQWV�WKDW�FRQWULEXWHV�WR�WKH�WRUTXH�
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α =2 , κ  = -0.1, γ =10 , 5=4

α =2 , κ  = -0.1, γ =0, 5=4
o

o o

α =2 , κ  = -0.1, γ =0 , 5=D
o

α =4 , κ  = 0,  γ =0,  5=4
o

flexible carcass0.02m

0.02m

)LJ�������� ([DPSOHV�RI�GHIOHFWLRQ�SDWWHUQV�DW�YDULRXV�FRPELQDWLRQV�RI�VOLS�IRU�WKH�VLQJOH�URZ
PRGHO�ZLWK�ULJLG�DQG�IOH[LEOH�FDUFDVV�

9
F

5

0.02m

0.02m α =4 , κ  = 0, γ =0, 5=D
o

α 

D

E
row

)LJ��������� 'HIOHFWLRQV�RI�WKH�WUHDG�HOHPHQWV�DQG�RI�WKH�EHOW�IRU�WKH�WKUHH�URZ�PRGHO�DW�VLGH�VOLS
DQG�WXUQLQJ�
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������$SSOLFDWLRQ���%UDNLQJ�XS�WR�:KHHO�/RFN�

:KHQ�WKH�YHKLFOH�LV�EHLQJ�EUDNHG�IRUFHIXOO\�DQG�D�SRVVLEOH�GRZQZDUG�VORSH�GRHV
QRW�FRPSHQVDWH�IRU�WKH�UHGXFWLRQ�LQ�VSHHG�RI�WUDYHO��WKH�VLWXDWLRQ�FDQ�QR�ORQJHU
EH� FRQVLGHUHG� DV� VWHDG\� VWDWH�� 7KH� LQIOXHQFH� RI� WKH� UDWH� RI� FKDQJH� RI� WKH
ORQJLWXGLQDO�VSHHG�DQG�RI�WKH�HIIHFW�RI�FRPELQHG�VOLS�RQ�WKH�ODWHUDO�VWDELOLW\�PD\
QR�ORQJHU�EH�QHJOHFWHG��,QVWHDG�RI�XVLQJ�WKH�WZR�ILUVW�RUGHU�GLIIHUHQWLDO�HTXDWLRQV
�������IRU�WKH�ODWHUDO�DQG�\DZ�PRWLRQV�ZH�PXVW�QRZ�FRQVLGHU�WKH�FRPSOHWH�VHW
LQFOXGLQJ�WKH�HTXDWLRQ�IRU�WKH�ORQJLWXGLQDO�PRWLRQ�ZKLFK�LV�DOVR�RI�WKH�ILUVW�RUGHU�

%HFDXVH�RI�WKH�FRPSOH[LW\�LQYROYHG��WKH�LQIOXHQFH�RI�WKH�KHLJKW�RI�WKH�FHQWUH
RI�JUDYLW\�RQ�WKH�YHKLFOH�PRWLRQ�ZLOO�EH�GLVUHJDUGHG��:LWK�D�ILQLWH�KHLJKW��IRUH
DQG�DIW�EXW�DOVR�ODWHUDO�ORDG�WUDQVIHU�ZRXOG�RFFXU��WKH�ODWWHU�FDXVLQJ�XQHTXDO
EUDNLQJ�IRUFHV�RQ�WKH�OHIW�DQG�ULJKW�ORFNHG�ZKHHOV�WKDW�JLYHV�ULVH�WR�D�VWDELOLVLQJ
WRUTXH�FRXQWHUDFWLQJ�WKH�HIIHFW�RI�WKH�IRUH�DQG�DIW�ORDG�WUDQVIHU��

7KH�VWHHU�DQJOH�LV�NHSW�HTXDO�WR�]HUR��7KLV�WZR�ZKHHO�� VLQJOH�WUDFN��ULJLG
YHKLFOH�ZLWK�]HUR�F�J��KHLJKW�KDV�EHHQ�GHSLFWHG�LQ�)LJ������ZKHUH�WKH�ZKHHO�RQ
D[OH���LV�FRQVLGHUHG�WR�EH�ORFNHG��)RU�WKH�WKUHH�VWDWHV�ZH�REWDLQ�WKH�HTXDWLRQV�
���
����

�������

ZLWK

�������

DQG

�������

)RU�D�SURSHU�VLPXODWLRQ�RI�WKH�PRWLRQ��WKH�VOLS�UDWLR¶V� L��VKRXOG�UHVXOW�IURP�WKH
ZKHHO�VSHHGV�RI�UHYROXWLRQ� L�ZKLFK�ZRXOG�UHTXLUH�DGGLWLRQDO�GHJUHHV�RI�IUHHGRP�
)RU� WKLV� RFFDVLRQ�ZH�ZLOO� HPSOR\� DQ� DOWHUQDWLYH� DSSURDFK� WKDW� LQYROYHV� WKH
LQWURGXFWLRQ�RI�IXQFWLRQV�IRU�WKH�VLGH�IRUFH�LQ�ZKLFK�LWV�GLUHFW�GHSHQGHQFH�RQ�WKH
EUDNLQJ�HIIRUW��RU�EUDNH�SUHVVXUH��LV�LQFOXGHG��7KLV�LV�SRVVLEOH�ZKHQ�µGU\¶�IULFWLRQ
LV�DVVXPHG�WR�RFFXU�EHWZHHQ�W\UH�DQG�URDG�DQG�WKH�FXUYHV�RI�WKH� ULJKW�PRVW
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α2

α1

)2

)
\1

�)
[1

locked wheel

\ [

)
\2

�)
[2

rolling wheel

)LJ��������µ%LF\FOH¶�PRGHO�ZLWK�RQH�ZKHHO�ORFNHG�

sinα
1,2

2    (locked wheel) 2

1

free rolling

braked

)
\1,2

µ)
]1,2

1

�)
[1,2

µ)
]1,2

10

1

)
\1,2

µ)
]1,2

0

1

%1
µ)

]1

)LJ��������7\UH�VLGH�IRUFH�FKDUDFWHULVWLFV�IRU�IUHHO\�UROOLQJ�DQG�EUDNHG�ZKHHOV���

GLDJUDP�RI�)LJ�����GR�QRW�VKRZ�LQZDUG�HQGLQJV�DQG�WKXV�GRXEOH�YDOXHG�IXQFWLRQV
DUH�DYRLGHG��7KH�FKDUDFWHULVWLFV�RI�)LJ������ZLOO�EH�XVHG�IRU�RXU�DQDO\VLV��,Q
)LJ�����WKH�FKDUDFWHULVWLFV�KDYH�EHHQ�UHSURGXFHG��RQH�FXUYH�IRU�WKH�IUHHO\�UROOLQJ
ZKHHO�� DQRWKHU� RQH� IRU� WKH�ZKHHO� WKDW� LV� EHLQJ� EUDNHG�ZLWK� D� EUDNLQJ� HIIRUW
FRUUHVSRQGLQJ�WR�D�EUDNH�IRUFH�%�� ��)[��DW�VWUDLJKW�DKHDG�UROOLQJ�� �VPDOO��DQG
ILQDOO\�IRU�D�ZKHHO�WKDW�LV�ORFNHG�FRPSOHWHO\��7KH�VHFRQG�FXUYH�VKRZV�WKDW�DW
KLJKHU�VOLS�DQJOHV�D�ORZHU�KRUL]RQWDO�SODWHDX�LV�IROORZHG�XQWLO�WKH�VWUDLJKW�LQFOLQHG
OLQH�LV�UHDFKHG�ZKHUH�DOVR�WKLV�ZKHHO�JHWV�ORFNHG��QRWH�WKDW�VLQ �KDV�EHHQ�XVHG�DV
DEVFLVVD�ZKLFK�PDNHV�WKH�UHODWLRQVKLS�OLQHDU���$�IXOO�GLVFXVVLRQ�RI�WKLV�EHKDYLRXU
KDV�EHHQ�JLYHQ�LQ�6XEVHFWLRQ�������LQ�FRQQHFWLRQ�ZLWK�WKH�WUHDWPHQW�RI�WKH�W\UH
EUXVK�PRGHO��

$V�VKRZQ�LQ�)LJ������ZH�DVVXPH�WKDW�WKH�ZKHHO�RQ�D[OH���LV�ORFNHG�DQG�WKDW
RQ�D[OH���WKH�ZKHHO�PD\�EH�EUDNHG��7KH�FKDUDFWHULVWLFV�RI�)LJ������DSSO\��)LUVW�
WKH� VLWXDWLRQ� QHDU� WKH� XQGLVWXUEHG� VWUDLJKW� DKHDG� PRWLRQ� ZLOO� EH� VWXGLHG�
/LQHDULVDWLRQ�ZLWK�ERWK�VOLS�DQJOHV�DVVXPHG�VPDOO�\LHOGV�IRU�WKH�KRUL]RQWDO�ZKHHO
IRUFHV�
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)RU�WKH�ORFNHG�ZKHHO�ZH�KDYH�QRZ�DQ�HIIHFWLYH�FRUQHULQJ�VWLIIQHVV�

�������

$V�D�UHVXOW�WKH�(TV�����������UHGXFH�WR�

�������

)XUWKHUPRUH��ZH�KDYH�LQWURGXFHG�WKH�DEVROXWH�YDOXH�RI�WKH�IRUZDUG�VSHHG�X�LQ�WKH
GHQRPLQDWRUV�WR�DOORZ�IRU�WKH�FRQVLGHUDWLRQ�RI�QHJDWLYH�YDOXHV�RI�X�ZKLOH�DW�WKH
VDPH�WLPH�WKH�VLJQ�RI� � �UHPDLQV�XQFKDQJHG��FI��WKH�FRUUHVSRQGLQJ�HTXDWLRQV
�������IRU�WKH�QRQ�GULYHQ�RU�EUDNHG�YHKLFOH���1HJDWLYH�YDOXHV�RI�X�FRUUHVSRQG�WR
WKH�FDVH�RI�ORFNHG�IURQW�ZKHHOV�

(OLPLQDWLRQ�RI�WKH�ODWHUDO�YHORFLW\�Y�IURP�HTXDWLRQV���������\LHOGV�

�������

:KHQ�FRPSDUHG�ZLWK�(T���������FRQVLGHULQJ���������LW�LV�QRWHG�WKDW�LQ�WKH�VHFRQG
FRHIILFLHQW�RI���������WKH�WHUP�N�&��KDV�GLVDSSHDUHG�DQG�WKDW��N

�%��KDV�EHHQ
DGGHG��7KLV�LV�GXH�WR�WKH�GLIIHUHQWLDWLRQ�RI�X�LQ�WKH�HOLPLQDWLRQ�SURFHVV�RI�Y��:H
KDG�RULJLQDOO\�LQ�WKH�VHFRQG�FRHIILFLHQW�RI���������WKH�WHUP�

�������

ZKLFK�H[SODLQV�WKH�FKDQJHV�REVHUYHG���,Q�RWKHU�UHVSHFWV��(T���������LV�VLPLODU�WR
WKH� KRPRJHQHRXV� YHUVLRQ� RI� (T��������� +RZHYHU�� DQ� LPSRUWDQW� GLIIHUHQFH
DSSHDUV�LQ�WKH�FRHIILFLHQWV�ZKLFK�DUH�QRZ�GHSHQGHQW�RQ�WKH�WLPH�EHFDXVH�RI�WKH
SUHVHQFH�RI�WKH�OLQHDUO\�ZLWK�WLPH�GHFUHDVLQJ�VSHHG�X��:H�KDYH�WKH�DGGLWLRQDO
HTXDWLRQ�IRU�X��E\�LQWHJUDWLRQ�RI�WKH�ILUVW�RI�(TV������������

&� ' �)
]�
' �

D

O
PJ
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7KH�H[DFW�VROXWLRQ�RI�(T���������FDQ�EH�IRXQG�EHFDXVH�RI�WKH�IRUWXQDWH�IDFW�WKDW
WKH�HTXDWLRQ�FDQ�EH�UHGXFHG�WR�WKH�GLIIHUHQWLDO�HTXDWLRQ�RI�%HVVHO�WKH�VROXWLRQ�RI
ZKLFK�LV�NQRZQ�LQ�WDEXODU�IRUP��%HIRUH�JLYLQJ�DQ�H[DPSOH�RI�VXFK�D�FRPSOHWH
VROXWLRQ� ZH� ZLOO� DQDO\VH� WKH� PRWLRQ� MXVW� DIWHU� WKH� DSSOLFDWLRQ� RI� D� VOLJKW
GLVWXUEDQFH�ZKLFK�DOORZV�XV�WR�DSSUR[LPDWH�WKH�HTXDWLRQ�WR�RQH�ZLWK�FRQVWDQW
SDUDPHWHUV�LQ�ZKLFK�X�LV�UHSODFHG�E\�LWV�LQLWLDO�YDOXH�XR��)RU�WKLV�VXEVWLWXWLYH
HTXDWLRQ�WKH�VROXWLRQ�FDQ�EH�IRXQG�HDVLO\��:H�REWDLQ�

� �������

ZLWK�'����GHQRWLQJ�WKH�FRQVWDQWV�RI�LQWHJUDWLRQ��JRYHUQHG�E\�WKH�LQLWLDO�YDOXHV�RI
WKH�VWDWH�YDULDEOHV�Y�DQG�U��DQG� ����UHSUHVHQWLQJ�WKH�HLJHQYDOXHV��WKDW�LV��WKH�URRWV
RI�WKH�FKDUDFWHULVWLF�HTXDWLRQ�RI�WKH�VXEVWLWXWLYH�GLIIHUHQWLDO�HTXDWLRQ�

�������

&RPSDULVRQ�ZLWK�WKH�FRHIILFLHQWV�RI�(T���������UHYHDOV�WKH�H[SUHVVLRQV�IRU�WKH
TXDQWLWLHV�$��%��&�DQG�'��6LQFH��DSSDUHQWO\��WKH�ILUVW�WKUHH�DUH�DOZD\V�SRVLWLYH
DQG�LQ�WKH�FDVH�FRQVLGHUHG�&��LV�PXFK�VPDOOHU�WKDQ�&��ZKLFK�PDNHV�'�DOVR�D
SRVLWLYH� TXDQWLW\�� ZH� H[SHFW� WKDW� WKH� VXEVWLWXWLYH� V\VWHP� FDQ� RQO\� EHFRPH
XQVWDEOH�EHFDXVH�RI�D�SRVVLEO\�QHJDWLYH�WKLUG�FRHIILFLHQW��7KHQ��RQH�RI�WKH�URRWV
�OHWV�VD\� ����EHFRPHV�SRVLWLYH��ZKLOH�UHPDLQLQJ�UHDO���2EYLRXVO\��WKLV�FDQ�RQO\
RFFXU�ZKHQ�X� LV�SRVLWLYH�ZKLFK�PHDQV��ZKHQ�WKH�ZKHHOV�RI�WKH�UHDU�D[OH�DUH
ORFNHG��/RFNHG�IURQW�ZKHHOV�ZKLFK�RFFXUV�ZKHQ�LQ�RXU�V\VWHP�GHVFULSWLRQ�X��
ZLOO�QRW�GHVWDELOLVH�WKH�V\VWHP�EXW�PDNHV�WKH�YHKLFOH�XQVWHHUDEOH��7KLV�EHFDXVH
RI�WKH�IDFW�WKDW�FKDQJLQJ�WKH�VWHHU�DQJOH�RI�D�ORFNHG�ZKHHO�FDQ�QRW�HIIHFW�WKH
RULHQWDWLRQ� RI� LWV� IULFWLRQDO� IRUFH� YHFWRU�� 7KH� FDU� ZLWK� ORFNHG� UHDU� ZKHHOV
FRUUHVSRQGV�LQ�EHKDYLRXU�ZLWK�WKH�FDVH�RI�H[FHVVLYH�RYHUVWHHU�ZKLOH�ORFNHG�IURQW
ZKHHOV�ZRXOG�JLYH�ULVH�WR�H[WUHPH�XQGHUVWHHU��7KH�FULWLFDO�VSHHG�IRU�WKH�FDVH�RI
ORFNHG�UHDU�ZKHHOV�LV�GHULYHG�E\�PDNLQJ�WKH�WKLUG�FRHIILFLHQW�RI�(T����������RU
RI�(T����������HTXDO�WR�]HUR��:H�ILQG�E\�XVLQJ���������

�������

)URP�WKLV�H[SUHVVLRQ�LW�FDQ�EH�VHHQ�WKDW�ZKHQ�D�ULJLG�IURQW�W\UH�LV�FRQVLGHUHG��VR
WKDW�&��6�4��ZH�REWDLQ�WKH�VLPSOH�IRUP��XFULW� �%��JO���7KH�LQIOXHQFH�RI�DQ�HODVWLF
IURQW�W\UH�LV�QRW�YHU\�JUHDW�DV�WKH�IURQW�FRUQHULQJ�VWLIIQHVV�PD\�UDQJH�IURP���WR
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λ1

2λ

λ1

2λ

λ1,X

X
µJOXcrit

0 2 4

rear wheels 
locked

front wheels 
locked

-2

λ1,2

)LJ��������� 5HDO� �SDUW� RI� WKH�� HLJHQYDOXHV� RI� WKH� VXEVWLWXWLYH� OLQHDU�V\VWHP�ZLWK�FRQVWDQW
FRHIILFLHQWV�

���WLPHV�WKH�W\UH�QRUPDO� ORDG��&RQVLGHULQJ�D�GU\�URDG�ZLWK��� ���ZH�ILQG�D
FULWLFDO�VSHHG�RI�DERXW����NP�K��

,Q�YLHZ�RI�WKLV�YHU\�ORZ�VSHHG�DERYH�ZKLFK�WKH�YHKLFOH�ZLWK�UHDU�ZKHHOV
ORFNHG�EHFRPHV�XQVWDEOH�DQG�WKH�IDFW�WKDW�QRUPDOO\�WKH�VSHHG�ZLOO�DOUHDG\�EH�D
ORW�ODUJHU�WKDQ�WKH�FULWLFDO�VSHHG�ZKHQ�WKH�EUDNHV�DUH�EHLQJ�DSSOLHG�LW�LV�PRUH
XVHIXO�WR�FRQVLGHU�WKH�GHJUHH�RI�LQVWDELOLW\�DV�D�IXQFWLRQ�RI�VSHHG��:H�ZLOO�DGRSW
WKH� URRW� �� WR� UHSUHVHQW� WKH� GHJUHH� RI� LQVWDELOLW\�� )LJXUH� ����� LOOXVWUDWHV� WKH
PDQQHU�LQ�ZKLFK�WKH�URRWV�YDU\�ZLWK�VSHHG�RI�WUDYHO��7KH�GLDJUDP�LQFOXGHV�WKH
FDVH�RI�IURQW�ZKHHOV�ORFNHG��X�������ZKHUH�REYLRXVO\�WKH�URRWV�UHPDLQ�QHJDWLYH
DQG�EHFRPH�FRPSOH[�DW�KLJKHU�VSHHGV�RI�WUDYHO��UHDO�SDUW��GRWWHG�FXUYH���$V�D
SUDFWLFDO�LQGLFDWLRQ�IRU�WKH�GHJUHH�RI�LQVWDELOLW\�ZH�PD\�HPSOR\�WKH�KHLJKW�RI�WKH
KRUL]RQWDO�DV\PSWRWH�WR�ZKLFK� ��WHQGV�ZKHQ�X�6�4��)RU�WKDW�ZH�ILQG���
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ZKLFK�VKRZV�WKDW�LQVWDELOLW\�GHFUHDVHV�ZKHQ�WKH�IURQW�W\UH�FRUQHULQJ�VWLIIQHVV�LV
ORZHU� DQG� EHFRPHV�PRUH� LQ� EDODQFH�ZLWK� WKH� KHUH� YHU\� ORZ� UHDU� µFRUQHULQJ
VWLIIQHVV¶����������,W�DOVR�EHFRPHV�FOHDU�WKDW�ZKHQ�WKH�IURQW�ZKHHOV�DUH�ORFNHG�DV
ZHOO��&�� ��)]���WKH�GHJUHH�RI�LQVWDELOLW\�UHGXFHV�WR�]HUR�UHSUHVHQWLQJ�LQGLIIHUHQW
VWDELOLW\��

7KH�FRPSOHWH�VROXWLRQ�RI�(T���������FDQ�EH�IRXQG�E\�DSSO\LQJ�WKH�/RPPHO
WUDQVIRUPDWLRQ� RI� WKH� %HVVHO� GLIIHUHQWLDO� HTXDWLRQ� DQG� XVLQJ� WKH� PRGLILHG
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U

X

µJO

XFULW

0 1 2 3

Bessel

substitutive

W
0

)LJ��������� 6ROXWLRQV� RI� WKH� H[DFW� DQG� WKH� DSSUR[LPDWHG� OLQHDU�V\VWHPV�UHSUHVHQWLQJ�WKH
YDULDWLRQ�RI�WKH�\DZ�UDWH�U�ZLWK�IRUZDUG�YHORFLW\�X�RU�ZLWK�WLPH�W�

IXQFWLRQV�RI�%HVVHO�LQ�LWV�VROXWLRQ��7KHVH�IXQFWLRQV�DUH�DYDLODEOH�LQ�WDEXODWHG
IRUP� DQG� FDQ� EH� IRXQG� LQ� WKH� ERRN� RI� $EUDPRZLW]� DQG� 6WHJXQ� ������� FI�
(T��������IRU�WKH�WUDQVIRUPHG�HTXDWLRQ�DQG�S�����IRU�WKH�VROXWLRQ���

,Q�WKH�SDSHU�RI�.RLWHU�DQG�3DFHMND��������WKH�H[DFW�VROXWLRQ�KDV�EHHQ�JLYHQ
WRJHWKHU�ZLWK�H[DPSOHV�RI�WKH�QXPHULFDOO\�FRPSXWHG�VROXWLRQ�IRU�WKH�FRPSOHWH
QRQ�OLQHDU�V\VWHP��)RU�WKH�VSHFLDO�FDVH�ZLWK�SDUDPHWHUV�D

�
 

�
E

�
 

�
N��%��

 
�
���&���)]

 
�
��WKH�VROXWLRQ�RI�WKH�OLQHDU�HTXDWLRQ���������LV�SUHVHQWHG�LQ�)LJ�������7KH�H[DFW

VROXWLRQ� LV� FRPSDUHG� ZLWK� WKH� DSSUR[LPDWH� RQH� �������� RI� WKH� VXEVWLWXWLYH
HTXDWLRQ��7KH�VROXWLRQ�LQ�WKH�IRUP�RI�D�VWDEOH�DQG�DQ�XQVWDEOH�EUDQFK�KDV�EHHQ
GUDZQ� LQ� WKH� �X�� U�� SODQH� FRQVWLWXWLQJ� WKH� SURMHFWLRQ� RI� WKH� FRPSOHWH� ��
GLPHQVLRQDO�WUDMHFWRU\�LQ�WKH��X��Y��U��VSDFH��$ORQJ�WKH�X�D[LV�ZH�PD\�LQWURGXFH
WKH�WLPH�D[LV�FRQVLGHULQJ�WKH�UHODWLRQVKLS����������,Q�WKH�FDVH�FRQVLGHUHG�WKH�QRQ�
GLPHQVLRQDO�HLJHQYDOXHV� ����%�O��J��WDNH�WKH�YDOXHV������DQG�������UHVSHFWLYHO\�
)RU�WKH�VDNH�RI�FRPSDULVRQ�WKH�LQLWLDO�YDOXHV�KDYH�EHHQ�WDNHQ�WKH�VDPH�IRU�ERWK
SDLUV� RI� VROXWLRQV�� 1R� YLVLEOH� GLIIHUHQFH� FDQ� EH� GHWHFWHG� EHWZHHQ� WKH� WZR
GHFD\LQJ�VWDEOH�EUDQFKHV��7KH�µXQVWDEOH¶�EUDQFK�RI�WKH�H[DFW�VROXWLRQ��KRZHYHU�
VKRZV�IRU�JUHDWHU�YDOXHV�RI�WLPH�DQ�LQFUHDVLQJ�GLIIHUHQFH�ZLWK�WKH�FRUUHVSRQGLQJ
DSSUR[LPDWH�H[SRQHQWLDO�VROXWLRQ��$W�WKH�VWDUW�RI�WKH�PRWLRQ�ZKHUH�WKH�UHDU�D[OH
WHQGV� WR�EUHDN�DZD\�WKH�DJUHHPHQW�LV�YHU\�JRRG��,W�FDQ�EH�VKRZQ�WKDW�ZKHQ
H[SDQGHG�LQ�D�VHULHV�RI�SRZHUV�RI�WKH�WLPH�W�WKH�VROXWLRQV�DUH�LGHQWLFDO�XS�WR�DQG
LQFOXGLQJ�WKH�WKLUG�WHUP��ZLWK�W����7KLV�VXSSRUWV�RXU�FKRLFH�RI�GHILQLQJ�WKH�GHJUHH
RI�LQVWDELOLW\��

$ORQJ� WKH� YHUWLFDO� D[LV� WKH� \DZ� UDWH� LV� SORWWHG�� $IWHU� KDYLQJ� DWWDLQHG� D
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\

1

0.5

µ = 0.25
X = 3  JO
R

U = 0.064  J�O
R

sin α1

)
\1

% = 0.66µ)1 ]1

[

in this range:
front wheels also locked

)LJ������� 'HYHORSPHQW�RI�WKH�YHKLFOH�PRWLRQ�DIWHU�WKH�UHDU�ZKHHOV�JHW�ORFNHG�ZKLOH�DOVR�WKH
IURQW�ZKHHOV�DUH�EHLQJ�EUDNHG�

[

1

µ = 0.25

%  = 01

)\�

sin α1

0.5

\ X = 3  JO
R

U = 0.064  J�O
R

�)LJ��������� 'HYHORSPHQW�RI�WKH�YHKLFOH�PRWLRQ�DIWHU�WKH�UHDU�ZKHHOV�JHW�ORFNHG�ZKLOH
WKH��IURQW�ZKHHOV�UHPDLQ�UROOLQJ�IUHHO\�

PD[LPXP��WKH�\DZ�DQJOH�GHYHORSV�DW�D�OHVVHU�UDWH�XQWLO�WKH�PRWLRQ�UHDFKHV�D
FRPSOHWH�VWRS��7KH�DUHD�XQGHUQHDWK�WKH�FXUYHV�LV�SURSRUWLRQDO�WR�WKH�ILQDO�DQJOH
RI� VZLQJ�� 7KLV� ILQLWH� DQJOH�ZLOO� OLQHDUO\� GHSHQG� RQ� WKH� LQLWLDO� YDOXHV� RI� WKH
YDULDEOHV�U�DQG�Y��&RQVHTXHQWO\��WKH�ILQDO�GHYLDWLRQ�ZLWK�UHVSHFW�WR�WKH�RULJLQDO
UHFWLOLQHDU�SDWK�FDQ�EH�NHSW�ZLWKLQ�DQ\�FKRVHQ�OLPLW�DQG��VWULFWO\�VSHDNLQJ��WKH
DFWXDO�V\VWHP�LV�DOZD\V�VWDEOH�

)LQDOO\��WKH�VROXWLRQV�IRU�WKH�QRQ�OLQHDU�V\VWHP�JRYHUQHG�E\�WKH�(TV��������
�����DQG�W\UH�FKDUDFWHULVWLFV�DFFRUGLQJ�WR�)LJ������KDYH�EHHQ�HVWDEOLVKHG�E\
QXPHULFDO� LQWHJUDWLRQ�RI� WKH�HTXDWLRQV�RI�PRWLRQ��1RZ�� WKH�FKDUDFWHU� RI� WKH
PRWLRQ�PD\�FKDQJH�ZLWK�WKH�OHYHO�RI�WKH�LQLWLDO�GLVWXUEDQFH��,Q�)LJV������DQG
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������WKH�UHVXOWLQJ�PRWLRQV�IRU�WZR�FDVHV�KDYH�EHHQ�GHSLFWHG��7KH�ILUVW��ZLWKRXW
EUDNLQJ�WKH�IURQW�ZKHHOV��)LJ�������DQG�WKH�VHFRQG�ZLWK�DOVR�WKH�IURQW�ZKHHOV
EHLQJ�EUDNHG�EXW�DW�D�ORZHU�HIIRUW�WR�PDNH�VXUH�WKDW�WKH\�UROO�DW�OHDVW�LQLWLDOO\�
7KH�LQLWLDO�VSHHG�RI�WUDYHO�DQG�GLVWXUEDQFHV�KDYH�EHHQ�NHSW�WKH�VDPH�IRU�DOO�FDVHV
EXW� WKH� FRHIILFLHQW� RI� IULFWLRQ��� KDV� EHHQ� YDULHG��$W� ORZHU� IULFWLRQ� WKH� WLPH
DYDLODEOH�WR�GHYHORS�WKH�DQJOH�RI�VZLQJ�LV�ODUJHU�DQG�ZH�VHH�WKDW�DQ�DQJOH�RI�PRUH
WKDQ�����GHJUHHV�PD\�EH�UHDFKHG��7KHQ�WKH�ORFNHG�ZKHHOV�DUH�PRYLQJ�DW�WKH�IURQW
�X

�
�

�
���DQG�ZH�KDYH�VHHQ�WKDW�WKDW�VLWXDWLRQ�LV�VWDEOH�ZKLOH�WKH�PRWLRQ�FDQ�EHFRPH

RVFLOODWRU\� �FI��)LJ��������)RU� WKH�FDVH� RI�)LJ������ZLWK��
�
 

�
�����ZH� LQGHHG

REVHUYH�WKDW�D�VLJQ�FKDQJH�RFFXUV�RQFH�IRU�WKH�\DZ�UDWH�U��:KHQ�WKH�EUDNHV�DUH
DSSOLHG�DOVR�DW�WKH�IURQW�D[OH��WKH�GHFHOHUDWLRQ�LV�ODUJHU�DQG�ZH�KDYH�OHVV�WLPH�WR
FRPH�WR��D�VWRS��&RQVHTXHQWO\��WKH�ILQDO�DQJOHV�RI�)LJ������DUH�VPDOOHU�WKDQ�WKRVH
UHDFKHG�LQ�)LJ�������7KH�VKDGHG�]RQHV�LQGLFDWH�WKH�UDQJHV�ZKHUH�DOVR�WKH�IURQW
ZKHHOV�JHW� ORFNHG��7KLV�REYLRXVO\�RFFXUV�ZKHQ�WKH�VOLS�DQJOH�RI� WKH�LQLWLDOO\
UROOLQJ�ZKHHOV���EHFRPHV�VXIILFLHQWO\�ODUJH�DQG�H[FHHGV�WKH�YDOXH�LQGLFDWHG�LQ
)LJ������ZKHUH� WKH� LQFOLQHG� VWUDLJKW� OLQH� LV� UHDFKHG�� ,W� KDV� EHHQ� IRXQG� �QRW
VXUSULVLQJO\��WKDW�WKH�LQIOXHQFH�RI�UDLVLQJ�WKH�LQLWLDO�VSHHG�LV�TXDOLWDWLYHO\�WKH
VDPH�DV�WKH�HIIHFW�RI�UHGXFLQJ�WKH�FRHIILFLHQW�RI�IULFWLRQ�
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������,QWURGXFWLRQ

,Q� WKH�SUHFHGLQJ�FKDSWHU�WKH�WKHRU\�RI�WKH�W\UH�IRUFH�DQG�PRPHQW�JHQHUDWLQJ
SURSHUWLHV� KDYH� EHHQ�GHDOW�ZLWK�EDVHG�RQ�SK\VLFDO� W\UH�PRGHOV��7KH�SUHVHQW
FKDSWHU�WUHDWV�PRGHOV�WKDW�KDYH�EHHQ�VSHFLILFDOO\�GHVLJQHG�WR�UHSUHVHQW�WKH�W\UH
DV� D� YHKLFOH� FRPSRQHQW� LQ� D� YHKLFOH� VLPXODWLRQ� HQYLURQPHQW��7KH�PRGHOOLQJ
DSSURDFK�LV�WHUPHG�µVHPL�HPSLULFDO¶�EHFDXVH�WKH�PRGHOV�DUH�EDVHG�RQ�PHDVXUHG
GDWD�EXW�PD\�FRQWDLQ�VWUXFWXUHV�WKDW�ILQG�WKHLU�RULJLQ�LQ�SK\VLFDO�PRGHOV�OLNH
WKRVH� WUHDWHG� LQ� WKH� SUHFHGLQJ� FKDSWHU�� 7KH� PDWKHPDWLFDO� GHVFULSWLRQV� DUH
UHVWULFWHG� WR� VWHDG\�VWDWH� VLWXDWLRQV�� 7KH� QRQ�VWHDG\�VWDWH� EHKDYLRXU�ZLOO� EH
GLVFXVVHG�LQ�VXEVHTXHQW�FKDSWHUV�

,Q� WKH� SDVW�� VHYHUDO� W\SHV� RI�PDWKHPDWLFDO� IXQFWLRQV� KDYH� EHHQ� XVHG� WR
GHVFULEH�WKH�FRUQHULQJ�IRUFH�FKDUDFWHULVLF��([SRQHQWLDO��DUFWDQJHQW��SDUDEROLF��XS
WR�LWV�PD[LPXP��DQG�K\SHUEROLF�WDQJHQW�IXQFWLRQV��GLIIHUHQFH�RI�WZR��KDYH�EHHQ
WULHG�ZLWK�PRUH�DQG�OHVV�VXFFHVV��2IWHQ��RQO\�YHU\�FUXGH�DSSUR[LPDWLRQV�FRXOG
EH�DFKLHYHG��7R�LPSURYH�WKH�DFFXUDF\��WDEOHV�RI�PHDVXUHG�GDWD�SRLQWV�KDYH�EHHQ
XVHG�WRJHWKHU�ZLWK�LQWHUSRODWLRQ�VFKHPHV��$OVR��KLJKHU�RUGHU�SRO\QRPLDOV�ZHUH
SRSXODU�EXW�SURYHG�QRW�DOZD\V�VXLWDEOH�LQ�WHUPV�RI�DFFXUDF\�DQG�WKH�YHU\�ODUJH
GHYLDWLRQV� WKDW� RFFXU� RXWVLGH� WKH� UDQJHV� RI� VOLS� FRYHUHG� E\� WKH� RULJLQDO
PHDVXUHPHQW�GDWD��XVHG�LQ�WKH�ILWWLQJ�SURFHVV��0DWKHPDWLFDO�UHSUHVHQWDWLRQV�RI
ORQJLWXGLQDO�IRUFH�DQG�DOLJQLQJ�WRUTXH�FDPH�ODWHU�DQG�RQO\�UHODWLYHO\�UHFHQWO\�WKH
FRPELQHG� VOLS� FRQGLWLRQ� ZDV� LQFOXGHG� LQ� WKH� HPSLULFDO� GHVFULSWLRQ�� 7KH
ORQJLWXGLQDO�VOLS�UDWLR�ZDV�LQWURGXFHG�DV�DQ�LQSXW�YDULDEOH�LQVWHDG�RI�WKH�EUDNLQJ
RU� GULYLQJ� IRUFH� ZKLFK� ZDV� FRPPRQ� SUDFWLFH� LQ� WKH� HDUO\� GD\V� RI� YHKLFOH
G\QDPLFV� DQDO\VLV�� 7KLV� ODWWHU� PHWKRG�� KRZHYHU�� LV� VWLOO� LQ� XVH� IRU� FHUWDLQ
DSSOLFDWLRQV�

,Q�WKH�IROORZLQJ�VHFWLRQV�RI�WKLV�FKDSWHU��ILUVW��D�UHODWLYHO\�VLPSOH�DSSURDFK
ZLOO�EH�GLVFXVVHG�WKDW�LV�EDVHG�RQ�WKH�VLPLODULW\�FRQFHSW�DQG�DIWHU�WKDW��LQ�WKH
UHPDLQGHU� RI� WKH� FKDSWHU�� D� GHWDLOHG� GHVFULSWLRQ�ZLOO� EH� JLYHQ� RI� WKH�0DJLF
)RUPXOD�W\UH�PRGHO��7KH�WZR�PRGHO�DSSURDFKHV�EHORQJ�WR�WKH�VHFRQG�DQG�ILUVW
FDWHJRULHV�RI�)LJ������UHVSHFWLYHO\��
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Magic Formula fit

)LJ������ 5HVXOW�RI�5DGW¶V�QRQ�GLPHQVLRQDOLVDWLRQ�RI�W\UH�FKDUDFWHULVWLFV�VKRZLQJ�WKDW�WKH�W\UH
VLGH�IRUFH�FKDUDFWHULVWLFV�PHDVXUHG�DW�GLIIHUHQW�ORDGV�UHGXFH�WR�YLUWXDOO\�WKH�VDPH
FXUYH�ZKHQ�WKH�IRUFH�DQG�WKH�VOLS�DQJOH�DUH�QRUPDOL]HG�DV�LQGLFDWHG�

������7KH�6LPLODULW\�0HWKRG

7KH�PHWKRG�WR�EH�GLVFXVVHG�LQ�WKLV�VHFWLRQ�LV�EDVHG�RQ�WKH�REVHUYDWLRQ�WKDW�WKH
SXUH�VOLS�FXUYHV�UHPDLQ�DSSUR[LPDWHO\�VLPLODU�LQ�VKDSH�ZKHQ�WKH�W\UH�UXQV�DW
FRQGLWLRQV�WKDW�DUH�GLIIHUHQW�IURP�WKH�UHIHUHQFH�FRQGLWLRQ��7KH�UHIHUHQFH�FRQGLWLRQ
LV�GHILQHG�KHUH�DV�WKH�VWDWH�ZKHUH�WKH�W\UH�UXQV�DW�LWV�UDWHG��QRPLQDO��ORDG��)]R��
DW�FDPEHU�HTXDO�WR�]HUR�� � �����DW�HLWKHU�IUHH�UROOLQJ�� � ����RU�DW�VLGH�VOLS�HTXDO
WR�]HUR�� � ����DQG�RQ�D�JLYHQ�URDG�VXUIDFH���R���$�VLPLODU�VKDSH�PHDQV�WKDW�WKH
FKDUDFWHULVWLF�WKDW�EHORQJV�WR�WKH�UHIHUHQFH�FRQGLWLRQ�LV�UHJDLQHG�E\�YHUWLFDO�DQG
KRUL]RQWDO�PXOWLSOLFDWLRQV�DQG�VKLIWLQJ�RI�WKH�FXUYH��7KH�VLPLODULW\�PHWKRG�KDV
EHHQ�ILUVW�XVHG�E\�3DFHMND��������DQG�ODWHU�E\�5DGW�DQG�3DFHMND���������$
GHPRQVWUDWLRQ�WKDW�LQ�SUDFWLFH�VLPLODULW\�LQGHHG�DSSUR[LPDWHO\�RFFXUV�LV�JLYHQ
E\� 5DGW� DQG� 0LOOLNHQ� �������� DOVR� VHH� 0LOOLNHQ� DQG� 0LOOLNHQ� �������� 7KH
)LJV�����DQG�����SUHVHQW�WKH�UHVXOWV�ZKHQ�WKH�IRUFH�DQG�PRPHQW�DV�ZHOO�DV�WKH
VOLS� DQJOH� KDYH� EHHQ� QRUPDOLVHG� UHVXOWLQJ� LQ� WKH� QRQ�GLPHQVLRQDO� TXDQWLWLHV
VKRZQ� DORQJ� WKH� D[HV�� 7KH� UDZ� GDWD� KDYH� EHHQ� SURFHVVHG� WR� PDNH� WKH
FKDUDFWHULVWLFV�SDVV�WKURXJK�WKH�RULJLQ�RI�WKH�JUDSK��7KH�FXUYH�UHVXOWV�IURP�D
0DJLF�)RUPXOD�ILW��7KH�SDUDPHWHUV�%¶��&¶��'¶�DQG�(¶�IRU�WKH�QRQ�GLPHQVLRQDO
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]

200 lb.
600 lb.

1000 lb.
1400 lb.
1800 lb.

)LJ������ 5HVXOW�RI�5DGW¶V�QRQ�GLPHQVLRQDOLVDWLRQ�RI�WKH�W\UH�DOLJQLQJ�WRUTXH�FKDUDFWHULVWLF�DIWHU
QRUPDOLVLQJ�WKH�PRPHQW�DQG�WKH�VOLS�DQJOH�DV�LQGLFDWHG��W�UHSUHVHQWV�WKH�SQHXPDWLF
WUDLO�DW�YDQLVKLQJ�VOLS�DQJOH�

VLGH�IRUFH��VXEVFULSW�\��DQG�IRU�WKH�QRQ�GLPHQVLRQDO�PRPHQW��VXEVFULSW�]��KDYH
EHHQ� XVHG� LQ� WKH� QRQ�GLPHQVLRQDO� YHUVLRQ� RI� WKH� 0DJLF� )RUPXOD� JLYHQ� LQ
(TV�������DQG�VLPLODU�IRU�WKH�PRPHQW��/DWHU�RQ��WKH�IRUPXOD�ZLOO�EH�LQWURGXFHG
DJDLQ��(TV�����������

7KH�UHVXOWLQJ�PRGHO�LV�WKURXJK�LWV�VLPSOLFLW\�UHODWLYHO\�IDVW��,W�LV�FDSDEOH�WR
UHSUHVHQW�SXUH�VOLS�FRQGLWLRQV�UDWKHU�ZHOO�LQFOXGLQJ�WKH�LQIOXHQFH�RI�D�FDPEHU
DQJOH��7KH�GHVFULSWLRQ�RI�WKH�VLWXDWLRQ�DW�FRPELQHG�ODWHUDO�DQG�ORQJLWXGLQDO�VOLS
LV�TXDOLWDWLYHO\�VDWLVIDFWRU\��4XDQWLWDWLYHO\��KRZHYHU��GHYLDWLRQV�PD\�RFFXU�DW
KLJKHU�OHYHOV�RI�WKH�FRPELQHG�WZR�VOLS�YDOXHV��

��������3XUH�6OLS�&RQGLWLRQV

7KH�IXQFWLRQV�UHSUHVHQWLQJ�WKH�UHIHUHQFH�FXUYHV�ZKLFK�DUH�IRXQG�DW�SXUH�VOLS
FRQGLWLRQV� DUH� GHVLJQDWHG� ZLWK� WKH� VXEVFULSW� R�� :H� KDYH�� IRU� LQVWDQFH�� WKH
UHIHUHQFH� IXQFWLRQ� )\�  � )\R� �� WKDW� UHSUHVHQWV� WKH� VLGH� IRUFH� YV� VOLS� DQJOH
UHODWLRQVKLS�DW�QRPLQDO�ORDG�)]R���ZLWK�ORQJLWXGLQDO�VOLS�DQG�FDPEHU�HTXDO�WR�]HUR
DQG�WKH�IULFWLRQ�OHYHO�UHSUHVHQWHG�E\��R��:H�PD\�QRZ�WU\�WR�FKDQJH�WKH�FRQGLWLRQ
WR�D�VLWXDWLRQ�DW�D�GLIIHUHQW�ZKHHO�ORDG�)]���7ZR�EDVLF�FKDQJHV�ZLOO�RFFXU�ZLWK�WKH
FKDUDFWHULVWLF������D�FKDQJH�LQ�OHYHO�RI�WKH�FXUYH�ZKHUH�VDWXUDWLRQ�RI�WKH�VLGH
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�)LJ����� 8VLQJ�WKH�VLPLODULW\�PHWKRG�WR�DGDSW�)\
DQG�0]�FXUYHV�WR�D�QHZ�OHYHO�RI�ORDG�

IRUFH�WDNHV�SODFH��SHDN�OHYHO��DQG�����D�FKDQJH�LQ�VORSH�DW�YDQLVKLQJ�VLGH�VOLS��
 �����7KH�ILUVW�PRGLILFDWLRQ�FDQ�EH�FUHDWHG�E\�PXOWLSO\LQJ�WKH�FKDUDFWHULVWLF�ERWK
LQ� YHUWLFDO� DQG� KRUL]RQWDO� GLUHFWLRQ� ZLWK� WKH� UDWLR� )]� �)]R�� 7KH� KRUL]RQWDO
PXOWLSOLFDWLRQ�LV�QHHGHG�WR�QRW�GLVWXUE�WKH�RULJLQDO�VORSH��:H�REWDLQ�IRU�WKH�QHZ
IXQFWLRQ�

�����

ZLWK�WKH�HTXLYDOHQW�VOLS�DQJOH�

�����

%HFDXVH��REYLRXVO\��WKH�GHULYDWLYH�RI�)\R�ZLWK�UHVSHFW�WR�LWV�DUJXPHQW� HT�DW� HT

 ���LV�HTXDO�WR�WKH�RULJLQDO�FRUQHULQJ�VWLIIQHVV�&) R���ZH�ILQG�IRU�WKH�GHULYDWLYH�RI
)\�ZLWK�UHVSHFW�WR� �WKH�VDPH�YDOXH�IRU�WKH�VORSH�DW� � ����

�����

ZKLFK�SURYHV�WKDW�WKH�VORSH�DW�WKH�RULJLQ�RI�WKH�FKDUDFWHULVWLF�LV�QRW�DIIHFWHG�E\
WKH� VXFFHVVLYH� PXOWLSOLFDWLRQV�� 7KH� VHFRQG� VWHS� LQ� WKH� PDQLSXODWLRQ� RI� WKH
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RULJLQDO�FXUYH�LV�WKH�DGDSWDWLRQ�RI�WKH�VORSH��7KLV�LV�DFFRPSOLVKHG�E\�D�KRUL]RQWDO
PXOWLSOLFDWLRQ�RI�WKH�QHZO\�REWDLQHG�FKDUDFWHULVWLF��7KLV��LV�GRQH�E\�PXOWLSO\LQJ
WKH� DUJXPHQW�ZLWK� WKH� UDWLR� RI� WKH� QHZ� DQG� WKH� RULJLQDO� FRUQHULQJ� VWLIIQHVV�
&RQVHTXHQWO\��WKH�QHZ�DUJXPHQW�UHDGV��

�����

7RJHWKHU�ZLWK�(T�������ZH�KDYH�WKH�QHZ�IRUPXODWLRQ�IRU�WKH�VLGH�IRUFH�YV�VOLS
DQJOH�UHODWLRQVKLS�DW�WKH�QHZ�ORDG�)]���,Q�)LJ�����WKH�WZR�VWHSV�WDNHQ�WR�REWDLQ�WKH
QHZ�FXUYH�KDYH�EHHQ�LOOXVWUDWHG��+HUH��WKH�QRPLQDO�ORDG�)]R� �����1�DQG�WKH�QHZ
ORDG�)]� �����1�

,Q�WKH�VDPH�ILJXUH�WKH�FKDUDFWHULVWLF�RI�WKH�DOLJQLQJ�WRUTXH�KDV�EHHQ�DGDSWHG
WR�WKH�QHZ�FRQGLWLRQ��)RU�WKLV��ZH�XVH�WKH�NQRZOHGJH�JDLQHG�ZKHQ�ZRUNLQJ�ZLWK
WKH� EUXVK�PRGHO� �FI�� )LJ�������0RUH� VSHFLILFDOO\��ZH�ZLOO� REH\� WKH� UXOH� WKDW
DFFRUGLQJ�WR�WKH�WKHRU\��REYLRXVO\��WKH�SRLQW�ZKHUH�WKH�0]�FXUYH�UHDFKHV�WKH�
D[LV�OLHV�EHORZ�WKH�SHDN�RI�WKH�)\�FXUYH��,Q�)LJ�����WKLV�RFFXUV�DW�WDQ � ��� \��
7KLV�UHTXLUHPHQW�PHDQV�WKDW�WKH�VDPH�HTXLYDOHQW�VOLS�DQJOH�������PXVW�EH�XVHG
DV�IRU�WKH�DUJXPHQW�RI�WKH�)\�IXQFWLRQ��������6HFRQGO\��ZH�ZLOO�XVH�LQIRUPDWLRQ
RQ�WKH�QHZ�YDOXH�RI�WKH�DOLJQLQJ�VWLIIQHVV�&0 ���7KH�UHIHUHQFH�FXUYH�IRU�0]R�WKDW
LV�XVHG� LV�PRUH� UHDOLVWLF� WKHQ� WKH� WKHRUHWLFDO�FXUYH�RI�)LJ������7\SLFDOO\�� WKH
PRPHQW�FKDQJHV�LWV�VLJQ�LQ�WKH�ODUJHU�VOLS�DQJOH�UDQJH�ZKHUH�)\�UHDFKHV�LWV�SHDN�

:LWK�WKH�VDPH�HTXLYDOHQW�VOLS�DQJOH�DQG�WKH�QHZ�DOLJQLQJ�VWLIIQHVV�ZH�REWDLQ
WKH�H[SUHVVLRQ�IRU�WKH�QHZ�YDOXH�RI�WKH�DOLJQLQJ�WRUTXH�DFFRUGLQJ�WR�WKH�VLPLODULW\
FRQFHSW�

�����

7KH�ILUVW�DQG�WKLUG�IDFWRUV�EHLQJ�WKH�LQYHUVH�RI�WKH�PXOWLSOLFDWLRQ�IDFWRU�XVHG�LQ
�������DUH�QHHGHG�WR�PDLQWDLQ�WKH�RULJLQDO�VORSH��7KH�VHFRQG�IDFWRU�PXOWLSOLHV�WKH
LQWHUPHGLDWH�0]�FXUYH����LQ�)LJ������LQ�YHUWLFDO�GLUHFWLRQ�WR�DGDSW�WKH�VORSH�WR�LWV
QHZ�YDOXH�����ZKLOH�QRW�GLVWXUELQJ�WKH� �VFDOH��,W�PD\�EH�QRWHG�WKDW�WKH�FRPELQHG
VHFRQG�DQG�WKLUG�IDFWRU�HTXDOV�WKH�UDWLR�RI�WKH�QHZ�DQG�WKH�RULJLQDO�YDOXHV�RI�WKH
SQHXPDWLF�WUDLO�W�WR�

)RU�WKH�FDOFXODWLRQV�FRQQHFWHG�ZLWK�)LJ�����WKH�UHIHUHQFH�FKDUDFWHULVWLFV�IRU
)\R� ��0]R�DQG�&) �KDYH�EHHQ�GHVFULEHG�E\�PHDQV�RI�WKH�0DJLF�)RUPXOD�W\SH
IXQFWLRQV��FI��(TV���������)RU�WKLV�RFFDVLRQ��WKH�DOLJQLQJ�VWLIIQHVV�LV�PRGHOOHG�DV
WKH� SURGXFW� RI� D� FHUWDLQ� IUDFWLRQ� RI� WKH� FRQWDFW� OHQJWK� �D� DQG� WKH� FRUQHULQJ
VWLIIQHVV��7KH�UHVXOWLQJ�FKDUDFWHULVWLFV�IRU�WKHVH�IRXU�TXDQWLWLHV�DV�VKRZQ�LQ�)LJV�
����DQG�����DUH�UHDOLVWLF��7KH�IROORZLQJ�IRUPXODH�KDYH�EHHQ�XVHG�
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SHDN�IDFWRU�IRU�WKH�VLGH�IRUFH�ZKLFK�LQ�JHQHUDO�LV�GLIIHUHQW�IURP�WKH�RQH�IRU�WKH
ORQJLWXGLQDO�IRUFH��FRQVHTXHQWO\�ZH�LQWURGXFH��\R�EHVLGH��[R�
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SHDN�IDFWRU��DR�UHSUHVHQWLQJ�KDOI�WKH�FRQWDFW�OHQJWK�DW�QRPLQDO�ORDG�

������ ������'
]R
' F�DR'\R

DQG�DOLJQLQJ�VWLIIQHVV�DV�IXQFWLRQ�RI�ZKHHO�ORDG�)]���

� ������

ZKHUH�DSSDUHQWO\�WKH�SQHXPDWLF�WUDLO�W� �F�D��+DOI�WKH�FRQWDFW�OHQJWK�D�LV�DVVXPHG
WR�EH�SURSRUWLRQDO�ZLWK�WKH�VTXDUH�URRW�RI�WKH�ZKHHO�ORDG

������

7KH�UHVXOWLQJ�DSSUR[LPDWLRQ�RI�WKH�SQHXPDWLF�WUDLO�WXUQV�RXW�WR�EH�TXLWH�DGHTXDWH
DQG�PLJKW�EH�FRQVLGHUHG�WR�EH�XVHG�LQ�WKH�VHW�RI�0DJLF�)RUPXOD�7\UH�PRGHO
HTXDWLRQV����(����WR�EH�GHDOW�ZLWK�ODWHU�RQ���

7KH�YDOXHV�RI�SDUDPHWHUV�XVHG�IRU�WKH�FDOFXODWLRQV�WR�EH�FRQGXFWHG�KDYH�EHHQ
OLVWHG�LQ�7DEOH�����

7DEOH�������3DUDPHWHU�YDOXHV�XVHG�LQ�6HFWLRQ�����

��)]R ������1 ���&\ ������ ���&[ ������ ���F� ���� ���F� ����� ���F� �����

���DR �������P ���(\ ����� ���([ ����� ���F����������� ���F� ����� ���F�� ����

���E �������P ���&] ������ ���:\R� ����� ���F� ������ ���F��������� ���F�� ����

���UH �������P ���(] ����� ���:[R ������� ���F� ����� ���F� �����
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7KH�QH[W�WZR�LWHPV�ZH�ZLOO�GHDO�ZLWK�LV�D�FKDQJH�LQ�IULFWLRQ�FRHIILFLHQW�IURP�:\R

WR�:\�DQG�WKH�LQWURGXFWLRQ�RI�D�FDPEHU�DQJOH� ��7KH�ILUVW�FKDQJH�FDQ�EH�KDQGOHG
E\�PXOWLSO\LQJ�WKH�FXUYHV�LQ�UDGLDO�GLUHFWLRQ�ZLWK�IDFWRU�:\��:\R��7RJHWKHU�ZLWK�WKH
FKDQJH�LQ�ORDG�ZH�ILQG�

������

ZLWK

������

7KH�IULFWLRQ�FRHIILFLHQW�PD\�EH�DVVXPHG�WR�GHSHQG�RQ�WKH�VOLS�YHORFLW\�9V��7R
PRGHO�WKH�VLWXDWLRQ�RQ�ZHW�URDGV�D�GHFD\LQJ�IXQFWLRQ�:�9V��PD\�EH�HPSOR\HG��FI�
H�J��(T����(�����

:KHQ�FRQVLGHULQJ�WKH�FRPSXWHG�FKDUDFWHULVWLFV�RI�)LJ�����F���QG�URZ��IRU
VPDOO�FDPEHU�DQJOHV�D�KRUL]RQWDO�VKLIW�RI�WKH�)\�FXUYH�PD\�JLYH�D�UHDVRQDEOH
UHVXOW�� �7KHQ�� WKH� SHDN�VLGH� IRUFH� UHPDLQV�XQFKDQJHG�ZKLFK� LV�D� UHDVRQDEOH
DVVXPSWLRQ�EXW�QRW�DOZD\V�VXSSRUWHG�E\�H[SHULPHQWDO�HYLGHQFH��ZKHUH�RIWHQ�EXW
QRW� DOZD\V� D� VOLJKW� LQFUHDVH� LQ� PD[LPXP� VLGH� IRUFH� LV� PDQLIHVWHG�� RU� E\
FRPSXWDWLRQV�ZLWK�D�SK\VLFDO�PRGHO�ZLWK�FRQVWDQW� IULFWLRQ�DQG�ILQLWH�FRQWDFW
ZLGWK�ZKLFK� VKRZ�D� VOLJKW� GHFUHDVH�� )RU� VPDOO� DQJOHV�� WKH� FDPEHU� WKUXVW� LV
DSSUR[LPDWHG�E\�WKH�SURGXFW�RI�WKH�FDPEHU�VWLIIQHVV�DQG�WKH�FDPEHU�DQJOH��)\  
&) ���&RQVHTXHQWO\��WKH� �VKLIW�VKRXOG�DPRXQW�WR�

���� ��� ������6
+\
'

&
)
�)

]
�

&
)

�)
]
�

VR�WKDW
����  ���6+\ ������
ZKLFK�JLYHV�ULVH�WR� HT��������ZLWK� ��UHSODFHG�E\�  ���6+\�

)RU� WKH� UHSUHVHQWDWLRQ�RI� WKH�DOLJQLQJ�PRPHQW� DW� WKH�QHZ�FRQGLWLRQV� WKH
VLWXDWLRQ�LV�PRUH�FRPSOH[��:H�REVHUYH�IURP�)LJ�����F�WKDW�IRU�QRW�WRR�ODUJH�VOLS
DQJOHV�WKH�RULJLQDO�FXUYH�0]R�WHQGV�WR�ERWK�VKLIW�VLGHZD\V�DQG�XSZDUGV��,I�WKH
VDPH�HTXLYDOHQW�VOLS�DQJOH�DQG�WKXV�WKH�VDPH�KRUL]RQWDO�VKLIW��������DV�IRU�WKH
IRUFH�LV�HPSOR\HG��WKH�PRPHQW�ZRXOG�EHFRPH�]HUR�ZKHUH�DOVR�WKH�IRUFH�FXUYH
FURVVHV�WKH� �D[LV��$�PRPHQW�HTXDO�WR��&0 �6+\�ZRXOG�DULVH�DW� � ����+RZHYHU�
WKH�PRPHQW� VKRXOG� EHFRPH� HTXDO� WR�&0 �� ZLWK� D� SRVLWLYH� FDPEHU�PRPHQW
VWLIIQHVV�&0 ��7KLV�LPSOLHV�WKDW�DQ�DGGLWLRQDO�YHUWLFDO�VKLIW�LV�UHTXLUHG�HTXDO�WR�
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7KLV�DGGLWLRQDO�PRPHQW�FRUUHVSRQGV�WR�WKH�VR�FDOOHG�UHVLGXDO�WRUTXH�0]U���ZKLFK
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0: γ = 0

2: γ = 10o

)LJ��������,QWURGXFWLRQ�RI�D�FDPEHU�DQJOH�LQ�WKH�VLGH�IRUFH�DQG�WKH�DOLJQLQJ�WRUTXH�SXUH�VOLS
FKDUDFWHULVWLFV�DFFRUGLQJ�WR�WKH�VLPLODULW\�PHWKRG��7KH�ORQJLWXGLQDO�IRUFH�SXUH�VOLS
FKDUDFWHULVWLF���)]� �)]R� �����1���\� ��\R� �����[� ��[R �������

LV�WKH�PRPHQW�WKDW�UHPDLQV�ZKHQ�WKH�VLGH�IRUFH�EHFRPHV�HTXDO�WR�]HUR��)RU�ODUJHU
YDOXHV�RI�WKH�VOLS�DQJOH�WKH�DGGLWLRQDO�PRPHQW�VKRXOG�WHQG�WR�]HUR�DV�FDQ�EH
REVHUYHG�LQ�)LJ�����F��7KLV�PD\�EH�HDVLO\�DFFRPSOLVKHG�E\�GLYLGLQJ��������E\
D�WHUP�OLNH�����F��

���
7KH� GHSHQGHQFLHV� RI� WKH� FDPEHU� VWLIIQHVVHV� RQ� WKH� YHUWLFDO� ORDG�PD\�EH

DVVXPHG�OLQHDU��:H�KDYH�
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ZKHUH�E�GHQRWHV�KDOI�WKH��DVVXPHGO\�FRQVWDQW��ZLGWK�RI�WKH�FRQWDFW�SDWFK��UH�WKH
HIIHFWLYH�UROOLQJ�UDGLXV�DQG�&) �WKH�ORQJLWXGLQDO�VOLS�VWLIIQHVV�ZKLFK�LV�FRQVLGHUHG
WR�EH�OLQHDUO\�LQFUHDVLQJ�ZLWK�ORDG�

�� � �����E�&
)
' F�)]

,Q�)LJ�����WKH�GLIIHUHQW�VWHSV�OHDGLQJ�WR�WKH�FRQGLWLRQ�ZLWK�D��VPDOO��FDPEHU
DQJOH�KDYH�EHHQ�GHPRQVWUDWHG��)LUVW��WKH�RULJLQDO�FXUYH�����LV�PRYHG�WR�WKH�OHIW
RYHU�D�GLVWDQFH�HTXDO�WR�WKH�KRUL]RQWDO�VKLIW��������\LHOGLQJ�WKH�LQWHUPHGLDWH�FXUYH
�����7KHQ�WKH�UHVLGXDO�WRUTXH�LV�DGGHG��YHUWLFDO�VKLIW���������SRVVLEO\�PDGH�D
IXQFWLRQ�RI�VOLS�DQJOH�E\�PXOWLSO\LQJ�WKH�VKLIW�ZLWK�D�GHFD\LQJ�ZHLJKWLQJ�IXQFWLRQ
DV�VXJJHVWHG�DERYH��7KH�ORDG�)]�DQG�WKH�IULFWLRQ�FRHIILFLHQW��\�KDYH�EHHQ�NHSW
HTXDO�WR�WKHLU�UHIHUHQFH�YDOXHV������1�DQG���UHVSHFWLYHO\�

7KH�ORQJLWXGLQDO�IRUFH�DW�SXUH�ORQJLWXQDO�VOLS�PD\�EH�PRGHOOHG�LQ�WKH�VDPH
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ZD\� DV�ZH� GLG� IRU� WKH� VLGH� IRUFH��(TXDWLRQV� VLPLODU� WR� �������� KROG� IRU� WKH
UHIHUHQFH�IXQFWLRQ��$Q�LQIOXHQFH�RI�FDPEHU�RQ�WKH�ORQJLWXGLQDO�IRUFH��KRZHYHU�
LV�DVVXPHG�QRW�WR�RFFXU��,Q�WKH�VDPH�ILJXUH�����WKH�FKDUDFWHULVWLF�IRU�)[�YV� ��KDV
EHHQ�GUDZQ��7KH�YDOXHV�RI�WKH�UHOHYDQW�DGGLWLRQDO�SDUDPHWHUV�IRU�WKH�ORQJLWXGLQDO
IRUFH�DQG�WKH�PRPHQW�KDYH�EHHQ�OLVWHG�LQ�7DEOH������

:H�ILQDOO\�KDYH�WKH�IROORZLQJ�VLPLODULW\�IRUPXODH�IRU�SXUH�VOLS�FRQGLWLRQV
�HLWKHU�DW�ORQJLWXGLQDO�RU�DW�ODWHUDO�VOLS��IRU�WKH�ORQJLWXGDO�IRUFH�

������

ZLWK�WKH�HTXLYDOHQW�ORQJLWXGLQDO�VOLS

������

DQG�IRU�WKH�VLGH�IRUFH�

������

ZLWK�WKH�HTXLYDOHQW�VOLS�DQJOH��FRQWDLQLQJ�WKH�KRUL]RQWDO�VKLIW��������

������

DQG�IRU�WKH�DOLJQLQJ�WRUTXH�

������

ZLWK�WKH�UHVLGXDO�WRUTXH�FRUUHVSRQGLQJ�WR�WKH�YHUWLFDO�VKLIW��������SURYLGHG�ZLWK
WKH�UHGXFWLRQ�IDFWRU�
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��������&RPELQHG�6OLS�&RQGLWLRQV

:H�ZLOO�QRZ�DGGUHVV�WKH�SUREOHP�RI�GHVFULELQJ�WKH�VLWXDWLRQ�DW�FRPELQHG�VOLS�
7KH� DQDO\VLV� RI� WKH� EUXVK� PRGHO� KDV� JDLQHG� FRQVLGHUDEOH� LQVLJKW� LQWR� WKH
PHFKDQLVPV�WKDW�SOD\�D�UROH�DQG�ZH�ZLOO�XVH�WKH�WKHRUHWLFDO�VOLS�TXDQWLWLHV� [�\

������RU�����DQG�WKH�PDJQLWXGH� ��������DQG�ZH�ZLOO�DGRSW�WKH�FRQFHSW�VLPLODU
WR�WKDW�RI�DVVHVVLQJ�WKH�FRPSRQHQWV�RI�WKH�UHVXOWLQJ�KRUL]RQWDO�IRUFH�DFFRUGLQJ
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WR��������DQG�FRQVLGHU� WKH�SQHXPDWLF�WUDLO� W�DV� LQ��������DQG�LQFOXGH�H[SOLFLW
FRQWULEXWLRQV� RI�)[� WR� WKH�PRPHQW� DV� LQGLFDWHG� LQ� ��������:H� KDYH� IRU� WKH
WKHRUHWLFDO�VOLS�TXDQWLWLHV�ZLWK�WKH� �VKLIW�GXH�WR�FDPEHU�LQFOXGHG�
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,Q� WKH� HQVXLQJ� WKHRU\� ZH� ZLOO� PDNH� XVH� RI� WKH� WKHRUHWLFDO� VOLS� TXDQWLWLHV
�����D�E���ZKLFK�GRHV�SURGXFH�WKH�VORSH�LQ�WKH�FRQVWDQW� �FXUYHV�LQ�WKH�)\�YV�)[

GLDJUDP�DW�)[� ����,W�VKRXOG�EH�QRWHG��KRZHYHU��WKDW�H[SHULHQFH�KDV�VKRZQ�WKDW
WKH�XVH�RI�SUDFWLFDO�VOLS�TXDQWLWLHV�V[�DQG�V\

(

���WKDW�LV�� ��DQG�WDQ
(�ZKLFK�PD\�EH

REWDLQHG�DJDLQ�E\�RPLWWLQJ�WKH�GHQRPLQDWRUV�LQ������D�E���PD\�DOUHDG\�JLYH�YHU\
JRRG�UHVXOWV�DV�ZLOO�EH�LQGLFDWHG�ODWHU�RQ�LQ�)LJ������1RWH�WKDW�ZKHQ�DSSURDFKLQJ
ZKHHO�ORFN� [64��7KLV�FDOOV�IRU�DQ�DUWLILFLDO�OLPLWDWLRQ�E\�DGGLQJ�D�VPDOO�SRVLWLYH
TXDQWLW\�WR�WKH�GHQRPLQDWRU�RI������D��

%HFDXVH�ZH�DUH�GHDOLQJ�ZLWK�DQ�LQ�JHQHUDO�QRQ�LVRWURSLF�W\UH�ZH�KDYH�SXUH
ORQJLWXGLQDO�DQG�ODWHUDO�VOLS�FKDUDFWHULVWLFV�WKDW�DUH�QRW�LGHQWLFDO��FI��)LJ������
6WLOO�� ZH� ZLOO� WDNH� WKH� ODWHUDO� DQG� ORQJLWXGLQDO� FRPSRQHQWV� EXW� WKHQ� RI� WKH
UHVSHFWLYH�SXUH�VOLS�FKDUDFWHULVWLFV�)\R�DQG�)[R��,I�ZH�ZDQW�WR�XVH�WKH�WKHRUHWLFDO
VOLS�TXDQWLWLHV� ��ZH�PXVW�KDYH�DYDLODEOH�WKH�SXUH�VOLS�FKDUDFWHULVWLFV�ZLWK� [�DQG

\�DV�DEVFLVVD��7KLV�FDQ�EH�DFFRPSOLVKHG�E\�ILWWLQJ�WKH�RULJLQDO�GDWD�DIWHU�KDYLQJ
FRPSXWHG�WKH�YDOXHV�RI� [�IRU�HDFK�YDOXH�RI� �E\�XVLQJ������D��DQG�VLPLODU�IRU
WUDQVIRUPLQJ� ��LQWR�WDQ �DQG�GHQRWH�WKH�UHVXOWLQJ�IXQFWLRQV��)[R� [���)\R� \��DQG
0]R� \���2U��VLPSOHU��E\�UHSODFLQJ�LQ�WKH�DOUHDG\�DYDLODEOH�SXUH�VOLS�IRUFH�DQG
PRPHQW� IXQFWLRQV�� H[SUHVVHG� LQ� WHUPV� RI� WKH� SUDFWLFDO� VOLS� TXDQWLWLHV�� WKH
DUJXPHQW� ��LQ�UDGLDQV��E\�WDQ ��SUREDEO\�DFFHSWDEOH�DSSUR[LPDWLRQ��DQG� �E\
WKH�H[SUHVVLRQ�JLYHQ�EHORZ��GHULYHG�IURP�(T������D���

������'

[

�&
[

ZKLFK�ZRXOG�EH�VXFFHVVIXO�LI�WKH�)[�FKDUDFWHULVWLF�KDV�EHHQ�ILWWHG�IRU�WKH�ZKROH
UDQJH�RI�SRVLWLYH��GULYLQJ��DQG�QHJDWLYH��EUDNLQJ��YDOXHV�RI� ��2WKHUZLVH�LI�RQO\
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)LJ������� &RQVWUXFWLRQ�RI�WKH�UHVXOWLQJ�FRPELQHG�VOLS�IRUFH�IURP�WKH�SXUH�VOLS�FKDUDFWHULVWLFV
DFFRUGLQJ�WR�(TV��������

WKH�EUDNLQJ�VLGH�LV�DYDLODEOH�� �DQG� [�����DQG�WKH�GULYLQJ�VLGH�LV�PRGHOOHG�DV�WKH
PLUURU�LPDJH�RI�WKH�EUDNLQJ�VLGH�RQH�PLJKW�EHWWHU�WDNH��
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[

�% _
[
_

,I� WKH� WKXV� REWDLQHG� IXQFWLRQ� RI�)[� LV� SORWWHG� YHUVXV� [� WKH� UHVXOWLQJ� FXUYH
EHFRPHV�V\PPHWULF��+RZHYHU��LI�WKHQ�WKH�DEFVLVVD�LV�WUDQVIRUPHG�LQWR�

�
E\�XVLQJ

�������WKH�UHVXOWLQJ�FXUYH�WXUQV�RXW�WR�EHFRPH�DV\PPHWULF�ZLWK�WKH�EUDNLQJ�VLGH
LGHQWLFDO�WR�WKH�FKDUDFWHULVWLF�ZH�VWDUWHG�RXW�ZLWK��7KLV�DV\PPHWU\�ZDV�DOUHDG\
IRXQG�WR�RFFXU�ZLWK�WKH��EUXVK�PRGHO�GLVFXVVHG�LQ�&KDSWHU���

1H[W��ZH�VKRXOG�UHDOLVH�WKDW�WKURXJK��������FDPEHU�KDV�EHHQ�DFFRXQWHG�IRU
DQG�WKDW��DV�D�FRQVHTXHQFH�� \�LV�WR�EH�UHSODFHG�E\� \

(�GHILQHG�E\�(T������E��7KH
UHVXOWLQJ�IRUFH�DQG�PRPHQW�IXQFWLRQV�DUH�GHQRWHG�E\�)[R� [���)\R� \

(��DQG�0]R� \

(��
$V�LOOXVWUDWHG�LQ�)LJ������WKH�µFRPSRQHQWV¶�QRZ�EHFRPH�ZLWK� (�GHQRWLQJ�WKH
PDJQLWXGH�RI�WKH�WKHRUHWLFDO�VOLS�YHFWRU��������

����� ������)
[
'

[

(

)
[R
� (� � )

\
'

(

\

(

)
\R
� (�

7KH� ILJXUH� VKRZV� KRZ� WKH� IRUFH� YHFWRU� DULVHV� IURP� WKH� LQGLYLGXDO� SXUH� VOLS
FKDUDFWHULVWLFV��$W�VPDOO�VOLS��LQ�JHQHUDO��WKH�YHFWRU�GRHV�QRW�UXQ�RSSRVLWH�ZLWK
UHVSHFW�WR�WKH�VOLS�VSHHG�YHFWRU�9V��$W�ZKHHO�ORFN��KRZHYHU��WKH�IRUFH�YHFWRU�GRHV
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UXQ�RSSRVLWH�ZLWK�UHVSHFW�WR�WKH�VOLS�VSHHG�YHFWRU�EHFDXVH�LW�LV�DVVXPHG�KHUH�WKDW
WKH�OHYHOV�RI�WKH�LQGLYLGXDO�FKDUDFWHULVWLFV��DV\PSWRWHV��DUH�WKH�VDPH�IRU�WKH�VOLS
DSSURDFKLQJ�LQILQLW\��LQ�WKH�0DJLF�)RUPXOD�ZH�VKRXOG�KDYH���\RVLQ�ò &\�� 
�[RVLQ�ò &[����$W�ODUJH�VOLS�WKH�WKHRU\�DSSDUHQWO\�IDLOV�WR�SURSHUO\�DFFRXQW�IRU
WKH�FRQWULEXWLRQ�RI�WKH�FDPEHU�DQJOH��$W�ZKHHO�ORFN�RQH�ZRXOG�H[SHFW�WKH�VLGH
IRUFH�WR�EHFRPH�]HUR�DW�YDQLVKLQJ�VOLS�DQJOH��7KLV�ZLOO�QRW�H[DFWO\�EH�WKH�FDVH�LQ
WKH� PRGHO� GXH� WR� WKH� HTXLYDOHQW� WKHRUHWLFDO� VLGH� VOLS� GHILQHG� DFFRUGLQJ� WR
(T������E��ZLWK� (�JLYHQ�E\��������

)RU�WKH�DOLJQLQJ�WRUTXH�ZH�PD\�GHILQH�
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7KH� ODVW� WKUHH� WHUPV� RI� (T�������� UHVXOW� IURP� WKH� PRPHQW� H[HUWHG� E\� WKH
ORQJLWXGLQDO�IRUFH�EHFDXVH�RI�WKH�PRPHQW�DUP�WKDW�DULVHV�WKURXJK�WKH�VLGH�IRUFH
LQGXFHG�GHIOHFWLRQ��D�SRVVLEO\�LQLWLDO�RIIVHW�RI�WKH�OLQH�RI�DFWLRQ�DQG�WKH�VLGHZD\V
UROOLQJ�RI�WKH�W\UH�FURVV�VHFWLRQ�GXH�WR�FDPEHU��)RU�WKH�VDNH�RI�VLPSOLFLW\�WKHVH
HIIHFWV�DUH�DVVXPHG�QRW�WR�EH�LQIOXHQFHG�E\�WKH�ZKHHO�ORDG�

:LWK�WKH�VLPLODULW\�H[SUHVVLRQV�IRU�WKH�SXUH�VOLS�IRUFHV�)[�\R�DQG�PRPHQW�0N]R

ZH�ILQDOO\�REWDLQ�WKH�IROORZLQJ�IRUPXODH�IRU�FRPELQHG�VOLS�FRQGLWLRQV��)RU�WKH
ORQJLWXGDO�IRUFH�
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)LJ������ 7\UH� FRPELQHG� VOLS� FKDUDFWHULVWLFV�DV
REWDLQHG�IURP�PHDVXUHPHQWV�ZLWK�WKH�'HOIW
W\UH�WHVW�WUDLOHU�FRPSDUHG�ZLWK�WKH�FXUYHV
FDOFXODWHG� ZLWK� WKH� DLG� RI� WKH� VLPLODULW\
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2Q� EHKDOI� RI� H[DPSOH� FDOFXODWLRQV�� WKH� WKUHH� DGGLWLRQDO� QRQ�GLPHQVLRQDO
SDUDPHWHUV�F����F���DQG�F���KDYH�EHHQ�JLYHQ�YDOXHV�OLVWHG�LQ�7DEOH�����

)RU�WKH�FDVH�RI�D�ORDG�GLIIHUHQW�IURP�WKH�UHIHUHQFH�YDOXH�DQG�WKH�SUHVHQFH�RI
D�FDPEHU�DQJOH��WKH�FRPELQHG�VOLS�FKDUDFWHULVWLFV�IRU�WKH�W\UH�VLGH�IRUFH�DQG�IRU
WKH� DOLJQLQJ� WRUTXH� KDYH� EHHQ� DVVHVVHG� E\� XVLQJ� WKH� DERYH� HTXDWLRQV�� 7KH
UHVXOWLQJ�GLDJUDPV�ZLWK�VOLS�DQJOH� ��XVHG�DV�SDUDPHWHU�KDYH�EHHQ�SUHVHQWHG�LQ
WKH�)LJV����D�DQG�E��'XH�WR�WKH�XVH�RI�WKH�WKHRUHWLFDO�VOLS�TXDQWLWLHV������D����E�
ZH�ILQG�WKDW�WKH�FXUYHV�RI�)\�VKRZ�WKH�VOLJKW�VORSH�QHDU�)[� ���DOVR�REVHUYHG�WR
RFFXU� ZLWK� WKH� SK\VLFDO� EUXVK� PRGHO� DQG� VRPHWLPHV� PRUH� SURQRXQFHG� LQ
H[SHULPHQWDOO\� DVVHVVHG� FKDUDFWHULVWLFV� �)LJ��������7KH� DGGLWLRQDO� VORSH� WKDW
DULVHV�ZKHQ�D�FDPEHU�DQJOH� LV� LQWURGXFHG� �FI��)LJ�����F�� WRS�� IRU�ZKLFK� WKH
WRUVLRQDO�FRPSOLDQFH�LV�UHVSRQVLEOH�GRHV�QRW�DSSHDU��$�VSHFLDO�IRUPXODWLRQ�ZRXOG
EH�QHHGHG�WR�UHSUHVHQW�WKLV�HIIHFW��,Q�WKH�QH[W�VHFWLRQ�ZH�ZLOO�WDNH�FDUH�RI�WKLV�LQ
FRQQHFWLRQ�ZLWK�WKH�0DJLF�)RUPXOD�W\UH�PRGHO���

,W�PD\�EH�IXUWKHU�UHPDUNHG�WKDW�WKH�VLPLODULW\�PRGHO�JLYHQ�E\�WKH�HTXDWLRQV
����������WRJHWKHU�ZLWK������D�E����������DQG�WKH�UHIHUHQFH�SXUH�VOLS�IXQFWLRQV
GRHV� UHSUHVHQW� WKH� DFWXDO� W\UH� VWHDG\�VWDWH� EHKDYLRXU� ZHOO� LQ� WKH� IROORZLQJ
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H[WUHPH�FDVHV������ LQ�SXUH�VOLS�VLWXDWLRQV������ LQ�WKH�OLQHDULVHG�FRPELQHG�VOLS
VLWXDWLRQ��VPDOO� � �DQG� ���DQG����� LQ�WKH�FDVH�RI� �D� ORFNHG�ZKHHO�� � �����$V
LOOXVWUDWHG�LQ�)LJ�����WKH�PRGHO�FRUUHFWO\�VKRZV�WKDW�ZKHQ�WKH�ZKHHO�LV�ORFNHG��WKH
UHVXOWLQJ�IRUFH�DFWV�LQ�D�GLUHFWLRQ�RSSRVLWH�WR�WKH�VOLS�VSHHG�YHFWRU�9

V
�LI�LQ�WKH

RULJLQDO�UHIHUHQFH�SXUH�VOLS�FXUYHV�WKH�OHYHO�RI��)[R�DQG�RI�)\R�WHQG�WR�WKH�VDPH
OHYHO�ZKHQ�ERWK�VOLS�FRPSRQHQWV�DSSURDFK�LQILQLW\��JRYHUQHG�E\�WKH�SDUDPHWHUV
��DQG�&�LQ�WKH�0DJLF�)RUPXOD���2WKHU�FRPELQDWLRQV�RI�VOLS�PD\�JLYH�ULVH�WR
GHYLDWLRQV�ZLWK�UHVSHFW�WR�PHDVXUHG�FKDUDFWHULVWLFV��,W�LV�QRWHG�WKDW�ZKHQ�WKH
WHUPV�IRU�WKH�DOLJQLQJ�WRUTXH�ZLWK�SDUDPHWHUV�F���F���DQG�F���DUH�GLVUHJDUGHG��WKH
FRPELQHG�VOLS�SHUIRUPDQFH�FDQ�EH�UHSUHVHQWHG�ZLWKRXW�WKH�QHFHVVLW\�WR�UHO\�RQ
FRPELQHG�VOLS�PHDVXUHPHQW�GDWD�

$�FRPSDULVRQ�ZLWK�PHDVXUHG�GDWD�LV�JLYHQ�LQ�)LJ������+HUH�WKH�VLPLODULW\
PHWKRG�LV�XVHG�ZKHUH�LQVWHDG�RI�WKH�WKHRUHWLFDO�VOLS�TXDQWLWLHV�WKH�SUDFWLFDO�VOLS
YDULDEOHV� � � DQG� WDQ � KDYH� EHHQ� HPSOR\HG�� $� UHODWLYHO\� JRRG� DJUHHPHQW� LV
DFKLHYHG�IRU�WKLV�SDVVHQJHU�FDU�W\UH�LQ�WKH�FRPELQHG�VOLS�VLWXDWLRQ�

��������&RPELQHG�6OLS�&RQGLWLRQV�ZLWK�)
[
�DV�LQSXW�YDULDEOH

,Q�PRUH�VLPSOH�YHKLFOH�G\QDPLFV�VLPXODWLRQ�VWXGLHV�ZLWK�WKH�ZKHHO�VSLQ�GHJUHH
RI�IUHHGRP�QRW�LQFOXGHG��RQH�PD\�SUHIHU�WR�XVH�WKH�ORQJLWXGLQDO�IRUFH�)[�DV�LQSXW
TXDQWLW\�LQVWHDG�RI�WKH�ORQJLWXGLQDO�VOLS� ��7KLV�DSSURDFK�KDV�EHHQ�XVHG��DOPRVW
H[FOXVLYHO\��LQ�HDUO\�YHKLFOH�G\QDPLFV�UHVHDUFK��+RZHYHU��IRU��TXDVL��VWHDG\�
VWDWH� FRUQHULQJ� DQDO\VLV�� QRWDEO\� FLUFXLW� VLPXODWLRQ� LQ� WKH� UDFLQJ�ZRUOG�� WKLV
RSWLRQ� LV� VWLOO� SRSXODU�� $Q� LPSRUWDQW� OLPLWDWLRQ� RI� XVLQJ� WKLV� PHWKRG� LV� WKH
FRQGLWLRQ�WKDW�WKH�)[�YV� �FKDUDFWHULVWLF��DOWKRXJK�QRW�XVHG��LV�VXSSRVHG�WR�VKRZ
D�SRVLWLYH�VORSH�RYHU�WKH�HQWLUH�UDQJH�RI�ORQJLWXGLQDO�VOLS�ZKLOH�DW�ZKHHO�ORFN�)[

 ���)]��2U�DOWHUQDWLYHO\��ZH�XVH�RQO\�WKDW�SDUW�RI�WKH�FKDUDFWHULVWLF�WKDW�OLHV�LQ
EHWZHHQ�WKH�WZR�SHDNV��7KLV�HQWDLOV�WKDW�WKH�)\�YV�)[�FXUYHV�DUH�VLQJOH�YDOXHG�LQ
WKH�)[�UDQJH�HPSOR\HG��)XUWKHUPRUH��LW�LV�DVVXPHG�WKDW�WKH�IULFWLRQ�FRHIILFLHQW�LV
WKH�VDPH�IRU�ORQJLWXGLQDO�DQG�ODWHUDO�GLUHFWLRQV�DQG�LV�GHQRWHG�ZLWK���

7KH�REYLRXV�PDLQ�HIIHFW�RI�WKH�LQWURGXFWLRQ�RI�)[�RQ�WKH�VLGH�IRUFH�LV�WKH
ORZHULQJ�RI�WKH�PD[LPXP�VLGH�IRUFH�WKDW�FDQ�EH�JHQHUDWHG��)RU�WKLV�WR�UHDOLVH�WKH
ULJKW�KDQG�H[SUHVVLRQV�RI�(TV��������DQG��������DUH�WR�EH�PXOWLSOLHG�ZLWK�WKH
IDFWRU�
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ZKLOH�WKH�H[SUHVVLRQ��������LV�WR�EH�GLYLGHG�E\�WKH�VDPH�IDFWRU��7KH�FRUQHULQJ
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DQG� DOLJQLQJ� VWLIIQHVVHV� UHPDLQ� XQDIIHFWHG� WKURXJK� WKLV� RSHUDWLRQ�� 7KHVH
VWLIIQHVVHV��KRZHYHU��GR�GHSHQG�RQ�WKH�ORQJLWXGLQDO�IRUFH�DV�EHFRPHV�REYLRXV
IURP�WKH�FXUYHV�RI�)LJ������WKDW�EHORQJ�WR�VPDOO�VLGH�VOLS�DQJOHV��7KH�IROORZLQJ
IXQFWLRQV�PD\�VHUYH�DV�D�FUXGH�DSSUR[LPDWLRQ�RI�WKH�DFWXDO�UHODWLRQVKLSV�
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'HSHQGLQJ�RQ�WKH�XVHU¶V�GHVLUH�RQH�PD\�FKRRVH�IRU�Q�D�YDOXH�LQ�WKH�UDQJH�RI���WR
���PRUH�RU�OHVV�FXUYHG�FKDUDFWHULVWLF�&) �)[�����)RU�WKH�DOLJQLQJ�VWLIIQHVV�ZH�PD\
XVH�WKH�IRUPXOD�
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DQG�VLPLODU�IRU�WKH�FDPEHU�VWLIIQHVV�
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7KH� FDPEHU� PRPHQW� VWLIIQHVV� PD\� EH� GLVUHJDUGHG�� 7KH� ORDG� GHSHQGHQFLHV
&)�0 �)]��DQG�&) �)]��RI�WKH�IUHHO\�UROOLQJ�W\UH�DOUHDG\�DSSHDUHG�LQ�(TV������������
,W�PD\� EH� DVFHUWDLQHG� WKDW� WKH� SUHVHQW�PRGHO�PDNHV� VXUH� WKDW� WKH� FRUQHULQJ
VWLIIQHVV�YDQLVKHV�ZKHQ�)[�6��)]��ZKHHO�GULYH�VSLQ�� �64��ZKLOH�DW�)[� ���)]

�ZKHHO� ORFN�� � �����WKH�VLGH�VOLS�VWLIIQHVV�HTXDOV��)]� ��ZKLFK�LV�FRUUHFW��7KH
IXQFWLRQDO�UHODWLRQVKLSV������������IRU�)[�GR�QRW�SOD\�D�UROH�DQ\PRUH�DQG�WKH
IULFWLRQ�FRHIILFLHQW��\�KDV�EHHQ�UHSODFHG�E\����7KH�LPSRVHG�ORQJLWXGLQDO�IRUFH
VKRXOG�EH�NHSW�ZLWKLQ�WKH�ERXQGDULHV���)]�FRV �#�)[�#��)]�

7KH�UHVXOWLQJ�HTXDWLRQV�IRU�WKH�VLGH�IRUFH�DQG�WKH�DOLJQLQJ�WRUTXH�ZLWK�WKH
ORQJLWXGLQDO�IRUFH�VHUYLQJ�DV�RQH�RI�WKH�LQSXW�TXDQWLWLHV�QRZ�UHDG�
)RU�WKH�VLGH�IRUFH�

������

ZLWK�WKH�HTXLYDOHQW�VOLS�DQJOH

������

DQG�IRU�WKH�DOLJQLQJ�WRUTXH�
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ZKHUH�WKH�ODVW�WHUPV�KDYH�EHHQ�WDNHQ�IURP��������DQG�WKH�UHVLGXDO�WRUTXH�UHDGV�
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([HUFLVH�����JLYHQ�DW�WKH�HQG�RI�6HFWLRQ�����DGGUHVVHV�WKH�SUREOHP�RI�DVVHVVLQJ
WKH�VLGH�IRUFH�FKDUDFWHULVWLFV�XVLQJ�WKH�VLPLODULW\�WHFKQLTXH�ZLWK�WKH�ORQJLWXGLQDO
IRUFH�FRQVLGHUHG�DV�RQH�RI�WKH�LQSXW�TXDQWLWLHV��

,Q�6HFWLRQ�����WKH�0DJLF�)RUPXOD�W\UH�PRGHO�ZLOO�EH�WUHDWHG�LQ�GHWDLO��7KLV
FRPSOH[� PRGHO� LV� FRQVLGHUDEO\� PRUH� DFFXUDWH� DQG� ZLOO� DJDLQ� HPSOR\� WKH
ORQJLWXGLQDO�VOLS� ��DV�LQSXW�YDULDEOH�

������7KH�0DJLF�)RUPXOD�7\UH�0RGHO

$�ZLGHO\�XVHG�VHPL�HPSLULFDO�W\UH�PRGHO�WR�FDOFXODWH�VWHDG\�VWDWH�W\UH�IRUFH�DQG
PRPHQW�FKDUDFWHULVWLFV�IRU�XVH�LQ�YHKLFOH�G\QDPLFV�VWXGLHV�LV�EDVHG�RQ�WKH�VR�
FDOOHG�0DJLF�)RUPXOD��7KH�GHYHORSPHQW�RI�WKH�PRGHO�ZDV�VWDUWHG�LQ�WKH�PLG�
HLJKWLHV��,Q�D�FRRSHUDWLYH�HIIRUW�78�'HOIW�DQG�9ROYR�GHYHORSHG�VHYHUDO�YHUVLRQV
�%DNNHU�HW�DO��������������3DFHMND�HW�DO���������,Q�WKHVH�PRGHOV�WKH�FRPELQHG
VOLS�VLWXDWLRQ�ZDV�PRGHOOHG�IURP�D�SK\VLFDO�YLHZ�SRLQW��,Q������0LFKHOLQ��FI�
%D\OH�HW�DO��������LQWURGXFHG�D�SXUHO\�HPSLULFDO�PHWKRG�XVLQJ�0DJLF�)RUPXOD
EDVHG�IXQFWLRQV�WR�GHVFULEH�WKH�W\UH�KRUL]RQWDO�IRUFH�JHQHUDWLRQ�DW�FRPELQHG�VOLS�
7KLV�DSSURDFK�ZDV�DGRSWHG�E\�'95��WKH�'HOIW�9HKLFOH�'\QDPLFV�5HVHDUFK
&HQWHU��D�MRLQW�YHQWXUH�RI�78�'HOIW�DQG�712��'HOIW���,Q�WKH�QHZHU�YHUVLRQ�RI
µ'HOIW� 7\UH¶� WKH� RULJLQDO� GHVFULSWLRQ� RI� WKH� DOLJQLQJ� WRUTXH� LV� DOWHUHG� WR
DFFRPPRGDWH�D�UHODWLYHO\�VLPSOH�SK\VLFDOO\�EDVHG�FRPELQHG�VOLS�H[WHQVLRQ��7KH
SQHXPDWLF� WUDLO� LV� LQWURGXFHG� DV� D� EDVLV� WR� FDOFXODWH� WKLV�PRPHQW� DERXW� WKH
YHUWLFDO�D[LV��FI��3DFHMND���������$�FRPSOHWH�OLVWLQJ�RI�WKH�PRGHO� LV�JLYHQ�LQ
6HFWLRQ�������� ,Q�6HFWLRQ������� WKH�PRGHO� LV� IXUWKHU�H[WHQGHG�E\� LQWURGXFLQJ
IRUPXODH�IRU�WKH�GHVFULSWLRQ�RI�WKH�VLWXDWLRQ�DW�ODUJH�FDPEHU�DQG�WXUQ�VOLS�
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)LJ������ &XUYH�SURGXFHG�E\�WKH�RULJLQDO�VLQH�YHUVLRQ�RI�WKH�0DJLF�)RUPXOD��(TV����������7KH
PHDQLQJ�RI�FXUYH�SDUDPHWHUV�KDYH�EHHQ�LQGLFDWHG�

��������0RGHO�'HVFULSWLRQ

7KH�JHQHUDO�IRUP�RI�WKH�IRUPXOD�WKDW�KROGV�IRU�JLYHQ�YDOXHV�RI�YHUWLFDO�ORDG
DQG�FDPEHU�DQJOH�UHDGV�

������
ZLWK

������<�;� ' \�[�%6
9

������[ ' ;%6
+

ZKHUH
<�� RXWSXW�YDULDEOH�)[���)\�RU�SRVVLEO\�0]

;�� LQSXW�YDULDEOH�WDQ �RU�
DQG�

%� VWLIIQHVV�IDFWRU
&� VKDSH�IDFWRU
'� SHDN�YDOXH
(� FXUYDWXUH�IDFWRU
6+� KRUL]RQWDO�VKLIW
69� YHUWLFDO�VKLIW

7KH�0DJLF�)RUPXOD�\�[�� W\SLFDOO\�SURGXFHV�D�FXUYH� WKDW�SDVVHV�WKURXJK�WKH
RULJLQ� [� �\� ����UHDFKHV�D�PD[LPXP�DQG�VXEVHTXHQWO\�WHQGV�WR�D�KRUL]RQWDO
DV\PSWRWH��)RU�JLYHQ�YDOXHV�RI�WKH�FRHIILFLHQWV�%��&��'�DQG�(�WKH�FXUYH�VKRZV
DQ�DQWL�V\PPHWULF�VKDSH�ZLWK�UHVSHFW�WR�WKH�RULJLQ��7R�DOORZ�WKH�FXUYH�WR�KDYH
DQ�RIIVHW�ZLWK�UHVSHFW�WR�WKH�RULJLQ��WZR�VKLIWV�6+��DQG�69�KDYH�EHHQ�LQWURGXFHG�
$�QHZ�VHW�RI�FRRUGLQDWHV�<�;��DULVHV�DV�VKRZQ�LQ�)LJ������7KH�IRUPXOD�LV�FDSDEOH
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RI�SURGXFLQJ�FKDUDFWHULVWLFV�WKDW�FORVHO\�PDWFK�PHDVXUHG�FXUYHV�IRU�WKH�VLGH
IRUFH�)\��DQG�LI�GHVLUHG�DOVR�IRU�WKH�DOLJQLQJ�WRUTXH�0]��DQG�IRU�WKH�IRUH�DQG�DIW
IRUFH�)[�DV�IXQFWLRQV�RI�WKHLU�UHVSHFWLYH�VOLS�TXDQWLWLHV��WKH�VOLS�DQJOH� �DQG�WKH
ORQJLWXGLQDO�VOLS� ��ZLWK�WKH�HIIHFW�RI�ORDG�)]�DQG�FDPEHU�DQJOH� �LQFOXGHG�LQ�WKH
SDUDPHWHUV��

)LJXUH�����LOOXVWUDWHV�WKH�PHDQLQJ�RI�VRPH�RI�WKH�IDFWRUV�E\�PHDQV�RI�D�W\SLFDO
VLGH�IRUFH�FKDUDFWHULVWLF��2EYLRXVO\��FRHIILFLHQW�'�UHSUHVHQWV�WKH�SHDN�YDOXH��ZLWK
UHVSHFW�WR�WKH�FHQWUDO�[�D[LV�DQG�IRU�&�$���DQG�WKH�SURGXFW�%&'�FRUUHVSRQGV�WR
WKH�VORSH�DW�WKH�RULJLQ��[� �\� �����7KH�VKDSH�IDFWRU�&�FRQWUROV�WKH�OLPLWV�RI�WKH
UDQJH�RI�WKH�VLQH�IXQFWLRQ�DSSHDULQJ�LQ�IRUPXOD��������DQG�WKHUHE\�GHWHUPLQHV�WKH
VKDSH�RI�WKH�UHVXOWLQJ�FXUYH��7KH�IDFWRU�%�LV�OHIW�WR�GHWHUPLQH�WKH�VORSH�DW�WKH
RULJLQ�DQG�LV�FDOOHG�WKH�VWLIIQHVV�IDFWRU��7KH�IDFWRU�(�LV�LQWURGXFHG�WR�FRQWURO�WKH
FXUYDWXUH�DW�WKH�SHDN�DQG�DW�WKH�VDPH�WLPH�WKH�KRUL]RQWDO�SRVLWLRQ�RI�WKH�SHDN��

)URP�WKH�KHLJKWV�RI�WKH�SHDN�DQG�RI�WKH�KRUL]RQWDO�DV\PSWRWH�WKH�VKDSH�IDFWRU
&�PD\�EH�FRPSXWHG�
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)URP�%�DQG�&�DQG�WKH�ORFDWLRQ�[P�RI�WKH�SHDN�WKH�YDOXH�RI�(�PD\�EH�DVVHVVHG�
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7KH�RIIVHWV�6+�DQG�69�DSSHDU�WR�RFFXU�ZKHQ�SO\�VWHHU�DQG�FRQLFLW\�HIIHFWV�DQG
SRVVLEO\�WKH�UROOLQJ�UHVLVWDQFH�FDXVH�WKH�)\�DQG�)[�FXUYHV�QRW�WR�SDVV�WKURXJK�WKH
RULJLQ��:KHHO�FDPEHU�PD\�JLYH�ULVH�WR�D�FRQVLGHUDEOH�RIIVHW�RI�WKH�)\�YV� �FXUYHV�
6XFK�D�VKLIW�PD\�EH�DFFRPSDQLHG�E\�D�VLJQLILFDQW�GHYLDWLRQ�IURP�WKH�SXUH�DQWL�
V\PPHWULF�VKDSH�RI�WKH�RULJLQDO�FXUYH��FI��)LJ�����F�G���7R�DFFRPPRGDWH�VXFK
DQ� DV\PPHWU\�� WKH� FXUYDWXUH� IDFWRU�(� LV�PDGH� GHSHQGHQW� RI� WKH� VLJQ� RI� WKH
DEVFLVVD��[��

���� ������( ' (
R
% ( @VJQ�[�

$OVR�WKH�GLIIHUHQFH�LQ�VKDSH�WKDW�LV�H[SHFWHG�WR�RFFXU�LQ�WKH�)[�YV� �FKDUDFWHULVWLF
EHWZHHQ�WKH�GULYLQJ�DQG�EUDNLQJ�UDQJHV�FDQ�EH�WDNHQ�FDUH�RI��,Q�)LJ������WKH
LQIOXHQFH�RI�WKH�WZR�VKDSH�IDFWRUV�&�DQG�(�RQ�WKH�DSSHDUDQFH�RI�WKH�FXUYHV�KDYH
EHHQ�GHPRQVWUDWHG��7KH�GLDJUDPV�KDYH�EHHQ�QRUPDOLVHG�E\�GLYLGLQJ�\�E\�'�DQG
PXOWLSO\LQJ�[�ZLWK�&%�PDNLQJ�WKH�FXUYH�SHDN�OHYHO�DQG�LQLWLDO�VORSH�LQGHSHQGHQW
RI�WKH�SDUDPHWHUV�&�DQG�(�

,Q�UDWKHU�H[WUHPH�FDVHV��WKH�VKDUSQHVV�WKDW�FDQ�EH�UHDFKHG�E\�PHDQV�RI�WKH
IXQFWLRQ�JLYHQ�E\�(T��������PD\�QRW�EH�VXIILFLHQW��,W�WXUQV�RXW�WR�EH�SRVVLEOH�WR
FRQVLGHUDEO\�LQFUHDVH�WKH�VKDUSQHVV�RI�WKH�FXUYHV�E\�LQWURGXFLQJ�DQ�H[WUD�WHUP
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)LJ�������� 7KH�LQIOXHQFH�RI�WKH�VKDSH�IDFWRUV�&�DQG�(�RQ�WKH�DSSHDUDQFH�RI�WKH�FXUYH�DFFRUGLQJ
WR�(T���������1RWH�WKDW�D�YDOXH�RI�(�!���GRHV�QRW�SURGXFH�UHDOLVWLF�FXUYHV�ZLWK�SHDN
YDOXHV���'�

LQ�WKH�DUJXPHQW�RI�WKH�DUFWDQ�IXQFWLRQ��7KH�PRGLILHG�IXQFWLRQ�UHDGV�

���� �������\ ' ' VLQ>& DUFWDQ^%[&(�%[& DUFWDQ%[�% + DUFWDQ�%[`@

)LJXUH������GHPRQVWUDWHV�WKH�HIIHFW�RI�WKH�QHZ�FRHIILFLHQW�+��7RR�ODUJH�YDOXHV
PD\�JLYH�ULVH�WR�DQ�XSZDUG�FXUYDWXUH�RI�WKH�FXUYH�QHDU�WKH�RULJLQ�DV�ZRXOG�DOVR
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)LJ�������6KDUSQHVV�RI�FXUYHV�QHDU�WKH�SHDN�PD\�EH�LQFUHDVHG�E\�LQWURGXFLQJ�DGGLWLRQDO�WHUP
ZLWK�DGGLWLRQDO�VKDUSQHVV�IDFWRU�+��DFFRUGLQJ�WR�(T���������

)�]

%&'
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S�1

S�20

�α

γ�)
�\

)LJ���������&RUQHULQJ�VWLIIQHVV�YHUVXV�YHUWLFDO�ORDG�DQG�WKH�LQIOXHQFH�RI�ZKHHO�FDPEHU��(T���������

RFFXU�DW�ODUJH�QHJDWLYH�YDOXHV�RI�(��FI��WKH�ORZHU�GLDJUDPV�RI�)LJ��������,Q�WKH
HQVXLQJ�WH[W�ZH�ZLOO�QRW�XVH�WKLV�DGGLWLRQDO�FRHIILFLHQW�+��

,W�PD\�EH�IXUWKHUPRUH�RI�LQWHUHVW�WR�QRWH�WKDW�WKH�SRVVLEO\�DZNZDUG�IXQFWLRQ
DUFWDQ�[��PD\�EH�UHSODFHG�E\�WKH�SRVVLEO\�IDVWHU�DQG�DOPRVW�LGHQWLFDO�SVHXGR
DUFWDQ�IXQFWLRQ�SVDWDQ�[�

�
 �[���D_[_��^����E_[_�D[��� `�ZLWK�D

�
 �����DQG�E� �����

7KH�YDULRXV�IDFWRUV�DUH�IXQFWLRQV�RI�QRUPDO�ORDG�DQG�ZKHHO�FDPEHU�DQJOH�
6HYHUDO�SDUDPHWHUV�DSSHDU�LQ�WKHVH�IXQFWLRQV��$�VXLWDEOH�UHJUHVVLRQ�WHFKQLTXH�LV
XVHG� WR�GHWHUPLQH� WKHLU�YDOXHV� IURP�PHDVXUHG�GDWD�DFFRUGLQJ� WR�D�TXDGUDWLF
DOJRULWKP�IRU�WKH�EHVW�ILW��FI��2RVWHQ�DQG�%DNNHU���������2QH�RI�WKH�LPSRUWDQW
IXQFWLRQDO�UHODWLRQVKLSV�LV�WKH�YDULDWLRQ�RI�WKH�FRUQHULQJ�VWLIIQHVV��DOPRVW�H[DFWO\
JLYHQ�E\�WKH�SURGXFW�RI�WKH�FRHIILFLHQWV�%\���&\�DQG�'\�RI�WKH�VLGH�IRUFH�IXQFWLRQ�
%&'\� .\ � �M)\�M �DW�WDQ � ���6+���ZLWK�)]�DQG� ��

���� ������%&'
\
' S� VLQ >� DUFWDQ�)

]
�S��@ @��&S�

��

)RU�]HUR�FDPEHU��WKH�FRUQHULQJ�VWLIIQHVV�DWWDLQV�LWV�PD[LPXP�S��DW�)]� �S���,Q
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)LJ������� 7KH�DOLJQLQJ�WRUTXH�FKDUDFWHULVWLF�FRPSRVHG�RI�D�SDUW�GLUHFWO\�DWWULEXWHG�WR�WKH�VLGH
IRUFH�DQG�D�SDUW�GXH�WKH�VR�FDOOHG�UHVLGXDO�WRUTXH��GXH�WR�W\UH�FRQLFLW\�DQG�FDPEHU��

)LJ������WKH�EDVLF�UHODWLRQVKLS�KDV�EHHQ�GHSLFWHG��$SSDUHQWO\��IRU�D�FDPEHUHG
ZKHHO�WKH�FRUQHULQJ�VWLIIQHVV�GHFUHDVHV�ZLWK�LQFUHDVLQJ�_ _��1RWH�WKH�GLIIHUHQFH�LQ
FXUYDWXUH� OHIW�DQG� ULJKW�RI� WKH�FKDUDFWHULVWLFV�DW� ODUJHU�YDOXHV�RI� WKH�FDPEHU
DQJOH��7R�DFFRPSOLVK�WKLV��D�VSOLW�(�DFFRUGLQJ�WR�(T��������KDV�EHHQ�HPSOR\HG�
:H�UHIHU�WR�6HFWLRQ�������IRU�D�FRPSOHWH�OLVWLQJ�RI�WKH�IRUPXODH��+HUH��QRQ�
GLPHQVLRQDO�SDUDPHWHUV�KDYH�EHHQ�LQWURGXFHG��)RU�H[DPSOH��WKH�SDUDPHWHUV�LQ
�������ZLOO�EHFRPH��S�� �)]R�S.\���S�� �)]R�S.\��DQG�S�� �S.\���ZLWK�)]R�GHQRWLQJ�WKH
QRPLQDO�ZKHHO�ORDG�

7KH�DOLJQLQJ�WRUTXH�0]�FDQ�QRZ�EH�REWDLQHG�E\�PXOWLSO\LQJ�WKH�VLGH�IRUFH�)\

ZLWK�WKH�SQHXPDWLF�WUDLO�W�DQG�DGGLQJ�WKH�XVXDOO\�VPDOO��H[FHSW�ZLWK�FDPEHU�
UHVLGXDO�WRUTXH�0]U��FI��)LJ��������:H�KDYH�
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7KH�SQHXPDWLF�WUDLO�GHFD\V�ZLWK�LQFUHDVLQJ�VLGH�VOLS�DQG�LV�GHVFULEHG�DV�IROORZV�
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)LJ������� &XUYH�SURGXFHG�E\�WKH�FRVLQH�YHUVLRQ�RI�WKH�0DJLF�)RUPXOD��(T���������7KH�PHDQLQJ

RI�FXUYH�SDUDPHWHUV�KDYH�EHHQ�LQGLFDWHG�

7KH�UHVLGXDO�WRUTXH�VKRZLQJ�D�VLPLODU�GHFD\�
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,W�LV�VHHQ�WKDW�ERWK�SDUWV�RI�WKH�PRPHQW�DUH�PRGHOOHG�XVLQJ�WKH�0DJLF�)RUPXOD�
EXW�LQVWHDG�RI�WKH�VLQH�IXQFWLRQ��WKH�FRVLQH�IXQFWLRQ�LV�HPSOR\HG��,Q�WKDW�ZD\�D
KLOO�VKDSHG�FXUYH�LV�SURGXFHG��7KH�SHDNV�DUH�VKLIWHG�VLGHZD\V�

7KH��UHVLGXDO�WRUTXH�LV�DVVXPHG�WR�DWWDLQ�LWV�PD[LPXP�'U�DW�WKH�VOLS�DQJOH
ZKHUH�WKH�VLGH�IRUFH�EHFRPHV�HTXDO�WR�]HUR��7KLV�LV�DFFRPSOLVKHG�WKURXJK�WKH
KRUL]RQWDO�VKLIW�6+I��7KH�SHDN�RI�WKH�SQHXPDWLF�WUDLO�RFFXUV�DW�WDQ � ��6+W��7KLV
IRUPXODWLRQ�KDV�SURYHQ�WR�JLYH�YHU\�JRRG�DJUHHPHQW�ZLWK�PHDVXUHG�FXUYHV��7KH
DGYDQWDJH�ZLWK�UHVSHFW�WR�WKH�HDUOLHU�YHUVLRQV��ZKHUH�IRUPXOD��������LV�XVHG�IRU
WKH�DOLJQLQJ�WRUTXH�DV�ZHOO��LV�WKDW�ZH�KDYH�QRZ�GLUHFWO\�DVVHVVHG�WKH�IXQFWLRQ�IRU
WKH�SQHXPDWLF�WUDLO�ZKLFK�LV�QHHGHG�WR�KDQGOH�WKH�FRPELQHG�VOLS�VLWXDWLRQ��

,Q�)LJ������WKH�EDVLF�SURSHUWLHV�RI��WKH�FRVLQH�EDVHG�FXUYH�KDYH�EHHQ�LQGLFDWHG
�VXEVFULSWV�RI�IDFWRUV�KDYH�EHHQ�GHOHWHG�DJDLQ���$JDLQ��'�LV�WKH�SHDN�YDOXH��&�LV
D�VKDSH�IDFWRU�GHWHUPLQLQJ�WKH�OHYHO�\D�RI�WKH�KRUL]RQWDO�DV\PSWRWH�DQG�QRZ�%
LQIOXHQFHV� WKH�FXUYDWXUH�DW� WKH�SHDN� �LOOXVWUDWHG�ZLWK� WKH� LQVHUWHG�SDUDEROD��
)DFWRU�(�PRGLILHV�WKH�VKDSH�DW�ODUJHU�YDOXHV�RI�VOLS�DQG�JRYHUQV�WKH�ORFDWLRQ�[R
RI�WKH�SRLQW�ZKHUH�WKH�FXUYH�LQWHUVHFWV�WKH�[�D[LV��7KH�IROORZLQJ�IRUPXODH�KROG�
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,Q�FDVH�RI�WKH�SRVVLEOH�SUHVHQFH�RI�ODUJH�FDPEHU�DQJOHV��PRWRUF\FOHV��LW�PD\
EH�EHWWHU�WR�XVH�LQ��������WKH�VLGH�IRUFH�)\�WKDW�ZRXOG�DULVH�DW� � ����$OVR��WKH�VLGH
IRUFH�IXQFWLRQ��������DQG�WKH�FRUQHULQJ�VWLIIQHVV�IXQFWLRQ��������PD\�EH�PRGLILHG
WR�EHWWHU�DSSUR[LPDWH�ODUJH�FDPEHU�UHVSRQVH�IRU�PRWRUF\FOH�W\UHV��FI��'H�9ULHV
�����D��DQG�6HF������IRU�D�IXOO�OLVWLQJ�RI�HTXDWLRQV��:H�UHIHU�WR�6HFWLRQ�������IRU
WKH� GLVFXVVLRQ� RI� WKH�PRGHO� H[WHQVLRQ� IRU� ODUJHU� FDPEHU� DQG� WXUQ� VOLS� �SDWK
FXUYDWXUH�� DOVR� DSSOLFDEOH� LQ� FDVH� RI� FRPELQHG� VOLS�ZLWK� EUDNLQJ� RU� GULYLQJ
IRUFHV��

,Q�WKH�SDSHU�RI�3DFHMND�DQG�%DNNHU��������WKH�W\UH¶V�UHVSRQVH�WR�FRPELQHG
VOLS�ZDV�PRGHOOHG�E\�XVLQJ�SK\VLFDOO\�EDVHG�IRUPXODH��$�QHZHU�PRUH�HIILFLHQW
ZD\�LV�SXUHO\�HPSLULF��7KLV�PHWKRG�ZDV�GHYHORSHG�E\�0LFKHOLQ�DQG�SXEOLVKHG
E\�%D\OH��)RULVVLHU�DQG�/DIRQ���������,W�GHVFULEHV�WKH�HIIHFW�RI�FRPELQHG�VOLS�RQ
WKH� ODWHUDO� IRUFH� DQG� RQ� WKH� ORQJLWXGLQDO� IRUFH� FKDUDFWHULVWLFV�� :HLJKWLQJ
IXQFWLRQV�*�KDYH�EHHQ�LQWURGXFHG�ZKLFK�ZKHQ�PXOWLSOLHG�ZLWK�WKH�RULJLQDO�SXUH
VOLS�IXQFWLRQV��������SURGXFH�WKH�LQWHUDFWLRQ�HIIHFWV�RI� �RQ�)\�DQG�RI� �RQ�)[�
7KH�ZHLJKWLQJ�IXQFWLRQV�KDYH�D�KLOO�VKDSH��7KH\�WDNH�WKH�YDOXH�RQH�LQ�WKH�VSHFLDO
FDVH�RI�SXUH�VOLS�� �RU� �HTXDO�WR�]HUR���:KHQ��IRU�H[DPSOH��DW�D�JLYHQ�VOLS�DQJOH
D�IURP�]HUR�LQFUHDVLQJ�EUDNH�VOLS�LV�LQWURGXFHG��WKH�UHOHYDQW�ZHLJKWLQJ�IXQFWLRQ
IRU�)\�PD\�ILUVW�VKRZ�D�VOLJKW�LQFUHDVH�LQ�PDJQLWXGH��EHFRPLQJ�ODUJHU�WKDQ�RQH�
EXW�ZLOO�VRRQ�UHDFK�LWV�SHDN�DIWHU�ZKLFK�D�FRQWLQXRXV�GHFUHDVH� IROORZV��7KH
FRVLQH�YHUVLRQ�RI�WKH�0DJLF�)RUPXOD�LV�XVHG�WR�UHSUHVHQW�WKH�KLOO�VKDSHG�IXQFWLRQ�

������

+HUH��*� LV� WKH� UHVXOWLQJ�ZHLJKWLQJ� IDFWRU�DQG� [� LV� HLWKHU� �RU� WDQ � �SRVVLEO\
VKLIWHG���7KH�FRHIILFLHQW�'�UHSUHVHQWV�WKH�SHDN�YDOXH��VOLJKWO\�GHYLDWLQJ�IURP�RQH
LI�D�KRUL]RQWDO�VKLIW�RI�WKH�KLOO�RFFXUV���&�GHWHUPLQHV�WKH�KHLJKW�RI�WKH�KLOO¶V�EDVH
DQG�%�LQIOXHQFHV�WKH�VKDUSQHVV�RI�WKH�KLOO��&RHIILFLHQW�%�FRQVWLWXWHV�WKH�PDLQ
IDFWRU�UHVSRQVLEOH�IRU�WKH�VKDSH�RI�WKH�ZHLJKWLQJ�IXQFWLRQV�

$V�DQ�H[WHQVLRQ�WR�WKH�RULJLQDO�IXQFWLRQ�SXEOLVKHG�E\�%D\OH�HW�DO���WKH�SDUW
ZLWK�VKDSH�IDFWRU�(�ZLOO�EH�DGGHG�ODWHU�RQ��7KLV�H[WHQVLRQ�DSSHDUV�WR�LPSURYH�WKH
DSSUR[LPDWLRQ��LQ�SDUWLFXODU�DW�ODUJH�OHYHOV�RI�VOLS��HVSHFLDOO\�LQ�YLHZ�RI�WKH�VWULFW
FRQGLWLRQ� WKDW� WKH� ZHLJKWLQJ� IXQFWLRQ� *� PXVW� UHPDLQ� SRVLWLYH� IRU� DOO� VOLS
FRQGLWLRQV��

)RU�WKH�VLGH�IRUFH�ZH�JHW�WKH�IROORZLQJ�IRUPXODH�

������

ZLWK�WKH�ZHLJKWLQJ�IXQFWLRQ�QRZ�H[SUHVVHG�VXFK�WKDW�LW�HTXDOV�XQLW\�DW� � ���
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ZLWK�GI]�WKH�QRWDWLRQ�IRU�WKH�QRQ�GLPHQVLRQDO�LQFUHPHQW�RI�WKH�YHUWLFDO�ORDG�ZLWK
UHVSHFW� WR� WKH� �DGDSWHG�� QRPLQDO� ORDG�� FI�� QH[W� VXEVHFWLRQ� �������(T����(���
)LJXUH������GHSLFWV�WKH�WZR�ZHLJKWLQJ�IXQFWLRQV�GLVSOD\HG�ERWK�DV�IXQFWLRQV�RI
�DQG�RI� �DQG�WKH�UHVXOWLQJ�IRUFH�FKDUDFWHULVWLFV��SDUDPHWHUV�DFFRUGLQJ�WR�7DEOH
����DW�HQG�RI�6HF���������%HORZ��DQ�H[SODQDWLRQ�LV�JLYHQ��

,Q� (T��������)\R� GHQRWHV� WKH� VLGH� IRUFH� DW� SXUH� VLGH� VOLS� REWDLQHG� IURP
(T���������7KH�GHQRPLQDWRU�RI�WKH�ZHLJKWLQJ�IXQFWLRQ��������*\ �PDNHV�*\ � ��
DW� �� ����7KH�KRUL]RQWDO�VKLIW�6+\ �RI�WKH�ZHLJKWLQJ�IXQFWLRQ�DFFRPSOLVKHV�WKH
VOLJKW�LQFUHDVH�WKDW�WKH�VLGH�IRUFH�H[SHULHQFHV�DW�PRGHUDWH�EUDNLQJ�EHIRUH�WKH
SHDN�RI�*\ �LV�UHDFKHG�DQG�WKH�GHFD\�RI�)\�FRPPHQFHV��7KLV�KRUL]RQWDO�VKLIW�PD\
EH�PDGH�GHSHQGHQW�RQ�WKH�YHUWLFDO�ORDG��&\ �FRQWUROV�WKH�OHYHO�RI�WKH�KRUL]RQWDO
DV\PSWRWH��,I�&\ � ���WKH�ZHLJKWLQJ�IXQFWLRQ���������ZLOO�DSSURDFK�]HUR�ZKHQ� �6

�4��7KLV�ZRXOG�EH�WKH�FRUUHFW�YDOXH�IRU�&\ �LI� �LV�H[SHFWHG�WR�EH�XVHG�LQ�WKH
HQWLUH�UDQJH�IURP�SOXV�WR�PLQXV�LQILQLW\��,I�WKLV�LV�QRW�LQWHQGHG�WKHQ�&\ �PD\�EH
FKRVHQ� GLIIHUHQW� IURP�RQH� LI�*\ � LV� RSWLPLVHG�ZLWK� WKH� UHVWULFWLRQ� WR� UHPDLQ
SRVLWLYH��7KH�IDFWRU�%\ �LQIOXHQFHV�WKH�VKDUSQHVV�RI�WKH�KLOO�VKDSHG�ZHLJKWLQJ
IXQFWLRQ��$V�LQGLFDWHG��WKH�KLOO�EHFRPHV��PRUH�IODW��ZLGHU��DW�ODUJHU�VOLS�DQJOHV�
7KHQ� %\ � GHFUHDVHV� DFFRUGLQJ� WR� �����D��� :KHQ� LQ� DQ� H[WUHPH� VLWXDWLRQ�
DSSURDFKHV���E��WKDW�LV�ZKHQ�9F[�6����%\ �ZLOO�JR�WR�]HUR�DQG��FRQVHTXHQWO\��*\

ZLOO�UHPDLQ�HTXDO�WR�RQH�XQOHVV� ��JRHV�WR�LQILQLW\�ZKLFK�PD\�HDVLO\�EH�WKH�FDVH
ZKHQ�DW�9F[�6���WKH�ZKHHO�VSHHG�RI�UHYROXWLRQ� ��DQG�WKXV�WKH�ORQJLWXGLQDO�VOLS
YHORFLW\�9V[� UHPDLQV�XQHTXDO�WR�]HUR��7KH�TXDQWLW\�69\ � LV� WKH�YHUWLFDO�µVKLIW¶�
ZKLFK�VRPHWLPHV�LV�UHIHUUHG�WR�DV�WKH� ��LQGXFHG�SO\�VWHHU��$W�FDPEHU��GXH�WR�WKH
DGGHG�DV\PPHWU\��WKH�ORQJLWXGLQDO�IRUFH�FOHDUO\�SURGXFHV�D�WRUTXH�WKDW�FUHDWHV
D�WRUVLRQ�DQJOH�FRPSDUDEOH�ZLWK�D�SRVVLEO\�DOUHDG\�SUHVHQW�SO\�VWHHU�DQJOH��7KLV
VKLIW�IXQFWLRQ�YDULHV�ZLWK�VOLS� ��LQGLFDWHG�LQ������D��
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)LJ�������1DWXUH� RI�ZHLJWKLQJ� IXQFWLRQV� DQG� WKH� UHVXOWLQJ� FRPELQHG� VOLS� ORQJLWXGLQDO�DQG
ODWHUDO�IRUFHV��WKH�ODWWHU�DOVR�DIIHFWHG�E\�WKH� �LQGXFHG�SO\�VWHHU�µYHUWLFDO�VKLIW¶�69\ �
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)LJ�������� 7KH�FRPELQHG�VOLS�VLGH�IRUFH�FKDUDFWHULVWLFV�LQ�WKH�SUHVHQFH�RI�D�FDPEHU�DQJOH��%D\OH
HW�DO���������

$V�LOOXVWUDWHG�LQ�)LJ�������LWV�SHDN�YDOXH�'9\ �GHSHQGV�RQ�WKH�FDPEHU�DQJOH�
DQG�GHFD\V�ZLWK�LQFUHDVLQJ�PDJQLWXGH�RI�WKH�VOLS�DQJOH� ��)LJXUH������SUHVHQWV
PHDVXUHG�GDWD�WRJHWKHU�ZLWK�WKH�ILWWHG�FXUYHV�DV�SXEOLVKHG�E\�%D\OH�HW�DO��

7KH�FRPELQHG�VOLS�UHODWLRQV�IRU�)[�DUH�VLPLODU�WR�ZKDW�ZH�KDYH�VHHQ�IRU�WKH
VLGH�IRUFH��+RZHYHU��D�YHUWLFDO�VKLIW�IXQFWLRQ�ZDV�QRW�QHHGHG�WR�EH�LQFOXGHG��,Q
)LJ������D�WKUHH�GLPHQVLRQDO�JUDSK�LV�VKRZQ�LQGLFDWLQJ�WKH�YDULDWLRQ�RI�)[�DQG
)\�ZLWK�ERWK� �DQG� ��7KH�LQLWLDO�µ6¶�VKDSH�RI�WKH�)\�YV� ��FXUYHV��DW�VPDOO� ��GXH
WR�WKH�YHUWLFDO�VKLIW�IXQFWLRQ�LV�FOHDUO\�YLVLEOH�

)RU� SRVVLEOH� LPSURYHPHQW�RI� WKH�JHQHUDO� WHQGHQF\�RI� WKH�PRGHO�DW� ODUJHU
OHYHOV�RI�FRPELQHG�VOLS�EH\RQG�WKH�UDQJH�RI�DYDLODEOH�WHVW�GDWD�RQH�PLJKW�LQFOXGH
DGGLWLRQDO�µIDEULFDWHG¶�GDWD�ZKLFK�DUH�GHULYHG�IURP�VLPLODULW\�PHWKRG�UHVXOWV�DW
ODUJHU�YDOXHV�RI�WKH�VOLS�DQJOH��$QRWKHU�SRVVLELOLW\�LV�WKH�XVDJH�RI�WKH�FRQGLWLRQV
DW�ZKHHO� ORFN�ZKHUH�RQH�PLJKW�DVVXPH�WKDW�WKH�IRUFH�DQG�VOLS�YHFWRU�DUH�FR�
OLQHDU��:H�WKHQ�KDYH�IRU�WKH�UDWLR�RI�WKH�FRPSRQHQWV�
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)LJ���������7KUHH�GLPHQVLRQDO�JUDSK�RI�FRPELQHG�VOLS�IRUFH�FKDUDFWHULVWLFV�

5HJDUGLQJ�WKH�DOLJQLQJ�WRUTXH��SK\VLFDO�LQVLJKW�LV�XVHG�WR�PRGHO�WKH�VLWXDWLRQ�DW
FRPELQHG�VOLS��:H�ZULWH�
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7KH�DUJXPHQWV� W�DQG� U��LQFOXGLQJ�D�VKLIW��DSSHDULQJ�LQ�WKH�IXQFWLRQV����������
IRU� WKH�SQHXPDWLF� WUDLO�DQG� UHVLGXDO� WRUTXH�DW�SXUH�VLGH� VOLS�DUH� UHSODFHG�E\
HTXLYDOHQW�VOLS�DQJOHV��DV�LQGLFDWHG�E\�(T���������LQFRUSRUDWLQJ�WKH�HIIHFW�RI� ��RQ
WKH�FRPSRVLWH�VOLS��
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DQG�VLPLODU�IRU� U�HT��7R�DSSUR[LPDWH�WKH�VDPH�HIIHFW�RQ�WKH�GHJUHH�RI�VOLGLQJ�LQ
WKH� FRQWDFW� SDWFK� DV� ZRXOG� RFFXU� ZLWK� VLGH� VOLS�� WKH� ORQJLWXGLQDO� VOLS� � LV
PXOWLSOLHG�ZLWK�WKH�UDWLR�RI�WKH�ORQJLWXGLQDO�DQG�ODWHUDO�VOLS�VWLIIQHVVHV�

%HVLGHV��DQ�H[WUD�WHUP�LV�LQWURGXFHG�LQ��������WR�DFFRXQW�IRU�WKH�IDFW�WKDW�D
PRPHQW�DUP�V�DULVHV�IRU�)[�DV�D�UHVXOW�RI�FDPEHU� �DQG�ODWHUDO�W\UH�GHIOHFWLRQ
UHODWHG�WR�)\��7KLV�H[WUD�WHUP�PD\�JLYH�ULVH� WR�D�VLJQ�FKDQJH�RI�WKH�DOLJQLQJ
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WRUTXH�LQ�WKH�UDQJH�RI�EUDNLQJ�DV�GLVFXVVHG�EHIRUH��FI��)LJ�������
7KH�FRPSOHWH�VHW�RI�VWHDG\�VWDWH�IRUPXODH�KDV�EHHQ�OLVWHG�LQ�WKH�VXEVHTXHQW

VHFWLRQ��3DUDPHWHUV�S��T��U�DQG�V�RI�WKH�PRGHO�DUH�QRQ�GLPHQVLRQDO�TXDQWLWLHV��,Q
DGGLWLRQ��XVHU�VFDOLQJ�IDFWRUV� �KDYH�EHHQ�LQWURGXFHG��:LWK�WKDW�WRRO�WKH�HIIHFW�RI
FKDQJLQJ�IULFWLRQ�FRHIILFLHQW��FRUQHULQJ�VWLIIQHVV��FDPEHU�VWLIIQHVV�HWF��FDQ�EH
TXLFNO\�LQYHVWLJDWHG�LQ�D�TXDOLWDWLYH�ZD\�ZLWKRXW�KDYLQJ�WKH�QHHG�WR�LPSOHPHQW
D� FRPSOHWHO\�QHZ� W\UH�GDWD�VHW��6FDOLQJ� LV�GRQH� LQ� VXFK�D�ZD\� WKDW� UHDOLVWLF
UHODWLRQVKLSV�DUH�PDLQWDLQHG��)RU�LQVWDQFH��ZKHQ�FKDQJLQJ�WKH�FRUQHULQJ�VWLIIQHVV
DQG�WKH�IULFWLRQ�FRHIILFLHQW�LQ�ODWHUDO�GLUHFWLRQ��WKURXJK� .\ �DQG� �\���WKH�DEVFLVVD
RI�WKH�SQHXPDWLF�WUDLO�FKDUDFWHULVWLF�LV�FKDQJHG�LQ�D�ZD\�HTXDO�WR�WKDW�RI�WKH�VLGH
IRUFH�FKDUDFWHULVWLF�DQG�LQ�DFFRUGDQFH�ZLWK�WKH�VLPLODULW\�PHWKRG�RI�6HFWLRQ�����

��������)XOO�6HW�RI�(TXDWLRQV

7KH� 0DJLF� )RUPXOD� PRGHO� HTXDWLRQV� FRQWDLQ� WKH� QRQ�GLPHQVLRQDO� PRGHO
SDUDPHWHUV�S�� T�� U� DQG� V� DQG�� LQ� DGGLWLRQ�� D� VHW� RI� VFDOLQJ� IDFWRUV� ��2WKHU
SDUDPHWHUV�DQG�YDULDEOH�TXDQWLWLHV�XVHG�LQ�WKH�HTXDWLRQV�DUH��

J DFFHOHUDWLRQ�GXH�WR�JUDYLW\�
9F�� PDJQLWXGH�RI�WKH�YHORFLW\�RI�WKH�ZKHHO�FRQWDFW�FHQWUH�&��
9F[�\� FRPSRQHQWV�RI�WKH�YHORFLW\�RI�WKH�ZKHHO�FRQWDFW�FHQWUH�&��
9V[�\��FRPSRQHQWV�RI�VOLS�YHORFLW\�9V��RI�WKH�SRLQW�6��ZLWK�9V\�.�

9F\�
9U�� � 5H� � 9F[��9V[��IRUZDUG�VSHHG�RI�UROOLQJ��
9R UHIHUHQFH�YHORFLW\�� %

�
�J5R��RU�RWKHU�VSHFLILHG�YDOXH��

5R�� XQORDGHG�W\UH�UDGLXV�� UR���
5H�� HIIHFWLYH�UROOLQJ�UDGLXV�� UH��

ZKHHO�VSHHG�RI�UHYROXWLRQ

]��� W\UH�UDGLDO�GHIOHFWLRQ��!��LI�FRPSUHVVLRQ��
)]R� QRPLQDO��UDWHG��ORDG��$����
)¶]R� DGDSWHG�QRPLQDO�ORDG

7KH� HIIHFW� RI� KDYLQJ� D� W\UH� ZLWK� D� GLIIHUHQW� QRPLQDO� ORDG� PD\� EH� URXJKO\
DSSUR[LPDWHG�E\�XVLQJ�WKH�VFDOLQJ�IDFWRU� )]R

� ���(��)N
]R
'

)]R
)
]R

)XUWKHU��ZH�LQWURGXFH�WKH�QRUPDOL]HG�FKDQJH�LQ�YHUWLFDO�ORDG

� ���(��GI
]
'

)
]
&)N

]R

)N
]R

,QVWHDG�RI�WDNLQJ�WKH�VOLS�DQJOH� � LWVHOI��LQ�UDGLDQV��IURP�(T���������DV�LQSXW
TXDQWLW\� RQH�PD\� LQ� FDVH� RI� YHU\� ODUJH� VOLS� DQJOHV� DQG� SRVVLEO\� EDFNZDUGV
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UXQQLQJ�RI�WKH�ZKHHO�EHWWHU�XVH�WKH�WDQJHQW�RI�WKH�VOLS�DQJOH�GHILQHG�DV�WKH�ODWHUDO
VOLS�
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7KH�ORQJLWXGLQDO�VOLS�UDWLR�LV�GHILQHG�DV�IROORZV�
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,I� WKH� IRUZDUG�VSHHG�9F[�EHFRPHV�RU� LV� HTXDO� WR�]HUR�RQH�PLJKW�DGG�D�VPDOO
TXDQWLW\� g� LQ� WKH� GHQRPLQDWRU� RI� ���(��� (��� WR� DYRLG� VLQJXODULW\�� RU�� ZKHQ
WUDQVLHQW�VOLS�VLWXDWLRQV�RFFXU��RQH�VKRXOG�XVH�WKH�WUDQVLHQW�VOLS�TXDQWLWLHV��RU
GHIRUPDWLRQ�JUDGLHQWV��WDQ N�DQG� N�DV�GHILQHG�DQG�XVHG�LQ�&KDSWHUV���DQG����

7R�DYRLG�WKH�RFFXUUHQFH�RI�VLPLODU�VLQJXODULWLHV�LQ�WKH�HQVXLQJ�HTXDWLRQV�GXH
WR�H�J��]HUR�YHORFLW\�RU�]HUR�YHUWLFDO�ORDG��D�VPDOO�DGGLWLRQDO�TXDQWLW\�g��ZLWK
VDPH� VLJQ� DV� LWV� QHLJKERXULQJ�PDLQ� TXDQWLW\��ZLOO� EH� LQWURGXFHG� LQ� UHOHYDQW
GHQRPLQDWRUV�OLNH�LQ�WKH�QH[W�HTXDWLRQ�

)RU� WKH� IDFWRU�FRV �DSSHDULQJ� LQ� WKH�HTXDWLRQV� IRU� WKH�DOLJQLQJ� WRUTXH� WR
SURSHUO\�KDQGOH�WKH�FDVH�RI�ODUJH�VOLS�DQJOHV�DQG�SRVVLEO\�EDFNZDUGV�UXQQLQJ��9F[

�����ZH�KDYH�GHILQHG��
�
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F
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F
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ZKHUH�ZH�PD\�FKRRVH�g9� ������
)RU�WKH�QRUPDOO\�HQFRXQWHUHG�VLWXDWLRQV�ZKHUH�WXUQ�VOLS�PD\�EH�QHJOHFWHG

�SDWK�UDGLXV�5�64��DQG�FDPEHU�UHPDLQV�VPDOO��WKH�IDFWRUV� L�DSSHDULQJ�LQ�WKH
HTXDWLRQV��DUH�WR�EH�VHW�HTXDO�WR�XQLW\�

�����
L
' � �L ' ���� ����� ��

,Q�WKH�IROORZLQJ�6HFWLRQ�������ZKHUH�WKH�LQIOXHQFH�RI�VSLQ��WXUQ�VOLS�DQG�FDPEHU�
LV�GHVFULEHG�LQ�WKH�H[WHQGHG�0DJLF�)RUPXOD�PRGHO��WKH�SURSHU�H[SUHVVLRQV�ZLOO
EH�JLYHQ�IRU�WKHVH�IDFWRUV�DQG�DGGLWLRQDO�HTXDWLRQV�ZLOO�EH�LQWURGXFHG��
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8VHU�6FDOLQJ�)DFWRUV

7KH�IROORZLQJ�VHW�RI�VFDOLQJ�IDFWRUV� �LV�DYDLODEOH��7KH�GHIDXOW�YDOXH�RI�WKHVH
IDFWRUV�LV�VHW�HTXDO�WR�RQH��H[FHSW� �9�ZKLFK�HTXDOV�]HUR�LI�QRW�XVHG���:H�KDYH�

SXUH�VOLS

)]R QRPLQDO��UDWHG��ORDG�

�[�\ SHDN�IULFWLRQ�FRHIILFLHQW

�9 ZLWK�VOLS�VSHHG�9V�GHFD\LQJ�IULFWLRQ�

.[ EUDNH�VOLS�VWLIIQHVV

.\ FRUQHULQJ�VWLIIQHVV

&[�\ VKDSH�IDFWRU

([�\ FXUYDWXUH�IDFWRU

+[�\ KRUL]RQWDO�VKLIW

9[�\ YHUWLFDO�VKLIW

.\ FDPEHU�IRUFH�VWLIIQHVV

.] FDPEHU�WRUTXH�VWLIIQHVV

W SQHXPDWLF�WUDLO��HIIHFWLQJ�DOLJQLQJ�WRUTXH�VWLIIQHVV�

0U UHVLGXDO�WRUTXH

FRPELQHG�VOLS

[ �LQIOXHQFH�RQ�)[� �

\ �LQIOXHQFH�RQ�)\� �

9\ �LQGXFHG�µSO\�VWHHU¶�)\

V 0]�PRPHQW�DUP�RI�)[

RWKHU

&] UDGLDO�W\UH�VWLIIQHVV

0[ RYHUWXUQLQJ�FRXSOH�VWLIIQHVV

0\ UROOLQJ�UHVLVWDQFH�PRPHQW

7R�FKDQJH�IURP�D�UHODWLYHO\�KLJK�IULFWLRQ�VXUIDFH�WR�D�ORZ�IULFWLRQ�VXUIDFH�WKH
IDFWRUV� �[�DQG� �\�PD\�EH�JLYHQ�D�YDOXH�ORZHU�WKDQ�XQLW\��,Q�DGGLWLRQ��WR�UHIOHFW
D�VOLSSHU\�VXUIDFH��ZHW��ZLWK�IULFWLRQ�GHFD\LQJ�ZLWK�LQFUHDVLQJ��VOLS��VSHHG�RQH
PD\� FKRVH� IRU� �9� D� YDOXH� ODUJHU� WKDQ� ]HUR�� H�J�� (TV����(���(����� 7KH
SXEOLFDWLRQV� RI�'LMNV� ������� DQG� RI�5HLPSHOO� �������PD\� EH� XVHIXO� LQ� WKLV
UHVSHFW��1RWH��WKDW�WKH�VOLS�VWLIIQHVVHV�DUH�QRW�HIIHFWHG�WKURXJK�WKHVH�FKDQJHV��$
VSHFLDO�GHJUHVVLYH�IULFWLRQ�IDFWRU� N�[�\� LV� LQWURGXFHG�WR�UHFRJQLVH�WKH�IDFW�WKDW
YHUWLFDO�VKLIWV�RI�WKH�IRUFH�FXUYHV�GR�YDQLVK�ZKHQ�:�6��EXW�DW�D�PXFK�VORZHU�UDWH�

N�[�\  $�� �[�\��^���$����� �[�\`�����������VXJJHVWLRQ��$�� ��� ���(��

)RU�WKH�WKUHH�IRUFHV�DQG�WKUHH�PRPHQWV�DFWLQJ�IURP�URDG�WR�W\UH�DQG�GHILQHG
DFFRUGLQJ�WR�WKH�GLDJUDP�RI�)LJ������WKH�HTXDWLRQV��ILUVW�WKRVH�IRU�WKH�FRQGLWLRQ
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$�VHW�RI�SDUDPHWHU�YDOXHV�KDYH�EHHQ�OLVWHG�LQ�$SSHQGL[���IRU�DQ�H[DPSOH�W\UH�LQ
FRQQHFWLRQ�ZLWK�WKH�6:,)7�W\UH�PRGHO�WR�EH�GHDOW�ZLWK�LQ�&KDSWHU����([DPSOHV
RI�FRPSXWHG�FKDUDFWHULVWLFV�FRPSDUHG�ZLWK�H[SHULPHQWDOO\�DVVHVVHG�FXUYHV�IRU
ERWK�SXUH�VOLS�DQG�FRPELQHG�VOLS�FRQGLWLRQV�DUH�GLVFXVVHG�LQ�6HFWLRQ�������RI�WKLV
FKDSWHU��FI��)LJV����������,Q�WKH�QH[W�VHFWLRQ�������WKH�HIIHFW�RI�KDYLQJ�WXUQ�VOLS
LV�PRGHOOHG�DQG�VRPH�FDOFXODWHG�FKDUDFWHULVWLFV�KDYH�EHHQ�SUHVHQWHG�IRU�D�VHW�RI
K\SRWKHWLFDO�PRGHO�SDUDPHWHUV��)LJ��������6HFWLRQ�������H[DPLQHV�WKH�SRVVLELOLW\
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WR�GHILQH�WKH�HIIHFWV�RI�FRQLFLW\�DQG�SO\�VWHHU�DV�UHVSRQVHV�WR�HTXLYDOHQW�FDPEHU
DQG�VOLS�DQJOHV��6HFWLRQ�������JLYHV�D�SRVVLEO\�EHWWHU�GHVFULSWLRQ�WKDQ���(�����IRU
WKH�RYHUWXUQLQJ�FRXSOH�RI�WUXFN��FDU�DQG�UDFLQJ�W\UHV�GXH�WR�VLGH�VOLS�DQG�IRU�WKH
SDUW�GXH�WR�FDPEHU�WKDW�LV�LOOXVWUDWHG�IRU�WKH�FDVH�RI�D�PRWRUF\FOH�W\UH�

��������([WHQVLRQ�RI�WKH�0RGHO�IRU�7XUQ�6OLS

7KH� PRGHO� GHVFULEHG� VRIDU� FRQWDLQV� WKH� LQSXW� VOLS� TXDQWLWLHV� VLGH� VOLS�
ORQJLWXGLQDO�VOLS�DQG�ZKHHO�FDPEHU��,Q�WKH�SUHVHQW�VHFWLRQ�WKH�WXUQ�VOLS�RU��LQ
VWHDG\�VWDWH��SDWK�FXUYDWXUH�LV�DGGHG�ZKLFK�FRPSOHWHV�WKH�GHVFULSWLRQ�RI�WKH
VWHDG\�VWDWH�IRUFH�DQG�PRPHQW�JHQHUDWLRQ�SURSHUWLHV�RI�WKH�W\UH�

7XUQ�VOLS�LV�RQH�RI�WKH�WZR�FRPSRQHQWV�ZKLFK�WRJHWKHU�IRUP�WKH�VSLQ�RI�WKH
W\UH��FI��)LJ�������7KH�WXUQ�VOLS�LV�GHILQHG�KHUH�DV�
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ZLWK�WKH�VLQJXODULW\�SURWHFWHG�YHORFLW\�9F¶���$JDLQ��g �GHQRWHV�WKH�FDPEHU�UHGXFWLRQ
IDFWRU�IRU�WKH�FDPEHU�WR�EHFRPH�FRPSDUDEOH�ZLWK�WXUQ�VOLS��)RU�UDGLDO�SO\�FDU
W\UHV�WKLV�UHGXFWLRQ�IDFWRU�g �PD\�EHFRPH�DV�KLJK�DV�FD�������IRU�VRPH�WUXFN�W\UHV
HYHQ�VOLJKWO\�RYHU������ZKLOH�IRU�D�PRWRUF\FOH�W\UH�WKH�IDFWRU�LV�H[SHFWHG�WR�EH
FORVH� WR� ]HUR� OLNH�ZLWK� D� KRPRJHQHRXV� VROLG� EDOO�� FI�� GLVFXVVLRQ� EHORZ�(T�
��������

,Q�WKH�SUHYLRXV�VHFWLRQ�WKH�HIIHFW�RI�FDPEHU�ZDV�LQWURGXFHG��)RU�WKH�VLGH�IRUFH
WKLV�UHVXOWHG�LQ�D�KRUL]RQWDO�DQG�D�YHUWLFDO�VKLIW�RI�WKH�)\�YV� �FXUYHV��ZKLOH�IRU
WKH�DOLJQLQJ�WRUTXH��EHVLGHV�WKH�VPDOO�HIIHFW�RI�WKH�VKLIWHG�)\�FXUYH��WKH�UHVLGXDO
WRUTXH�0]U�ZDV�DGGHG�LQ�ZKLFK�D�FRQWULEXWLRQ�RI�FDPEHU�RFFXUV��)XUWKHUPRUH�
FKDQJHV�LQ�VKDSH�DSSHDUHG�WR�RFFXU�ZKLFK�ZHUH�UHSUHVHQWHG�E\�WKH�LQWURGXFWLRQ
RI� �LQ�IDFWRUV�OLNH��\���(\���.\ ���%W���'W�HWF��7KHVH�FKDQJHV�PD\�EH�DWWULEXWHG�WR
FKDQJHV�LQ�W\UH�FURVV�VHFWLRQ�DQG�FRQWDFW�SUHVVXUH�GLVWULEXWLRQ�UHVXOWLQJ�IURP�WKH
ZKHHO�LQFOLQDWLRQ�DQJOH�

7KHVH�VKLIWV�DQG�VKDSH�FKDQJHV�ZLOO�EH�UHWDLQHG�LQ�WKH�PRGHO�H[WHQVLRQ�EXW
ZLOO�EH�H[SDQGHG�WR�FRYHU�WKH�FRPSOHWH�UDQJH�RI�VSLQ�LQ�FRPELQDWLRQ�ZLWK�VLGH
VOLS�DQG�DOVR�ORQJLWXGLQDO�VOLS��7KH�VSLQ�PD\�FKDQJH�IURP�]HUR�WR���4�ZKHQ�SDWK
FXUYDWXUH� JRHV� WR� LQILQLW\� DQG�� FRQVHTXHQWO\�� SDWK� UDGLXV� WR� ]HUR� �ZKHQ� WKH
YHORFLW\�9F�6�����:HLJKWLQJ�IXQFWLRQV�ZLOO�DJDLQ�EH�LQWURGXFHG�WR�JUDGXDOO\�UHGXFH
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�)LJ������� 0DJLF�)RUPXOD�UHVXOWV�IRU�VWHDG\�VWDWH�UHVSRQVH�RI�IRUFHV�)[�\�DQG�PRPHQW�0]�WR�VOLS
DQJOH� ��VOLS�UDWLR� ��FDPEHU�DQJOH� �DQG�SDWK�FXUYDWXUH�nW� ����5�
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ψ  

)  
\

ψ  

)  
\

ψ  

)  
\

)  FRQ )  SO\
)  SO\

α   
SO\

�)  SO\

)  FRQ

α   
SO\

pure conicity pure ply-steer combination

IRUZDUGVEDFNZDUGV

)LJ������� 6LGH�IRUFH�YV�VWHHU�DQJOH�FKDUDFWHULVWLFV�DW�IRUZDUG�DQG�EDFNZDUG�UROOLQJ�VKRZLQJ�WKH
FDVHV�RI�SXUH�FRQLFLW\��SXUH�SO\�VWHHU�DQG�D�FRPELQDWLRQ�RI�ERWK�VLWXDWLRQV��%HORZ�
WKH�DVVRFLDWHG�IRRW�SULQWV�RQ�D�IULFWLRQOHVV�VXUIDFH�KDYH�EHHQ�GHSLFWHG�

��������3O\�6WHHU�DQG�&RQLFLW\

,Q�WKH�IRUPXODH�IRU�WKH�VLGH�IRUFH�)\�DQG�WKH�DOLJQLQJ�WRUTXH�0]��WKH�YHUWLFDO�VKLIW
69\���WKH�KRUL]RQWDO�VKLIW�6+\�DQG�WKH�UHVLGXDO�WRUTXH�SHDN�YDOXH�'U�FRQWDLQ�WHUPV
ZKLFK�SURGXFH�WKH�LQLWLDO�YDOXHV�RI�VLGH�IRUFH�DQG�DOLJQLQJ�WRUTXH�WKDW�RFFXU�DW
VWUDLJKW�DKHDG�UXQQLQJ��DW� �� �

����7KHVH�LQLWLDO�YDOXHV�DUH�NQRZQ�WR�EH�WKH�UHVXOW
RI�FRQLFLW\�DQG�SO\�VWHHU��ZKLFK�DUH�FRQQHFWHG�ZLWK�QRQ�V\PPHWU\�RI�WKH�W\UH
FRQVWUXFWLRQ��7KHVH�WZR�SRVVLEOH�VRXUFHV�UHVXOW�LQ�PDUNHGO\�GLIIHUHQW�EHKDYLRXU
RI�WKH�W\UH�ZKHQ��DW�JHRPHWULFDOO\�]HUR�VLGH�VOLS��WKH�W\UH�LV�UROOHG�IRUZDUGV�RU
EDFNZDUGV��,I�ZH�ZRXOG�KDYH�D�W\UH�WKDW�H[KLELWV�SO\�VWHHU�EXW�QR�FRQLFLW\�WKH
JHQHUDWHG� VLGH� IRUFH�ZLOO� SRLQW� WR� WKH� RSSRVLWH� GLUHFWLRQ�ZKHQ� WKH�ZKHHO� LV
FKDQJHG�IURP�IRUZDUG�WR�EDFNZDUG�UROOLQJ��7KLV�ZRXOG�DOVR�EH�WKH�FDVH�ZKHQ�RQ
D�WHVW�ULJ�WKH�ZKHHO�PRYHV�DW�D�VPDOO�VWHHU�DQJOH� ��DQG�WKH�URDG�VXUIDFH�PRWLRQ
LV�FKDQJHG�IURP�EDFNZDUG�WR�IRUZDUG��)RU�WKDW�UHDVRQ��SO\�VWHHU�LV�VRPHWLPHV
UHIHUUHG�WR�DV�SVHXGR�VLGH�VOLS��,I�RQ�WKH�RWKHU�KDQG�WKH�W\UH�ZRXOG�VKRZ�SXUH
FRQLFLW\��WKH�VLGH�IRUFH�ZLOO�UHPDLQ�SRLQWLQJ�LQ�WKH�VDPH�GLUHFWLRQ�ZKHQ�WKH�ZKHHO
LV�UROOHG�LQ�WKH�RSSRVLWH�GLUHFWLRQ��7KDW�EHKDYLRXU�LV�VLPLODU�WR�WKDW�RI�D�FDPEHUHG
ZKHHO��ZKLFK�H[SODLQV�WKH�WHUP��SVHXGR�FDPEHU��,Q�)LJ������IRU�WKH�GLIIHUHQW
FDVHV� WKH� GLDJUDPV� IRU� WKH� VLGH� IRUFH� YDULDWLRQ� UHVXOWLQJ� IURP� \DZ� DQJOH
YDULDWLRQV��KDYH�EHHQ�GHSLFWHG��7KH�FXUYHG�RU�VFHZHG�IRRW�SULQWV�RI�WKH�W\UH�WKDW
GXH�WR�QRQ�V\PPHWULF�FRQVWUXFWLRQ�RI�FDUFDVV�DQG�EHOW�ZRXOG�DULVH�RQ�D�]HUR
IULFWLRQ�VXUIDFH�H[SODLQV�WKH�UHVXOWLQJ�FKDUDFWHULVWLFV��'HILQLWLRQV�RI�FRQLFLW\�DQG
SO\�VWHHU�IROORZ�IURP�WKH�IRUFHV�IRXQG�DW�]HUR�VWHHU�DQJOH� �

7KH�GHIRUPDWLRQV�RI�WKH�W\UH�UROOLQJ�RQ�D�IULFWLRQ�VXUIDFH�UHVHPEOH�WKRVH�WKDW
ZRXOG�RFFXU�ZLWK�D�W\UH��IUHH�RI�FRQLFLW\�DQG�SO\�VWHHU��WKDW�UROOV�DW�D� VPDOO
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)  \

α   

0  ]

δ  

0  ]U�

&  0α

&  
)α

o

γ = 0
no camber:

)LJ���������7KH�VLWXDWLRQ�QHDU�]HUR�VOLS�DQJOH��IRUFH�DQG�PRPHQW�GXH�WR�FRQLFLW\�DQG�SO\�VWHHU�

FDPEHU�DQG�VLGH�VOLS�DQJOH�UHVSHFWLYHO\��,W�LV�WKHUHIRUH�WHPSWLQJ�WR�DVVXPH�WKDW
LQ�WKHVH�FRPSDUDEOH�FDVHV�WKH�PRPHQW�0]�DQG�WKH�IRUFH�)\�UHVSRQG�DW�WKH�VDPH
UDWH�ZKLFK�ZRXOG�PHDQ�WKDW�WKH�DVVRFLDWHG�SQHXPDWLF�WUDLOV�DUH�HTXDO�IRU�SO\�
VWHHU� DQG� VLGH� VOLS� DQG� IRU� FRQLFLW\� DQG� FDPEHU�� 7KH� DVVXPSWLRQ� LV� SDUWO\
VXSSRUWHG� E\� DQ� H[WHQVLYH� H[SHULPHQWDO� LQYHVWLJDWLRQ� RI� /HH� �������� ZKLFK
DVVHVVHG�D�VWURQJ�OLQHDU�FRUUHODWLRQ�EHWZHHQ�FRQLFLW\�DQG�WKH�GLIIHUHQFH�EHWZHHQ
VOLS�DQJOHV�ZKHUH�)\�DQG�0]�EHFRPH�HTXDO�WR�]HUR��,Q�)LJ������WKLV�GLIIHUHQFH�LV
GHVLJQDWHG�DV� R��/HH�IRXQG�WKDW�DW� R� �

��FRQLFLW\�LV�DOPRVW�]HUR��7KLV�PHDQV�WKDW
IRU� YDQLVKLQJ� FRQLFLW\� WKH� UHPDLQLQJ� SO\�VWHHU� SURGXFHV� D� PRPHQW� WKDW� LV
DSSUR[LPDWHO\�HTXDO�WR�PLQXV�WKH�SQHXPDWLF�WUDLO�IRU�VLGH�VOLS�WLPHV�WKH�VLGH
IRUFH��:LWK�WKH�LQWURGXFWLRQ�RI�WKH��VPDOO��HTXLYDOHQW�VOLS�DQJOH� SO\�ZH�KDYH��

��� �ZLWK��� �������0
SO\

. &&
0 SO\

&
0

' W&
)

DQG

��� �������)
SO\

. &
) SO\

$OVR�DFFRUGLQJ�WR�/HH��WKH�UHVLGXDO�WRUTXH�DW�]HUR�VLGH�IRUFH��0]U��LQ�)LJ�������LV
VWURQJO\�FRUUHODWHG�ZLWK� R�DQG�WKXV�ZLWK�FRQLFLW\��:H�ILQG�IURP�WKH�GLDJUDP�

��� �������0
]U�

. &
0 R

,I�ZH�PD\� IXUWKHU� DVVXPH� WKDW� IRU� WKH� FRQLFLW\� IRUFH� DQG�PRPHQW� D� VLPLODU
FRUUHVSRQGHQFH�ZLWK�FDPEHU�UHVSRQVH�H[LVWV�ZH�ZRXOG�KDYH�DIWHU�LQWURGXFLQJ�DQ
HTXLYDOHQW�FDPEHU�DQJOH� FRQ�

��� ��ZLWK��� �������0
FRQ

. &
0 FRQ

&
0

' W &
)

ZKHUH�W ��!���UHSUHVHQWV�WKH�GLVWDQFH�RI�WKH�SRLQW�RI�DSSOLFDWLRQ�RI�WKH�UHVXOWLQJ
FDPEHU�WKUXVW�LQ�IURQW�RI�WKH�FRQWDFW�FHQWUH��WKDW�LV��QHJDWLYH�WUDLO���7KH�FRQLFLW\
IRUFH�EHFRPHV�
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)  \

α   

0  ]

δ  

0  
]Uγ

&  0α

&  )α

γ 

γ = 0

&  0γγ &  )γ γ 

γ 

∆α  γ α  
I

no conicity 
no ply-steer

)LJ�������� &KDUDFWHULVWLFV�RI�D�W\UH�ZLWKRXW�SO\�VWHHU�RU�FRQLFLW\�QHDU�WKH�RULJLQ�DW� � ����ZLWK
DQG�ZLWKRXW�FDPEHU��

��� �������)
FRQ

. &
) FRQ

:LWK�WKHVH�DVVXPSWLRQV�LW�LV�SRVVLEOH�WR�HVWLPDWH�WKH�FRQWULEXWLRQV�RI�SO\�VWHHU
DQG�FRQLFLW\�LQ�WKH�LQLWLDO�YDOXHV�RI�VLGH�IRUFH�DQG�DOLJQLQJ�WRUTXH��DW� � 

� �
 

�
��

IURP�D�VHW�RI�W\UH�SDUDPHWHUV�WKDW�EHORQJV�WR�RQH�GLUHFWLRQ�RI�UROOLQJ�
7KLV�HQDEOHV�WKH�YHKLFOH�PRGHOOHU�WR�VZLWFK�HDVLO\�IURP�WKH�VHW�RI�SDUDPHWHU

YDOXHV�RI�WKH�W\UH�PRGHO�WKDW�UXQV�RQ�WKH�OHIW�KDQG�ZKHHOV�RI�D�FDU�WR�WKH�VHW�IRU
WKH�ULJKW�KDQG�ZKHHOV��7R�DFFRPSOLVK�WKLV��WKH�HTXLYDOHQW�FDPEHU�SDUWV�RI�WKH
OHIW�KDQG�W\UH�PRGHO�PXVW�EH�FKDQJHG�LQ�VLJQ�IRU�ERWK�WKH�DOLJQLQJ�PRPHQW�DQG
WKH�VLGH�IRUFH�WR�PDNH�WKH�PRGHO�VXLWDEOH�IRU�WKH�ULJKW�KDQG�W\UH��$OVR��LW�LV�WKHQ
HDV\�WR�RPLW�H�J��DOO�FRQLFLW\�FRQWULEXWLRQV�ZKLFK�ZHUH�RULJLQDOO\�SUHVHQW�LQ�WKH
W\UH�IURP�ZKLFK�WKH�SDUDPHWHUV�KDYH�EHHQ�DVVHVVHG�WKURXJK�WKH�ILWWLQJ�SURFHVV�

7R�GHYHORS�WKH�WKHRU\��ZH�ZLOO�ILUVW�FRQVLGHU�WKH�FDVH�RI�D�W\UH�ZLWKRXW�SO\�
VWHHU�DQG�FRQLFLW\�DQG�VWXG\�WKH�VLWXDWLRQ�ZKHQ�D�FDPEHU�DQJOH�LV�DSSOLHG��7KLV
FRQGLWLRQ� LV� UHIOHFWHG� E\� WKH� GLDJUDP�RI�)LJ�������&RQVLGHULQJ� WKH� UHODWLRQV
HQWHUHG�LQ�WKLV�ILJXUH��ZH�PD\�ZULWH�IRU�WKH�GLVWDQFH� �

���� �������'

&
0

&
0

%

&
)

&
)

DQG�FRQVHTXHQWO\�ZH�FDQ�ILQG�WKH�FDPEHU�DQJOH� ��IURP�WKH�GLVWDQFH� � ��,Q�D
VLPLODU�IDVKLRQ�WKH�FRQLFLW\�ZLOO�EH�DVVHVVHG�LQ�WHUPV�RI�WKH�HTXLYDOHQW�FDPEHU
DQJOH� DQG� DIWHU� WKDW�� WKH� SDUW� DWWULEXWHG� WR� SO\�VWHHU� FDQ� EH� GHWHUPLQHG� DQG
H[SUHVVHG� LQ� WHUPV� RI� WKH� HTXLYDOHQW� VOLS� DQJOH�� )LJXUH� ����� LOOXVWUDWHV� WKH
FRQYHUVLRQ�WR�HTXLYDOHQW�DQJOHV��:H�ILQG�VLPLODU�WR�WKH�LQYHUVH�RI��������

���� �������
FRQ
'

R

&
0

&
0

%

&
)

&
)
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)  \

α   

0  ]

α   
I

δ  o

∆α   o

α   SO\

conicity 
compensated
γ = -γ

FRQ

0  ]U� )  \�
0��]�

no camber:

        = 0γ 

)LJ������� &KDUDFWHULVWLFV�RI�D�W\UH�ZLWK�SO\�VWHHU�DQG�FRQLFLW\�VKRZLQJ�FRQYHUVLRQ�WR�HTXLYDOHQW
FDPEHU�DQG�VOLS�DQJOH�

7KH�HTXLYDOHQW�VOLS�DQJOH�FDQ�QRZ�EH�REWDLQHG�IURP�

���� �������
SO\
'

R
&

&
)

&
)

FRQ
VJQ9

F[

7KH�IRXU�VOLS�DQG�FDPEHU�VWLIIQHVVHV�DUH�DYDLODEOH�IURP�(TV����(�������������
7KH�VLJQ�RI�WKH�IRUZDUG�YHORFLW\�KDV�EHHQ�SURSHUO\�LQWURGXFHG�

7KH�QH[W�WKLQJ�ZH�KDYH�WR�GR�LV�H[SUHVVLQJ� R�DQG� R��LQ�WHUPV�RI�WKH�VKLIWV
DQG� WKH� LQLWLDO� UHVLGXDO� WRUTXH� DV� GHILQHG� LQ� 6HFWLRQ� �������:H� REWDLQ� ZLWK
���(����

���� �������
R
' 6

+I

DQG�IURP���������DQG�)LJ������

��� �������
R
'

)
\�

&
)

%

0
]�

&
0

' 0
]U�

�&
0

ZLWK�&0 �DFFRUGLQJ�WR�(T����(����DQG�WKH�LQLWLDO�UHVLGXDO�WRUTXH�IURP����(����

���� �������0
]U�
' '

UR
' )

]
5
R
�T

']�
%T

']�
GI

]
� @

0U

)LQDOO\�WKH�LQLWLDO�VLGH�IRUFH�DQG�WRUTXH�DUH�WR�EH�UHPRYHG�IURP�WKH�HTXDWLRQV�E\
SXWWLQJ�WKH�SDUDPHWHUV�S+\���S+\���S9\���S9\���T']��DQG�T']��RU�WKH�VFDOLQJ�IDFWRUV

+\�� 9\�DQG� 0U�HTXDO�WR�]HUR�DQG�E\�UHSODFLQJ�LQ�(TV����(�������WKH�RULJLQDO�VLGH
VOLS�LQSXW�YDULDEOH� � 

�
WDQ �@VJQ9[�E\�LWV�HIIHFWLYH�YDOXH�

���� �������
(

HII ' �WDQ %
SO\

� VJQ9
[

DQG� LQ�(TV����(���������� WKH�RULJLQDO�FDPEHU� � 
�
VLQ �E\� WKH�HIIHFWLYH� WRWDO
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)  \

α   

0  ]

camber
ply-steer
conicity 

(γ = -γ    )con

γ = 0eff

γ   eff

eff

)LJ���������7KH�ILQDO�GLDJUDP�ZLWK�HIIHFWLYH�VLGH�VOLS�DQG�FDPEHU�YDULDEOHV�

FDPEHU�
��� �������

(

HII ' VLQ� %
FRQ

�

ZKHUH� LW� VKRXOG� EH� UHDOLVHG� WKDW� ERWK� SO\� DQG� FRQ�DUH� VPDOO� TXDQWLWLHV��7KH
UHVXOWLQJ�GLDJUDP�RI�)LJ������VKRZV�FKDUDFWHULVWLFV�WKDW�SDVV�WKURXJK�WKH�RULJLQ
ZKHQ�WKH�HIIHFWLYH�FDPEHU�DQJOH�LV�HTXDO�WR�]HUR��)RU�WKH�W\UH�UXQQLQJ�RQ�WKH
RWKHU�VLGH�RI�WKH�YHKLFOH�WKH�VDPH�PRGHO�FDQ�EH�XVHG�EXW�ZLWK� FRQ�LQ��������
FKDQJHG�LQ�VLJQ�

7KH�WKHRU\�DERYH�LV�EDVHG�RQ�FRQVLGHUDWLRQV�QHDU�WKH�RULJLQ�RI�WKH�VLGH�IRUFH
DQG�DOLJQLQJ�WRUTXH�YV�VOLS�DQJOH�GLDJUDPV��7KH�LQWURGXFWLRQ�RI�HIIHFWLYH�VOLS�DQG
FDPEHU�DQJOHV�PD\��KRZHYHU��JLYH�ULVH�WR�VOLJKW�FKDQJHV�LQ�SHDN�OHYHOV�RI�WKH�VLGH
IRUFH�DQG�SUREDEO\�DOVR�RI�WKH�DOLJQLQJ�WRUTXH��)RU�WKH�IRUPHU��WKH�VLWXDWLRQ�PD\
EH� UHSDLUHG� E\�PRYLQJ� WKH� IRUFH� FKDUDFWHULVWLF� LQ� D� GLUHFWLRQ� SDUDOOHO� WR� WKH
WDQJHQW�DW�)\� �

��UHVXOWLQJ�LQ�DQ�DGGLWLRQDO�YHUWLFDO�VKLIW�

����� �� �������6
9\
' )

]
@ �S

9\�
% S

9\�
GI

]
�& �S

9\�
% S

9\�
GI

]
�

HII

DQG�DQ�DVVRFLDWHG�DGGLWLRQDO�KRUL]RQWDO�VKLIW�

������ �������6
+\
' & 6

9\
�.N

\

7\UH�3XOO

,I�LGHQWLFDO�W\UHV�ZRXOG�EH�ILWWHG�RQ�WKH�IURQW�D[OH�RI�DQ�DXWRPRELOH�EXW�ZLWK�WKH
FRQLFLW\�IRUFHV�SRLQWLQJ�LQ�WKH�VDPH�GLUHFWLRQ��DQG�WKH�YHKLFOH�PRYHV�DORQJ�D
VWUDLJKW�OLQH��WKDW�LV��VLGH�IRUFHV�DUH�HTXDO�WR�]HUR��D�VWHHULQJ�WRUTXH�PXVW�EH
DSSOLHG� WKDW� RSSRVHV� WKH� UHVLGXDO� WRUTXHV�0]U�� JHQHUDWHG� E\� WKH� IURQW� W\UHV
�)LJ��������7KLV�LV�DFWXDOO\�RQO\�DSSUR[LPDWHO\�WUXH�EHFDXVH�ZH�PD\�QHJOHFW�WKH
WUDLOV�FRQQHFWHG�ZLWK�SO\�VWHHU�DQG�FRQLFLW\�ZLWK�UHVSHFW�WR�WKH�YHKLFOH�ZKHHO
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> 00
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)LJ�������� 1DUURZ��DQG�ZLGH�W\UH�VXEMHFWHG�WR�VLGH�VOLS�JLYLQJ�ULVH�WR�DQ�RYHUWXUQLQJ�FRXSOH��WKDW
PD\�EH�RI�D�GLIIHUHQW�VLJQ�

EDVH���,Q�UHDOLW\�ZH�KDYH�D�VPDOO�FRXSOH�DFWLQJ�RQ�WKH�FDU�H[HUWHG�E\�WKH�HTXDO
EXW� RSSRVLWH� VLGH� IRUFHV� IURQW� DQG� UHDU�ZKLFK� FRXQWHUDFW� WKH� VPDOO�� PDLQO\
FRQLFLW\��WRUTXHV�IURQW�DQG�UHDU���7KH�SKHQRPHQRQ�WKDW�D�VWHHU�WRUTXH�PXVW�EH
DSSOLHG�ZKHQ�PRYLQJ�VWUDLJKW�DKHDG�LV�FDOOHG��W\UH�RU�YHKLFOH�SXOO��,I�WKH�VWHHULQJ
ZKHHO�ZRXOG�EH�UHOHDVHG��WKH�YHKLFOH�ZLOO�GHYLDWH�IURP�LWV�VWUDLJKW�SDWK�

,I�RQ�WKH�ULJKW�KDQG�ZKHHO�D�W\UH�LV�PRXQWHG�WKDW�LV�LGHQWLFDO�ZLWK�WKH�OHIW�
KDQG� W\UH� RQH�ZRXOG� DFWXDOO\� H[SHFW� WKDW� WKH� FRQLFLW\� IRUFHV� DUH� GLUHFWHG� LQ
RSSRVLWH� GLUHFWLRQV� DQG� QHXWUDOLVH� HDFK� RWKHU� �DV� ZLOO� RFFXU� DOVR� ZLWK� WKH
PRPHQWV��� 7KLV� LV� EHFDXVH� RI� WKH� REVHUYDWLRQ� WKDW� RQH� PLJKW� FRPSDUH� WKH
FRQGLWLRQ�RQ�WKH�ULJKW�KDQG�VLGH�ZLWK�DQ�LGHQWLFDO�W\UH�UROOLQJ�EDFNZDUGV�ZLWK
UHVSHFW�WR�FRQGLWLRQ�RI�WKH�OHIW�KDQG�W\UH��,Q�FRQWUDVW��WKH�SO\�VWHHU�IRUFHV�RI�WKH
OHIW�DQG�ULJKW�W\UHV�DFW�LQ�WKH�VDPH�GLUHFWLRQ�EXW�DUH�FRPSHQVDWHG�E\�VLGH�IRUFHV
WKDW�DULVH�WKURXJK�D�VPDOO�VOLS�DQJOH�RI�WKH�ZKROH�YHKLFOH��

,I�WKH�SO\�VWHHU�DQJOHV�IURQW�DQG�UHDU�DUH�QRW�WKH�VDPH��D�VPDOO�VWHHU�DQJOH�RI
WKH�IURQW�ZKHHOV�HTXDO�WR�WKH�GLIIHUHQFH�RI�WKH�SO\�VWHHU�VOLS�DQJOHV�IURQW�DQG�UHDU
LV�UHTXLUHG�IRU�WKH�YHKLFOH�WR�UXQ�VWUDLJKW�DKHDG��7KH�ZKROH�YHKLFOH�ZLOO�UXQ�DW�D
VOLS�DQJOH�HTXDO�WR�WKDW�RI�WKH�UHDU�ZKHHOV�

��������7KH�2YHUWXUQLQJ�&RXSOH

7KH�RYHUWXUQLQJ�FRXSOH�LV�HVSHFLDOO\�LPSRUWDQW�WR�LQYHVWLJDWH�WKH�YHKLFOH�UROO�RYHU
RFFXUUHQFH�DQG�WKH�FXUYLQJ�EHKDYLRXU�RI�D�PRWRUF\FOH��,Q�PRGHUDWH�FRQGLWLRQV
(T����(����PD\�RIWHQ�EH�VXIILFLHQW�WR�PRGHO�WKH�RYHUWXUQLQJ�PRPHQW��,Q�WKH
SUHVHQW�VHFWLRQ�ZH�ZLOO�VWXG\�FDVHV�WKDW�UHTXLUH�PRUH�HODERUDWH�PRGHOOLQJ�
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'XH�WR�6LGH�6OLS

([SHULHQFH�ZLWK�PHDVXULQJ�WUXFN�W\UHV��UDFLQJ�W\UHV�DQG�SDVVHQJHU�FDU�W\UHV
VKRZV�WKDW�D�SRVLWLYH�RYHUWXUQLQJ�FRXSOH�DULVHV�HVSHFLDOO\�DW�ORZ�YHUWLFDO�ORDGV
DV�D�UHVSRQVH�WR�SRVLWLYH�VLGH�VOLS��VLWXDWLRQ�GHSLFWHG�LQ�)LJ�������ZKLOH�FDPEHU
UHPDLQV�]HUR��7KLV�LV�SUREDEO\�LQ�FRQWUDVW�WR�WKH�EHKDYLRXU�RI�QDUURZ�SDVVHQJHU
FDU�RU�PRWRUF\FOH�W\UHV�ZKHUH�GXH�WR�WKH�ODWHUDO�GHIOHFWLRQ�FRQQHFWHG�ZLWK�WKH
VLGH�IRUFH�)\��WKH�SRLQW�RI�DSSOLFDWLRQ�RI�WKH�UHVXOWDQW�YHUWLFDO�IRUFH�)]�PRYHV�LQ
WKH�GLUHFWLRQ�RI�WKH�VLGH�IRUFH�DQG�DV�D�UHVXOW�JHQHUDWHV�D�QHJDWLYH�FRXSOH�0[��7KH
REVHUYDWLRQ�WKDW�D�W\UH�PD\�VKRZ�D�SRVLWLYH�PRPHQW�LV�H[SHFWHG�WR�EH�FRQQHFWHG
ZLWK� WKH� EHOW� WKDW� LV� VWLII� LQ� WRUVLRQ� LQ� WKH� FRQWDFW� ]RQH��7KLV� KLJK� VWLIIQHVV
RSSRVHV�WKH�IODWWHQLQJ�RI�WKH�EHOW��WR�UHPDLQ�LQ�FRQWDFW�ZLWK�WKH�URDG�ZKHQ�WKH
EHOW�LV�WLOWHG�WKURXJK�WKH�DFWLRQ�RI�WKH�VLGH�IRUFH��7KLV�ZLOO�HVSHFLDOO\�EH�WUXH
ZKHQ�WKH�FRQWDFW�SDWFK�LV�VKRUW��WKDW�LV��DW�ORZ�ORDG��$V�D�UHVXOW��WKH�UHVXOWDQW
YHUWLFDO�IRUFH�YHFWRU�ZLOO�PRYH�PRUH�WRZDUGV�WKH�HGJH�DZD\�IURP�WKH�VLGH�IRUFH
ZKLFK�FDXVHV�WKH�FRQWDFW�SUHVVXUH�WR�EHFRPH�UHODWLYHO\�KLJK�RQ�WKDW�VLGH�RI�WKH
FRQWDFW�SDWFK�WKHUHE\�HQDEOLQJ�WKH�RYHUWXUQLQJ�FRXSOH�WR�EHFRPH�SRVLWLYH��$W
KLJKHU�ORDGV�WKH�PLGGOH�SRUWLRQ�RI�WKH�EHOW�FRQWDFW�UDQJH�ZLOO�VKRZ�OHVV�UHVLVWDQFH
WR�UHPDLQ�KRUL]RQWDO�DQG�WKH�RYHUWXUQLQJ�FRXSOH�PD\�WXUQ�WR�WKH�PRUH�FRPPRQ
QHJDWLYH�YDOXHV��,W�LV�RI�LPSRUWDQFH�WR�QRWH�WKDW�WKH�SRVLWLYH��RYHUWXUQLQJ�FRXSOH
DW� ORZ� ORDGV� DQG� WKH� HQVXLQJ� VLJQ� FKDQJH� LV� REVHUYHG� WR� RFFXU� ZKHQ
PHDVXUHPHQWV�DUH�FRQGXFWHG�RQ�H�J��D�IODW�SODQN�RU�IODW�WUDF�PDFKLQH�ZKHUH�WKH
D[OH�KHLJKW�LV�UHFRUGHG�DFFXUDWHO\�DQG�LQ�WKH�SURFHVVLQJ�VWDJH�SURSHU�DFFRXQW�LV
JLYHQ�WR�WKH�VWDQGDUG�GHILQLWLRQ�RI�WKH�RYHUWXUQLQJ�FRXSOH��WKDW�LV�WKH�PRPHQW
DERXW� WKH� OLQH�RI� LQWHUVHFWLRQ�RI�ZKHHO�FHQWUH�SODQH�DQG�JURXQG�SODQH��,I� WKH
FKDQJH�LQ�ORDGHG�UDGLXV�LV�GLVUHJDUGHG�DV�LV�RIWHQ�GRQH�LQ�SDVW�SUDFWLFH�ZKHQ
PHDVXULQJ�ZLWK�RYHU�WKH�URDG�WHVW�YHKLFOHV�WKH�SRVLWLYH�SDUW�DQG�WKH�FRQQHFWHG
VLJQ�FKDQJH�LV�QRW�REVHUYHG��&RQVHTXHQWO\��LW�LV�RI�FUXFLDO�LPSRUWDQFH�WKDW�WKH
W\UH�WHVW�HQJLQHHU�DQG�WKH�YHKLFOH�G\QDPLFLVW�WDNH�FDUH�RI�HPSOR\LQJ��DW�OHDVW��WKH
VDPH�GHILQLWLRQ�IRU�WKH�RYHUWXUQLQJ�FRXSOH�

7KH�SKHQRPHQRQ�PD\�LQ�VRPH�ZD\�EH�FRQQHFWHG�ZLWK�WKH�QHJDWLYH�FDPEHU
VWLIIQHVV�WKDW�LV�REVHUYHG�WR�RFFXU�ZLWK�VRPH�W\SH�RI�W\UHV�DOVR�HVSHFLDOO\�DW�ORZ
ORDGV�WXUQLQJ�WR�SRVLWLYH�DW�KLJKHU�ORDGV��7KH�QHJDWLYH�FDPEHU�IRUFH�JHQHUDOO\
FKDQJHV�WR�SRVLWYH�YDOXHV�ZKHQ�WKH�FDPEHU�DQJOH�EHFRPHV�VXIILFLHQWO\�ODUJH��$W
PRGHUDWH�ORDGV�WKLV�DOVR�DSSHDUV�WR�KDSSHQ�ZLWK�WKH�RYHUWXUQLQJ�FRXSOH�FKDQJLQJ
IURP�SRVLWLYH� WR�QHJDWLYH�YDOXHV�DW� ODUJHU� VOLS�DQJOHV�� WKDW� LV�� DW� KLJKHU� VLGH
IRUFHV��7KH�RYHUWXUQLQJ�FRXSOH�UHVSRQVH�WR�ZKHHO�FDPEHU�LV�DOZD\V�QHJDWLYH�DV
PLJKW�EH�H[SHFWHG��2EYLRXVO\��WKH�DVVRFLDWHG�FDPEHU�PRPHQW�VWLIIQHVV�WR�EH
GHILQHG�DV�&0[ �

 ��
�
M0[��M �DW�]HUR�FDPEHU�LV�SRVLWLYH�
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)LJ�������� 2YHUWXUQLQJ�FRXSOH�FDOFXODWHG�ZLWK�IRUPXODH��������������FI��)LJ������IRU�VLPLODU
PHDVXUHG�FKDUDFWHULVWLFV��

7R�PRGHO�VXFK�D�VLJQ�FKDQJLQJ�VLWXDWLRQ��WKH�RYHUWXUQLQJ�FRXSOH�UHVSRQVH�WR
VLGH�VOLS�RI�WKH�ZKHHO� LV�WDNHQ�DV�DQ�H[DPSOH��:H�ZLOO�XVH�D�IRUPXOD�WKDW� LV
HVWDEOLVKHG�E\�DGGLQJ�WZR�IXQFWLRQV�
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7KH�ILUVW�WHUP�\��LQFUHDVHV�ZLWK�WKH�VLGH�IRUFH��7KH�VHFRQG�WHUP�\��JURZV��DW�OHDVW
LQLWLDOO\��ZLWK��)\�DQG�GHFD\V�ZLWK�YHUWLFDO�ORDG�)]��)RU�WKH�SDUDPHWHU�YDOXHV
OLVWHG� LQ� 7DEOH� ����� DOVR� FRQWDLQLQJ� DVVXPHG� SDUDPHWHUV� IRU� WKH� VLGH� IRUFH
FKDUDFWHULVWLF�� (TV����(�������� WKH� RYHUWXUQLQJ� FRXSOH� KDV� EHHQ� FDOFXODWHG�
)LJXUH������VKRZV�WKH�UHVXOWLQJ�FXUYHV��7KH�VDPH�WHQGHQFLHV�KDYH�EHHQ�IRXQG�WR
RFFXU�ERWK�ZLWK�WUXFN�W\UHV�DQG�SDVVHQJHU�FDU�W\UHV��)RU�WKH�ODWWHU��ZH�PD\�UHIHU
WR�WKH�GLDJUDP�JLYHQ�LQ�)LJ�������7KH�VDPH�ILJXUH��ZKLFK�KDV�EHHQ�UHSURGXFHG
IURP�WKH�GLVVHUWDWLRQ�RI�9DQ�GHU�-DJW���������FRQWDLQV�WKH�GLDJUDP�VKRZLQJ�WKH
GHFUHDVH�RI� WKH� ORDGHG� UDGLXV�ZLWK�VOLS�DQJOH��7KLV� LQIRUPDWLRQ� LV�QHHGHG� WR
DVVHVV� WKH�PRPHQW� DERXW� WKH� ORQJLWXGLQDO� D[LV� WKURXJK� WKH�ZKHHO� FHQWUH�� ,Q
&KDSWHU���D�IRUPXOD�LV�JLYHQ�ZKLFK�DVVXPHV�WKDW�WKH�GHFUHDVH�RI�WKH�ORDGHG
UDGLXV�LV�SURSRUWLRQDO�WR�WKH�VTXDUHV�RI�WKH�ODWHUDO�DQG�WKH�ORQJLWXGLQDO�GHIOHFWLRQ
RI�WKH�FDUFDVV��FI��(T����������([SHULPHQWV�LQGLFDWH�WKDW�DOVR�WKH�W\UH�YHUWLFDO
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)LJ�������� 7KH�PRWRUF\FOH�ZKHHO�DW�YHU\�ODUJH�FDPEHU�DQJOH� ��7ZR�DOWHUQDWLYH�DSSURDFKHV�WR
GHILQH� WKH� FRQWDFW� FHQWUH� &� DQG� WKH� DVVRFLDWHG� µORDGHG� UDGLXV¶� UO� DQG� DV� D
FRQVHTXHQFH� WKH�RYHUWXUQLQJ�FRXSOH�0[�� ,QVWHDG� RI� WKH�FLUFOH�� WKH�DFWXDO�VHFWLRQ
FRQWRXU�PD\�EH�WDNHQ�

VWLIIQHVV�LV�HIIHFWHG�E\�KRUL]RQWDO�W\UH�IRUFHV��FI��5HLPSHOO���������(T���������

7DEOH�������3DUDPHWHU�YDOXHV�IRU�RYHUWXUQLQJ�FRXSOH�FRPSXWDWLRQ��FI��(TV�������������

)]R�
 ���

�
N1 5R� �����

P

�\�
 �� &\� ���� (\�

 ��� S.\�� ��� S.\�� ����

T[�� ������ T[�� ����� T[�� ������ T[�� ����� T[�� ����� T[�� �����

'XH�WR�&DPEHU

7KH�VHFRQG�FDVH�WR�EH�GHDOW�ZLWK�FRQFHUQV�WKH�PRWRUF\FOH�W\UH��$�VSHFLDO
SUREOHP�FDQ�EH�LGHQWLILHG�WKDW�FRQFHUQV�WKH�SRVVLEO\�YHU\�ODUJH�ZKHHO�LQFOLQDWLRQ
DQJOH��6LPLODU�VLWXDWLRQV�PD\�EH�HQFRXQWHUHG�ZLWK�D�FDU�W\UH�ZKHQ�H[DPLQLQJ�WKH
UROO�RYHU�HYHQW�RU�ZKHQ�WKH�ZKHHO�UXQV�RYHU�D�ORFDOO\�VWHHS�WUDQVYHUVH�VORSH��,Q
WKHVH�FDVHV��WKH�JHRPHWU\�RI�WKH�FURVV�VHFWLRQ�RI�WKH�W\UH�ZLWK�LWV�ILQLWH�ZLGWK
EHFRPHV�RI�LPSRUWDQFH�DQG�LV�ODUJHO\�UHVSRQVLEOH�IRU�WKH�RYHUWXUQLQJ�FRXSOH�WKDW
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DULVHV�DV�D�UHVXOW�RI�WKH�ZKHHO�LQFOLQDWLRQ�DQJOH�ZLWK�UHVSHFW�WR�WKH�URDG�VXUIDFH�
,Q�)LJ������WKH�FRQILJXUDWLRQ�DW�YHU\�ODUJH�FDPEHU�RI�D�PRWRUF\FOH�ZKHHO�KDV

EHHQ�GHSLFWHG��)RU�VLPSOLFLW\�� WKH�W\UH�FURVV�VHFWLRQ�KDV�EHHQ�DVVXPHG�WR�EH
SXUHO\� FLUFXODU�� 2I� FRXUVH�� LI� LQVWHDG� RI� UHO\LQJ� RQ� D� SRVVLEO\� OHVV� SUHFLVH
PHDVXUHPHQW��WKH�RYHUWXUQLQJ�FRXSOH�LV�WR�EH�GHULYHG�IURP�D�FDOFXODWLRQ�ZKHUH
WKH�ORFDWLRQ�RI�WKH�SRLQW�RI�DSSOLFDWLRQ�RI�WKH�QRUPDO�IRUFH�DQG�LWV�GLVWDQFH�WR�WKH
OLQH� RI� LQWHUVHFWLRQ� �L�H�� WR� SRLQW�&��ZKLFK� LV� WKH�PRPHQW� DUP�� LV� RI� FUXFLDO
LPSRUWDQFH��WKH�DFWXDO�PHDVXUHG�FURVV�VHFWLRQ�FRQWRXU�RI�WKH�XQGHIRUPHG�W\UH�
IUHH�UDGLXV�YHUVXV�GLVWDQFH�WR�ZKHHO�FHQWUH�SODQ�U\R�\FR���VKRXOG�EH�XWLOLVHG��1RWH
WKDW�DW�WKH�SRLQW�RI�FRQWDFW�ZLWK�WKH�QRW�\HW�GHIRUPHG�W\UH�ZH�KDYH��G�U\R�G�\FR 
�WDQ ��$V�D�FRQVHTXHQFH�RI�WKH�GHILQLWLRQ�RI�WKH�SRLQW�RI�LQWHUVHFWLRQ�RU�FRQWDFW
FHQWUH�&�ZKLFK�LV�ORFDWHG�RQ�WKH�OLQH�RI�LQWHUVHFWLRQ�RI�WKH�ZKHHO�FHQWUH�SODQH�DQG
WKH�URDG�SODQH��WKH�ORDGHG�UDGLXV�UO�ZKLFK�E\�GHILQLWLRQ�LV�HTXDO�WR�WKH�GLVWDQFH
EHWZHHQ�ZKHHO�FHQWUH�DQG�FRQWDFW�FHQWUH��PD\�EHFRPH�H[FHVVLYHO\�ODUJH�ZKHQ�WKH
FDPEHU�DQJOH�EHFRPHV�ODUJH��

$OWKRXJK� VWLOO� SHUIHFWO\� FRUUHFW�� WKLV� VWDQGDUG� GHILQLWLRQ� PD\� VHHP� OHVV
DWWUDFWLYH� DQG� RQH� PLJKW� ZDQW� WR� FKRRVH� IRU� DQ� DOWHUQDWLYH� DSSURDFK�� 7ZR
SRVVLEOH�DOWHUQDWLYHV�KDYH�EHHQ�LQGLFDWHG�LQ�)LJ�������7KH�ILUVW�RQH�HPSOR\V�D
YDOXH�IRU�WKH�ORDGHG�UDGLXV�U O¶�WKDW�UHPDLQV�HTXDO�WR�WKH�YDOXH�WKDW�KROGV�IRU�WKH
XSULJKW�ZKHHO��UOR�ZKLFK�LV�HTXDO�WR�WKH�IUHH�UDGLXV�UR�PLQXV�WKH�QRUPDO�GHIOHFWLRQ

]��,W�VKRXOG�WKHQ�EH�UHDOLVHG�WKDW�D�FRQFXUUHQW��VOLJKW��ULVH��ZN�RI�WKH�HIIHFWLYH
URDG�SODQH�PD\�QRW�EH�QHJOLJLEOH��7KLV�PHWKRG�WR�DFTXLUH�WKH�RYHUWXUQLQJ�FRXSOH
0[N�FRUUHVSRQGV�WR�WKH�SUDFWLFDO�SURFHGXUH�RIWHQ�HPSOR\HG�ZKHQ�PHDVXULQJ�RQ
WKH�URDG�ZKHUH�WKH�DFWXDO�KHLJKW�RI�WKH�ZKHHO�FHQWUH�DERYH�WKH�URDG�VXUIDFH�LV�QRW
PHDVXUHG��7KH�VHFRQG�DOWHUQDWLYH�LV�SRVVLEO\�WKH�SK\VLFDOO\�PRVW�UHDOLVWLF�RQH�
,W�GHILQHV�D�FRQWDFW�FHQWUH�&´��ORFDWHG�DERYH�WKH�ORZHVW�SRLQW�RI�WKH�XQGHIRUPHG
W\UH��$�GUDZEDFN�LV�WKDW�DQ�HIIHFWLYH�ZKHHO�SODQH�KDV�WR�EH�GHILQHG�LQ�WKH�YHKLFOH
G\QDPLF�PRGHO� WKDW� LV� VKLIWHG�ZLWK� UHVSHFW� WR� WKH�ZKHHO� FHQWUH�SODQH�RYHU�D
GLVWDQFH�\F��

,W� WXUQV� RXW� WKDW� WKH� RYHUWXUQLQJ� FRXSOHV� WKDW�ZRXOG� DFW� DERXW� WKH� WKUHH
SRVVLEOH�YLUWXDO�FRQWDFW�FHQWUHV�GHILQHG�DERYH��EHFRPH�TXLWH�GLIIHUHQW�IURP�HDFK
RWKHU�DOWKRXJK�WKH�PRPHQW�DERXW�WKH�ORQJLWXGLQDO�D[LV�WKURXJK�WKH�ZKHHO�FHQWUH
UHPDLQV��RI�FRXUVH��WKH�VDPH��:H�ILQG�VXFFHVVLYHO\�LI�WKH�UHVXOWDQW�QRUPDO�IRUFH
LV� DVVXPHG� WR� DFW� DORQJ� D� OLQH� WKDW� SDVVHV� WKURXJK� WKH� ORZHVW� SRLQW� RI� WKH
�DVVXPHGO\�FLUFXODU��W\UH�FURVV�VHFWLRQ�DQG�D�WKURXJK�)\�ZLWK�ODWHUDO�FRPSOLDQFH
LQGXFHG�DGGLWLRQDO�VKLIW�LV�GLVUHJDUGHG�

���6WDQGDUG�GHILQLWLRQ��XVLQJ�&��IRU�JHQHUDO�FRQWRXU�DQG�IRU�FLUFOH�VHFWLRQ��
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7KH�IRUFHV�DFW�LQ�WKH�SRLQWV�&��&¶�DQG�&´�UHVSHFWLYHO\��
7KH�RYHUWXUQLQJ�FRXSOH�0[�DFFRUGLQJ�WR�WKH�VWDQGDUG�GHILQLWLRQ���������LV

GLUHFWO\� UHVSRQVLEOH� IRU� WKH� OHDQ�DQJOH�RI� WKH�PRWRUF\FOH� LQ�D� VWHDG\� WXUQ� WR
EHFRPH�ODUJHU�WKDQ�ZKDW�ZRXOG�EH�H[SHFWHG�DFFRUGLQJ�WR�WKH�UDWLR�RI�FHQWULIXJDO
IRUFH�DQG�YHKLFOH�ZHLJKW��,Q�WKH�SUDFWLFDO�GHILQLWLRQ�LW�ZRXOG�EH�WKH�FRPELQDWLRQ
RI�0[N�DQG�WKH�HIIHFWLYH�URDG�VXUIDFH�ULVH�ZN��WKDW�FDXVHV�WKH�LQFUHDVH�LQ�UROO�DQJOH�
ZKLOH�ZLWK�WKH�WKLUG�GHILQLWLRQ�LW�ZRXOG�EH�GXH�WR�WKH�ODWHUDO�VKLIW�\F�RI�WKH�YLUWXDO
ZKHHO�SODQH�

,UUHVSHFWLYH�RI�WKH�GHILQLWLRQ�HPSOR\HG��LW�PXVW�EH�FOHDU�KRZ�WKH�PHDVXUHG
GDWD�KDYH�EHHQ�SURFHVVHG�DQG�FRQYHUWHG�IURP�WKH�ZKHHO�D[OH�V\VWHP�RI�D[HV
�ZKHUH�LQ�JHQHUDO�WKH�IRUFHV�DUH�PHDVXUHG��WR�WKH�URDG�DQG�OLQH�RI�LQWHUVHFWLRQ
EDVHG� D[HV� V\VWHP�� $Q� DGGLWLRQDO� FRQYHUVLRQ� PD\� EH� QHFHVVDU\� WR� VXLW� WKH
UHTXLUHPHQWV�RI�WKH�YHKLFOH�G\QDPLFLVW��,W�PD\�EH�UHDOLVHG�WKDW�ZLWK�UHVSHFW�WR�WKH
VWDQGDUG�GHILQLWLRQ�RI�WKH�ORDGHG�UDGLXV�UO��(T����������WKH�HIIHFWLYH�UROOLQJ�UDGLXV
UH�IROORZV�D�TXLWH�GLIIHUHQW�FRXUVH��$OVR�DW�ODUJH�FDPEHU�DQJOHV�UH�ZLOO�UHPDLQ
FORVH�WR�WKH�UDGLXV�UOO �U\�GHILQHG�E\���������DQG�VKRZQ�LQ�)LJ�������

7R�DFFRXQW�IRU�WKH�HIIHFW�RI�WKH�ODWHUDO�W\UH�GHIOHFWLRQ�DQG�WKURXJK�WKDW�WKH
FKDQJH�LQ�YHUWLFDO�SUHVVXUH�GLVWULEXWLRQ��WKH�SDUW�RI�0[�DWWULEXWHG�WR�ZKHHO�FDPEHU
DQG�GHILQHG�E\�RQH�RI�WKH�DERYH�RU�VLPLODU�H[SUHVVLRQV��VKRXOG�EH�H[WHQGHG�ZLWK
WKH� SDUW� RI� WKH� RYHUWXUQLQJ� FRXSOH� GHVFULEHG� E\� (TV������������� RU�� LI
DSSURSULDWH��E\�D�VLPSOHU�YHUVLRQ�RI�WKDW��

1RWH�RQ�WKH�$OLJQLQJ�7RUTXH�DW�/DUJH�&DPEHU

,W�PD\�EH�RI�LQWHUHVW�WR�EH�DZDUH�RI�DQRWKHU�XQH[SHFWHG�SKHQRPHQRQ�WKDW
DULVHV�DW� ODUJH�FDPEHU�DQJOHV��2QH�PLJKW�PDNH�D�PLVWDNH�ZKHQ�GHULYLQJ�WKH
DOLJQLQJ�WRUTXH�IURP�WKH�ZKHHO�D[OH�RULHQWHG�PHDVXUHG�IRUFHV�DQG�PRPHQWV��,I
WKHVH�ODWWHU�TXDQWLWLHV�DUH�GHQRWHG�ZLWK�DQ�DGGLWLRQDO�VXEVFULSW�D�WKH�DOLJQLQJ
WRUTXH� LV� REWDLQHG� IURP� WKH� PRPHQW� HTXLOLEULXP� DERXW� WKH� YHUWLFDO� D[LV� DV
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,I�WKH�IDFW�LV�QRW�UHFRJQLVHG�WKDW�DW�FDPEHU�D�ORQJLWXGLQDO�IRUFH�)[�LV�JHQHUDWHG
HYHQ�DW�IUHH�UROOLQJ�ZKHUH�0\D�LV�]HUR�RU�YHU\�VPDOO��DQG�FRQVHTXHQWO\��)[D�LV
GLVUHJDUGHG�LQ�(T����������WKH�FDOFXODWHG�DOLJQLQJ�WRUTXH�LV�LQFRUUHFW��,Q��������
WKH�UROOLQJ�UHVLVWDQFH�PRPHQW�0\�PD\�QRW�EH�QHJOLJLEOH�IRU�D�FDPEHUHG�ZKHHO
UXQQLQJ� DW� D� VLGH� VOLS� DQJOH�� 7KHQ�� WKH� UHODWLYHO\� VWLII� EHOW� PD\� EH� D[LDOO\
GHIRUPHG� LQ�DQ�DV\PPHWULF�ZD\��7KLV�PD\�H[SODLQ� WKDW� H[SHULPHQWV� WHQG� WR
LQGLFDWH�WKDW�WKH�WKURXJK�FDPEHU�JHQHUDWHG�)[�LV�YLUWXDOO\�LQGHSHQGHQW�RI�WKH�VOLS
DQJOH�

��������&RPSDULVRQ�ZLWK�([SHULPHQWDO�'DWD�IRU�D�&DU�DQG�D�7UXFN�7\UH�

,Q�WKH�ILJXUHV���������DQG���������WKH�FRPSXWHG�DQG�PHDVXUHG�FKDUDFWHULVWLFV
RI�D��������5���FDU�W\UH��RQ�WKH�URDG�ZLWK�'HOIW�7\UH�7HVW�7UDLOHU��DYHUDJHG
RYHU�WZR�VOLS�DQJOH�DQG�EUDNH�SUHVVXUH�VZHHS�F\FOHV��DQG�D��������5�����WUXFN
W\UH� �RQ�&DOVSDQ� IODW� WUDFN� WHVW� VWDQG��KDYH�EHHQ�SUHVHQWHG�� ,Q�JHQHUDO�� LW� LV
REVHUYHG�WKDW�D�JRRG�DJUHHPHQW�EHWZHHQ�FRPSXWHG�DQG�PHDVXUHG�FXUYHV�FDQ�EH
DFKLHYHG�ZLWK�WKH�PRGHO��$Q�H[FHSWLRQ�LV�WKH�DWWHPSW�WR��SK\VLFDOO\��GHVFULEH�WKH
PHDVXUHG�FRXUVH�RI�WKH�DOLJQLQJ�WRUTXH�DW�EUDNLQJ��7KH�GLDJUDPV�FRQFHUQHG��LQ
)LJV������DQG�����VKRZ�D�UDWKHU�XQSUHGLFWDEOH�YDULDWLRQ�RI�WKH�PRPHQW�ZKLOH�WKH
EUDNH�SUHVVXUH�LV�LQFUHDVHG�XQWLO�ZKHHO�ORFN�LV�UHDFKHG��7KLV�LV�DVVXPHGO\�GXH�WR
WKH�ODUJH�GLUHFW�FRQWULEXWLRQ�RI�WKH�EUDNLQJ�IRUFH�WLPHV�WKH�PRPHQW�DUP��7KLV
GLVWDQFH�EHWZHHQ�WKH�OLQH�RI�DFWLRQ�RI�)[�DQG�WKH�ZKHHO�FHQWUH�SODQH�LV�VXVSHFWHG
WR�YDU\�GXH�WR�ORFDO�URDG�FDPEHU�YDULDWLRQV�DQG�SRVVLEO\�W\UH�QRQ�XQLIRUPLWLHV
ZKLOH�WKH�W\UH�UROOV��

)LJXUH������SUHVHQWV� WKH�RYHUWXUQLQJ� FRXSOH�DQG� WKH� ORDGHG� UDGLXV� IRU�D
SDVVHQJHU�FDU�W\UH�DV�UHSRUWHG�E\�9DQ�GHU�-DJW��������DQG�PHDVXUHG�ZLWK�WKH
)RUG�076�)ODW�7UDF�,,,�W\UH�WHVWLQJ�IDFLOLW\��2QH�PD\�FRPSDUH�WKH�PHDVXUHG
FKDUDFWHULVWLFV�ZLWK�WKH�FDOFXODWHG�FXUYHV�VKRZQ�LQ�)LJ������REWDLQHG�IURP�(TV�
������������ZLWK�K\SRWKHWLFDO��QRW�RSWLPL]HG��SDUDPHWHU�YDOXHV��7DEOH������
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FRPSXWHG� UHVXOWV� FRPSDUHG� ZLWK� GDWD� IURP� PHDVXUHPHQWV� FRQGXFWHG� ZLWK� WKH
&DOVSDQ�IODW�WUDFN�W\UH�WHVW�IDFLOLW\���������GRWWHG�FXUYHV��

([HUFLVH������� $VVHVVPHQW� RI� RII�QRPLQDO� W\UH� VLGH�IRUFH�FKDUDFWHULVWLFV�DQG
FRPELQHG�VOLS�FKDUDFWHULVWLFV�ZLWK�)

[
�DV�LQSXW�TXDQWLW\

��

&RQVLGHU�WKH�GLDJUDPV�RI�)LJ�������)RU�WKH�RULJLQDO��QRPLQDO��VLGH�IRUFH�FKDUDFWHULVWLF
)\R� ��DQG�IRU�WKH�FRUQHULQJ�VWLIIQHVV�YV�ZKHHO�ORDG�FKDUDFWHULVWLF�&) �)]���HPSOR\�WKH
IRUPXODH�DV�JLYHQ�E\�(TV�����������XVLQJ�WKH�GDWD�LQGLFDWHG�LQ�WKH�ILJXUH��7KH�YDULDWLRQ
RI�FDPEHU�VWLIIQHVV�ZLWK�ZKHHO� ORDG�&) �)]�� LV�DVVXPHG�WR�EH� OLQHDU��7R�FRYHU� WKH
FRPELQHG�VOLS�VLWXDWLRQ�XVH�(TV�������������QRWH��&) �LV�H[SUHVVHG�LQ�1�GHJUHH��FRQYHUW
WKLV�ILUVW�LQWR�1�UDG�WR�JHW�LQ�OLQH�ZLWK�(T����������,Q�(T������D��FKRRVH�Q� ����,Q�WKH
QRPLQDO�FRQGLWLRQ�ZH�KDYH�SDUDPHWHU�YDOXHV�

)]R� �����1���R
� ������&) R� ����1�GHJ��&) R� ���1�GHJ�

8VH�(TV������������DQG�GR�WKH�IROORZLQJ�
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)LJ������� 2Q�WKH�DVVHVVPHQW�RI�RII�QRPLQDO�DQG�FRPELQHG�VOLS�W\UH�VLGH�IRUFH�FKDUDFWHULVWLFV
ZLWK�ORQJLWXGLQDO�IRUFH�DV�LQSXW�TXDQWLW\�XVLQJ�WKH�VLPLODULW\�PHWKRG��([HUFLVH������

�� 'HULYH�DQG�SORW�WKH�IXQFWLRQ�)\� ��IRU�WKH�IROORZLQJ�SDUDPHWHU�YDOXHV�GHVFULELQJ
WKH�W\UH�DW�D�GLIIHUHQW�FRQGLWLRQ��
)]� �����1���� ������ � ��E��)[� �����1�

�� 3ORW�WKH�JUDSK�IRU�)\�)[��IRU�WKH�FRQVWDQW�VOLS�DQJOHV� � ���������DQG��EDW�WKH
FRQGLWLRQ��� ��R��)]� �)]R�DQG� � ���

([HUFLVH������ $VVHVVPHQW� RI� IRUFH� DQG� PRPHQW� FKDUDFWHULVWLFV� DW�SXUH�DQG
FRPELQHG�VOLS�XVLQJ�WKH�0DJLF�)RUPXOD�DQG�WKH�VLPLODULW\�PHWKRG
ZLWK� �DV�LQSXW

*LYHQ�DUH�WKH�SXUH�VOLS�IRUFH�DQG�PRPHQW�FKDUDFWHULVWLFV�DW�QRPLQDO�YHUWLFDO�ORDG�)]R
 �����1�DQG�WKH�FRUQHULQJ�VWLIIQHVV�YV�YHUWLFDO�ORDG��FI��)LJV�����D�E���7KH�SUREOHPV
DUH�IRUPXODWHG�DV�IROORZV�

�� 'HWHUPLQH�IRU�WKH�RULJLQDO�FXUYHV��WKDW�LV�DW�WKH�QRPLQDO�ORDG��WKH�YDOXHV�RI�WKH
FRHIILFLHQWV�%��&��'�DQG�(� IURP� WKH�GDWD� LQGLFDWHG�LQ� WKH�ILJXUHV�EHORZ��7KH
YHUWLFDO� DQG�KRUL]RQWDO� VKLIWV� DUH�GLVUHJDUGHG��8VH� WKH� IRUPXOD� ������� IRU� WKH
ORQJLWXGLQDO�IRUFH��WKH�VLGH�IRUFH�DQG�DOVR�IRU�WKH�PRPHQW��&RQVLGHU�)LJ�����DQG
XVH�WKH�IRUPXODH�����������DQG���������'UDZ�WKH�UHVXOWLQJ�FXUYHV�
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7KH�WUDQVLHQW�DQG�RVFLOODWRU\�G\QDPLF�EHKDYLRXU�RI�WKH�W\UH�ZLOO�EH�GLVFXVVHG�LQ
WKLV� DQG� WZR� HQVXLQJ� FKDSWHUV��7KH� SUHVHQW� FKDSWHU� LV� GHYRWHG� WR� WKH�PRGHO
GHYHORSPHQW�RI�WKH�W\UH�DV�DQ�LQWHJUDO�FRPSRQHQW��7KH�VWUHWFKHG�VWULQJ�PRGHO�LV
FKRVHQ� DV� WKH� EDVLV� IRU� WKH� SK\VLFDO� GHVFULSWLRQ� RI� WKH� RXW�RI�SODQH� �DQWL�
V\PPHWULF��EHKDYLRXU��7KLV�PRGHO�H[KLELWV�D�ILQLWH�FRQWDFW�OHQJWK�WKDW�DOORZV�WKH
VWXG\�RI�VKRUW�SDWK�ZDYHOHQJWK�SKHQRPHQD��7KH�PRGHO�LV�UHODWLYHO\�VLPSOH�LQ
VWUXFWXUH�DQG�LQWHJUDWHV�WKH�FDUFDVV�FRPSOLDQFH�DQG�FRQWDFW�SDWFK�VOLS�SURSHUWLHV�
)RU�WKH�PRPHQW�UHVSRQVH�WR�\DZ�YDULDWLRQV�WKH�ILQLWH�ZLGWK�RI�WKH�FRQWDFW�SDWFK
QHHGV�WR�EH�LQWURGXFHG�ZKLFK�LV�DFFRPSOLVKHG�E\�FRQQHFWLQJ�WR�WKH�VWULQJ�WKH
EUXVK�PRGHO�IHDWXULQJ�RQO\�IRUH�DQG�DIW�WUHDG�HOHPHQW�FRPSOLDQFH��,Q�WKH�PRUH
DGYDQFHG� VWULQJ�PRGHO� WKH� DGGHG� WUHDG� HOHPHQWV� DUH� DOORZHG� WR� DOVR� GHIOHFW
VLGHZD\V��7KH�EHKDYLRXU�RI�WKLV�PRUH�FRPSOH[�PRGHO�LV�H[SHFWHG�WR�EH�PRUH
UHDOLVWLF��7KLV�EHFRPHV�HVSHFLDOO\�DSSDUHQW� LQ�WKH�WUHDWPHQW�RI�WKH�VLGH�IRUFH
UHVSRQVH�WR�D�FRQVWDQW�VOLS�DQJOH�ZKHQ�WKH�ZKHHO�UXQV�RYHU�DQ�XQGXODWHG�URDG
VXUIDFH��7KH�LQHUWLD�RI�WKH�W\UH�LV�RI�LPSRUWDQFH�ZKHQ�UXQQLQJ�DW�KLJKHU�VSHHGV
�J\URVFRSLF�FRXSOH��DQG�ZKHQ�WKH�IUHTXHQF\�RI�ODWHUDO�DQG�\DZ�H[FLWDWLRQ�FDQ�QR
ORQJHU� EH� FRQVLGHUHG� VPDOO�� 6HYHUDO� DSSUR[LPDWLRQV� RI� WKH� NLQHPDWLF� DQG
G\QDPLF�PRGHO�ZLOO�EH�GLVFXVVHG��,Q�&KDSWHU���WKH�WKHRU\�ZLOO�EH�DSSOLHG�LQ�WKH
DQDO\VLV� RI� WKH�ZKHHO� VKLPP\�SKHQRPHQRQ�� ,Q�&KDSWHU� �� WKH�PRGHO�ZLOO� EH
VLPSOLILHG�WR�WKH�VLQJOH�SRLQW�FRQWDFW�PRGHO�WKDW�UHVWULFWV�WKH�DSSOLFDWLRQ�WR�ORQJHU
ZDYHOHQJWK�VLWXDWLRQV�EXW�HQDEOHV�WKH�H[WHQVLRQ�RI�WKH�DSSOLFDWLRQ�WR�ORQJLWXGLQDO
DQG�FRPELQHG�WUDQVLHQW�VOLS�VLWXDWLRQV��&KDSWHU���WUHDWV�WKH�PRUH�FRPSOH[�PRGHO
WKDW�LQFOXGHV�DQ�DSSUR[LPDWH�UHSUHVHQWDWLRQ�RI�WKH�HIIHFW�RI�WKH�ILQLWH�FRQWDFW
OHQJWK�� WKH� FRPSOLDQFH� RI� WKH� FDUFDVV� DQG� WKH� LQHUWLD� RI� WKH� EHOW��7KLV�PRUH
YHUVDWLOH�PRGHO�LV�DEOH�WR�FRQVLGHU�ERWK�RXW�RI�SODQH�DQG�LQ�SODQH�W\UH�G\QDPLF
EHKDYLRXU�WKDW�FDQ�EH�H[WHQGHG�WR�WKH�QRQ�OLQHDU�VOLS�UDQJH�DOVR�DW�UHODWLYHO\�VKRUW
ZDYHOHQJWKV��0RUHRYHU��UROOLQJ�RYHU�URDG�XQHYHQQHVVHV�LV�LQFOXGHG�
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���

������5HYLHZ�RI�(DUOLHU�5HVHDUFK

,Q�WKH�WKHRULHV�GHVFULELQJ�WKH�KRUL]RQWDO�QRQ�VWHDG\�VWDWH�EHKDYLRXU�RI�W\UHV�RQH
FDQ� LGHQWLI\� WZR� WUHQGV� RI� WKHRUHWLFDO� GHYHORSPHQW�� 2QH� JURXS� RI� DXWKRUV
DVVXPHV�D�EHQGLQJ�VWLIIQHVV�RI�WKH�FDUFDVV�DQG�WKH�RWKHU�EDVHV�LWV�WKHRU\�RQ�WKH
VWULQJ�FRQFHSW�

,Q�SULQFLSOH��WKH�VWULQJ�WKHRU\�LV�VLPSOHU�WKDQ�WKH�EHDP�WKHRU\��VLQFH�ZLWK�WKH
VWULQJ�PRGHO�WKH�GHIOHFWLRQ�RI�WKH�IRUHPRVW�SRLQW�DORQH�GHWHUPLQHV�WKH�SDWK�RI�WKH
WUHDG�IRU�JLYHQ�ZKHHO�PRYHPHQWV��ZKHUHDV�ZLWK�WKH�EHDP�PRGHO�WKH�VORSH�DW�WKH
IRUHPRVW�SRLQW�DOVR�KDV�WR�EH�WDNHQ�LQWR�DFFRXQW�DV�DQ�DGGLWLRQDO�YDULDEOH��7KH
ODWWHU�OHDGV�WR�DQ�LQFUHDVH�LQ�RUGHU�RI�WKH�V\VWHP�E\�RQH�

9RQ�6FKOLSSH��������SUHVHQWHG�KLV�ZHOO�NQRZQ�WKHRU\�RI�WKH�NLQHPDWLFV�RI
D�UROOLQJ�W\UH��DQG�LQWURGXFHG�WKH�FRQFHSW�RI�WKH�VWUHWFKHG�VWULQJ�PRGHO��)RU�WKH
ILUVW� WLPH�D�ILQLWH�FRQWDFW� OHQJWK�ZDV�FRQVLGHUHG��,Q�WKH�VDPH�SDSHU�'LHWULFK
DSSOLHG�WKLV�WKHRU\�WR�WKH�VKLPP\�SUREOHP��/DWHU�RQ��WZR�SDSHUV�RI�9RQ�6FKOLSSH
DQG�'LHWULFK�����������ZHUH�SXEOLVKHG�LQ�ZKLFK�WKH�HIIHFW�RI�WKH�ZLGWK�RI�WKH
FRQWDFW�DUHD� LV�DOVR� FRQVLGHUHG��7ZR�ULJLGO\�FRQQHFWHG�FRD[LDO�ZKHHOV��ERWK
DSSUR[LPDWHG�E\�D�RQH��GLPHQVLRQDO�VWULQJ�PRGHO��DUH�FRQVLGHUHG��7KH�VWULQJV
DQG�WKHLU�HODVWLF�VXSSRUWV�DUH�DOVR�VXSSRVHG�WR�EH�HODVWLF�LQ�WKH�FLUFXPIHUHQWLDO
GLUHFWLRQ�

6HJHO������� GHULYHG� WKH� IUHTXHQF\� UHVSRQVH� FKDUDFWHULVWLFV� IRU� WKH� RQH�
GLPHQVLRQDO�VWULQJ�PRGHO��7KHVH�DSSHDU�WR�EH�VLPLODU�WR�UHVSRQVH�FXUYHV�ZKLFK
DULVH�LQ�6DLWR
V�DSSUR[LPDWH�WKHRU\�IRU�WKH�EHDP�PRGHO���������)RU�WKH�VDPH
VWULQJ�PRGHO�6KDUS�DQG�-RQHV��������GHYHORSHG�D�GLJLWDO�VLPXODWLRQ�WHFKQLTXH
ZKLFK�LV�FDSDEOH�RI�JHQHUDWLQJ�WKH�H[DFW�UHVSRQVH�RI�WKH�PRGHO��(DUOLHU��3DFHMND
�������HPSOR\HG�DQ�DQDORJXH�FRPSXWHU�DQG�WDSH�UHFRUGHU��DV�D�PHPRU\�GHYLFH�
IRU� WKH� VLPXODWLRQ�DFFRUGLQJ� WR� WKH�H[FHOOHQW� YRQ�6FKOLSSH�DSSUR[LPDWLRQ� LQ
ZKLFK�WKH�FRQWDFW�OLQH�LV�DSSUR[LPDWHG�E\�D�VWUDLJKW�OLQH�FRQQHFWLQJ�WKH�WZR�HQG
SRLQWV�

6PLOH\��������JDYH�D�VXPPDU\�WKHRU\�UHVHPEOLQJ�WKH�RQH�GLPHQVLRQDO�WKHRU\
RI�YRQ�6FKOLSSH��������+H�KDV�FRUUHODWHG�YDULRXV�NQRZQ�WKHRULHV�ZLWK�VHYHUDO
V\VWHPDWLF�DSSUR[LPDWLRQV�WR�KLV�VXPPDU\�WKHRU\�

3DFHMND��������GHULYHG�WKH�QRQ�VWHDG\�VWDWH�UHVSRQVH�RI�WKH�VWULQJ�PRGHO�RI
ILQLWH�ZLGWK�SURYLGHG�ZLWK�WUHDG�HOHPHQWV��7KH�LPSRUWDQW�J\URVFRSLF�HIIHFW�GXH
W\UH�LQHUWLD�KDV�EHHQ�LQWURGXFHG�DQG�WKH�QRQ�OLQHDU�EHKDYLRXU�RI�WKH�W\UH�GXH�WR
SDUWLDO�VOLGLQJ�KDV�EHHQ�GLVFXVVHG��$SSOLFDWLRQV�RI�WKH�W\UH�WKHRU\�WR�WKH�VKLPP\
PRWLRQ�RI�DXWRPRELOHV�ZDV�SUHVHQWHG��,Q�3DFHMND��������WKH�HIIHFW�RI�PDVV�RI�WKH
W\UH�KDV�EHHQ�LQYHVWLJDWHG�ZLWK�WKH�DLG�RI�DQ�H[DFW�DQDO\VLV�RI�WKH�EHKDYLRXU�RI
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D�UROOLQJ�VWUHWFKHG�VWULQJ�W\UH�PRGHO�SURYLGHG�ZLWK�PDVV��7KLV�FRPSOLFDWHG�DQG
FXPEHUVRPH�WKHRU\�QRW�VXLWDEOH�IRU�G\QDPLF�YHKLFOH�VWXGLHV�ZDV�WKHQ�IROORZHG
E\�DQ�DSSUR[LPDWH�PRUH�FRQYHQLHQW�WKHRU\��3DFHMND������D��WDNLQJ�LQWR�DFFRXQW
WKH�LQHUWLDO�IRUFHV�RQO\�XS�WR�WKH�ILUVW�KDUPRQLF�RI�LWV�GLVWULEXWLRQ�DORQJ�WKH�W\UH
FLUFXPIHUHQFH��$Q�RXWOLQH�RI�WKH�WKHRU\�WRJHWKHU�ZLWK�H[SHULPHQWDO�UHVXOWV�ZLOO
EH�JLYHQ�LQ�WKH�SUHVHQW�FKDSWHU�

5RJHUV�GHULYHG�HPSLULFDO�GLIIHUHQWLDO�HTXDWLRQV��������ZKLFK�ODWHU�ZHUH�JLYHQ
D�WKHRUHWLFDO�EDVLV���������$V�D�UHVXOW�RI�5RJHUV
�UHVHDUFK��VKLPP\�UHVSRQVH�RI
W\UHV�LQ�WKH�ORZ�IUHTXHQF\�UDQJH��PDVV�HIIHFW�QRW�LQFOXGHG���FDQ�EH�GHVFULEHG
VDWLVIDFWRULO\�XS�WR�UDWKHU�KLJK�UHGXFHG�IUHTXHQFLHV��L�H��VKRUW�ZDYHOHQJWKV��E\
XVLQJ�VLPSOH�VHFRQG�RUGHU�GLIIHUHQWLDO�HTXDWLRQV��

6SHUOLQJ� ������� FRQGXFWHG� DQ� H[WHQVLYH� FRPSDUDWLYH� VWXG\� RI� GLIIHUHQW
NLQHPDWLF� PRGHOV� RI� UROOLQJ� HODVWLF� ZKHHOV�� 5HFHQWO\�� %HVVHOLQN� ������
LQYHVWLJDWHG�DQG�FRPSDUHG�D�QXPEHU�RI�LQWHUHVWLQJ�HDUOLHU�PRGHOV��9RQ�6FKOLSSH�
0RUHODQG��6PLOH\��5RJHUV��.OXLWHUV��.HOG\VK��3DFHMND��LQ�WHUPV�RI�IUHTXHQF\
UHVSRQVH�IXQFWLRQV�DQG�VWHS�UHVSRQVHV�WR�VLGH�VOLS��SDWK�FXUYDWXUH��WXUQ�VOLS��DQG
\DZ�DQJOH��DQG�MXGJHG�WKHLU�SHUIRUPDQFHV�DOVR�LQ�FRQQHFWLRQ�ZLWK�WKH�VKLPP\
SKHQRPHQRQ��

6HNXOD�HW�DO���������GHULYHG�WUDQVIHU�IXQFWLRQV�IURP�UDQGRP�VOLS�DQJOH�LQSXW
WHVW�GDWD�LQ�WKH�UDQJH�RI������WR�����+]��)URP�WKLV�LQIRUPDWLRQ�FRUQHULQJ�IRUFH
UHVSRQVHV�ZHUH�GHGXFHG� IRU�ERWK� UDGLDO�DQG�ELDV�SO\� W\UHV� WR� VOLS�DQJOH� VWHS
LQSXWV��+R�DQG�+DOO��������FRQGXFWHG�DQ�LPSUHVVLYH�H[SHULPHQWDO�LQYHVWLJDWLRQ
XVLQJ�UHODWLYHO\�VPDOO�DLUFUDIW�W\UHV�WHVWHG�RQ�D�����LQFK�UHVHDUFK�URDG�ZKHHO�XS
WR� DQ� RVFLOODWLQJ� \DZ� IUHTXHQF\� RI� �� +]�� $� FULWLFDO� FRUUHODWLRQ� VWXG\� ZLWK
WKHRUHWLFDO� UHVXOWV� UHYHDOHG� WKDW� UHDVRQDEOH� RU� JRRG� ILW� RI� WKH� H[SHULPHQWDO
IUHTXHQF\� UHVSRQVH� SORWV� FDQ� EH� DFKLHYHG� E\� XVLQJ� WKH� WKHRUHWLFDO� IXQFWLRQV
�������������SUHVHQWHG�KHUHDIWHU��,W�VKRXOG�EH�SRLQWHG�RXW�WKDW�LQ�WHVWLQJ�VPDOO
VFDOH�W\UHV�FHUWDLQ�VLPLODULW\�UXOHV��FI��3DFHMND���������VKRXOG�EH�REH\HG�

)XOO�VFDOH�H[SHULPHQWDO�W\UH�IUHTXHQF\�UHVSRQVH�WHVWV�KDYH�EHHQ�FDUULHG�RXW
E\�VHYHUDO�UHVHDUFKHUV�H�J��E\�0HLHU�'|UQEHUJ�XS�WR�D�\DZ�IUHTXHQF\�RI����+]�
6RPH�RI�WKH�ODWWHU�LQYHVWLJDWLRQV�KDYH�EHHQ�UHSRUWHG�RQ�E\�6WUDFNHUMDQ��������
7KLV�UHVHDUFKHU�GHYHORSHG�D�G\QDPLF�W\UH�PRGHO�EDVHG�RQ�D�VRPHZKDW�GLIIHUHQW
PRGHOOLQJ�SKLORVRSK\�FRPSDUHG�WR�WKH�PRGHO�GHVFULEHG�E\�3DFHMND��������DQG
GLVFXVVHG�KHUHDIWHU��%RWK�W\SHV�RI�PRGHOV�VKRZ�JRRG�DJUHHPHQW�ZLWK�PHDVXUHG
EHKDYLRXU��7KH�VWUDLJKWIRUZDUG�DSSURDFK�HPSOR\HG�E\�6WUDFNHUMDQ�LV�VLPLODU�WR
WKH�PHWKRG�IROORZHG�LQ�&KDSWHU���

,Q������)ULW]�UHSRUWHG�RQ�DQ�H[WHQVLYH�H[SHULPHQWDO�LQYHVWLJDWLRQ�FRQFHUQLQJ
WKH�UDGLDO�IRUFH�DQG�WKH�ODWHUDO�IRUFH�DQG�DOLJQLQJ�WRUTXH�UHVSRQVH�WR�YHUWLFDO�D[OH
RVFLOODWLRQV�DW�GLIIHUHQW�FRQVWDQW�\DZ��VLGH�VOLS��DQJOHV�RI�WKH�ZKHHO��$OVR��WKH
PHDQ�YDOXH�RI�VLGH�IRUFH�DQG�PRPHQW�KDYH�EHHQ�GHWHUPLQHG��(DUOLHU��0HWFDOI
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�������FRQGXFWHG�VPDOO�VFDOH�W\UH�H[SHULPHQWV�DQG�3DFHMND��������SURGXFHG
WKHRUHWLFDO�UHVXOWV�LQ�WHUPV�RI�PHDQ�FRUQHULQJ�VWLIIQHVV�XVLQJ�D�WDXJKW�VWULQJ�W\UH
PRGHO�SURYLGHG�ZLWK�HODVWLF�WUHDG�HOHPHQWV��/DHUPDQ��������FRQGXFWHG�H[WHQVLYH
WHVWV�RQ�ERWK�FDU�DQG�WUXFN�W\UHV�DQG�FRPSDUHG�UHVXOWV�ZLWK�D�WKHRUHWLFDO�PRGHO
LQ� WHUPV� RI� DYHUDJH� VLGH� IRUFH� DQG� DOLJQLQJ� WRUTXH� DQG� IUHTXHQF\� UHVSRQVH
FKDUDFWHULVWLFV��7KH�PRGHO�LQFOXGHV�W\UH�PDVV��EDVHG�RQ�6WUDFNHUMDQ��������DQG
DOORZV�VOLGLQJ�RI�WUHDG�HOHPHQWV�ZLWK�UHVSHFW�WR�WKH�JURXQG��6LPLODU�H[SHULPHQWV
RQ�FDU�W\UHV�KDYH�EHHQ�FDUULHG�RXW�E\�7DNDKDVKL�HW�DO����������7KH\�GHYHORSHG
D�UHODWLYHO\�VLPSOH�PDWKHPDWLFDO�PRGHO�VXLWDEOH�IRU�YHKLFOH�G\QDPLFV�VWXGLHV
LQFOXGLQJ�FRUQHULQJ�RQ�XQHYHQ�URDGV��FI��&KDSWHU����

,Q� ����� 0DXULFH� SXEOLVKHG� H[SHULPHQWDO� GDWD� XS� WR� RYHU� ��+]� DQG� D
G\QDPLF�DQG�VKRUW�ZDYHOHQJWK�QRQ�OLQHDU�PRGHO�GHYHORSPHQW�WKDW�ZLOO�EH�GHDOW
ZLWK�LQ�&KDSWHU����7KH�PRGHO�LV�FRQQHFWHG�ZLWK�WKH�LQ�SODQH�G\QDPLF�PRGHO�RI
=HJHODDU��������FI��&KDSWHU����DQG�IRUPV�D�YHUVDWLOH�FRPELQHG�VOLS�PRGHO�WKDW
ZRUNV�ZLWK�WKH�0DJLF�)RUPXOD�VWHDG\�VWDWH�IXQFWLRQV�GHULYHG�LQ�&KDSWHU���

$QRWKHU�DVSHFW�RI�W\UH�EHKDYLRXU�LV�WKH�QRQ�VWHDG\�VWDWH�UHVSRQVH�WR�ZKHHO
FDPEHU�YDULDWLRQV��6HJHO�DQG�:LOVRQ��������IRXQG�IRU�D�VSHFLILF�PRWRUF\FOH�W\UH
WKDW�DIWHU�D� VWHS�FKDQJH� LQ� FDPEHU�DQJOH�DERXW����SHUFHQW�RI� WKH�XOWLPDWHO\
DWWDLQHG� VLGH� IRUFH� UHVSRQGV� LQVWDQWDQHRXVO\� WR� WKLV� LQSXW�� 7KH� UHPDLQGHU
UHVSRQGV�LQ�D�ZD\�VLPLODU�WR�WKH�UHVSRQVH�RI�WKH�VLGH�IRUFH�WR�D�VWHS�FKDQJH�LQ
VOLS�DQJOH�DOWKRXJK�ZLWK�D�ODUJHU�UHOD[DWLRQ�OHQJWK��+LJXFKL��������FRQGXFWHG
FRPSUHKHQVLYH�UHVHDUFK�RQ�WKH�QRQ�OLQHDU�UHVSRQVH�WR�FDPEHU�EDVHG�RQ�WKH�VWULQJ
PRGHO�DQG�H[SHULPHQWDOO\�DVVHVVHG�UHVSRQVHV�WR�VWHSZLVH�FKDQJHV�RI�WKH�FDPEHU
DQJOH��,Q�&KDSWHU���WKH�UHVSRQVH�WR�FDPEHU�FKDQJHV�ZLOO�EH�GLVFXVVHG�

7KH�QH[W�VHFWLRQ�WUHDWV�WKH�HVVHQWLDOV�RI�WKH�WKHRU\�RI�DQWL�V\PPHWULF�W\UH
QRQ�VWHDG\�VWDWH�DQG�G\QDPLF�W\UH�EHKDYLRXU�RQ�WKH�EDVLV�RI�WKH�VWUHWFKHG�VWULQJ
PRGHO��

������7KH�6WUHWFKHG�6WULQJ�0RGHO

7KH�W\UH�PRGHO��GHSLFWHG�LQ�)LJ������FRQVLVWV�RI�DQ��DVVXPHGO\�HQGOHVV��VWULQJ
ZKLFK�LV�NHSW�XQGHU�D�FHUWDLQ�SUHWHQVLRQ�E\�D�XQLIRUP�UDGLDO�IRUFH�GLVWULEXWLRQ
�FRPSDUDEOH�ZLWK�LQIODWLRQ�SUHVVXUH�LQ�UHDO�W\UHV���,Q�WKH�D[LDO�GLUHFWLRQ�WKH�VWULQJ
LV�HODVWLFDOO\�VXSSRUWHG�ZLWK�UHVSHFW�WR�WKH�ZKHHO�FHQWUH�SODQH�EXW�LV�SUHYHQWHG
IURP�PRYLQJ�LQ�WKH�FLUFXPIHUHQWLDO�GLUHFWLRQ��7KH�VWULQJ�FRQWDFWV�WKH�KRUL]RQWDO
VPRRWK�URDG�RYHU�D�ILQLWH�OHQJWK��,W�LV�DVVXPHG�WKDW�WKH�UHPDLQLQJ�IUHH�SRUWLRQ�RI
WKH�VWULQJ�PDLQWDLQV�LWV�FLUFXODU�VKDSH��LQ�VLGH�YLHZ��

7KH�PRGHO�PD\�EH�H[WHQGHG�ZLWK�D�QXPEHU�RI�SDUDOOHO�VWULQJV�NHHSLQJ�D
FRQVWDQW�PXWXDO�GLVWDQFH��$V�D�UHVXOW�RI�WKLV�H[WHQVLRQ��D�ILQLWH�FRQWDFW�ZLGWK
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)LJ������� 7\UH�PRGHO�ZLWK�VLQJOH�VWUHWFKHG�VWULQJ�DQG�PRGHO�H[WHQGHG�ZLWK�PRUH�SDUDOOHO�VWULQJV
SURYLGHG�ZLWK�WUHDG�HOHPHQWV�ZKLFK�DUH�IOH[LEOH�LQ�WKH�ORQJLWXGLQDO�GLUHFWLRQ�

DULVHV��7KH�VWULQJV�DUH�WKRXJKW�WR�EH�SURYLGHG�ZLWK�D�ODUJH�QXPEHU�RI�HODVWLF
WUHDG�HOHPHQWV�ZKLFK��IRU�UHDVRQV�RI�VLPSOLILFDWLRQ��DUH�DVVXPHG�WR�EH�IOH[LEOH
LQ�WKH�FLUFXPIHUHQWLDO�GLUHFWLRQ�RQO\��)URP�WKH�DERYH�DVVXPSWLRQV�LW�IROORZV�WKDW
ORQJLWXGLQDO�GHIRUPDWLRQV�ZKLFK�DULVH�DW�ERWK�VLGHV�RI�WKH�ZKHHO�FHQWUH�SODQH
ZKHQ�WKH�ZKHHO�D[OH�LV�VXEMHFWHG�WR�D�\DZ�UDWH��DUH�VXSSRVHG�WR�EH�WDNHQ�XS�E\
WKH�WUHDG�HOHPHQWV�RQO\�

)RU� WKH� WKHRU\� WR� EH� OLQHDU�� ZH� PXVW� UHVWULFW� RXUVHOYHV� WR� VPDOO� ODWHUDO
GHIRUPDWLRQV�DQG�DVVXPH�FRPSOHWH�DGKHVLRQ�LQ�WKH�FRQWDFW�DUHD��7KH�ZKHHO�
FHQWUH�SODQH�LV�VXEMHFWHG�WR�PRWLRQV�LQ�WKH�ODWHUDO�GLUHFWLRQ��ODWHUDO�GLVSODFHPHQW
\2��DQG�DERXW�WKH�D[LV�QRUPDO�WR�WKH�URDG��\DZ�DQJOH� ���7KHVH�PRWLRQV�FRQVWLWXWH
WKH�LQSXW�WR�WKH�V\VWHP��7KH�H[FLWDWLRQ�IUHTXHQF\�LV�GHQRWHG�E\� �� �� �Q���:LWK
9�UHSUHVHQWLQJ�WKH�DVVXPHG�FRQVWDQW�VSHHG�RI�WUDYHO�ZH�REWDLQ�IRU�WKH�VSDWLDO�RU
SDWK�IUHTXHQF\� V� ��9�DQG�WKH�ZDYHOHQJWK�RI�WKH�SDWK�RI�FRQWDFW�SRLQWV� � 9�Q
 �� �� V��7KH�GLVWDQFH�WUDYHOOHG�EHFRPHV�V� �9W��

$OWHUQDWLYH�LQSXW�TXDQWLWLHV�PD\�EH�FRQVLGHUHG�ZKLFK�DUH�QRW�UHODWHG�WR�WKH
SRVLWLRQ� RI� WKH� ZKHHO� ZLWK� UHVSHFW� WR� WKH� URDG� EXW� WR� LWV� UDWH� RI� FKDQJH
FKDUDFWHUL]HG�E\�WKH�VOLS�DQJOH� � � ���G\2�GV�DQG�WKH�SDWK�FXUYDWXUH�RU�WXUQ�VOLS
� ��G �GV��7KH�IRUFH�)\�DQG�WKH�PRPHQW�0]�ZKLFK�DFW�IURP�WKH�JURXQG�RQ�WKH
W\UH�LQ�WKH�\�GLUHFWLRQ�DQG�DERXW�WKH�]�D[LV�UHVSHFWLYHO\�IRUP�WKH�UHVSRQVH�WR�WKH
LPSRVHG�ZKHHO�SODQH�PRWLRQ�
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)LJ���������/DWHUDO�HTXLOLEULXP�RI�GHIOHFWHG�WUHDG�EDQG�HOHPHQW�

�������0RGHO�'HYHORSPHQW�

7R�REWDLQ�DQ�H[SUHVVLRQ�IRU�WKH�ODWHUDO�GHIOHFWLRQ�Y�RI�WKH�VWULQJ�ZH�FRQVLGHU
WKH�ODWHUDO�HTXLOLEULXP�RI�DQ�HOHPHQW�RI�WKH�WUHDG�EDQG�VKRZQ�LQ�)LJ������7KH
HOHPHQW�LV�RI�IXOO�WUHDG�ZLGWK�DQG�FRQWDLQV�HOHPHQWV�RI�WKH�SDUDOOHO�VWULQJV�ZLWK
WKH�UXEEHU�LQ�EHWZHHQ��,Q�WKH�ODWHUDO�GLUHFWLRQ��\���WKH�HTXLOLEULXP�RI�IRUFHV�DFWLQJ
RQ�WKH�HOHPHQW�RI�OHQJWK�G[�DQG�ZLGWK��E�UHVXOWV�LQ�WKH�IROORZLQJ�HTXDWLRQ�
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ZKHUH�FF�GHQRWHV� WKH� ODWHUDO�FDUFDVV� VWLIIQHVV�SHU�XQLW� OHQJWK��6�� WKH�FLUFXP�
IHUHQWLDO��LQ�WKH�[�GLUHFWLRQ��FRPSRQHQW�RI�WKH�WRWDO�WHQVLRQ�IRUFH�DFWLQJ�RQ�WKH�VHW
RI�VWULQJV�DQG�'�WKH�VKHDU�IRUFH�LQ�WKH�FURVV�VHFWLRQ�RI�WKH�WUHDG�EDQG�DFWLQJ�RQ
WKH�UXEEHU�PDWUL[��7KH�VKHDU�IRUFH�LV�DVVXPHG�WR�EH�D�OLQHDU�IXQFWLRQ�RI�WKH�VKHDU
DQJOH�DFFRUGLQJ�WR�IRUPXOD�
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MY

M[
:LWK�WKH�LQWURGXFWLRQ�RI�WKH�HIIHFWLYH�WRWDO�WHQVLRQ�6� �6����6��ZH�GHGXFH�IURP
(T�������
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PHPEHU��PLJKW�KDYH�EHHQ�IRXQG�PRUH�HDVLO\�E\�FRQVLGHULQJ�D�VLPSOH�WUDLOLQJ
ZKHHO�V\VWHP�ZLWK�WUDLO�HTXDO�WR� �DQG�VZLYHO�D[LV�ORFDWHG�LQ�WKH�ZKHHO�SODQH�D
GLVWDQFH� ���D�LQ�IURQW�RI�WKH�ZKHHO�D[LV��FI��)LJ������7KH�HTXDWLRQ�PD\�DOVR�EH
IRXQG�LPPHGLDWHO\�IURP�(T���������E\�WDNLQJ��[� �D�DQG�FRQVLGHULQJ�FRQGLWLRQ
�������(TXDWLRQ��������PD\�DOVR�EH�WUDQVIRUPHG�EDFN�ZKLFK�SURGXFHV�WKH�GHOD\
WHUPV�PHQWLRQHG�EHIRUH��+RZHYHU��ZH�SUHIHU�WR�PDLQWDLQ�WKH�H[SUHVVLRQ�LQ�WKH
WUDQVIRUPHG�VWDWH�VLQFH�ZH�ZRXOG�OLNH�WR�REWDLQ�WKH�UHVXOW��WKDW�LV��WKH�IRUFH�DQG
PRPHQW�UHVSRQVH��LQ�WKH�IRUP�RI�WUDQVIHU�IXQFWLRQV�

7KH�IRUFH�DQG�PRPHQW�WUDQVIHU�IXQFWLRQV

)RU� WKH�FDOFXODWLRQ�RI� WKH� ODWHUDO� IRUFH�)\� DQG� WKH�PRPHQW�0
]�GXH� WR� ODWHUDO
GHIOHFWLRQV�DFWLQJ�RQ�WKH�VWULQJ�WZR�PHWKRGV�PD\�EH�HPSOR\HG��$FFRUGLQJ�WR�WKH
ILUVW�PHWKRG� XVHG� E\� YRQ�6FKOLSSH� ������� DQG� E\�6HJHO� ������� WKH� LQWHUQDO
�ODWHUDO��IRUFHV�DFWLQJ�RQ�WKH�VWULQJ�DUH�LQWHJUDWHG�DORQJ�WKH�OHQJWK�RI�WKH�VWULQJ
H[WHQGLQJ�IURP�PLQXV�LQILQLW\�WR�SOXV�LQILQLW\�WDNLQJ�LQWR�DFFRXQW�WKH�FLUFXODU
VKDSH�RI�WKH�VWULQJ�IURP�VLGH�YLHZ��7KH�ODWWHU�LV�LPSRUWDQW�IRU�WKH�PRPHQW�DFWLQJ
DERXW�WKH�YHUWLFDO�D[LV��$�FRUUHFW�UHVXOW�IRU�WKH�PRPHQW�LV�REWDLQHG�LI�QRW�RQO\�WKH
ODWHUDO�IRUFHV�DFWLQJ�RQ�WKH�VWULQJ�DUH�WDNHQ�LQWR�DFFRXQW�EXW�DOVR�WKH�UDGLDO�IRUFHV
�WKH�DLU�SUHVVXUH��ZKLFK�DULVH�GXH�WR�WKH�VWULQJ�WHQVLRQ�DQG�ZKLFK�DFW�DORQJ�OLQHV
RXW�RI�WKH�FHQWUH�SODQH�GXH�WR�WKH�ODWHUDO�GHIOHFWLRQ�RI�WKH�VWULQJ��6XUSULVLQJO\��D
VLPSOHU� FRQILJXUDWLRQ� ZKHUH� WKH� VWULQJ� OLHV� LQ� KRUL]RQWDO� SODQH� �ZLWKRXW
FRQVLGHULQJ� WKH� FLUFXODU� VKDSH�� DSSHDUV� WR� SURGXFH� WKH� VDPH� UHVXOW��7KLV� LV
SURYHQ�E\�FRQVLGHULQJ�WKH�VHFRQG�PHWKRG�

7KH�VHFRQG�PHWKRG�ZKLFK�KDV�EHHQ�XVHG�E\�7HPSOH��FI��+DGHNHO��������LV
PXFK�VLPSOHU�DQG�OHDGV�WR�WKH�VDPH�FRUUHFW�UHVXOW��7KH�HTXLOLEULXP�RI�RQO\�WKDW
SRUWLRQ�RI�WKH�VWULQJ�LV�FRQVLGHUHG�ZKLFK�PDNHV�FRQWDFW�ZLWK�WKH�URDG�VXUIDFH��2Q
WKLV�SLHFH�RI�VWULQJ�WKH�LQWHUQDO�ODWHUDO�IRUFHV��WKH�VWULQJ�WHQVLRQ�IRUFH�DQG�WKH
H[WHUQDO� IRUFHV�� FRQVWLWXWLQJ� WKH� IRUFH�)\� DQG� WKH�PRPHQW�0
]� DUH�DFWLQJ� �FI�
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$Q� LQWHUHVWLQJ� REVHUYDWLRQ�PD\�EH�PDGH�ZKHQ� FRQVLGHULQJ� WKH� VLWXDWLRQ
GHSLFWHG� LQ�)LJ������+HUH�D�\DZ�RVFLOODWLRQ�RI� WKH�ZKHHO�SODQH� LV� FRQVLGHUHG
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)LJ������� 7KH�VWULQJ�PRGHO�DW�VWHDG\�VWDWH�VLGH�VOLS�DQG�VXEMHFWHG�WR�\DZ�RVFLOODWLRQV�ZLWK�WZR
GLIIHUHQW�ZDYHOHQJWKV� ��

$V�D�UHVXOW�RI�D�VWHS�FKDQJH�LQ�WXUQ�VOLS��ORQJLWXGLQDO�VOLS�DW�ERWK�VLGHV�RI�WKH
FRQWDFW�SDWFK�RFFXU��7KH�WUDQVLHQW�UHVSRQVH�H[WHQGV�RQO\�RYHU�D�GLVWDQFH�UROOHG
HTXDO�WR�WKH�FRQWDFW�OHQJWK��DW�WKH�HQG�RI�ZKLFK�WKH�VWHDG\�VWDWH�UHVSRQVH�KDV�EHHQ
UHDFKHG��$V�LQGLFDWHG�LQ�WKH�JUDSK�WKH�DSSURDFK�FXUYH�KDV�D��SDUDEROLF�VKDSH�
7KH�UHVSRQVH�WR�D�VWHS�FKDQJH�LQ�\DZ�DQJOH�LV�LPPHGLDWH��OLNH�WKDW�RI�0
]��DIWHU
ZKLFK�D�GHFOLQH�RFFXUV�ZKLFK�IRU�0]

�LV�OLQHDU��GHULYDWLYH�RI�UHVSRQVH�WR�n��
,Q�)LJV���������H[SHULPHQWDOO\�REWDLQHG�VWHS�UHVSRQVHV�KDYH�EHHQ�SUHVHQWHG�

7KH�GLDJUDPV�VKRZ�YHU\�ZHOO�WKH�H[SRQHQWLDO�QDWXUH�RI�WKH�IRUFH�UHVSRQVH�WR�VLGH
VOLS��(VSHFLDOO\�WKH�DLUFUDIW�W\UH�H[KLELWV�WKH�µGHOD\HG¶�UHVSRQVH�RI�WKH�DOLJQLQJ
WRUTXH�WR�VLGH�VOLS�DV�SUHGLFWHG�E\�WKH�WKHRU\��)LJ��������)LJXUH������VKRZV�D
VLPLODU�GHOD\�LQ�WKH�UHVSRQVHV�RI�)\�WR�\DZ�DQG�WR�WXUQ�VOLS�DOVR�IRXQG�LQ�WKH
WKHRUHWLFDO�UHVXOWV��7KH�SHFXOLDU�UHVSRQVH�RI�WKH�PRPHQW�WR�\DZ�DQG�WXUQ�VOLS�LV
FOHDUO\�IRUPHG�E\�WKH�VXP�RI�WKH�UHVSRQVHV�RI�0
]�DQG�RI�0]

��DOWKRXJK�ZLWK�D
UDWLR�WKDW�GLIIHUV�IURP�WKH�DVVXPSWLRQ�DGRSWHG�LQ�)LJ������

*UDSKV�RI�VWHS�UHVSRQVH�IXQFWLRQV�PD\�VHUYH�WR�FRPSDUH�WKH�SHUIRUPDQFH�RI
GLIIHUHQW�PRGHOV� DQG� DSSUR[LPDWLRQV�ZLWK� HDFK� RWKHU�� 7KLV�ZLOO� EH� GRQH� LQ
6HFWLRQ������)LUVW�ZH�ZLOO�GLVFXVV�WKH�IUHTXHQF\�UHVSRQVH�IXQFWLRQV�

�������)UHTXHQF\�5HVSRQVH�)XQFWLRQV�RI�WKH�6WULQJ�0RGHO�

7KH�IUHTXHQF\�UHVSRQVH�IXQFWLRQV�IRU�WKH�IRUFH�DQG�WKH�PRPHQW�FRQVWLWXWH�WKH
UHVSRQVH� WR� VLQXVRLGDO�PRWLRQV� RI� WKH�ZKHHO� DQG� FDQ� EH� HDVLO\� REWDLQHG� E\
UHSODFLQJ�LQ�WKH�WUDQVIHU�IXQFWLRQV��������������WKH�/DSODFH�YDULDEOH�S�E\�L V�
7KH�SDWK�IUHTXHQF\� V��UDG�P��LV�HTXDO�WR�� �� �ZKHUH� �GHQRWHV�WKH�ZDYHOHQJWK
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RI�WKH�VLQXVRLGDO�PRWLRQ�RI�WKH�ZKHHO��)LJXUH������LOOXVWUDWHV�WKH�PDQQHU�LQ�ZKLFK
WKH�VWULQJ�GHIOHFWLRQ�YDULHV�ZLWK�WUDYHOOHG�GLVWDQFH�ZKHQ�WKH�PRGHO�LV�VXEMHFWHG
WR�D�\DZ�RVFLOODWLRQ�ZLWK�GLIIHUHQW�ZDYHOHQJWKV�

7KH�IUHTXHQF\�UHVSRQVH�IXQFWLRQV�VXFK�DV�+)� �L V��DUH�WKH�FRPSOH[�UDWLRV
RI� RXWSXW�� H�J��)\�� DQG� LQSXW�� H�J�� �� ,Q� )LJV��������� WKH� YDULRXV� IUHTXHQF\
UHVSRQVH�IXQFWLRQV�KDYH�EHHQ�SORWWHG�DV�D�IXQFWLRQ�RI�WKH�QRQ�GLPHQVLRQDO�SDWK
IUHTXHQF\�D�  ò V�D� ��7KH�IXQFWLRQV�DUH�UHSUHVHQWHG�E\�WKHLU�DEVROXWH�YDOXH
*+*�DQG�WKH�SKDVH�DQJOH�k�RI�WKH�RXWSXW�ZLWK�UHVSHFW�WR�WKH�LQSXW��LI�QHJDWLYH�WKHQ
RXWSXW�ODJV�EHKLQG�LQSXW���H�J�
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ZKLFK�UHODWHV�WR�WKH�DOLJQLQJ�VWLIIQHVV�DQG�WKH�VWLIIQHVV�GXH�WR�WUHDG�ZLGWK�DV
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)LJ������ 1\TXLVW�SORW�RI�WKH�QRQ�GLPHQVLRQDO�IUHTXHQF\�UHVSRQVH�IXQFWLRQ�RI�WKH�VLGH�IRUFH�)\
ZLWK�UHVSHFW�WR�WKH�ZKHHO�\DZ�DQJOH� ��3DUDPHWHU�� � ��D��
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2EYLRXVO\��WKLV�UHODWLRQVKLS�RIIHUV�D�SRVVLELOLW\�WR�DVVHVV�WKH�WXUQ�VOLS�VWLIIQHVV
IRU�WKH�PRPHQW�&0n�

'XH�WR�WKH�DFWLRQ�RI�0]
�WKH�SKDVH�ODJ�RI��0]�ZLOO�EH�UHGXFHG��7KLV�DSSHDUV

WR�EH�LPSRUWDQW�IRU�WKH�VWDELOLVDWLRQ�RI�ZKHHO�VKLPP\�RVFLOODWLRQV��FI��&KDSWHU����
7KH�WRWDO�PRPHQW�DQG�LWV�FRPSRQHQWV�FDQ�EHVW�EH�SUHVHQWHG�LQ�D�1\TXLVW�SORW
ZKHUH�WKH�PRPHQW�FRPSRQHQWV�DQG�WKH�UHVXOWLQJ�WRWDO�PRPHQW�DSSHDU�DV�YHFWRUV
LQ�D�SRODU�GLDJUDP��)LJXUH������GHSLFWV�WKH�YHFWRU�GLDJUDP�DW�D�ORZ�YDOXH�RI�WKH
SDWK�IUHTXHQF\� V��

%\�FRQVLGHULQJ�WKH�YDULRXV�SKDVH�DQJOHV�DW�ORZ�IUHTXHQFLHV�ZH�PD\�EH�DEOH
WR�H[WUDFW�WKH�PRPHQW�UHVSRQVH�GXH�WR�WUHDG�ZLGWK�IURP�WKH�WRWDO��PHDVXUHG�
UHVSRQVH�DQG�ILQG�WKH�UHVSRQVH�RI�WKH�PRPHQW�IRU�D�µWKLQ¶�W\UH��6LQFH�DW� ORZ
IUHTXHQFLHV� WKH� PRPHQW� YHFWRU� �0]

� WHQGV� WR� SRLQW� XSZDUGV� ZH� ILQG� ZKLOH
FRQVLGHULQJ�����������DQG��������
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:LWK� NQRZQ� ) � DQG� k�0 � WR� EH� GHWHUPLQHG� IURP� WKH� PHDVXUHPHQW� DW� ORZ
IUHTXHQF\��WKH�PRPHQW�WXUQ�VOLS�VWLIIQHVV�&0n�

 � (�PD\�EH�DVVHVVHG�LQ�WKLV�ZD\�
,Q� WKH�GLDJUDPV�RI�)LJV��������� WKH�QRQ�GLPHQVLRQDO� IUHTXHQF\� UHVSRQVH

IXQFWLRQV�+)� �L V��&) �DQG��+0� �L V��&0 �ZLWK�LWV�FRPSRQHQWV��+0¶� ��L V��&0

DQG��+0� ��L V��&0 �KDYH�EHHQ�SUHVHQWHG�DV�D�IXQFWLRQ�RI�WKH�QRQ�GLPHQVLRQDO
SDWK�IUHTXHQF\�D� ��7KH�SDUDPHWHU�YDOXHV�DUH� � 

�
�D�DQG�&0n� �D&0 �

7KH�GLDJUDP�RI�)LJ������FOHDUO\�VKRZV�WKH�LQFUHDVH�LQ�SKDVH�ODJ�DQG�GHFUHDVH
RI�WKH�DPSOLWXGH�RI�)\�ZLWK�GHFUHDVLQJ�ZDYHOHQJWK� ��7KH�ZDY\�EHKDYLRXU�DQG
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)LJ������ 1\TXLVW� SORW� RI� WKH� QRQ�GLPHQVLRQDO� IUHTXHQF\� UHVSRQVH� IXQFWLRQ� RI� WKH� DOLJQLQJ
PRPHQW�0]�ZLWK�UHVSHFW�WR�WKH�ZKHHO�\DZ�DQJOH� ��7KH�FRQWULEXWLQJ�FRPSRQHQWV�0


]

GXH�WR�ODWHUDO�GHIRUPDWLRQV�DQG�0
]

�GXH�WR�WUHDG�ZLGWK�DQG�DVVRFLDWHG�ORQJLWXGLQDO
GHIRUPDWLRQV��3DUDPHWHUV�� � ��D�DQG�&0n� �D&0 �

WKH�DVVRFLDWHG�MXPSV�IURP����E�WR���RI�WKH�SKDVH�DQJOH�GLVSOD\HG�LQ�)LJ�����
EHFRPH�FOHDU�ZKHQ�YLHZLQJ�WKH�ORRSV�WKDW�DSSHDU�WR�RFFXU�ZKHQ�WKH�ZDYHOHQJWK
EHFRPHV�VPDOOHU�WKDQ�DERXW�WZR�WLPHV�WKH�FRQWDFW�OHQJWK�

7KH�DOLJQLQJ� WRUTXH�YHFWRU��)LJ������� IRU� WKH� µWKLQ¶� W\UH� WXUQV�RYHU����E
EHIRUH�IURP�D�ZDYHOHQJWK�RI�DERXW�WKH�FRQWDFW�OHQJWK�WKH�ORRSV�EHJLQ�WR�VKRZ�XS�
$W�DERXW� � ��D�WKH�FXUYH�JHWV�FORVHVW�WR�WKH�RULJLQ��7KLV�FRUUHVSRQGV�WR�WKH
IUHTXHQF\�ZKHUH�WKH�GLS�RFFXUV�LQ�)LJ������DQG�LV�LOOXVWUDWHG�DV�WKH�ODVW�FDVH�RI
)LJ�������

)RU�YDOXHV�RI� (�VXIILFLHQWO\�ODUJH�WKH�WRWDO�PRPHQW�FXUYH�GRHV�QRW�FLUFOH
DURXQG�WKH�RULJLQ�DQ\PRUH��7KH�FXUYH�VWUHWFKHV�PRUH�WR�WKH�ULJKW�DQG�HQGV�ZKHUH
WKH�ZKHHO�GRHV�QRW�UROO�DQ\PRUH�DQG�WKH�W\UH�DFWV�DV�D�WRUVLRQDO�VSULQJ�ZLWK
VWLIIQHVV�H[SUHVVHG�E\���������,Q�UHDOLW\��WKH�W\UH�ZLOO�H[KLELW�VRPH�GDPSLQJ�GXH
WR� K\VWHULVLV�� 7KDW� ZLOO� UHVXOW� LQ� DQ� HQG� SRLQW� ORFDWHG� VRPHZKDW� DERYH� WKH
KRUL]RQWDO�D[LV�

7KH�FDOFXODWHG�EHKDYLRXU�RI�WKH�OLQHDU�W\UH�PRGHO�KDV�XQPLVWDNHDEOH�SRLQWV
RI� DJUHHPHQW� ZLWK� UHVXOWV� IRXQG� H[SHULPHQWDOO\� DW� ORZ� YDOXHV� RI� WKH� \DZ
IUHTXHQF\��$W�KLJKHU�IUHTXHQFLHV�DQG�KLJKHU�VSHHGV�RI�UROOLQJ�WKH�LQIOXHQFH�RI�WKH
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)LJ���������7KH�VWULQJ�W\UH�PRGHO�LQ�VWHDG\�WXUQLQJ�VWDWH�

W\UH�LQHUWLD�DQG�HVSHFLDOO\�WKH�J\URVFRSLF�FRXSOH�GXH�WR�W\UH�ODWHUDO�GHIRUPDWLRQ
UDWHV�LV�QR�ORQJHU�QHJOLJLEOH��,Q�6HFWLRQ�����DQG�&KDSWHU���WKHVH�PDWWHUV�ZLOO�EH
DGGUHVVHG�

([HUFLVH������6WULQJ�PRGHO�DW�VWHDG\�WXUQ�VOLS
�

&RQVLGHU�WKH�VLQJOH�VWUHWFKHG�VWULQJ�W\UH�PRGHO�UXQQLQJ�DORQJ�D�FLUFXODU�SDWK�ZLWK
UDGLXV�5�DQWL�FORFNZLVH��n� ���5��DQG�ZLWKRXW�VLGH�VOLS�� � ����DV�GHSLFWHG�LQ�)LJ������

'HULYH� WKH� H[SUHVVLRQ� IRU� WKH� ODWHUDO� IRUFH�)\� DFWLQJ�XSRQ� WKH�PRGHO�XQGHU� WKHVH
VWHDG\�VWDWH�FLUFXPVWDQFHV��)LUVW� ILQG�WKH�H[SUHVVLRQ�IRU� WKH� ODWHUDO�GHIOHFWLRQ�Y�[�
XVLQJ�(T��������ZKLFK�OHDGV�WR�D�TXDGUDWLF�DSSUR[LPDWLRQ�RI�WKH�FRQWDFW�OLQH��7KHQ�XVH
(T��������IRU�WKH�FDOFXODWLRQ�RI�WKH�VLGH�IRUFH�

1RZ�FRQVLGHU�LQ�DGGLWLRQ�VRPH�VLGH�VOLS�DQG�GHWHUPLQH�WKH�YDOXH�RI� �UHTXLUHG�WR
QHXWUDOL]H�WKH�VLGH�IRUFH�JHQHUDWHG�E\�WKH�SDWK�FXUYDWXUH���5��0DNH�D�VNHWFK�RI�WKH
UHVXOWLQJ�VWULQJ�GHIRUPDWLRQ�DQG�ZKHHO�SODQH�RULHQWDWLRQ�ZLWK�UHVSHFW�WR�WKH�FLUFXODU
SDWK�IRU�WKH�IROORZLQJ�YDOXHV�RI�UDGLXV�DQG�UHOD[DWLRQ�OHQJWK��5� ��D�DQG� � ��D�

������$SSUR[LPDWLRQV�DQG�2WKHU�0RGHOV

,Q�WKH�SUHVHQW�VHFWLRQ��DSSUR[LPDWLRQV�WR�WKH�H[DFW�WKHRU\�ZLOO�EH�WUHDWHG�WR�PDNH
WKH�WKHRU\�PRUH�DFFHVVLEOH�WR�DSSOLFDWLRQV��6XEVHFWLRQ�������GLVFXVVHV�D�QXPEHU
RI�RWKHU�PRGHOV�NQRZQ�LQ�WKH�OLWHUDWXUH��$IWHU�WKDW�LQ�6XEVHFWLRQ�������D�PRUH
FRPSOH[�PRGHO�VKRZLQJ�WUHDG�HOHPHQWV�IOH[LEOH�DOVR�LQ�WKH�ODWHUDO�GLUHFWLRQ�ZLOO
EH�WUHDWHG�WR�SURYLGH�D�UHIHUHQFH�PRGHO�WKDW�LV�FORVHU�LQ�SHUIRUPDQFH�WR�WKH�UHDO
W\UH�
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path
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)LJ���������6HYHUDO�DSSUR[LPDWLYH�VKDSHV�RI�WKH�FRQWDFW�OLQH�RI�WKH�VWULQJ�PRGHO�

��������$SSUR[LPDWH�0RGHOV

,Q�WKH�OLWHUDWXUH��VHYHUDO�VLPSOHU�PRGHOV�KDYH�EHHQ�SURSRVHG��1RW�DOO�RI�WKHVH�DUH
EDVHG� RQ� WKH� VWULQJ� PRGHO� EXW� PDQ\� GR�� )LJXUH� ����� GHSLFWV� D� QXPEHU� RI
DSSUR[LPDWHG�FRQWDFW�OLQHV�DV�SURSRVHG�E\�VHYHUDO�DXWKRUV�7KH�PRVW�ZHOO�NQRZQ
DQG�DFFXUDWH�DSSUR[LPDWLRQ�LV�WKDW�RI�9RQ�6FKOLSSH��������ZKR�DSSUR[LPDWHG
WKH�FRQWDFW�OLQH�E\�IRUPLQJ�D�VWUDLJKW�FRQQHFWLRQ�EHWZHHQ�WKH�OHDGLQJ�DQG�WUDLOLQJ
HGJHV�RI�WKH�H[DFW�FRQWDFW�OLQH��.OXLWHUV��������JDYH�D�IXUWKHU�DSSUR[LPDWLRQ�E\
LQWURGXFLQJ�D�3DGp�ILOWHU�WR�DSSUR[LPDWHO\�GHWHUPLQH�WKH�ORFDWLRQ�RI�WKH�WUDLOLQJ
HGJH��6PLOH\��������SURSRVHV�DQ�DOWHUQDWLYH�DSSUR[LPDWLRQ�E\�FRQVLGHULQJ�D
VWUDLJKW�FRQWDFW�OLQH�WKDW�WRXFKHV�WKH�H[DFW�FRQWDFW�OLQH�LQ�LWV�FHQWUH�LQ�D�PRUH�RU
OHVV� DSSUR[LPDWH� ZD\�� 3DFHMND� ������� FRQVLGHUHG� D� OLQHDU� RU� TXDGUDWLF
DSSUR[LPDWLRQ�RI�WKH�FRQWDFW�OLQH�WRXFKLQJ�WKH�H[DFW�RQH�DW�WKH�OHDGLQJ�HGJH��WKH
ILUVW� DQG� VLPSOHVW� DSSUR[LPDWLRQ� LV� UHIHUUHG� WR� DV� WKH� VWUDLJKW� WDQJHQW
DSSUR[LPDWLRQ��$�IXUWKHU�VLPSOLILFDWLRQ��FRPSOHWHO\�GLVUHJDUGLQJ�WKH�LQIOXHQFH
RI�WKH�OHQJWK�RI�WKH�FRQWDFW�OLQH��UHVXOWV�LQ�WKH�ILUVW�RUGHU�DSSUR[LPDWLRQ�UHIHUUHG
WR�DV�WKH�SRLQW�FRQWDFW�DSSUR[LPDWLRQ��

,Q�WKH�VHTXDO�ZH�ZLOO�GLVFXVV�9RQ�6FKOLSSH¶V�DQG�6PLOH\¶V�VHFRQG�RUGHU
DSSUR[LPDWLRQ�DV�ZHOO�DV�WKH�VWUDLJKW�WDQJHQW�DQG�SRLQW�FRQWDFW�DSSUR[LPDWLRQV�
7KH�SHUIRUPDQFH�RI�WKHVH�PRGHOV�ZLOO�EH�VKRZQ�LQ�FRPSDULVRQ�ZLWK�WKH�H[DFW
µEDUH¶�VWULQJ�PRGHO�DQG�ZLWK�WKH�HQKDQFHG�PRGHO�ZLWK�ODWHUDOO\�FRPSOLDQW�WUHDG
HOHPHQWV��)LJXUHV���������JLYHV�WKH�UHVXOWV�LQ�WHUPV�RI�VWHS�UHVSRQVH��IUHTXHQF\
UHVSRQVH�%RGH�SORWV�DQG�1\TXLVW�GLDJUDPV�

)RU�VRPH�RI�WKH�RWKHU�DSSUR[LPDWH�PRGHOV��5RJHUV�������.OXLWHUV������
.HOG\VK������DQG�0RUHODQG�������RQO\�WKH�JRYHUQLQJ�HTXDWLRQV�ZLOO�EH�SURYLGHG
ZLWK�VRPH�FRPPHQWV�RQ�WKHLU�EHKDYLRXU��)RU�PRUH�LQIRUPDWLRQ�ZH�UHIHU�WR�WKH
RULJLQDO�SXEOLFDWLRQV�RU�WR�WKH�H[WHQVLYH�FRPSDULWLYH�VWXG\�RI�%HVVHOLQN��������
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7KH� VLPSOHVW� PRGHOV�� VWUDLJKW� WDQJHQW� DQG� SRLQW� FRQWDFW�� FDQ� HDVLO\� EH
H[WHQGHG�LQWR�WKH�QRQ�OLQHDU�UHJLPH��,Q�&KDSWHU���WKLV�ZLOO�EH�GHPRQVWUDWHG�IRU
WKH� VWUDLJKW� WDQJHQW�PRGHO� LQ� FRQQHFWLRQ�ZLWK� WKH� QRQ�OLQHDU� DQDO\VLV� RI� WKH
VKLPP\�SKHQRPHQRQ��,Q�&KDSWHU���WKH�QRQ�OLQHDU�VLQJOH�SRLQW�FRQWDFW�PRGHO�ZLOO
EH�IXOO\�H[SORLWHG��7KHVH�PRGHOV�RQO\�VKRZ�DQ�DFFHSWDEOH�DFFXUDF\�IRU�ZKHHO
RVFLOODWLRQV�DW�ZDYHOHQJWKV�ZKLFK�DUH�UHODWLYHO\�ODUJH�ZLWK�UHVSHFW�WR�WKH�FRQWDFW
OHQJWK��&KDSWHU���LV�HVSHFLDOO\�GHYRWHG�WR�WKH�GHYHORSPHQW�RI�D�PRGHO�WKDW�FDQ
RSHUDWH�DW�VPDOOHU�ZDYHOHQJWKV�DQG�QRQ�OLQHDU��FRPELQHG�VOLS��FRQGLWLRQV�ZKLFK
UHTXLUHV�WKH�LQFOXVLRQ�RI�WKH�HIIHFW�RI�WKH�OHQJWK�RI�WKH�FRQWDFW�]RQH�

9RQ�6FKOLSSH¶V�VWUDLJKW�FRQQHFWLRQ�PRGHO

7KLV�PRGHO�ZKLFK�VKRZV�UHVXOWV�WKDW�FDQ�KDUGO\�EH�GLVWLQJXLVKHG�IURP�WKH�H[DFW
RQHV��RQO\�UHTXLUHV�WKH�VWULQJ�GHIOHFWLRQV�DW�WKH�OHDGLQJ�DQG�WUDLOLQJ�HGJHV�Y��DQG
Y���:H�ILQG�IRU�WKH�/DSODFH�WUDQVIRUPV�RI�WKHVH�GHIOHFWLRQV�DV�GHULYHG�IURP�WKH
H[SUHVVLRQV�����������LQ�YHFWRULDO�IRUP�
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7KH�ILUVW�HTXDWLRQ�VKRZV�WKDW�WKH�IRUFH�LV�REWDLQHG�E\�PXOWLSO\LQJ�WKH�DYHUDJH
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ODWHUDO�GHIOHFWLRQ�ZLWK�WKH�ODWHUDO�VWLIIQHVV��FI���������ZLWK���������DQG�WKH�PRPHQW
E\�PXOWLSO\LQJ�WKH�VORSH�RI�WKH�FRQQHFWLRQ�OLQH�ZLWK�WKH�WRUVLRQDO�VWLIIQHVV�RI�WKH
µWKLQ¶�W\UH��������RU���������,W�PD\�EH�QRWHG�WKDW�GXH� WR�WKH�DGRSWHG�VWUDLJKW
FRQWDFW�OLQH��WKH�WXUQ�VOLS�VWLIIQHVV�IRU�WKH�IRUFH�EHFRPHV�VOLJKWO\�OHVV�WKDQ�WKH
H[DFW�RQH��������
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7KH�YDULRXV�GLDJUDPV�VKRZ� WKDW�RQO\� LQ� VRPH�SDUWLFXODU�FDVHV�D� �VPDOO�
GLIIHUHQFH�EHWZHHQ�µH[DFW¶�DQG�µ9RQ�6FKOLSSH¶�FDQ�EH�REVHUYHG��7KH�PRGHO�FDQ
EH�HDVLO\�XVHG�LQ�YHKLFOH�VLPXODWLRQ�VWXGLHV�E\�UHPHPEHULQJ�WKH��[<�\<��FRRUGLQDWHV
RI�WKH�OHDGLQJ�HGJH�ZLWK�UHVSHFW�WR�WKH�JOREDO�D[LV�V\VWHP��FI��)LJ������DQG�XVH
WKHVH�FRRUGLQDWHV�DJDLQ�DIWHU�WKH�ZKHHO�LV�UROOHG�D�GLVWDQFH��D�IXUWKHU�ZKHQ�WKH
WUDLOLQJ�HGJH�KDV�DVVXPHG�WKLV�ORFDWLRQ�

6PLOH\¶V�DQG�5RJHU¶V�DSSUR[LPDWLRQV

$VVXPLQJ� LQ�)LJ����� WKDW� WKH�ZKHHO�PRYHV�DORQJ� WKH�[<� D[LV�ZLWK� RQO\�VPDOO
GHYLDWLRQV�LQ�WKH�ODWHUDO�GLUHFWLRQ�DQG�LQ�\DZ��WKH�ODWHUDO�FRRUGLQDWH�\<��RI�WKH
OHDGLQJ�HGJH�IROORZV�IURP�(T���������$IWHU�UHDOLVLQJ�WKDW

������\2� ' \2 % D % Y�

WKH�GLIIHUHQWLDO�HTXDWLRQ�IRU�\<�EHFRPHV��
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7KH�SUREOHP�6PLOH\�KDV�DGGUHVVHG�LV�WKH�DVVHVVPHQW�RI�WKH�ORFDWLRQ�RI�WKH�FHQWUH
RI�WKH�FRQWDFW�OLQH��7KH�ODWHUDO�FRRUGLQDWH�\<��RI�WKLV�SRLQW�PD\�EH�DSSUR[LPDWHG
E\�XVLQJ�D�7D\ORU�VHULHV��6WDUWLQJ�RXW�IURP�WKH�SRVLWLRQ�RI�WKH�FHQWUH�FRQWDFW
SRLQW�� WKH� VORSH� DQG� WKH� FXUYDWXUH� HWF�� RI� WKH� SDWK� RI� FRQWDFW� SRLQWV�� WKH
UHODWLRQVKLS�EHWZHHQ�WKH�ODWHUDO�FRRUGLQDWH�RI�WKH�IRUHPRVW�FRQWDFW�SRLQW�DQG�WKDW
RI�WKH�FHQWUH�SRLQW�FDQ�EH�ZULWWHQ�DV�IROORZV�
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VDPH�DV�WKH�IXQFWLRQV��������������WKH�WHUPV�òD�GR�QRW�DSSHDU�LQ�KLV�H[SUHVVLRQV
EXW�LQ�WKH�QXPHUDWRU�RI�WKH�PRPHQW�UHVSRQVH�WR�WXUQ�VOLS��VHFRQG�HOHPHQW�RI
������� WKH� HPSLULFDOO\� DVVHVVHG� WHUP� �g�

�
LV� DGGHG�� $OVR� D� FRQQHFWLRQ� ZLWK

.OXLWHUV¶�DSSUR[LPDWLRQ�DSSHDUV�WR�H[LVW�



��� 121�67($'<�67$7(�675,1*�%$6('�7<5(�02'(/6

�������

.OXLWHUV¶�DSSUR[LPDWLRQ

.OXLWHUV���������FI��%HVVHOLQN��������DGRSWHG�D�3DGp�ILOWHU�WR�DSSUR[LPDWH�WKH
SRVLWLRQ�RI�WKH�WUDLOLQJ�HGJH��7KH�WUDQVIHU�IXQFWLRQ�RI�\��ZLWK�UHVSHFW�WR�\��UHDGV
LI�WKH�RUGHU�RI�WKH�ILOWHU�LV�WDNHQ�HTXDO�WR����

�������+
\��\��S� '

DD �S �
&DS%�

DD �S �
%DS%�

:LWK
�������\2� ' \2 % D % Y�

�������Y� ' \2� & \2 % D

ZH�REWDLQ�ZLWK��������

+
Y��� �n� � �S� ' &

�

S

DD �S �
&DS%�

� S%���DD �S �
%DS%��

�� %D%
�

S
�&� %D�S %

%

�

S
��&D%

�

S
� DS

7KH�GHIOHFWLRQ�DW�WKH�IRUHPRVW�SRLQW�LV��RI�FRXUVH��JRYHUQHG�E\�WUDQVIHU�IXQFWLRQ
��������7KH�FRUUHVSRQGHQFH�RI�WKLV�WKLUG�RUGHU�PRGHO�ZLWK�9RQ�6FKOLSSH¶V�PRGHO
LV�YHU\�JRRG�IRU�ZDYHOHQJWKV�ODUJHU�WKDQ�DERXW�����WLPHV�WKH�FRQWDFW�OHQJWK�7KH
DFFXUDF\�LV�EHWWHU�WKDQ�HYHQ�6PLOH\¶V�WKLUG�RUGHU�DSSURDFK��,W� WXUQV�RXW� WKDW
ZKHQ�D�ILUVW�RUGHU�3DGp�ILOWHU�LV�XVHG�WKH�IRUPXODH�RI�5RJHUV�ZLWKRXW�g�DULVH�

6WUDLJKW�WDQJHQW�DSSUR[LPDWLRQ

)RU�WKLV�YHU\�VLPSOH�DSSUR[LPDWLRQ�WKH�FRQWDFW�OLQH�LV�VROHO\�JRYHUQHG�E\�WKH
GHIOHFWLRQ�Y��DW�WKH�OHDGLQJ�HGJH��7KH�DSSUR[LPDWHG�VKDSH�RI�WKH�GHIOHFWHG�VWULQJ
FRUUHVSRQGV�WR�WKH�VWHDG\�VWDWH�GHIOHFWLRQ�GHSLFWHG�LQ�)LJ�����ZLWK�GHIOHFWLRQ
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�DFFRUGLQJ�WR���������$V�H[SHFWHG��WKH�DFFXUDF\�EHFRPHV�PXFK
OHVV�DQG�IURP�WKH�IUHTXHQF\�UHVSRQVH�IXQFWLRQV�ZH�PD\�FRQFOXGH�WKDW�DFFHSWDEOH
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IRU�WKH�UHVSRQVH�WR�\DZ�RVFLOODWLRQV�DW�ODUJH�ZDYHOHQJWKV�DV�ZDV�DOUHDG\�DVVHVVHG
EHIRUH��FI����������([FHSW�IRU�WKH�PRPHQW�UHVSRQVH�WR�\DZ��WKH�DPSOLWXGHV�DSSHDU
WR�EHFRPH�VRPHZKDW�WRR�VPDOO�LQ�WKH�SUREDEO\�DFFHSWDEOH�ZDYHOHQJWK�UDQJH� �!
FD����D�� ,Q� WKH�1\TXLVW�SORW�RI�)LJ������ WKH�FXUYH� IRU� WKH�PRPHQW� UHVSRQVH
FRLQFLGHV�ZLWK�WKDW�RI�6PLOH\¶V�DSSUR[LPDWLRQ��QRW�WKH�IUHTXHQF\�PDUNV����7KH
UHVSRQVH�RI�WKH�VLGH�IRUFH�WR�WXUQ�VOLS�PD\�EH�DUWLILFLDOO\�LQWURGXFHG�E\�SXWWLQJ
DQ�µD¶�LQVWHDG�RI�WKH�µ�¶�LQ�WKH�LQSXW�YHFWRU�RI����������7KLV�ZRXOG��KRZHYHU�
UHTXLUH�DQ�DGGLWLRQDO�ILUVW�RUGHU�GLIIHUHQWLDO�HTXDWLRQ�IRU�WKH�VLGH�IRUFH�

'LIIHUHQWLDO�HTXDWLRQ���������JRYHUQV�WKH�VLQJOH�SRLQW�FRQWDFW�PRGHO��

$SSUR[LPDWLRQV�RI�WUHDG�ZLGWK�PRPHQW�UHVSRQVH

7KH�WUDQVIHU�IXQFWLRQ��������IRU�0]
�PD\�EH�VLPSOLILHG�E\�IROORZLQJ�WKH�DSSURDFK

RI�9RQ�6FKOLSSH�EXW�QRZ�IRU�WKH�ORQJLWXGLQDO�GHIOHFWLRQV��WKDW�LV��E\�DVVXPLQJ�D
OLQHDU�LQWHUSRODWLRQ�RI�WKH�ORQJLWXGLQDO�GHIOHFWLRQ�X�EHWZHHQ�WKH�H[DFW�GHIOHFWLRQV
DW�WKH�OHDGLQJ�DQG�WUDLOLQJ�HGJHV��$V�WKH�GHIOHFWLRQ�DW�WKH�ILUVW�SRLQW�LV�HTXDO�WR
]HUR��WKH�OLQHDU�LQWHUSRODWLRQ�ZRXOG�OHDG�WR�DQ�DYHUDJH�GHIOHFWLRQ�HTXDO�WR�KDOI�WKH
GHIOHFWLRQ� DW� WKH� UHDU� PRVW� SRLQW� X��
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)LJXUHV� ���������� VKRZ� WKH� SHUIRUPDQFH� RI� WKLV� OLQHDU� LQWHUSRODWLRQ� PRGHO
WRJHWKHU�ZLWK�WKH�H[DFW�UHVSRQVH�DQG�RWKHU�DSSUR[LPDWHG�PRGHO�UHVSRQVHV��7KH
DSSURDFK�PD\�EH�XVHG�LQ�FRQQHFWLRQ�ZLWK�WKH�9RQ�6FKOLSSH�ODWHUDO�GHIOHFWLRQ
DSSUR[LPDWLRQ�ZKHUH�WKH�ORFDWLRQ�RI�WKH�FRQWDFW�SRLQW�DW� WKH�OHDGLQJ�HGJH�LV
UHPHPEHUHG� RYHU� D� GLVWDQFH� UROOHG� HTXDO� WR� WKH� FRQWDFW� OHQJWK� ZKHQ� WKLV
LQIRUPDWLRQ�LV�XVHG�WR�FDOFXODWH�WKH�GHIOHFWLRQ�DW�WKH�UHDU�HGJH�
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ILUVW�RUGHU�UHVSRQVH�KDV�EHHQ�LQGLFDWHG�LQ�FRPELQDWLRQ�ZLWK�WKH�VWUDLJKW�WDQJHQW
UHVSRQVH�IRU�0
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WDQJHQW�EDUH� VWULQJ� UHVSRQVH��(VSHFLDOO\�FRPSDUHG�ZLWK� WKH� HQKDQFHG�PRGHO
SURYLGHG�ZLWK�WUHDG�HOHPHQWV�WKH�DJUHHPHQW�LV�VDWLVIDFWRU\��7R�PRGHO�WKH�IRRW
SULQW��&KDSWHU���XVHV�D�ILUVW�RUGHU�GLIIHUHQWLDO�HTXDWLRQ�ZLWK�WKH�UHOD[DWLRQ�OHQJWK
HTXDO�WR�D��7KLV�FRUUHVSRQGV�WR�WKH�FXW�RII�IUHTXHQF\�RI�WKH�H[DFW�PRGHO��������

'LIIHUHQWLDO�HTXDWLRQV

)URP� WKH� YDULRXV� DSSUR[LPDWH� WUDQVIHU� IXQFWLRQV� WKH� JRYHUQLQJ� GLIIHUHQWLDO
HTXDWLRQV�FDQ�EH�HDVLO\�HVWDEOLVKHG�E\�UHSODFLQJ�WKH�/DSODFH�YDULDEOH�S�ZLWK�WKH
GLIIHUHQWLDWLRQ�RSHUDWRU�G��GV��7KLV�LV�QRW�WKH�FDVH�ZLWK�WKH�H[DFW�DQG�WKH�9RQ
6FKOLSSH�WUDQVIHU�IXQFWLRQV�VLQFH�WKHVH�DUH�RI� LQILQLWH�RUGHU��:H�PD\�H[SDQG
WKHVH�IXQFWLRQV�LQ�VHULHV�RI�SRZHUV�RI�S�DQG�WUXQFDWH�DW�D�FHUWDLQ�SRZHU��DIWHU
ZKLFK�S� LV� UHSODFHG� E\� G� �GV��7UXQFDWLRQ� DIWHU� WKH� ILUVW� GHJUHH� RI� WKH� VHULHV
H[SDQVLRQ�RI�WKH�H[DFW�IXQFWLRQV��������������\LHOGV�WKH�GLIIHUHQWLDO�HTXDWLRQV
ZULWWHQ�LQ�WHUPV�RI�LQSXW�YDULDEOHV�
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WKLV�SXUSRVH��ZH�DVVXPH�WKDW�WKH�FRQWDFW�OHQJWK�YDULHV�ZLWK�WKH�VTXDUH�URRW�RI�WKH
UDGLDO�W\UH�FRPSUHVVLRQ�DQG�WKDW�WKH�ORDG�LV�D�OLQHDU�IXQFWLRQ�RI�WKH�FRPSUHVVLRQ�
7KHQ�ZH�ILQG�WKDW��LI�DW�WKH�QRPLQDO�RU�VWDWLF�ORDG�)]R�KDOI�WKH�FRQWDFW�OHQJWK�LV
GHQRWHG�ZLWK�DR���WKH��)]�YV� ��UHODWLRQVKLS�LV�GHVFULEHG�E\�

�������
D

D
R

'

)
]

)
]R

7KLV�LQWURGXFHG�LQ�WKH�DERYH�H[SUHVVLRQV�\LHOGV�WKH�FKDUDFWHULVWLFV�VKRZQ�LQ�WKH
GLDJUDP�RI�)LJ�������7KH�YDULRXV�QRQ�GLPHQVLRQDO�TXDQWLWLHV�KDYH�EHHQ�SUHVHQWHG
ERWK�IRU�WKH�EDUH�VWULQJ�PRGHO�DQG�IRU�WKH�HQKDQFHG�PRGHO��$V�KDV�EHHQ�H[SHFWHG�
ZH�QRZ�VHH�WKDW�WKH�UHOD[DWLRQ�OHQJWK�IRU�WKH�IRUFH�DQG�PRPHQW�UHVSRQVHV�WR�\DZ�
(��D��YDQLVKHV�ZKHQ�WKH�ORDG�JRHV�WR�]HUR��7KH�SQHXPDWLF�WUDLO¶V�UDWLR�WR�KDOI�WKH
FRQWDFW� OHQJWK�LV�D�ORW�PRUH�UHDOLVWLF�ZKHQ�WKH�WUHDG�HOHPHQWV�DUH�DGGHG��7KH
VDPH�KROGV�IRU�WKH�FRUQHULQJ�DQG�DOLJQLQJ�VWLIIQHVVHV�VKRZQ�LQ�)LJ�������:LWK�WKH
HQKDQFHG�PRGHO�WKH�FXUYHV�ERWK�VWDUW�DW�WKH�RULJLQ�DQG�H[KLELW�D�UHDOLVWLF�VKDSH�
7KH�IHDWXUH��XVXDOO\�H[KLELWHG�E\�SDVVHQJHU�FDU�W\UHV��WKDW�WKH�FRUQHULQJ�VWLIIQHVV
EHQGV�GRZQZDUGV�DIWHU�LW�KDV�UHDFKHG�WKH�SHDN��FI��)LJ������PD\�EH�DWWULEXWHG�WR
WKH� UHGXFHG� ODWHUDO� VWLIIQHVV� RI� WKH� W\UH� FURVV� VHFWLRQ� DW� KLJKHU� YHUWLFDO
FRPSUHVVLRQ��FI��3DFHMND��������S�����RU�������S������IRU�DQ�DQDO\WLFDO�IRUPXOD�

7KH�IUHTXHQF\�UHVSRQVH�IXQFWLRQV�IRU�WKH�HQKDQFHG�PRGHO�DUH�SUHVHQWHG�LQ
)LJV������DQG�������7KH\�PD\�EH�FRPSDUHG�ZLWK�WKH�SORWV�RI�)LJV������DQG�����
ZKLFK�KROG�IRU�WKH�EDUH�VWULQJ�PRGHO��7KH�PRGHO�SDUDPHWHUV�DUH�DJDLQ�� � �����D�
FS�FF�  � ���� $Q� LPSRUWDQW� UHVXOW� RI� WKH� DQDO\VLV� LV� WKDW� H[SUHVVLRQV
�����������������������IRU�UHOD[DWLRQ�OHQJWKV�DQG�FXW�RII�IUHTXHQFLHV�DUH� WKH
VDPH�IRU�WKH�EDUH�VWULQJ�PRGHO�DQG�WKH�HQKDQFHG�PRGHO�LI�LQ�WKHVH�H[SUHVVLRQV�F
LV�UHSODFHG�E\� (�GHILQHG�E\���������

)RU� FRPSDULVRQ�� WKH� SORWV� IRU� WKH� VWHS� UHVSRQVHV� DQG� IRU� WKH� IUHTXHQF\
UHVSRQVH�IXQFWLRQV�KDYH�EHHQ�SUHVHQWHG�LQ�WKH�)LJV���������WRJHWKHU�ZLWK�UHVXOWV
RI�RWKHU�PRGHOV��$OVR�7DEOH������EHORZ�)LJ�������FRQWDLQV�GDWD�FRPSXWHG�ZLWK
WKH�QHZ�PRGHO��7KH�JHQHUDO�FRXUVH�RI�WKH�FXUYHV�LV�VLPLODU��,PSRUWDQW�GLIIHUHQFHV
ZLWK�UHVSHFW�WR�WKH�EDUH�VWULQJ�PRGHO�DUH�WKH�FRQVLGHUDEOH�VKLIW�RI�WKH�FXW�RII
IUHTXHQF\�RI�WKH�0
]�UHVSRQVH�WR� ��DQG�VLPLODUO\�RI�)\�WR�n�DQG�WRJHWKHU�ZLWK
WKHVH��WKH�PHDQGHULQJ�IUHTXHQF\�ZKHUH�WKH�GLS�RI�WKH�0
]�UHVSRQVH�WR� ��RFFXUV
7KH�UHGXFWLRQ�RI�WKH�SQHXPDWLF�WUDLO�W�LV�UHVSRQVDEOH�IRU�WKH�LQFUHDVH�RI�WKH�FXW�
RII�IUHTXHQF\�
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  &������(2F�D�)
0 
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)α F

bare string

with tread elements σ   =3.75D������F��F� 55
S����F

σ   =3.0D��������F��F� 0
S����F

)LJ������ 7KH� YDULDWLRQ� RI� QRQ�GLPHQVLRQDOLVHG� FRUQHULQJ� DQG� DOLJQLQJ� VWLIIQHVVHV� ZLWK
QRUPDOLVHG�YHUWLFDO�ORDG�ERWK�IRU�WKH�EDUH�VWULQJ�PRGHO�DQG�WKH�PRGHO�ZLWK�WUHDG
HOHPHQWV�

W��D

  D�D0 

) ��)]�����]�0
10 2

0

1

2

3

4

5

(σ ��D) �D0*

σ   �D0 *

bare string

with tread elements σ   =3.75D������F��F� 55
S����F

σ   =3.0D��������F��F� 0
S����F

)LJ������ 7KH�YDULDWLRQ�RI�WKH�UHOD[DWLRQ�OHQJWK�DQG�KDOI�WKH�FRQWDFW�OHQJWK�DV�D�UDWLR�WR�WKH
VWDWLF�YDOXH�RI�WKH�ODWWHU�DQG�WKH�UDWLR�RI�WKH�SQHXPDWLF�WUDLO�WR�KDOI�WKH�FRQWDFW
OHQJWK�ZLWK�QRUPDOLVHG�YHUWLFDO�ORDG�ERWK�IRU�WKH�EDUH�VWULQJ�PRGHO�DQG�IRU�WKH
PRGHO�ZLWK�WUHDG�HOHPHQWV��
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([SHULPHQWDO� UHVXOWV� DVVHVVHG� RQ� D� ���P�GLDPHWHU� VWHHO� GUXP�KDYH� EHHQ
SUHVHQWHG�LQ�)LJ�������7KH�UHVSRQVHV�DUH�GHSLFWHG�LQ�WKH�1\TXLVW�GLDJUDP��FI�
)LJV����������DV�D�UDWLR�WR�WKHLU�YDOXHV�DVVHVVHG�DW�VWHDG\�VWDWH�VLGH�VOLS��7ZR
OLJKW�WUXFN�W\UHV�KDYH�EHHQ�WHVWHG�DW�D�YHUWLFDO�ORDG�RI�)]� ���N1��%RWK�W\UHV
SRVVHVV�WKH�VDPH�FURVV�SO\�FRQVWUXFWLRQ�EXW�H[KLELW�D�GLIIHUHQW�WUHDG�GHVLJQ��7KH
RULJLQDO�W\UH�VKRZV�D�EORFN�WUHDG�GHVLJQ��FHQWUDO�ULE�ZLWK�WUDQVYHUVH�EORFNV��RYDO
IRRW�SULQW���ZKLFK�LV�UHODWLYHO\�ZHDN�LQ�WKH�ORQJLWXGLQDO�GLUHFWLRQ�DW�WKH�VLGHV�RI
WKH�FRQWDFW�SDWFK��7KH�PRGLILHG�W\UH�LV�SURYLGHG�ZLWK�FLUFXPIHUHQWLDO�ULEV��WKUHH
ULEV�� DOPRVW� UHFWDQJXODU� IRRW� SULQW�� PDNLQJ� WKH� WUHDG� UHODWLYHO\� VWLII� LQ� WKH
ORQJLWXGLQDO�GLUHFWLRQ��$V�H[SHFWHG��WKH�ULEEHG�W\UH�JHQHUDWHV�PRUH�UHVLVWDQFH
DJDLQVW�WXUQLQJ�ZKLFK�LV�UHIOHFWHG�E\�D�ODUJHU�PRPHQW�GXH�WR�WUHDG�ZLGWK�0]

�DQG
FRQVHTXHQWO\� D� FRQVLGHUDEO\� VPDOOHU� SKDVH� ODJ� RI� WKH� UHVXOWLQJ� VHOI�DOLJQLQJ
WRUTXH��0]��7KH�VLGH�IRUFH�GRHV�QRW�DSSHDU�WR�EH�PXFK�DIIHFWHG�DW�OHDVW�LQ�WKH
ODUJHU� ZDYHOHQJWK� UDQJH�� ,Q� 7DEOH� ���� SDUDPHWHUV� HVWLPDWHG� IURP� WKH
PHDVXUHPHQWV�KDYH�EHHQ�OLVWHG��7KH�LQWHUVHFWLRQ�OHQJWK�RU�GHIOHFWLRQ�UHOD[DWLRQ
OHQJWK� (�ZDV�GHWHUPLQHG�IURP�WKH�IRUPXOD�

�������(

'

&
)

&
)\

& D

:KHQ�FRQVLGHULQJ�WKH�UHODWLRQ�D�  DQ�9�ZLWK�9NP�K�
 ���9P�V�WKH�YDOXH�IRU�WKH�QRQ�

GLPHQVLRQDO�SDWK�IUHTXHQF\�DW�9 ��
�
NP�K�DQG�DQ�H[FLWDWLRQ�IUHTXHQF\�RI��+]

EHFRPHV�D�  �������ZKLFK�URXJKO\�FRUUHVSRQGV�ZLWK�WKDW�LQGLFDWHG�RQ�WKH�WKLQ
W\UH�PRGHO�FXUYH�RI�)LJ�������

�����7DEOH�������3DUDPHWHUV�IRU�WZR���������W\UHV�ZLWK�GLIIHUHQW�WUHDG�SDWWHUQV�

�EORFNV �ULEV �EORFNV �ULEV

�UR ����P ����P �)] ���N1 ���N1

�D ������P �����P �&) ���N1�UDG ���N1�UDG

�E ������P �����P �&0 ����N1P�UDG ����N1P�UDG

�W �����D �����D �&)\ ����N1�P ���N1�P

( ����D ����D � ( �����&0 �D ����&0 �D



��� 121�67($'<�67$7(�675,1*�%$6('�7<5(�02'(/6

D�λ 
0.1 0.2 0.4 0.8 10.01 0.02 0.04 0.08 2

0.1

1

0.01

0.001

0.4

0.04

0.004

ψ)

 α)

 ϕ)

 α) 1

D

2π  σ  +D�� *
D

�π    W�σ  +D��o *

)\

 α&
)

 α

)\

 ϕ
&
)

 ϕ

)\

 α
&
)

ψ

�)\
�)\

&
)\

\
_

0.1 0.2 0.4 0.8 10.01 0.02 0.04 0.080 0.10.05

D�λ 

 φ [ ]o

 α)

 ϕ)

ψ)

 α)

 ϕ)ψ)

2

 α) 1

 α)
 ϕ)

ψ)
ψ)

 α)
 ϕ)

 α) 1

 α) 1

)\

 α
&
)

 α

)\

 ϕ
&
)

 ϕ
)\

 α
&
)

ψ

�)\

&
)\

\
�)\

�)\�)\

�)\

0

-360

-180

-90

-270

1.5

0

1

0.5

90

_

)LJ������� )UHTXHQF\�UHVSRQVH�IXQFWLRQV�RI�WKH�VWULQJ�PRGHO�ZLWK�WUHDG�HOHPHQWV�IRU�WKH�VLGH
IRUFH�ZLWK�UHVSHFW�WR�YDULRXV�PRWLRQ�LQSXW�YDULDEOHV��)RU�WKH�UHVSRQVH�WR� �D�ILUVW�
RUGHU�DSSUR[LPDWLRQ�ZLWK�WKH�VDPH�FXW�RII�IUHTXHQF\�� V� ��� (

���D���KDV�EHHQ�DGGHG
�) ����7KUHH�ZD\V�RI�SUHVHQWDWLRQ�KDYH�EHHQ�XVHG��ORJ�ORJ��OLQ�ORJ�DQG�OLQ�OLQ��7KH
PRGHO�SDUDPHWHUV�DUH�� �� ������D��FS��FF� ����ZKLFK�OHDGV�WR� (

� ���D��W� ������D�
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)LJ������� )UHTXHQF\�UHVSRQVH�IXQFWLRQV�RI�VWULQJ�PRGHO�ZLWK�WUHDG�HOHPHQWV�IRU�WKH�DOLJQLQJ
WRUTXH� ZLWK� UHVSHFW� WR� YDULRXV� PRWLRQ� LQSXW� YDULDEOHV�� 6DPH� FRQGLWLRQV� DV� LQ
)LJ�������7KH�UHVSRQVH�IXQFWLRQV�RI�WKH�PRPHQW�GXH�WR�WUHDG�ZLGWK�0

]

�KDYH�EHHQ
DGGHG���
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block rib

Q = 1 Hz
ψ = 0.75o

o

9��[km/h] 9��[km/h]
)LJ������� )UHTXHQF\�UHVSRQVH�SORWV�RI�)\�DQG�0]�WR� �IRU�WZR�OLJKW�WUXFN�W\UHV�ZLWK�VDPH�ELDV

SO\�FDUFDVV�EXW�GLIIHUHQW�WUHDG�SDWWHUQV��0HDVXUHPHQWV�ZHUH�SHUIRUPHG�RQ�D����P
GUXP�DW�D�YHUWLFDO�ORDG�RI���N1��D�\DZ�DPSOLWXGH�RI�����EDW�D�IUHTXHQF\�Q� �+]�

������7\UH�,QHUWLD�(IIHFWV�

,W�KDV�EHHQ�IRXQG�H[SHULPHQWDOO\�WKDW�KLJKHU�IUHTXHQFLHV�DQG�JUHDWHU�VSHHGV�RI
WUDYHO� EULQJ� DERXW� DQ� LQFUHDVLQJO\� LPSRUWDQW� GHYLDWLRQ� RI� WKH� UHVSRQVH�ZLWK
UHVSHFW�WR�WKH�NLQHPDWLF�UHSUHVHQWDWLRQ�ZLWK�G\QDPLF�LQIOXHQFHV�GLVUHJDUGHG�

)LJXUH������SUHVHQWV�DQ�H[DPSOH�RI�UHVSRQVH�FXUYHV�REWDLQHG�H[SHULPHQWDOO\�
7KH�UHVSRQVH�FXUYHV�IRU�WKH�PRPHQW�0]�DQG�WKH�VLGH�IRUFH�)\�WR�WKH�\DZ�DQJOH
�KDYH�EHHQ�VKRZQ�DV�D�IXQFWLRQ�RI�WKH�VSHHG�RI�WUDYHO�9�IRU�IL[HG�YDOXHV�RI�WKH

H[FLWDWLRQ�IUHTXHQF\�Q�RI�WKH�LPSRVHG�\DZ�RVFLOODWLRQ��7KH�IRUFH�DQG�PRPHQW
RXWSXWV�DUH�JLYHQ�DV�D�UDWLR�WR�WKHLU�VWHDG\�VWDWH�YDOXHV��DW� V� � � ����LQGLFDWHG
E\�WKH�VXEVFULSW�R�

:H�REVHUYH�WKDW�IRU�KLJKHU�IUHTXHQFLHV�WKH�FXUYHV�RI�WKH�PRPHQW�UHVSRQVH
DSSHDU�WR�VKLIW�XSZDUGV��7KH�IRUFH�UHVSRQVH�FXUYHV��RQ�WKH�RWKHU�KDQG��VKRZ�DQ
LQFUHDVH�LQ�DPSOLWXGH�ZKLOH�WKH�SKDVH�ODJ�UHPDLQV�DSSUR[LPDWHO\�XQFKDQJHG�IRU
FRQVWDQW�ZDYHOHQJWK� � �9�Q�
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10 Re

Im 1 Hz
2.16 Hz
4 Hz
8 Hz

ψ  = 0.75o
o

9��[km/h]

)LJ������� )UHTXHQF\� UHVSRQVH�SORWV�RI�)\�DQG�0]� WR� � IRU� OLJKW� WUXFN� W\UH�ZLWK�EORFN�WUHDG
SDWWHUQ��0HDVXUHPHQWV�ZHUH�SHUIRUPHG�RQ�D����P�GUXP�DW�D�YHUWLFDO�ORDG�RI���N1�
D�\DZ�DPSOLWXGH�RI�����EDQG�DW�IRXU�GLIIHUHQW�WLPH�IUHTXHQFLHV��

�������)LUVW�$SSUR[LPDWLRQ�RI�'\QDPLF�,QIOXHQFH��*\URVFRSLF�&RXSOH�

,Q�WKH�ORZ�IUHTXHQF\�UDQJH��Q���+]��WKH�DOLJQLQJ�WRUTXH�DSSHDUV�WR�EH�DIIHFWHG
PRVW�E\�WKH�LQHUWLD�RI�WKH�W\UH��$�VLPSOH�DGGLWLRQ�WR�WKH�NLQHPDWLF�PRGHO�PD\
DSSUR[LPDWHO\�GHVFULEH�WKH�G\QDPLF�FKDQJHV�LQ�WKH�UHVSRQVH�RI�WKH�PRPHQW��,Q
WKLV�WKHRU\�WKH�J\URVFRSLF�FRXSOH�GXH�WR�WKH�ODWHUDO�GHIRUPDWLRQ�UDWH�RI�WKH�ORZHU
SRUWLRQ�RI� WKH� W\UH�KDV�EHHQ� LQWURGXFHG�DV� WKH�RQO\� G\QDPLF� LQIOXHQFH�� ,W� LV
DVVXPHG�KHUH�WKDW�WKH�G\QDPLF�IRUFHV�KDYH�D�QHJOLJLEOH�HIIHFW�RQ�WKH�GLVWRUWLRQ
RI�WKH�W\UH�

7KH�J\URVFRSLF�FRXSOH�DERXW�WKH�YHUWLFDO�D[LV�LV�SURSRUWLRQDO�WR�WKH�ZKHHO
URWDWLRQDO�VSHHG�DQG�WKH�WLPH�UDWH�RI�FKDQJH�RI�WKH�WLOW��FDPEHU��GLVWRUWLRQ�RI�WKH
W\UH��FI��)LJ�������6LQFH�WKLV�GLVWRUWLRQ�LV�FRQQHFWHG�ZLWK�WKH�ODWHUDO�GHIOHFWLRQ�RI
WKH�ORZHU�SDUW�RI�WKH��W\UH�DQG�WKH�VLGH�IRUFH�)\�LV�SURSRUWLRQDO�WR�WKLV�GHIOHFWLRQ�
ZH�KDYH�IRU�WKH�J\URVFRSLF�FRXSOH�

�������0
]J\U

' &
J\U

9
G)

\

G W
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)LJ��������7KH�DYHUDJH�WLOW�DQJOH�RI�WKH�SHULSKHUDO�OLQH�RI�WKH�GHIOHFWHG�W\UH�

LQ�ZKLFK�W�GHQRWHV�WKH�WLPH��7KH�W\UH�FRQVWDQW�&J\U�LV�SURSRUWLRQDO�WR�WKH�W\UH
PDVV�PW�DQG�LQYHUVHO\�SURSRUWLRQDO�WR�WKH�ODWHUDO�VWLIIQHVV�&)\�RI�WKH�VWDQGLQJ
W\UH��:H�KDYH�ZLWK�WKH�QRQ�GLPHQVLRQDO�TXDQWLW\�FJ\U�LQWURGXFHG�

�������&
J\U
' F

J\U

P
W

&
)\

7KH�WRWDO�PRPHQW�ZKLFK�DFWV�XSRQ�WKH�ZKHHO�LV�QRZ�FRPSRVHG�RI�WKH�PRPHQW
GXH�WR�ODWHUDO�W\UH�GHIRUPDWLRQ�0
]��DQG�WKDW�GXH�WR�ORQJLWXGLQDO�DQWL�V\PPHWULF
WUHDG�GHIRUPDWLRQV�0

]�DQG�ILQDOO\�WKH�J\URVFRSLF�FRXSOH�0]�J\U�

�������0
]
' 0

]

 %0

(

] %0
]�J\U

:LWK�WKLV�VLPSOH�DGGLWLRQ�WR�WKH�HQKDQFHG�VWUHWFKHG�VWULQJ�W\UH�PRGHO��SURYLGHG
ZLWK�WUHDG�HOHPHQWV�GLVWULEXWHG�RYHU�WKH�DVVXPHGO\�UHFWDQJXODU�FRQWDFW�DUHD�
FDOFXODWLRQV�KDYH�EHHQ�SHUIRUPHG��)LJXUH������VKRZV�WKH�1\TXLVW�SORW�RI�WKH
UHVSRQVHV�ZLWK�DORQJ�WKH�FXUYHV�

� V�D� �� �QD��9� �� �D�� ��,W�VKRXOG�EH�QRWHG�WKDW
WKH�YHFWRU�RI�WKH�J\URVFRSLF�FRXSOH�LV�GLUHFWHG�SHUSHQGLFXODUO\�WR�WKH�YHFWRU�RI
WKH�ODWHUDO�IRUFH��)RU�WKH�UDQJH�RI�IUHTXHQFLHV�FRQVLGHUHG��WKH�VLPSOH�DSSUR[LPDWH
G\QDPLF�H[WHQVLRQ�WKHRU\�JLYHV�D�JRRG�UHSUHVHQWDWLRQ�RI�WKH�HIIHFW�RQ�WKH�PRPHQW
UHVSRQVH�FXUYHV��+RZHYHU��WKH�WKHRU\�GRHV�QRW�DFFRXQW�IRU�WKH�G\QDPLF�FKDQJHV
LQ�WKH�IRUFH�UHVSRQVH�

�������6HFRQG�$SSUR[LPDWLRQ�RI�'\QDPLF�,QIOXHQFH��)LUVW�+DUPRQLF�

0RUH�FRPSOH[�WKHRULHV�DV�GHYHORSHG�E\�3DFHMND��������DQG�E\�6WUDFNHUMDQ
�������DQG�PRUH�UHFHQWO\�E\�0DXULFH���������FI��&KDSWHU����\LHOG�EHWWHU�UHVXOWV
DOVR�ZLWK�UHVSHFW�WR�WKH�IRUFH�UHVSRQVH�DQG�H[WHQGV�WR�KLJKHU�IUHTXHQFLHV�FRYHULQJ
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)LJ������ 7KH�LQIOXHQFH�RI�WKH�IUHTXHQF\�RI�WKH�\DZ�RVFLOODWLRQ�RQ�WKH�G\QDPLF�UHVSRQVH�DFFRUG�
LQJ�WR�WKH�VLPSOH�DSSUR[LPDWH�PRGHO�H[WHQVLRQ�XVLQJ�WKH�J\URVFRSLF�FRXSOH�GXH�WR�WKH
ODWHUDO�W\UH�GHIOHFWLRQ�WLPH�UDWH�RI�FKDQJH�

WKH�ILUVW�QDWXUDO�IUHTXHQFLHV�RI�WKH�RXW�RI�SODQH�W\UH�G\QDPLF�EHKDYLRXU��,Q�WKHVH
WKHRULHV�WKH�W\UH�FLUFXODU�EHOW�LV�FRQVLGHUHG�WR�PRYH�QRW�RQO\�DERXW�D�ORQJLWXGLQDO
D[LV�EXW�DOVR�DERXW�D�YHUWLFDO�D[LV�DQG�LQ�WKH�ODWHUDO�GLUHFWLRQ��7KH�EHOW�URWDWLRQ
DERXW�WKH�YHUWLFDO�D[LV�JLYHV�ULVH�WR�D�J\URVFRSLF�FRXSOH�DERXW�WKH�ORQJLWXGLQDO
D[LV�ZKLFK�RQ�LWV�WXUQ�UHVXOWV�LQ�D�FKDQJH�LQ�VOLS�DQJOH�ZKLFK�LQIOXHQFHV�)\��DQG
DOVR�0]��

7KH� LQWHUHVWLQJ� IHDWXUH� RI� WKH� DSSURDFK� IROORZHG� LQ� WKH� ILUVW� UHIHUHQFH
PHQWLRQHG�DERYH�LV�WKDW�WKH�NLQHPDWLF�WKHRU\�DQG�UHVSRQVH�HTXDWLRQV�DV�WUHDWHG
LQ�6HFWLRQV�����DQG������ZLWK�W\UH�LQHUWLD�HTXDO�WR�]HUR�FDQ�EH�HPSOR\HG��7KH
NLQHPDWLF�SDUW�RI�WKH�PRGHO�ZLOO�EH�FRQVLGHUHG�WR�EH�VXEMHFWHG�WR�D�GLIIHUHQW�
HIIHFWLYH��VHW�RI�LQSXW�PRWLRQ�YDULDEOHV��,QVWHDG�RI�WDNLQJ�WKH�PRWLRQ�RI�WKH�DFWXDO
ZKHHO�SODQH�GHILQHG�E\�\2�DQG� ��RU� �DQG�n���DQ�HIIHFWLYH�LQSXW�LV�LQWURGXFHG�WKDW
LV�GHILQHG�DV�WKH�ODWHUDO�DQG�WKH�\DZ�PRWLRQ�RI�WKH�OLQH�RI�LQWHUVHFWLRQ�RI�WKH
¶G\QDPLF¶� EHOW� SODQH� DQG� WKH� URDG� VXUIDFH� �\2H�� H��� )LJXUH� ����� GHSLFWV� WKH
VLWXDWLRQ��7KH�G\QDPLF�EHOW�SODQH�LV�GHILQHG�DV�WKH�YLUWXDO�FHQWUH�SODQH�RI�WKH�EHOW
RI�WKH�W\UH�WKDW�LV�GLVSODFHG�ZLWK�UHVSHFW�WR�WKH�ULP�WKURXJK�WKH�DFWLRQ�RI�ODWHUDO
LQHUWLDO�IRUFHV�RQO\��7KHVH�LQHUWLDO�IRUFHV�GLVWULEXWHG�DORQJ�WKH�FLUFXPIHUHQFH�RI
WKH�EHOW�DUH�DSSUR[LPDWHG�LQ�VXFK�D�ZD\�WKDW�RQO\�WKH�IRUFHV�UHVXOWLQJ�IURP�WKH
]HURWK�DQG�ILUVW�PRGHV�RI�YLEUDWLRQ�DUH�WDNHQ�LQWR�DFFRXQW��WKDW�LV��DV�LI�WKH�EHOW
ZRXOG�UHPDLQ�FLUFXODU��+DUPRQLFV�RI�VHFRQG�DQG�KLJKHU�RUGHU�DUH�QHJOHFWHG�LQ



��� 121�67($'<�67$7(�675,1*�%$6('�7<5(�02'(/6

\

]

\�

[�

ψ
H

Ω

ψ
H
\�

\�

0]

)\

[

γ
W

~

ψ~
W

wheel plane
dynamic
belt plane

U

\
W

~

γ~
\��UW W

~

kinematic
deflection

dynamic
deflection

   input
effective 

)LJ��������µ'\QDPLF¶�DYHUDJH�SODQH�GHIOHFWLRQ�RI�EHOW�DQG�DVVRFLDWHG�HIIHFWLYH�LQSXW��

WKH�G\QDPLF�SDUW�RI�WKH�PRGHO��:H�KDYH�IRU�WKH�DSSUR[LPDWH�G\QDPLF�ODWHUDO�
FDPEHU�DQG�\DZ�GHIOHFWLRQV�UHVSHFWLYHO\�
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UHVXOWLQJ�IURP�H[WHUQDO�JURXQG�IRUFHV��
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DQG� VWLIIQHVVHV� RI� WKH� ZKROH� EHOW� ZLWK� UHVSHFW� WR� WKH� ULP� &\�� & � DQG� & �
)XUWKHUPRUH�WKH�HTXDWLRQV�FRQWDLQ�HIIHFWLYH�W\UH�LQHUWLD�SDUDPHWHUV�PW��,W�DQG
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SRODU�PRPHQW�RI� LQHUWLD� ,WS��7KH�HIIHFWLYH� LQSXWV� WR� WKH� NLQHPDWLF�PRGHO�DUH
GHILQHG�E\�

�������

\
H
2 ' \2% \

W
× & U

W
×

H
' %

W
×

:LWK� WKH�DLG�RI� WKHVH�HTXDWLRQV� SOXV� WKH�NLQHPDWLF� W\UH�HTXDWLRQV� �H�J��9RQ
6FKOLSSH¶V�DSSUR[LPDWH�HTXDWLRQV�����������������ZLWK�����������DQG��������IRU
0

]� � ZLWK� LQSXWV� �\2�� �� UHSODFHG� E\� HIIHFWLYH� LQSXWV� �\2H�� H��� WKH� IUHTXHQF\
UHVSRQVH�IXQFWLRQV�RI�WKH�JURXQG�IRUFH�)\�DQG�PRPHQW�0]� �

0
]����
0

]�ZLWK�UHVSHFW
WR�WKH�DFWXDO�LQSXWV��\2�� ��PD\�EH�UHDGLO\�HVWDEOLVKHG�

)RU�DSSOLFDWLRQV�LQ�YLEUDWRU\�SUREOHPV�DVVRFLDWHG�ZLWK�ZKHHO�VXVSHQVLRQ�DQG
VWHHULQJ�V\VWHPV��LW�LV�RI�JUHDWHU�LQWHUHVW�WR�NQRZ�WKH�UHVSRQVH�RI�WKH�HTXLYDOHQW
IRUFH�DQG�PRPHQW�WKDW�ZRXOG�DFW�RQ�WKH�DVVXPHGO\�ULJLG�ZKHHO�ZLWK�W\UH�LQHUWLD
LQFOXGHG�DW�WKH�FRQWDFW�FHQWUH��7KH�HTXLYDOHQW�IRUFH�DQG�PRPHQW�DUH�REWDLQHG�DV
IROORZV�

�������

)
\�HT ' )

\
& P

W
\@
W

0
]�HT ' 0


]
% 0(

]
& ,

W
�

W
% ,

WS W
0

7KLV�UHVXOW�VKRXOG�FRUUHVSRQG�WR�WKH�IRUFH�DQG�PRPHQW�PHDVXUHG�LQ�WKH�ZKHHO
KXE��)\�KXE�DQG�0]�KXE��DIWHU�WKHVH�KDYH�EHHQ�FRUUHFWHG�IRU�WKH�LQHUWLDO�IRUFH�DQG
PRPHQW�DFWLQJ�RQ�WKH�DVVXPHGO\�ULJLG�ZKHHO�SOXV�W\UH��LQHUWLD�EHWZHHQ�ORDG�FHOOV
DQG�JURXQG�VXUIDFH���:LWK�LQHUWLD�SDUDPHWHUV�RI�ZKHHO�SOXV�W\UH�ZH�ILQG�IRU�WKLV
FRUUHFWLRQ�

�������

)
\�HT ' )

\�KXE% P
ZW
\2@

0
]�HT' 0

]�KXE% ,
ZW

�

:KHQ�OLIWHG�IURP�WKH�JURXQG��WKH�HTXLYDOHQW�JURXQG�WR�W\UH�IRUFHV�YDQLVK�LI�WKH
IUHTXHQF\�RI�H[FLWDWLRQ� LV�QRW� WRR�KLJK� �ORZ�ZLWK� UHVSHFW� WR� WKH� ILUVW�QDWXUDO
IUHTXHQF\�RI�WKH�W\UH��

)RU�WKH�VHW�RI�SDUDPHWHU�YDOXHV�PHDVXUHG�RQ�D�UDGLDO�SO\�VWHHO�EHOWHG�W\UH
OLVWHG� LQ�7DEOH������ WKH�DPSOLWXGH�DQG�SKDVH�RI� WKH� HTXLYDOHQW�PRPHQW�DV�D
UHVSRQVH�WR�\DZ�DQJOH�KDYH�EHHQ�FRPSXWHG�DQG�DUH�SUHVHQWHG�LQ�)LJ������DV�D
IXQFWLRQ�RI�WKH�H[FLWDWLRQ�IUHTXHQF\�Q� � ��� ��([SHULPHQWDOO\�REWDLQHG�FXUYHV
XS�WR�D�PD[LPXP�RI��

�
+]��RQ����P�GUXP��KDYH�EHHQ�DGGHG��7KH�SKDVH�ODJ�WKDW

RFFXUV�LQ�WKH�ORZHU�IUHTXHQF\�UDQJH�LV�ODUJHO\�UHVSRQVLEOH�IRU�WKH�FUHDWLRQ�RI�VHOI�
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7DEOH������3DUDPHWHUV�IRU�FDU�W\UH�PRGHO�ZLWK�G\QDPLF�EHOW�H[WHQVLRQ���QG�DSSUR[LPDWLRQ���

�����������������%LDV�SO\�W\UH ��������������5DGLDO�SO\�VWHHO�EHOWHG�

�D �����
�
P �&  & ��

�
1P ��D �����

�
P �&  & ����

�
1P

� �����
�
P �&\ ���

�
N1�P �� �����

�
P �&\ ���

�
N1�P

�U �����
�
P �PW� ���

�
NJ ��U �����

�
P �PW� ���

�
NJ

&) �����N1 �,W �����NJP� �&) ������N1 �,W �����NJP�

&0 �����N1P �,WS ������NJP
� �&0 ����N1P �,WS �����NJP

�

�
 ���1P� ��PW\UH��� �����NJ� ��

 ����1P� ��PW\UH��� �����NJ�

H[FLWHG�ZKHHO�VKLPP\��7KH�LQIOXHQFH�RI�W\UH�LQHUWLD� LV�HYLGHQW�� WKH�SKDVH�ODJ
FKDQJHV�LQWR�SKDVH�OHDG�DW�KLJKHU�YDOXHV�RI�VSHHG��VLPLODU�DV�LQ�)LJ��������,Q
FRQWUDVW� WR� WKH� G\QDPLF� UHVSRQVH� GHSLFWHG� LQ� )LJ������ WKH� NLQHPDWLF�PRGHO
UHVSRQVH��ZLWKRXW�WKH�LQFOXVLRQ�RI�W\UH�LQHUWLD��ZRXOG�SURGXFH�WKH�VDPH�UHVSRQVH
DW�HTXDO�ZDYHOHQJWKV�� � �9�Q��LUUHVSHFWLYH�RI�WKH�YDOXH�RI�WKH�VSHHG�RI�WUDYHO�9�

7KH�UHVRQDQFH�IUHTXHQFLHV��ZKLFK�DW�VSHHGV�FORVH�WR�]HUR�DSSURDFK�D�YDOXH
VRPHZKDW�ODUJHU�WKDQ�WKH�QDWXUDO�IUHTXHQF\�RI�WKH�IUHH�QRQ�URWDWLQJ�W\UH��Q

RR
�

DSSHDU�WR�VHSDUDWH�DW�LQFUHDVLQJ�VSHHG��9LEUDWLRQ�H[SHULPHQWV�SHUIRUPHG�RQ�D
IUHH�W\UH��QRW�FRQWDFWLQJ�WKH�URDG��IRU�WKH�SXUSRVH�RI�REWDLQLQJ�WKH�YDOXHV�RI
FHUWDLQ�W\UH�SDUDPHWHUV��JDYH�D�FOHDU�LQGLFDWLRQ�WKDW�D�FRQVLGHUDEOH�UHGXFWLRQ�RI
WKH�ORZHVW�UHVRQDQFH�IUHTXHQF\�DULVHV�ZKHQ�WKH�ZKHHO�LV�URWDWHG�DURXQG�WKH�ZKHHO
VSLQ�D[LV�DW�KLJKHU�VSHHGV�RI�UHYROXWLRQ�

1\TXLVW�SORWV�IRU�WKH�0]�HT�DQG�)\�HT�UHVSRQVHV�WR� � �KDYH�EHHQ�SUHVHQWHG�LQ
)LJV�������DQG�������%RWK�IRU�WKH�ELDV�SO\�DQG�IRU�WKH�UDGLDO�VWHHO�EHOWHG�W\UH�RI
)LJ������ WKHRUHWLFDO� DQG� H[SHULPHQWDO� UHVXOWV� DUH� VKRZQ�� 3DUDPHWHUV� DUH
DFFRUGLQJ�WR�7DEOH������)RU�HDFK�RI�WKH�FXUYHV�WKH�H[FLWDWLRQ�IUHTXHQF\�UHPDLQV
FRQVWDQW�ZKLOH�WKH�VSHHG�YDULHV�DORQJ�WKH�FXUYH�

$Q�LQFUHDVH�LQ�IUHTXHQF\�WHQGV�WR�UDLVH�WKH�PRPHQW�FXUYHV�ZKLOH�WKH�IRUFH
UHVSRQVH�FXUYHV�DSSHDU� WR�H[SDQG�ZLWK� WKH�SKDVH�DQJOH�DW�JLYHQ�ZDYHOHQJWK
UHPDLQLQJ�QRW�PXFK�FKDQJHG��7KH�W\SLFDO�GLIIHUHQFHV�EHWZHHQ�WKH�WZR�W\SHV�RI
W\UHV��QRWDEO\�LQ�WKH�VKDSH�RI�WKH�XSZDUGV�HQGV�RI�WKH�PRPHQW�FXUYHV�ZKHUH�WKH
VSHHG�DVVXPHV�KLJK�YDOXHV��DUH�ZHOO�UHSUHVHQWHG�LQ�WKH�WKHRUHWLFDO�GLDJUDPV�

:H�PD\�FRQFOXGH�� WKDW� WKH� VLPSOH� ILUVW�DSSUR[LPDWLRQ� DSSHDUV� WR�JLYH�D
FRQVLGHUDEOH�LPSURYHPHQW�IRU�WKH�PRPHQW�UHVSRQVH�LQ�WKH�ORZHU�IUHTXHQF\�UDQJH
ZKLOH�IRU�WKH�IRUFH�UHVSRQVH�DQG�WKH�KLJKHU�IUHTXHQF\�H[FLWDWLRQV�WKH�LQFOXVLRQ
RI�WKH�G\QDPLFV�RI�WKH�EHOW�XS�WR�WKH�ILUVW�PRGHV�RI�YLEUDWLRQ�LV�UHTXLUHG�
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)LJ������� $PSOLWXGH� DQG� SKDVH� UHVSRQVH� RI� HTXLYDOHQW� DOLJQLQJ� WRUTXH� �DV� LI� DFWLQJ�IURP
JURXQG� RQ� ULJLG� ZKHHO�W\UH�� WR� \DZ� DQJOH� DV� D� IXQFWLRQ� RI� WLPH� IUHTXHQF\� RI
H[FLWDWLRQ�>+]@�FRPSXWHG�XVLQJ�9RQ�6FKOLSSH�DSSUR[LPDWLRQ�DQG�H[DFW�0

]��H[WHQGHG
ZLWK�G\QDPLF�WKHRU\�DFFRUGLQJ�WR�VHFRQG�DSSUR[LPDWLRQ�ZLWK�G\QDPLF�EHOW��0RGHO
SDUDPHWHUV�DUH�OLVWHG�LQ�7DEOH������UDGLDO�VWHHO�EHOWHG�W\UH���&XUYHV�KROG�IRU�JLYHQ
VSHHG�RI�WUDYHO�9�>P�V@��([SHULPHQWDO�UHVXOWV�DUH�JLYHQ�XS�WR�D�IUHTXHQF\�RI���+]�
7KH�\DZ�QDWXUDO�IUHTXHQF\�RI�WKH�IUHH�QRQ�URWDWLQJ�W\UH�ZLWK�IL[HG�ZKHHO�VSLQGOH�LV
QRR��
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)LJ������� ([SHULPHQWDO�IUHTXHQF\�UHVSRQVH�1\TXLVW�SORWV�RI�VLGH�IRUFH�DQG�DOLJQLQJ�WRUTXH�WR
\DZ�RVFLOODWLRQV�IRU�D�UDGLDO�DQG�D�ELDV�SO\�FDU�W\UH�PHDVXUHG�RQ�D����P�GUXP��
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6LQFH�ZH�KDYH�KHUH�D�G\QDPLF�PRGHO�H[WHQVLRQ�WKDW�DOORZV�WKH�XVH�RI�H[LVWLQJ
NLQHPDWLF��PDVV�OHVV��PRGHOV�ZH�KDYH�EHHQ�DEOH�WR�LQYHVWLJDWH�WKH�HIIHFW�RI�W\UH
LQHUWLD�RQ�WKHVH�PRGHOV��+RZHYHU��IRU�WKH�VDNH�RI�VLPSOLFLW\�WKHVH�PRGHOV�KDYH
EHHQ� UHVWULFWHG� WR� D� OLQHDU� GHVFULSWLRQ� DOORZLQJ� VWUDLJKWIRUZDUG� IUHTXHQF\
UHVSRQVH�DQDO\VLV��([WHQVLRQ�LQWR�WKH�QRQ�OLQHDU�UHJLPH�LQ�WKH�WLPH�GRPDLQ�LV
FXPEHUVRPH�IRU�PRGHOV� LQFOXGLQJ�D�ILQLWH�FRQWDFW� OHQJWK��UHWDUGDWLRQ��HIIHFW�
�DOWKRXJK�DQ�DSSUR[LPDWH�QRQ�OLQHDU�9RQ�6FKOLSSH�PRGHO�PD\�EH�HVWDEOLVKHG�E\
DWWDFKLQJ�QRQ�OLQHDU�VSULQJV�WR�WKH�ZKHHO�SODQH�DW�WKH�OHDGLQJ�DQG�WUDLOLQJ�HGJHV
WKH�WLSV�RI�ZKLFK�IROORZ�WKH�SDWK�DV�LI�ZH�KDG�IXOO�DGKHVLRQ��EXW�DOVR�EHFDXVH�LQ
WKH� G\QDPLF� H[WHQVLRQ�� (TV�������������� WKH� IXQFWLRQ�)\� �)\� N�� ZRXOG� EH
QHHGHG�LQ�DQ�LQYHUVH�IRUP��

7R�IXUWKHU�GHYHORS�PDWKHPDWLFDO�PRGHOV�WKDW�FDQ�EH�XVHG�XQGHU�FRQGLWLRQV
WKDW�LQFOXGH�VKRUW�ZDYHOHQJWKV��KLJKHU�IUHTXHQFLHV�DQG�ODUJH��FRPELQHG��VOLS�D
GLIIHUHQW�URXWH�DSSHDUV�WR�EH�PRUH�SURPLVLQJ��7KH�DGRSWHG�SULQFLSOH�LV��VHSDUDWH
PRGHOOLQJ�RI�WKH�IOH[LEOH�EHOW�ZLWK�FDUFDVV�DQG�WKH�FRQWDFW�SDWFK�ZLWK�LWV�WUDQVLHQW
VOLS�SURSHUWLHV��7KH�WKHRU\�RI�WKH�QRQ�VWHDG\�VWDWH�UROOLQJ�DQG�VOLSSLQJ�SURSHUWLHV
RI�WKH�EUXVK�PRGHO�KHOSV�LQ�WKLV�PRGHOOLQJ�HIIRUW��,Q�&KDSWHU���WKLV�DGYDQFHG
PRGHO�ZLOO�EH�GLVFXVVHG�

)RU� OHVV� GHPDQGLQJ� FDVHV� �ODUJH�ZDYHOHQJWK�� ORZ� IUHTXHQF\�� WKH� VWUDLJKW
WDQJHQW�RU�VLQJOH�SRLQW�FRQWDFW�PRGHOV�PD\�EH�HPSOR\HG��6XFK�PRGHOV�PD\�EH
XVHG�LQ�FRPELQDWLRQ�ZLWK�WKH�DSSUR[LPDWH�G\QDPLF�H[WHQVLRQ�WKDW�DFFRXQWV�IRU
WKH�J\URVFRSOH�FRXSOH�GXH�WR�WKH�ODWHUDO�GHIOHFWLRQ�YHORFLW\��)XUWKHUPRUH��WKHVH
VLPSOH�PRGHOV�FDQ�EH�HDVLO\�DGDSWHG�WR�FRYHU�ODUJH�VOLS�QRQ�OLQHDU�EHKDYLRXU��FI�
(TV�����������������RU������������������DQG�(T���������ZLWK�)\�UHSODFHG�E\
&)\Y���&KDSWHU���LV�GHYRWHG�WR�WKH�WUHDWPHQW�RI�WKH�YHU\�XVHIXO�DQG�UHODWLYHO\
VLPSOH��SRVVLEO\�QRQ�OLQHDU��VLQJOH�FRQWDFW�SRLQW�WUDQVLHQW�VOLS�PRGHOV��:LWK�WKDW
VLQJOH�SRLQW�FRQWDFW�PRGHO�WKH�SUREOHP�RI�FRUQHULQJ��DQG�EUDNLQJ��RQ�XQGXODWHG
URDG�VXUIDFHV�FDQ�EH�PDGH�PRUH�DFFHVVLEOH�IRU�YHKLFOH�VLPXODWLRQ�VWXGLHV��)LUVW�
ZH�ZLOO�DGGUHVV�WKLV�GLIILFXOW�VXEMHFW�LQ�WKH�VXEVHTXHQW�VHFWLRQ�XVLQJ�H[DFW�VWULQJ
PRGHOV�ZLWK�DQG�ZLWKRXW�WUHDG�HOHPHQWV�ZKLFK�VKRZV�WKH�GHHSHU�FDXVH�RI�WKH
DVVRFLDWHG�ORVV�LQ�FRUQHULQJ�SRZHU��
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������6LGH�)RUFH�5HVSRQVH�WR�7LPH�9DU\LQJ�/RDG�

,Q�VWXGLHV�E\�0HWFDOI���������3DFHMND��������DQG�PRUH�UHFHQWO\�E\�/DHUPDQQ
������� DQG� E\�7DNDKDVKL� ������� DQG�3DFHMND� ������� LW�ZDV� IRXQG� WKDW� WKH
DYHUDJH�YDOXH�RI�WKH�VLGH�IRUFH�JHQHUDWHG�E\�D�FRQVWDQW�VOLS�DQJOH�LV�UHGXFHG�DV
D� UHVXOW� RI� D� SHULRGLFDO� FKDQJH� RI� WKH� YHUWLFDO� ORDG�� 7KLV� UHGXFWLRQ�PD\� EH
FRQVLGHUDEOH� DQG� DSSHDUV� WR� GHSHQG� RQ� WKH� DPSOLWXGH� RI� WKH� YHUWLFDO� ORDG
YDULDWLRQ�DV�D�UDWLR�WR�WKH�VWDWLF�ORDG��RQ�WKH�ZDYHOHQJWK�RI�WKH�PRWLRQ��WKH�VSHHG
RI�WUDYHO�DQG�RQ�WKH�PDJQLWXGH�RI�WKH�VOLS�DQJOH��,Q�&KDSWHU���D�PRUH�SUDFWLFDO
DSSURDFK�EDVHG�RQ�WKH�VLQJOH�FRQWDFW�SRLQW�PRGHO��WKDW�PHDQV��IRU�DFFXUDF\
OLPLWHG�WR�UHODWLYHO\�ODUJH�ZDYHOHQJWKV��LV�DGRSWHG�WR�PRGHO�WKH�QRQ�VWHDG\�VWDWH
EHKDYLRXU��DW�YDU\LQJ�YHUWLFDO�ORDG�LQFOXGLQJ�KLJK�OHYHOV�RI�VOLS��7R�OD\�WKH�EDVLV
IRU�WKDW�WKHRU\�ZH�ZLOO�HPSOR\�WKH�DGYDQFHG�VWULQJ�PRGHO�ZLWK�WUHDG�HOHPHQWV
WKDW�ZDV�GHYHORSHG�LQ�6HFWLRQ�������IRU�WKH�FDVH�RI�D�FRQVWDQW�YHUWLFDO�ORDG��7KH
SUHVHQFH�RI�WUHDG�HOHPHQWV�WXUQV�RXW�WR�EH�FUXFLDO�WR�SURSHUO\�PRGHO�WKH�ORVV�RI
VLGH�IRUFH�ZKHQ�FRUQHULQJ�RQ�DQ�XQGXODWHG�URDG�VXUIDFH��$V�LQ�6HFWLRQ�������
RQO\�VPDOO�VOLS�DQJOHV�ZLOO�EH�FRQVLGHUHG�DOORZLQJ�WKH�WKHRU\�WR�UHPDLQ�OLQHDU�
)LUVW��ZH�ZLOO�GHYHORS�WKH�PRGHO�EDVHG�RQ�WKH�DGYDQFHG�VWULQJ�PRGHO�ZLWK�WUHDG
HOHPHQWV��7KHQ��WR�VLPSOLI\�WKH�PRGHO�GHVFULSWLRQ��DQ�DGDSWHG�EDUH�VWULQJ�PRGHO
ZLOO�EH�LQWURGXFHG�DQG�XVHG�LQ�WKH�IXUWKHU�FDOFXODWLRQV���

��������6WULQJ�0RGHO�ZLWK�7UHDG�(OHPHQWV�6XEMHFWHG�WR�/RDG�9DULDWLRQV

)LJXUH������VKRZV�WKH�W\UH�PRGHO�LQ�WZR�VXFFHVVLYH�SRVLWLRQV�ZKLOH�WKH�ZKHHO
PRYHV�DW�D�FRQVWDQW��VPDOO��VOLS�DQJOH�RYHU�DQ�XQGXODWHG�URDG�VXUIDFH�ZKLFK
FDXVHV�WKH�FRQWDFW�OHQJWK�WR�YDU\�ZLWK�GLVWDQFH�WUDYHOOHG�V��:KHQ�WKH�FRQWDFW
FHQWUH�&�LV�PRYHG�D�GLVWDQFH� V��WKH�IROORZLQJ�FKDQJHV�RFFXU�VLPXOWDQHRXVO\�
ODWHUDO�VKLIW�RI�WKH�ZKHHO�SODQH��IRUZDUG�UROOLQJ�DQG�FKDQJH�LQ�FRQWDFW�OHQJWK�
7KHVH�FKDQJHV�LQIOXHQFH�WKH�SRVLWLRQ�RI�WKH�OHDGLQJ�DQG�WUDLOLQJ�HGJHV�RI�WKH
VWULQJ��7KH�[2�FRRUGLQDWHV�RI�WKHVH�SRLQWV�DUH�

�������

WKH�FKDQJHV�RI�ZKLFK�EHFRPH�

�������
[2� ' V % D

[2� ' V & D

7KH�FKDQJHV�LQ�IURQW�DQG�UHDU�ODWHUDO�VWULQJ�GHIOHFWLRQV�YF����DUH�FRPSRVHG�RI

[2� ' V % D

[2� ' V & D
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position  2

position  1

deflected tread elements

deflected string

contact line

D�∆D D�∆D

)LJ������� 7ZR�VXFFHVVLYH�SRVLWLRQV�RI�W\UH�PRGHO�ZLWK�YDU\LQJ�FRQWDFW�OHQJWK�DW�FRQVWDQW�VOLS
DQJOH� ��VOLGLQJ�QRW�FRQVLGHUHG��

�

YDULRXV�FRQWULEXWLRQV���)RU�WKH�LQFUHPHQW�RI�WKH�GHIOHFWLRQ�DW�WKH�OHDGLQJ�HGJH
YF��ZH�REWDLQ�

�� GXH�WR�ODWHUDO�ZKHHO�GLVSODFHPHQW� V�

������D�Y
F� ' $�D� @ V

�� GXH�WR�ORVV�RI�FRQWDFW�DW�WKH�WUDLOLQJ�HGJH�� [2��
!����

������E�Y
F� ' &%�D�

Y�&YF�

F

[2�

�� GXH�WR�ORVV�RI�FRQWDFW�DW�WKH�OHDGLQJ�HGJH��� [2��
�����

������F�Y
F� ' &%

(�D�
Y�&YF�

F

[2�

�� GXH�WR�ORQJLWXGLQDO�GLVSODFHPHQW�RI�OHDGLQJ�HGJH�� [2���

������G�

6LPLODU�H[SUHVVLRQV�DUH�REWDLQHG�IRU�WKH�FRQWULEXWLRQV�WR�WKH�FKDQJH�RI�WKH�ODWHUDO
GHIOHFWLRQ�DW�WKH�UHDU�� YF����7KH�FRQWDFW�OHQJWK�GHSHQGHQW�FRHIILFLHQWV�DSSHDULQJ
LQ�WKH�HTXDWLRQV�DUH:

�������$�D� ' &� %��% �H
�D�

F

& ��& �H
&�D�

F 3�D�

Y
F� ' &

Y
F�

[2�
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�������%�D� ' � 3�D�

�������%(�D� ' ��% �H
�D�

F

% ��& �H
&�D�

F 3�D�

�������3�D� '
�%

�&
H
�D�

F

&

�&

�%
H
&�D�

F

7KH\�DUH�GHULYHG�IURP�VROXWLRQV�RI�WKH�GLIIHUHQWLDO�HTXDWLRQV�IRU�WKH�VKDSH�RI�WKH
VWULQJ�GHIOHFWLRQ�(TV��������������)RU�WKH�SDUDPHWHUV�HPSOR\HG�ZH�UHIHU�WR�WKH
(TV���������� )URP� WKH� LQFUHPHQWV� ������������ WKH� IROORZLQJ� GLIIHUHQWLDO
HTXDWLRQV�DUH�HVWDEOLVKHG�IRU�WKH�XQNQRZQ�VWULQJ�GHIOHFWLRQV�vc1�DQG�vc2�

�������

GY
F�

GV
' & �%

GD

GV

Y
F�
& %�D� �&

GD

GV

Y�&YF�

F

%

% %(�D� �%
GD

G V

Y�&YF�

F

% $�D�

�������

GY
F�

GV
' �&

GD

GV

Y
F�
% %�D� �%

GD

GV

Y�&YF�

F

%

&%(�D� �&
GD

GV

Y�&YF�

F

% $�D�

7KH�WZR�UHPDLQLQJ�XQNQRZQV�Y��DQG�Y��UHSUHVHQWLQJ�WKH�WRWDO�ODWHUDO�GHIOHFWLRQV
DQG� FRQVHTXHQWO\� WKH� GLVWDQFHV� EHWZHHQ�ZKHHO� SODQH� DQG� FRQWDFW� OLQH� DW� WKH
OHDGLQJ�DQG�WUDLOLQJ�HGJHV��DUH�IRXQG�E\�FRQVLGHULQJ�WKH�IROORZLQJ��,Q�WKH�UROOLQJ
SURFHVV�RI�D�VLGH�VOLSSLQJ�W\UH�ZLWK�D�FRQWLQXRXVO\�FKDQJLQJ�FRQWDFW�OHQJWK��LQ
JHQHUDO�� WKUHH� LQWHUYDOV� FDQ� EH� GLVWLQJXLVKHG� GXULQJ� WKH� LQWHUYDO� RI� WKH
ORDGLQJF\FOH�ZKHUH�FRQWDFW�ZLWK�WKH�URDG�H[LVWV��,Q�)LJ������WKH�ORDG�YDULDWLRQ
WRJHWKHU�ZLWK� WKH�FRUUHVSRQGLQJ�YDULDWLRQ�RI� WKH�FRQWDFW� OHQJWK� �D� RI�D� VLGH
VOLSSLQJ�W\UH�WKDW�SHULRGLFDOO\�MXPSV�IURP�WKH�URDG��KDV�EHHQ�VKRZQ�LQ�WKH�URDG
SODQH��x2�\2��IRU�WKH�LQWHUYDO�WKDW�FRQWDFW�H[LVWV��,PPHGLDWHO\�DIWHU�WKH�ILUVW�SRLQW
WRXFKHV� WKH� URDG�� WKH� FRQWDFW� OLQH� JURZV� LQ� WZR� GLUHFWLRQV� �LQWHUYDO� ,���7KLV
JURZWK�FRQWLQXHV�XQWLO�WKH�VHFRQG�LQWHUYDO�,,�LV�UHDFKHG��ZKHUH�JURZWK�RI�FRQWDFW
WDNHV�SODFH�RQO\�DW�WKH�IURQW��DQG�DW�WKH�UHDU�ORVV�RI�FRQWDFW�RFFXUV��)LQDOO\��LQ�WKH
WKLUG�LQWHUYDO�,,,��ORVV�RI�FRQWDFW�DW�ERWK�HQGV�WDNHV�SODFH�XQWLO�WKH�W\UH�OHDYHV�WKH
URDG��:KHQ�WKH�W\UH�GRHV�QRW� OHDYH�WKH�URDG��DQ�DGGLWLRQDO� LQWHUYDO�,,�RFFXUV
EHIRUH�LQWHUYDO�,�LV�UHDFKHG�DJDLQ�DQG�WKH�F\FOH�VWDUWV�DQHZ��,Q�OHVV�VHYHUH�FDVHV�
LQWHUYDOV�,�DQG�,,,�PD\�QRW�RFFXU��:H�WKHQ�KDYH�WKH�UHODWLYHO\�VLPSOH�VLWXDWLRQ�RI
FRQWLQXRXV�JURZWK�RI�FRQWDFW�DW�WKH�IURQW�DQG�ORVV�RI�FRQWDFW�DW�WKH�UHDU�

7KH�XQNQRZQV�Y��DQG�Y���DQG�WKH�\2�FRRUGLQDWH�RI�WKH�FRQWDFW�SRLQWV�LQ�WKH��x2�\2�
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c1

D

n
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wheel plane

contact length
variation

)
]

V0

wheel load
variation

V

)LJ������� 2Q�WKH�GHYHORSPHQW�RI�WKH�FRQWDFW�OLQH�RI�WKH�W\UH�PRGHO�ZLWK�WUHDG�HOHPHQWV�WKDW
SHULRGLFDOO\�ORVHV�FRQWDFW�ZLWK�WKH�URDG��

SODQH�DUH�REWDLQHG�DV�IROORZV��FI��)LJ�������

,QWHUYDO�,���� [20 � ! � � [20 � � �
GD

GV
!�

����Y� ' Y
F� � Y� ' Y

F�

�� ������D�&\2F� ' V & Y
F� � &\2F� ' V & Y

F�

,QWHUYDO�,,��� [20 � ! � � [20 � ! � &� �
GD

G V
� �

����Y� ' Y
F� � Y� ' V % \2F�

�� ������E�&\2F� ' V & Y
F�

,QWHUYDO�,,,��� [20 � � � � [20 � ! �
GD

GV
�&�

���� ������F�Y� ' V % \2F� � Y� ' V % \2F�
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c1c1

wheel plane

string

tread

string trailing
 edge

V

2D

C

)LJ��������7KH�GHIOHFWHG�W\UH�PRGHO�LQ�WZR�SRVLWLRQV�GXULQJ�WKH�LQWHUYDO�RI�FRQWDFW�ZLWK�WKH�URDG

'
R
&

A VLQ
V
V

%\�PHDQV�RI�QXPHULFDO�LQWHJUDWLRQ��(TV������������KDYH�EHHQ�VROYHG�ZLWK�WKH�DLG
RI�WKH�HTXDWLRQV���������DQG�WKH�H[SUHVVLRQV�������������IRU�WKH�FDVH�IRUPXODWHG
EHORZ�LQ�ZKLFK�WKH�YHUWLFDO�W\UH�GHIOHFWLRQ� �KDV�EHHQ�JLYHQ�D�SHULRGLF�YDULDWLRQ
ZLWK�DPSOLWXGH� �JUHDWHU�WKDQ�WKH�VWDWLF�GHIOHFWLRQ� R�

��VR�WKDW�SHULRGLF�ORVV�RIA

FRQWDFW�EHWZHHQ�W\UH�DQG�URDG�RFFXUV��7KH�VWDWLF�VLWXDWLRQ�ZLOO�EH�LQGLFDWHG�ZLWK
VXEVFULSW�R��7KH�W\UH�UDGLXV�LV�GHQRWHG�ZLWK�U��7KH�YHUWLFDO�GHIOHFWLRQ�DQG�WKH
FRQWDFW�OHQJWK�DUH�JRYHUQHG�E\�WKH�HTXDWLRQV�

�������

�������D �
' �U &

�

7KH�QXPHULFDO�YDOXHV�RI�WKH�SDUDPHWHUV�RI�WKH�V\VWHP�XQGHU�FRQVLGHUDWLRQ�DUH�

D
R
' ���� U � �

R
' ������� U� � A

' ���U �
V
' ���D

R
� � � ' �D

R
�

����� �������' �D
R
� ' ���� � �

F
' ����D

R
� F

S
' ��F

F
�

,Q�)LJ������WKH�FDOFXODWHG�YDULDWLRQ�RI�FRQWDFW�OHQJWK��D��RYDO�FXUYH���WKH�SDWK
RI�WKH�FRQWDFW�SRLQWV��ORZHU�FXUYH�$%��DQG�WKH�FRXUVH�RI�WKH�SRLQWV�RI�WKH�VWULQJ
DW�WKH�OHDGLQJ�DQG�WUDLOLQJ�HGJH��$&�DQG�%&��KDYH�EHHQ�LQGLFDWHG��7ZR�SRVLWLRQV
RI�WKH�W\UH�KDYH�EHHQ�GHSLFWHG��RQH�LQ�LQWHUYDO�,,�DQG�WKH�RWKHU�LQ�LQWHUYDO�,,,�

,W�LV�QHFHVVDU\�WKDW�WKH�FDOFXODWLRQV�LQ�WKH�QXPHULFDO�LQWHJUDWLRQ�SURFHVV�EH
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FDUULHG�RXW�ZLWK�JUHDW�DFFXUDF\��$�VPDOO�HUURU�JLYHV�ULVH�WR�D�UDSLG�EXLOG�XS�RI
GHYLDWLRQV�IURP�WKH�FRUUHFW�FRXUVH��,Q�WKH�FDVH�FRQVLGHUHG�DERYH��WKH�LQWHJUDWLRQ
WLPH�LV�OLPLWHG�DQG�DFFXUDWH�UHVXOWV�FDQ�EH�REWDLQHG��,Q�FDVHV��KRZHYHU��ZKHUH
FRQWLQXRXV� FRQWDFW� EHWZHHQ� W\UH� DQG� URDG� H[LVWV�� D� ORQJ� LQWHJUDWLRQ� WLPH� LV
QHHGHG�EHIRUH�D�VWHDG\�VWDWH�VLWXDWLRQ�LV�DWWDLQHG��ZKLFK�LV�GXH�WR�WKH�IDFW�WKDW�WKH
H[DFW�LQLWLDO�FRQGLWLRQV�RI�D�SHULRGLF�ORDGLQJ�F\FOH�DUH�QRW�NQRZQ��)RU�WKLV�VRUW
RI�VLWXDWLRQ��WKH�H[DFW�PHWKRG�GHVFULEHG�DERYH�LV�GLIILFXOW�WR�DSSO\�GXH�WR�VWURQJ
GULIW�RI�YF��LQ�SDUWLFXODU�

)RU�IXUWKHU�LQYHVWLJDWLRQ�RI�WKH�HIIHFW�RI�D�WLPH�YDU\LQJ�ORDG�ZH�ZLOO�WXUQ�WR
DQ�DSSUR[LPDWH�PHWKRG�EDVHG�RQ�WKH�VWULQJ�PRGHO�ZLWKRXW�WUHDG�HOHPHQWV�

��������$GDSWHG�%DUH�6WULQJ�0RGHO

7KH�XVH�RI�WKLV�PRGHO�LV�PXFK�VLPSOHU�VLQFH�WKH�GHIOHFWLRQV�DW�ERWK�HGJHV�DUH
LQGHSHQGHQW�RI�HDFK�RWKHU��'ULIW�GRHV�QRW�RFFXU�LQ�WKH�FDOFXODWLRQ�SURFHVV��,Q
)LJ������WKH�GHIOHFWHG�PRGHO�KDV�EHHQ�VKRZQ�LQ�LQWHUYDO�,,��)RU�WKH�WKUHH�LQWHUYDOV
WKH�IROORZLQJ�VHWV�RI�HTXDWLRQV�DSSO\�

JURZWK�RI�FRQWDFW�DW�OHDGLQJ�HGJH�

������D�[20 � ! �
GD

G V
!&�

������E�
GY�

GV
' & �%

GD

G V

Y�

������F�[2� ' V % D

����� ������G�\2
F� ' & V % Y�

JURZWK�RI�FRQWDFW�DW�WUDLOLQJ�HGJH�

������D�[20 � � �
GD

G V
!�

������E�
GY�

GV
' & �&

GD

G V

Y�

������F�[2� ' V & D

����� ������G�\2
F� ' & V % Y�
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V

)LJ���������2Q�WKH�GHYHORSPHQW�RI�WKH�FRQWDFW�OLQH�RI�WKH�EDUH�VWULQJ�PRGHO�

ORVV�RI�FRQWDFW�DW�OHDGLQJ�HGJH�

������D�[20 � � �
GD

G V
�&�

����� ������E�\2
F� ' \2

F
�[2' V%D�

� ������F�Y� ' V % \2
F�

ORVV�RI�FRQWDFW�DW�WUDLOLQJ�HGJH�

������D�[20 � ! �
GD

G V
��

����� ������E�\2
F� ' \2

F
�[2' V&D�

� ������F�Y� ' V % \2
F�

6ROXWLRQV�RI�WKH�DERYH�HTXDWLRQV�VKRZ�FRQVLGHUDEOH�GLIIHUHQFHV�IURP�WKH�UHVXOWV
REWDLQHG� XVLQJ� WKH� PRUH� DGYDQFHG� PRGHO� ZLWK� WUHDG� HOHPHQWV�� 7KH� PRVW
LPSRUWDQW�GLIIHUHQFH�LV�WKH�IDFW�WKDW�ZLWK�WKH�VLPSOH�PRGHO�WKH�ODWHUDO�IRUFH�GRHV
QRW�JUDGXDOO\�GURS�WR�]HUR�DV�WKH�W\UH�OHDYHV�WKH�JURXQG�

,Q�RUGHU�WR�JHW�EHWWHU�DJUHHPHQW��ZH�ZLOO�LQWURGXFH�D�QRQ�FRQVWDQW�UHOD[DWLRQ
OHQJWK� � �

(�D��WKDW�LV�D�IXQFWLRQ�RI�WKH�FRQWDFW�OHQJWK��D�DQG�WKXV�RI�WKH�YHUWLFDO
ORDG��:H�WDNH� (�HTXDO�WR�WKH�UHOD[DWLRQ�OHQJWK�RI� WKH�PRUH�DGYDQFHG�PRGHO
DFFRUGLQJ�WR�(T����������)LJXUH������SUHVHQWV�WKH�YDULDWLRQ�RI�UHOD[DWLRQ�OHQJWK
DQG�FRQWDFW�OHQJWK�DV�D�IXQFWLRQ�RI�WKH�YHUWLFDO�ORDG�DV�FDOFXODWHG�IRU�WKH�FXUUHQW
SDUDPHWHU�YDOXHV���������
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)LJ������� 7KH�FDOFXODWHG�YDULDWLRQ�RI�KDOI�WKH�FRQWDFW�OHQJWK�DQG�WKH�UHOD[DWLRQ�OHQJWK�DV�D�UDWLR
WR�WKH�VWDWLF�KDOI�FRQWDFW�OHQJWK�YHUVXV�WKH�YHUWLFDO�ORDG�UDWLR�IRU�WKH�PRGHO�ZLWK�WUHDG
HOHPHQWV�XVLQJ��(T���������

,Q�)LJ������D�FRPSDULVRQ�LV�PDGH�EHWZHHQ�WKH�UHVXOWV�RI�WKH�WKUHH�PRGHOV�
ZLWKRXW� WUHDG� HOHPHQWV�� ZLWK� WUHDG� HOHPHQWV� �H[DFW�� DQG� DFFRUGLQJ� WR� WKH
DSSUR[LPDWLRQ�ZLWK�YDU\LQJ� � �

(�D���7KH�FDOFXODWLRQV�KDYH�EHHQ�FDUULHG�RXW�IRU
WKH�SDUDPHWHU�YDOXHV����������7KH�DSSUR[LPDWH�SDWK�RI�FRQWDFW�SRLQWV�VKRZV
JRRG�DJUHHPHQW�ZLWK�WKH�SDWK�IRU�WKH�H[DFW�PRGHO�ZLWK�WUHDG�HOHPHQWV��:KHQ�WKH
WUHDG�HOHPHQWV�DUH�RPLWWHG�ZH�KDYH�WKH�EDUH�VWULQJ�PRGHO�IRU�ZKLFK�WKH�SDWK
EHFRPHV�ZLGHU�DQG�WKH�ODWHUDO�GHIOHFWLRQV�JUHDWHU��

��������7KH�)RUFH�DQG�0RPHQW�5HVSRQVH

7KH�ODWHUDO�IRUFH�)\�DQG�WKH�PRPHQW�0]�ZKLFK�DFW�RQ�WKH�W\UH�FDQ�EH�DVVHVVHG
ZLWK�JRRG�DSSUR[LPDWLRQ�WKURXJK�WKH�IROORZLQJ�VLPSOLILHG�IRUPXODH��,Q�WKHLU
GHULYDWLRQV�ZH�KDYH�UHSODFHG�WKH�FRQWDFW�OLQH�E\�WKH�VWUDLJKW�OLQH�FRQQHFWLQJ�WKH
EHJLQQLQJ�DQG�HQG�SRLQWV�RI�WKH�FRQWDFW�OLQH��9RQ�6FKOLSSH¶V�DSSURDFK���)RU�WKH
PRGHO�ZLWK�WUHDG�UXEEHU�HOHPHQWV�ZH�REWDLQ�
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,Q�WKHVH�H[SUHVVLRQV�WKH�IROORZLQJ�TXDQWLWLHV�KDYH�EHHQ�LQWURGXFHG�
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D
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D
%�D�

LQ�ZKLFK�$��%�DQG�%�DUH�JLYHQ�E\�H[SUHVVLRQV�������������
)RU�WKH�VDNH�RI�FRPSOHWHQHVV�WKH�IRUPXODH�IRU�WKH�PRPHQW�KDYH�EHHQ�DGGHG�

+RZHYHU��ZH�ZLOO�UHVWULFW�RXUVHOYHV�WR�WKH�GLVFXVVLRQ�RI�WKH�YDULDWLRQ�RI�WKH�IRUFH�
)RU�WKH�WKUHH�PRGHOV�FRQVLGHUHG��WKH�YDULDWLRQ�RI�WKH�FRUQHULQJ�IRUFH�KDV�EHHQ
VKRZQ�LQ�WKH�VDPH�)LJ�������$V�H[SHFWHG��WKH�DSSUR[LPDWH�DQG�H[DFW�WKHRULHV
GURS�WR�]HUR�DW�WKH�SRLQW�RI�OLIW�RII��ZKHUHDV�WKH�IRUFH�DFWLQJ�RQ�WKH�VLPSOH�VWULQJ
PRGHO�UHPDLQV�ILQLWH��DW�OHDVW�XQGHU�WKH�KHUH�DVVXPHG�FRQGLWLRQ�RI�QR�VOLGLQJ��7KH
FRUUHVSRQGHQFH�EHWZHHQ�H[DFW�DQG�DSSUR[LPDWH�VROXWLRQV�RI�WKH�SDWK�DQG�RI�WKH
VLGH�IRUFH�DUH�VDWLVIDFWRU\��DQG�ZH�ZLOO�KHQFHIRUWK�XVH�WKH�DSSUR[LPDWH�PHWKRG
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)LJ������� &RPSXWHG�YDULDWLRQ�RI�DYHUDJH�FRUQHULQJ�VWLIIQHVV�ZLWK�DPSOLWXGH�RI�WKH�YHUWLFDO�W\UH
GHIOHFWLRQ�� ��DQG�SDWK�IUHTXHQF\���� ��XVLQJ�WKH�DGDSWHG�EDUH�VWULQJ�PRGHO�WKDW
DSSUR[LPDWHV�WKH�VWULQJ�PRGHO�ZLWK�WUHDG�HOHPHQWV�
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)LJ������� &RPSXWHG�YDULDWLRQ�RI�DYHUDJH�FRUQHULQJ�VWLIIQHVV�ZLWK�DPSOLWXGH�RI�WKH�YHUWLFDO�W\UH
GHIOHFWLRQ�� ��DQG�SDWK�IUHTXHQF\���� ��IRU�WKH�EDUH�VWULQJ�PRGHO�

DFFRUGLQJ�WR�WKH�DGDSWHG�EDUH�VWULQJ�PRGHO�IRU�WKH�LQYHVWLJDWLRQ�RI�WKH�PRGHO�ZLWK
WUHDG�HOHPHQWV�

)RU�D�VHULHV�RI�DPSOLWXGHV� �DQG�ZDYHOHQJWKV� ��WKH�YDULDWLRQ�RI�WKH�FRUQHULQJÖ
IRUFH��RU�UDWKHU�RI�WKH�FRUQHULQJ�VWLIIQHVV��KDV�EHHQ�FDOFXODWHG��6LQFH�GXULQJ�ORVV
RI�FRQWDFW�WKH�YHUWLFDO�ORDG�UHPDLQV�]HUR��WKH�SHULRG�RI�WKH�WRWDO�ORDGLQJ�F\FOH
PXVW�EHFRPH�ORQJHU�LQ�RUGHU�WR�NHHS�WKH�DYHUDJH�YHUWLFDO�ORDG�XQFKDQJHG��7KLV
FKDQJH�LQ�SHULRG�KDV�EHHQ�WDNHQ�LQWR�DFFRXQW�LQ�WKH�FDOFXODWLRQ�RI�WKH�DYHUDJH
VLGH�IRUFH�RU�FRUQHULQJ�VWLIIQHVV�&) �

)LJXUHV������DQG������VKRZ�WKH�ILQDO�UHVXOW�RI�WKLV� LQYHVWLJDWLRQ��YL]�� WKH
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FRUQHULQJ�VWLIIQHVV�DYHUDJHG�RYHU�RQH�FRPSOHWH�ORDGLQJ�F\FOH�DV�D�IXQFWLRQ�RI�WKH
YHUWLFDO�GHIOHFWLRQ�DPSOLWXGH� �DQG�WKH�SDWK�ZDYHOHQJWK� ��IRU�ERWK�PRGHOV�ZLWKÖ
DQG�ZLWKRXW�WUHDG�HOHPHQWV��WKDW�LV��ZLWK�WKH�DGDSWHG�EDUH�VWULQJ�PRGHO�DQG�ZLWK
WKH�RULJLQDO�EDUH�VWULQJ�PRGHO��:LWK�WKH�SDUDPHWHU�YDOXHV� � ��DR�DQG�FS�� ���FF
WKH�UHOD[DWLRQ�OHQJWK�RI�WKH�PRUH�DGYDQFHG�PRGHO�ZLWK�WUHDG�HOHPHQWV�DW�WKH�VWDWLF
ORDG� EHFRPHV� R

(

� ����DR��)RU� WKH�PRGHO�ZLWKRXW� WUHDG� UXEEHU� WKH� UHOD[DWLRQ
OHQJWK�KDV�EHHQ�WDNHQ�HTXDO�WR� � ��DR�

7KH� ILJXUHV� FOHDUO\� LOOXVWUDWH� WKH� XQIDYRXUDEOH� HIIHFW� RI� LQFUHDVLQJ� WKH
DPSOLWXGH� �DQG�WKH�SDWK�IUHTXHQF\��GHFUHDVLQJ�WKH�ZDYHOHQJWK� ���7KH�FXUYH�DWÖ
]HUR�SDWK�IUHTXHQF\�LV�SXUHO\�GXH�WR�WKH�QRQ�OLQHDU�YDULDWLRQ�RI�WKH�FRUQHULQJ
VWLIIQHVV�&) �YHUVXV�YHUWLFDO�ORDG�)]�VKRZQ�LQ�)LJ�������FI��)LJ�����DQG�GLVFXVVLRQ
RQ�WKH�HIIHFW�RI�ORDG�WUDQVIHU�LQ�&KDSWHU����)LJ������DQG�UHIOHFWV�WKH�µVWDWLF¶�GURS
LQ�DYHUDJH�FRUQHULQJ�VWLIIQHVV��$�SURQRXQFHG�GLIIHUHQFH�EHWZHHQ�WKH�UHVSRQVH�RI
ERWK�W\SHV�RI�PRGHOV�LV�WKH�VXGGHQ�GURS�LQ�DYHUDJH�FRUQHULQJ�VWLIIQHVV�WKDW�VKRZV
XS�LQ�WKH�FXUYHV�RI�WKH�EDUH�VWULQJ�PRGHO�ZKHQ�WKH�IUHTXHQF\�LV�ODUJHU�WKDQ�]HUR
DQG�WKH�GHIOHFWLRQ�DPSOLWXGH�UHDFKHV�WKH�YDOXH�RI�WKH�VWDWLF�GHIOHFWLRQ��7KLV�LV�LQ
FRQWUDVW�WR�WKH�JUDGXDO�YDULDWLRQ�LQ�DYHUDJH�FRUQHULQJ�VWLIIQHVV�ZKLFK�LV�REVHUYHG
WR�RFFXU�ZLWK�WKH�PRUH�DGYDQFHG�PRGHO��DQG�QR�GRXEW�DOVR�ZLWK�WKH�UHDO�W\UH�
)XUWKHUPRUH��WKH�PRUH�DGYDQFHG�PRGHO�ZLWK�WUHDG�HOHPHQWV��DOUHDG\�VKRZV�D
QRWLFHDEOH� GHFUHDVH� LQ� DYHUDJH� FRUQHULQJ� VWLIIQHVV� EHIRUH� WKH� W\UH� VWDUWV� WR
SHULRGLFDOO\�OHDYH�WKH�JURXQG��7KH�µG\QDPLF¶�GURS�LV�UHSUHVHQWHG�E\�WKH�GRWWHG
FXUYHV�DORQJ�ZKLFK�WKH�SDWK�IUHTXHQF\�FKDQJHV�DQG�WKH�GHIOHFWLRQ�DPSOLWXGH
UHPDLQV�WKH�VDPH��7KH�YHU\�ORZ�OHYHO�WR�ZKLFK�WKH�DYHUDJH�VWLIIQHVV�LV�UHGXFHG�
RQFH�ORVV�RI�FRQWDFW�RFFXUV�� LV�RI�WKH�VDPH�RUGHU�RI�PDJQLWXGH�IRU�ERWK�W\UH
PRGHOV�
�
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$V�DQ�DSSOLFDWLRQ�RI�WKH�WKHRU\�GHYHORSHG�LQ�WKH�SUHYLRXV�FKDSWHU�ZH�ZLOO�VWXG\
WKH�VHOI�H[FLWHG�RVFLOODWRU\�PRWLRQ�RI�D�ZKHHO�DERXW��DQ�DOPRVW��YHUWLFDO�VWHHULQJ
D[LV��7KLV�W\SH�RI�XQVWDEOH�PRWLRQ�LV�XVXDOO\�GHVLJQDWHG�DV�WKH�ZKHHO�VKLPP\
RVFLOODWLRQ��6KLPP\�LV�D�YLROHQW�DQG�SRVVLEO\�GDQJHURXV�YLEUDWLRQ�WKDW�PD\�RFFXU
ZLWK�IURQW�ZKHHOV�RI�DQ�DXWRPRELOH�DQG�ZLWK�DLUFUDIW�ODQGLQJ�JHDUV��:REEOH�RI
WKH� IURQW� ZKHHO� RI� D� PRWRUF\FOH� LV� DQ� RVFLOODWRU\� XQVWDEOH� PRGH� VLPLODU� WR
VKLPP\��7KLV�VWHHULQJ�YLEUDWLRQ�ZLOO�EH�GLVFXVVHG�LQ�&KDSWHU����

7R� LQYHVWLJDWH� WKH� VKLPP\� SKHQRPHQRQ�� WKH� ERXQGDU\� RI� VWDELOLW\� LV
HVWDEOLVKHG�IRU�V\VWHP�PRGHOV�RI�GLIIHUHQW�GHJUHHV�RI�FRPSOH[LW\�DQG�ZH�ZLOO
H[DPLQH� WKH� HIIHFW� RI� HPSOR\LQJ� GLIIHUHQW� W\UH� PRGHOV�� 7KH� OLQHDU� VWDELOLW\
DQDO\VLV�LV�H[WHQGHG�WR�QRQ�OLQHDU�V\VWHPV�ZKLFK�HQDEOHV�XV�WR�GHWHUPLQH�WKH�OLPLW
RI�WKH�VKLPP\�DPSOLWXGH��OLPLW�F\FOH��DQG�WKH�PDJQLWXGH�RI�LQLWLDO�GLVWXUEDQFH
RU�XQEDODQFH�WR�LQLWLDWH�WKH�VHOI�H[FLWHG�RVFLOODWLRQ��0XFK�RI�WKH�FRQWHQWV�RI�WKH
SUHVHQW�FKDSWHU� LV�EDVHG�RQ� WKH�ZRUN� RI�9RQ�6FKOLSSH�DQG�'LHWULFK� �������
3DFHMND�����������DQG�%HVVHOLQN��������

)URPP�� FI�� %HFNHU�� )URPP� DQG� 0DUXKQ� ������� LV� RQH� RI� WKH� ILUVW
LQYHVWLJDWRUV�ZKR�GHYHORSHG�D�WKHRU\�IRU�WKH�VKLPP\�PRWLRQ�RI�DXWRPRELOHV�
%HVLGHV� KLV� DGYDQFHG� WKHRUHWLFDO�ZRUN�� DV� D� UHVXOW� RI�ZKLFK� WKH� J\URVFRSLF
FRXSOLQJ�EHWZHHQ�WKH�DQJXODU�PRWLRQV�DERXW�WKH�ORQJLWXGLQDO�D[LV�DQG�DERXW�WKH
VWHHULQJ�D[LV�ZDV�IRXQG�WR�EH�WKH�PDLQ�IDFWRU�FDXVLQJ�VKLPP\��KH�KDV�FDUULHG�RXW
DQG�GHVFULEHG��WRJHWKHU�ZLWK�KLV�FR�ZRUNHUV�%HFNHU�DQG�0DUXKQ��VRPH�WHVWV�RQ
D�V\VWHP�ZLWK�D�ULJLG�IURQW�D[OH���$OVR�'HQ�+DUWRJ��������DQG�5RFDUG�������
KDYH� WUHDWHG� WKLV� µJ\URVFRSLF¶� VKLPP\� IRU� V\VWHPV� ZLWK� OLYH� D[OHV�� 7KH
SKHQRPHQRQ�ZDV�H[SHULPHQWDOO\�H[DPLQHG�E\�2OOH\���������

$QRWKHU�NLQG�RI�VKLPP\�LV�FORVHO\� UHODWHG�WR�W\UH�DQG�VXVSHQVLRQ�ODWHUDO
FRPSOLDQFH� DQG� KDV� EHHQ� REVHUYHG� WR� RFFXU�ZLWK� DLUFUDIW� ODQGLQJ� JHDUV� DQG
DXWRPRELOHV�HTXLSSHG�ZLWK�LQGHSHQGHQW�IURQW�ZKHHO�VXVSHQVLRQV��0DQ\�RI�WKH
DXWKRUV�PHQWLRQHG�LQ�FRQQHFWLRQ�ZLWK�WKH�GHYHORSPHQW�RI�QRQ�VWHDG\�VWDWH�RXW�
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)LJ������ 6LPSOH� WUDLOLQJ�ZKHHO� V\VWHP� WKDW� LV� FDSDEOH� RI� VKRZLQJ� VKLPP\�� 7ZR�ZD\V�RI
UHDOLVLQJ� WKH�PHFKDQLFDO�FDVWHU� OHQJWK�H�RI� WKH�FRQWDFW�FHQWUH�ZLWK� UHVSHFW� WR� WKH
VWHHULQJ�D[LV��NLQJ�SLQ��KDYH�EHHQ�LQGLFDWHG�

RI�SODQH�W\UH�PRGHOV�LQ�&KDSWHU���KDYH�XVHG�WKHLU�PRGHO�LQ�FRQQHFWLRQ�ZLWK�WKH
DQDO\VLV�RI�WKH�VKLPP\�SUREOHP�

��

������7KH�6LPSOH�7UDLOLQJ�:KHHO�6\VWHP�
���ZLWK�<DZ�'HJUHH�RI�)UHHGRP

)LUVW�� WKH� VLPSOHVW� V\VWHP� WKDW� FDQ� JHQHUDWH� VKLPP\� ZLOO� EH� GLVFXVVHG�
&RQVLGHU�WKH�WUDLOLQJ�ZKHHO�V\VWHP�GHSLFWHG�LQ�)LJ������7KH�YHUWLFDO�VZLYHO�D[LV
PRYHV�DORQJ�WKH�2[�D[LV�ZLWK�VSHHG�9��7KH�PRWLRQ�YDULDEOH�LV�WKH�\DZ�DQJOH� �RI
WKH�ZKHHO�SODQH�DERXW�WKH�VZLYHO�D[LV��7KLV�D[LV�LQWHUVHFWV�WKH�URDG�SODQH�DW�D
GLVWDQFH�H��PHFKDQLFDO�WUDLO�RU�FDVWHU�OHQJWK��LQ�IURQW�RI�WKH�FRQWDFW�FHQWUH��7KH
V\VWHP�LV�SURYLGHG�ZLWK�D�URWDWLRQ�GDPSHU�ZLWK�YLVFRXV�GDPSLQJ�FRHIILFLHQW�N
DQG�SRVVLEO\�ZLWK�D�WRUVLRQDO�VSULQJ�ZLWK�VWLIIQHVV�F ��7KH�PRPHQW�RI�LQHUWLD
DERXW�WKH�VZLYHO�D[LV�LV�GHQRWHG�ZLWK�,��7KLV�TXDQWLW\�YDULHV�ZLWK�FDVWHU�OHQJWK
H��+RZHYHU��ZH�PD\�FRQVLGHU�D�FRQVWDQW�YDOXH�RI�,�LI�FDVWHU�LV�DFFRPSOLVKHG�E\
LQFOLQLQJ�WKH�VZLYHO�D[LV�DERXW�WKH�ZKHHO�VSLQ�D[LV��,I�WKH�FDVWHU�DQJOH�UHPDLQV
UHODWLYHO\�VPDOO��WKH�FDPEHU�DQJOH�WKDW�DULVHV�WKURXJK�VWHHULQJ�PD\�EH�QHJOHFWHG
DQG�WKH�HTXDWLRQV�DVVXPLQJ�D�YHUWLFDO�D[LV�ZLOO�KROG�ZLWK�JRRG�DSSUR[LPDWLRQ�

7KH�W\UH�ZLOO�EH�FRQVLGHUHG�PDVVOHVV�DQG�WKH�FRQWDFW�OLQH�LV�DSSUR[LPDWHG�E\
D�VWUDLJKW� OLQH�WDQJHQW�WR�WKH�DFWXDO�FRQWDFW� OLQH�DW�WKH�OHDGLQJ�HGJH��VWUDLJKW
WDQJHQW�DSSUR[LPDWLRQ��IRU�ZKLFK�WKH�(TV�������������KROG�RU�E\�D�VLQJOH�SRLQW�
(TV������������ZLWK�DQG�ZLWKRXW�WKH�HIIHFW�RI�WUHDG�ZLGWK��7KH�UHVXOWV�ZLOO�EH
FRPSDUHG�ZLWK�WKRVH�REWDLQHG�ZKHQ�XVLQJ�WKH�DOPRVW�H[DFW�9RQ�6FKOLSSH�W\UH
PRGHO��:H�KDYH�WKH�HTXDWLRQV�
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UHOD[DWLRQ�OHQJWK� � ��D�RU�QRQ�GLPHQVLRQDOO\�� � ����,Q�FDVH�RI�WKH�VLQJOH�FRQWDFW
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$FFRUGLQJ�WR�WKH�FULWHULXP�RI�+XUZLW]��WKH�FRQGLWLRQV�IRU�VWDELOLW\�RI�WKH�PRWLRQ
RI�WKH�WKLUG�RUGHU�V\VWHP�UHDG�

� DOO�FRHIILFLHQWV�DL�RI�WKH�FKDUDFWHULVWLF�HTXDWLRQ�PXVW�EH�SRVLWLYH�
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� WKH�+XUZLW]�GHWHUPLQDQWV�+Q����+Q���HWF��PXVW�EH�SRVLWLYH��ZKLFK�\LHOGV�IRU�WKH
WKLUG�RUGHU��Q� ���V\VWHP�
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,W�FDQ�EH�HDVLO\�VHHQ�WKDW��LI�WKH�ODVW�WZR�FRQGLWLRQV�DUH�VDWLVILHG��WKH�ILUVW�RQH�LV
VDWLVILHG�DXWRPDWLFDOO\��,I�WKH�FRQGLWLRQ�DQ� �D��!���LV�WKH�ILUVW�WR�EH�YLRODWHG�WKHQ
WKH�PRWLRQ�WXUQV�LQWR�D�PRQRWRQRXV�XQVWDEOH�PRWLRQ��GLYHUJHQW�LQVWDELOLW\�WKDW
LV��ZLWKRXW�RVFLOODWLRQV���&RQVHTXHQWO\��LI�H�����W���F ��PHDQLQJ�WKDW�WKH�VWHHULQJ
D[LV�OLHV�D�GLVWDQFH��H�EHKLQG�WKH�FRQWDFW�FHQWUH�WKDW�LV�ODUJHU�WKDQ�W���F ��&) ���WKH
ZKHHO�VZLQJV�DURXQG�RYHU�����GHJUHHV�WR�WKH�QHZ�VWDEOH�VLWXDWLRQ��,I�+Q��� �+��LV
WKH� ILUVW� WR�EHFRPH�QHJDWLYH�� WKH�PRWLRQ�EHFRPHV�RVFLOODWRULO\�XQVWDEOH��7KH
ERXQGDULHV�RI�WKH�WZR�XQVWDEOH�DUHDV�DUH��D�� ���DQG�+�� ���

,Q�WKH�FDVH�RI�YDQLVKLQJ�GDPSLQJ��N� �
�� ����FRQGLWLRQ��������UHGXFHV�WR�

��� �������H % W ��H & D & � ! �

$SSDUHQWO\��LQ�WKH��H��9��SDUDPHWHU�SODQH�WKH�ERXQGDULHV�RI��������UHGXFH�WR�WZR
SDUDOOHO�OLQHV�DW�H� � ���D�DQG�H� ���W��:KHQ�WKH�FDVWHU�OLHV�LQ�EHWZHHQ�WKHVH�WZR
YDOXHV� WKH� \DZ� DQJOH� SHUIRUPV� DQ� RVFLOODWLRQ� ZLWK� H[SRQHQWLDOO\� LQFUHDVLQJ
DPSOLWXGH�DW�DQ\�VSHHG�RI�WUDYHO��$SSDUHQWO\��ZKHQ�WKH�GDPSLQJ�LV�]HUR��WKH
VSHHG�DQG�WKH�WRUVLRQDO�VWLIIQHVV�GR�QRW�LQIOXHQFH�WKH�H[WHQW�RI�WKH�XQVWDEOH�DUHD�
7KH\�ZLOO��KRZHYHU��FKDQJH�WKH�GHJUHH�RI�LQVWDELOLW\�DQG�WKH�QDWXUDO�IUHTXHQF\
�HLJHQYDOXHV����

,I�ZH�KDYH�GDPSLQJ��WKH�OLPLW�VLWXDWLRQ�PD\�EH�FRQVLGHUHG�ZKHUH�WKH�VSHHG
9�WHQGV�WR�]HUR��7KH�FRQGLWLRQ�IRU�VWDELOLW\�WKHQ�EHFRPHV�

���� ������(

% F % �H% W� �H&D� ! �

ZKLFK�VKRZV�WKDW�WKH�YDOXHV�IRU�H�EHFRPH�FRPSOH[�LI� �F ���
�!�ó�W��D�����W�D�

7KLV�LPSOLHV�WKDW�LQ�WKDW�FDVH�WKH�XQVWDEOH�DUHD�EHFRPHV�GHWDFKHG�IURP�WKH�H�D[LV�
,Q�)LJ�����WKH�XQVWDEOH�DUHDV�KDYH�EHHQ�VKRZQ�IRU�GLIIHUHQW�YDOXHV�RI�WKH

YLVFRXV�VWHHU�GDPSLQJ�N�DQG�ZLWK�VWHHU�VWLIIQHVV�F � ����'DPSLQJ�UHGXFHV�WKH�VL]H
RI�WKH�XQVWDEOH�DUHD�DQG�SXVKHV�WKH�H[WUHPH�ULJKW�KDQG�HGJH�WR�ORZHU�YDOXHV�RI
VSHHG��7KH�FXUYHV�UHVXOWLQJ�IURP�WKH�DSSOLFDWLRQ�RI�WKH�VWUDLJKW�WDQJHQW�DQG�WKH
VLQJOH�FRQWDFW�SRLQW�W\UH�PRGHO�DSSUR[LPDWLRQV�KDYH�EHHQ�GLVSOD\HG�WRJHWKHU�ZLWK
WKH�VKDGHG�FXUYHV�UHSUHVHQWLQJ�WKH�ERXQGDULHV�DFFRUGLQJ�WR�WKH�DOPRVW�H[DFW�9RQ
6FKOLSSH�DSSUR[LPDWLRQ��)RU�D�PRUH�GHWDLOHG�VWXG\�RI� WKH� VLWXDWLRQ� DW� VPDOO
YDOXHV�RI�9���FD�����ZKHUH�DW�YHU\�ORZ�GDPSLQJ�DOWHUQDWLYH�VWDEOH�DQG�XQVWDEOH
UDQJHV�DSSHDU� WR�DULVH�ZKHQ� WKH�H[DFW� WKHRU\� LV�DSSOLHG��ZH� UHIHU� WR�6WHSDQ
��������

$SSUHFLDEOH�GHYLDWLRQV�DSSHDU�WR�RFFXU�DW�ORZ�YDOXHV�RI�VSHHG�9�ZKHUH�WKH
SDWK�IUHTXHQF\� V�LV�UHODWLYHO\�KLJK�DQG�WKXV�WKH�ZDYHOHQJWK� �UHODWLYHO\�VKRUW�
7KLV�LV�LQ�DFFRUGDQFH�ZLWK�ILQGLQJV�LQ�)LJ���������ZKHUH�WKH�IUHTXHQF\�UHVSRQVH
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*straight tangentσ + D = 4

-W = -0.5B
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ψF  = 0

)LJ������ $UHDV�RI�LQVWDELOLW\�IRU�WKH�WUDLOLQJ�ZKHHO�V\VWHP�RI�)LJ�����ZLWKRXW�VWHHU�VWLIIQHVV�DW
GLIIHUHQW� OHYHOV� RI� YLVFRXV� VWHHU� GDPSLQJ�� &RQVHTXHQFHV� RI� XVLQJ� GLIIHUHQW� W\UH
PRGHOV�FDQ�EH�REVHUYHG�

IXQFWLRQV�DFFRUGLQJ�WR�YDULRXV�DSSUR[LPDWLRQV�KDYH�EHHQ�FRPSDUHG��7KH�VWUDLJKW
WDQJHQW�DSSUR[LPDWLRQ�VKRZV�D�WHQGHQF\�WR�SUHGLFW�D�VKLPP\�LQVWDELOLW\�WKDW�LV
VRPHZKDW�WRR�VWURQJ��2Q�WKH�RWKHU�KDQG��WKH�VLQJOH�SRLQW�FRQWDFW�PRGHO�WXUQV�RXW
WR� EH� WRR� VWDEOH�� IRU� N� � ���� WKH� XQVWDEOH� DUHD� YDQLVKHV� DOO� WRJHWKHU��:KHQ
HPSOR\LQJ�WKH�VWUDLJKW�WDQJHQW�DSSUR[LPDWLRQ�ZH�DW�OHDVW�DSSHDU�WR�EH�RQ�WKH�VDIH
VLGH��)RU�WKH�FDVH�N� �����D�FXUYH�KDV�EHHQ�DGGHG�LQ�)LJ�����WR�VKRZ�WKH�HIIHFW�RI
DUWLILFLDOO\�LQWURGXFLQJ�D�SURSHU�YDOXH�RI� (�WR�LPSURYH�WKH�SHUIRUPDQFH�RI�WKH
VWUDLJKW�WDQJHQW�PRGHO��7KH�YDOXH� (

� �&0n� ����D&0 �WKDW�FRUUHVSRQGV�WR� (

� 
����LQGHHG�SURGXFHV�D�EHWWHU�UHVXOW��7KLV�LV�LQ�DFFRUGDQFH�ZLWK�WKH�FXUYH�DGGHG
LQ�WKH�1\TXLVW�GLDJUDP�RI�)LJ������IRU�&0n� �����D&0 �WKDW�VKRZV�DQ�LPSURYHG
DOLJQLQJ�WRUTXH�IUHTXHQF\�UHVSRQVH�

7KH� QRQ�GLPHQVLRQDO� SDWK� IUHTXHQFLHV� VKRZQ� LQ� WKH� ILJXUH� RFFXU� RQ� WKH
ERXQGDULHV�FRPSXWHG�IRU�WKH�V\VWHP�ZLWK�VWUDLJKW�WDQJHQW�DSSUR[LPDWLRQ��+HUH
WKH�PRWLRQ�VKRZV�DQ�XQGDPSHG�RVFLOODWLRQ��7KHQ��WKH�VROXWLRQ�RI��������FRQWDLQV
D�SDLU�RI�SXUHO\�LPDJLQDU\�URRWV��%\�UHSODFLQJ�S�E\� L V� LQ�WKH�FKDUDFWHULVWLF
HTXDWLRQ�DQG�WKHQ�VHSDUDWLQJ�WKH�LPDJLQDU\�DQG�WKH�UHDO�WHUPV�ZH�JHW�WZR�HTXD�
WLRQV�ZKLFK�FDQ�EH�UHGXFHG�WR�RQH�E\�HOLPLQDWLQJ�WKH�WRWDO�GDPSLQJ�FRHIILFLHQW
N�9��� (��7KH� UHVXOWLQJ� UHODWLRQVKLS�EHWZHHQ�9� DQG�H� KDV� EHHQ�VKRZQ� IRU�D
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)LJ������ $UHDV�RI�LQVWDELOLW\�IRU�WKH�WUDLOLQJ�ZKHHO�V\VWHP�RI�)LJ�����ZLWKRXW�VWHHU�VWLIIQHVV�
,QIOXHQFH�RI�WUHDG�ZLGWK�GDPSLQJ�DW�GLIIHUHQW�OHYHOV�RI�YLVFRXV�VWHHU�GDPSLQJ�

QXPEHU�RI�YDOXHV�RI� V��$W�SDWK�IUHTXHQF\� V� ���%^ ����W�` ������D�VSHFLDO�FDVH
DULVHV�ZKHUH�WKH�IUHTXHQF\�FXUYH�UHGXFHV�WR�D�VWUDLJKW�OLQH�RULJLQDWLQJ�IURP�����W��
%\�XVLQJ�RQH�RI�WKH�WZR�HTXDWLRQV��DQ�H[SUHVVLRQ�IRU�WKH�QRQ�GLPHQVLRQDO�SDWK
IUHTXHQF\�PD\�EH�REWDLQHG�
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D�

'

H % W % F
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% �N9% (�

)LJXUH�����SUHVHQWV�WKH�GLDJUDP�LQGLFDWLQJ�WKH�LQIOXHQFH�RI�GDPSLQJ�GXH�WR
WUHDG�ZLGWK� (��7KLV�W\SH�RI�GDPSLQJ�LV�HVSHFLDOO\�HIIHFWLYH�DW�ORZ�VSHHG��7KLV�LV
XQGHUVWDQGDEOH� EHFDXVH� ZH� KDYH� VHHQ� WKDW� WKH� HTXLYDOHQW� YLVFRXV� GDPSLQJ
FRHIILFLHQW�GHFUHDVHV�LQYHUVHO\�SURSRUWLRQDOO\�ZLWK�WKH�IRUZDUG�YHORFLW\��7KH
ERXQGDULHV� QRZ� KDYH� D� FKDQFH� WR� EHFRPH� FORVHG� DW� WKH� OHIW�KDQG� VLGH�� FI�
(T��������

$V�)LJ�����GHSLFWV��WKH�VWHHU�WRUVLRQDO�VWLIIQHVV�UHGXFHV�WKH�XQVWDEOH�VKLPP\
DUHD� LQ� VL]H� HVSHFLDOO\� ZKHQ� VXIILFLHQW� GDPSLQJ� LV� SURYLGHG�� $W� YDQLVKLQJ
GDPSLQJ�� WKH�DUHD�RI�RVFLOODWRU\� LQVWDELOLW\�DSSHDUV� WR� UHPDLQ� OLPLWHG� E\� WKH
KRUL]RQWDO�OLQHV�REWDLQHG�IURP���������7KH�DUHD�RI�GLYHUJHQW�LQVWDELOLW\�LV�UHGXFHG
WKURXJK�WKH�UHVWRULQJ�DFWLRQ�RI�WKH�WRUVLRQDO�VSULQJ�DERXW�WKH�VWHHULQJ�D[LV��,WV
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)LJ������ ,QIOXHQFH�RI�VWHHU�VWLIIQHVV�F �RQ�VKLPP\�LQVWDELOLW\�DQG�RQ�GLYHUJHQW�LQVWDELOLW\�DW
GLIIHUHQW�OHYHOV�RI�VWHHU�GDPSLQJ�ZLWKRXW�WUHDG�ZLGWK�GDPSLQJ�

XSSHU�ERXQGDU\�VKLIWV�GRZQZDUGV�DFFRUGLQJ�WR�WKH�QHJDWLYH�WUDLO��H� �W���F �
7KH�LQIOXHQFH�RI�W\UH�LQHUWLD�KDV�QRW�EHHQ�LQGLFDWHG�LQ�WKH�GLDJUDPV��$V�PD\

EH�H[SHFWHG�IURP�WKH�GLDJUDP�RI�)LJ�������WKDW�VKRZV�WKDW�WKH�SKDVH�ODJ�RI�WKH
PRPHQW�UHVSRQVH�LV�UHGXFHG�WKURXJK�WKH�DFWLRQ�RI�WKH�J\URVFRSLF�FRXSOH�0]�J\U

HVSHFLDOO\�DW�KLJKHU�VSHHGV��WKH�DUHD�EHFRPHV�OLPLWHG�DW�WKH�ULJKW�KDQG�VLGH�HYHQ
LQ�WKH�DEVHQFH�RI�GDPSLQJ��([HUFLVH�����JLYHQ�EHORZ�DGGUHVVHV�WKLV�SUREOHP�

,I�WKH�PRPHQW�RI�LQHUWLD�DERXW�WKH�VWHHULQJ�D[LV�FDQ�QRW�EH�FRQVLGHUHG�DV�D
FRQVWDQW�EXW�UDWKHU�DV�D�IXQFWLRQ�RI�WKH�WUDLO�H��H�J��UHSODFH�,�E\�,]���PH

���WKHQ�
FRQVLGHULQJ� WKH� QRQ�GLPHQVLRQDOLVDWLRQ� GHILQHG� E\� �������� WKH� FXUYHV� RI� WKH
YDULRXV� GLDJUDPV�PXVW� EH� UHLQWHUSUHWHG�� DW� D� FRQVWDQW� N� WKH� DFWXDO� GDPSLQJ
FRHIILFLHQW�N�LV�QRW�D�FRQVWDQW�DORQJ�WKH�FXUYH�EXW�LQFUHDVHV�ZLWK�LQFUHDVLQJ�H
ZKLOH�DW�D�JLYHQ�9�WKH�DFWXDO�VSHHG�9�GHPLQLVKHV�DW�LQFUHDVLQJ�H�
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'HWHUPLQH�KRZ�WKH�VWDELOLW\�ERXQGDULHV�IRU�WKH�V\VWHP�ZLWKRXW�GDPSLQJ�� � �N� 

F � ���� DUH� FKDQJHG� GXH� WR� WKH� LQFOXVLRQ� RI� WKH� J\URVFRSLF� FRXSOH��&RQVLGHU� WKH
IROORZLQJ�SDUDPHWHU�YDOXHV

W ' ��� � ' � � &J\U ' ����

'UDZ�LQ�WKH��H��9��GLDJUDP�WKH�ERXQGDULHV�IRU�&J\U� ���DQG�VNHWFK�WKH�QHZ�VWDELOLW\
ERXQGDU\�E\�FDOFXODWLQJ�DW�OHDVW�WKH�ERXQGDU\�YDOXHV�IRU�9�DW�H� ��W��H� ���DQG�H� ���DQG
PRUHRYHU�WKH�ERXQGDU\�RQ�WKH�H�D[LV��,QGLFDWH�ZKHUH�WKH�V\VWHP�LV�VWDEOH�

������6\VWHPV�ZLWK�<DZ�DQG�/DWHUDO�'HJUHHV�RI�)UHHGRP

7KH�DGGLWLRQDO�GHJUHH�RI�IUHHGRP�WKDW�DOORZV�WKH�NLQJ�SLQ�WR�PRYH�VLGHZD\V�
OHDGV�WR�D�V\VWHP�ZKLFK�LV�RI�WKH�ILIWK�RUGHU��)LJXUH�����GHSLFWV�WKH�V\VWHP�ZLWK
ODWHUDO�FRPSOLDQFH�RI�WKH�ZKHHO�VXVSHQVLRQ�SRVVLEO\�DVVRFLDWHG�ZLWK�D�WRUVLRQDO
�FDPEHU��FRPSOLDQFH�ZLWK��YLUWXDO��D[LV�RI�URWDWLRQ�DVVXPHG�WR�EH�ORFDWHG�DW�D
KHLJKW�K�DERYH�WKH�JURXQG��ULJKW�KDQG�GLDJUDP���7KH�LQHUWLD�RI�WKH�V\VWHP��P��,]�
PD\�EH�UHSUHVHQWHG�E\�WZR�SRLQW�PDVVHV�P$�DQG�P%�DQG�D�UHVLGXDO�PRPHQW�RI
LQHUWLD� ,� DERXW� WKH� YHUWLFDO� D[LV�� 7KH� WZR�PDVV� SRLQWV� DUH� FRQQHFWHG� E\� D
PDVVOHVV�URG�ZLWK�OHQJWK�H��DQG�DUH�ORFDWHG�RQ�WKH�ZKHHO�D[LV�DQG�WKH�VWHHU�D[LV
UHVSHFWLYHO\��/DWHUDO�GDPSLQJ�ZLOO�QRW�EH�FRQVLGHUHG�

7KH�IROORZLQJ�VHW�RI�HTXDWLRQV�KROG�IRU�WKH�G\QDPLFV�RI�WKH�V\VWHP�RI�)LJ����
DVVXPLQJ�D�YHUWLFDO�VWHHULQJ�D[LV�DQG�DGRSWLQJ�WKH�VWUDLJKW�WDQJHQW�W\UH�PRGHO�
(T�����������������
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ZKHUH�WKH�VOLS�DQJOH� �LV�REWDLQHG�IURP�
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9
�\0 &H0 �

%HIRUH�IXUWKHU�VWXG\LQJ�WKH�ILIWK�RUGHU�V\VWHP�OHW�XV�WU\�WR�UHGXFH�WKH�V\VWHP�WR
D�ORZHU�RUGHU�ZKLOH�UHWDLQLQJ�WKH�ODWHUDO�FRPSOLDQFH��

<DZ�DQG�ODWHUDO�GHJUHHV�RI�IUHHGRP�ZLWK�ULJLG�ZKHHO�W\UH��WKLUG�RUGHU�

,W�FDQ�EH�VKRZQ�WKDW�WKH�ODWHUDO�FRPSOLDQFH�RI�WKH�ZKHHO�VXVSHQVLRQ�KDV�DQ�HIIHFW
WKDW�LV�VLPLODU�WR�WKH�HIIHFW�RI�W\UH�ODWHUDO�FRPSOLDQFH��7KH�EDVLF�HIIHFW�RI�ODWHUDO
FRPSOLDQFH�RI�WKH�VXVSHQVLRQ�PD\�EH�LVRODWHG�E\�FRQVLGHULQJ�WKH�ZKHHO�DQG�W\UH
DV�D� ULJLG�GLVF��$V�D� UHVXOW��D�QRQ�KRORQRPLF�FRQVWUDLQW� HTXDWLRQ� DULVHV� WKDW
UHGXFHV�WKH�RUGHU�RI�WKH�V\VWHP�WR�WKUHH��7KURXJK�WKLV�ILUVW�RUGHU�GLIIHUHQWLDO
HTXDWLRQ�WKH�FRQGLWLRQ�WKDW�WKH�ZKHHO�LV�XQDEOH�WR�SHUIRUP�ODWHUDO�VOLS�LV�REH\HG�
:H�REWDLQ�WKH�FRQVWUDLQW�HTXDWLRQ�IURP��������ZLWK�ZKHHO�VOLS�DQJOH� ��IRUFHG�WR
EH�HTXDO�WR�]HUR��

������' &
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9
�\0 &H0 � ' �

,Q�DGGLWLRQ��ZH�DVVXPH�WKDW�IRU�WKH�ULJLG�GLVF�WKH�DOLJQLQJ�WRUTXH�DQG�WKH�FRQWDFW
OHQJWK�YDQLVK�
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$IWHU�HOLPLQDWLRQ�RI�)\�IURP�WKH�(TV�����������DQG�H[SUHVVLQJ� �LQ�WHUPV�RI�0\
DQG�LWV�GHULYDWLYH�ZH�ILQG�D�WKLUG�RUGHU�GLIIHUHQWLDO�HTXDWLRQ��,WV�FKDUDFWHULVWLF
HTXDWLRQ�ZLWK�YDULDEOH�V�LQ�>UDG��V@�UHDGV�

�������,(%P
%
H �� V � % �N%P

%
H9� V � % �F %F

\
H �� V % F

\
H9 ' �

7KH�WULYLDO�FRQGLWLRQ�DJDLQVW��GLYHUJHQW��LQVWDELOLW\�WKDW�UHVXOWV�IURP�WKH�ODVW�WHUP
RI��������ZKLFK�PXVW�UHPDLQ�SRVLWLYH�EHFRPHV�

������H ! �

7KH�FRQGLWLRQ�IRU�VWDELOLW\�+��!����FI����������UHDGV�

�������N%P
%
H9� �F %F

\
H �� ! �,(%P

%
H ��F

\
H9

)RU�WKH�XQGDPSHG�FDVH��N� ����WKLV�UHGXFHV�WR�WKH�VLPSOH�FRQGLWLRQ�IRU�VWDELOLW\�
LI�H�!��

������P
%
F ! ,(F

\

$SSDUHQWO\��D�QHJDWLYH�UHVLGXDO�PRPHQW�RI�LQHUWLD��,������ZLOO�HQVXUH�VWDELOLW\�
:KHQ�I�GHILQHV�WKH�ORFDWLRQ�RI�WKH�FHQWUH�RI�JUDYLW\�EHKLQG�WKH�VWHHU�D[LV�DQG�L(

GHQRWHV�WKH� UDGLXV�RI� LQHUWLD�RI�WKH�FRPELQDWLRQ��P$� ��P%� ��,

���RU�RQO\�RI�WKH

VWHHUDEOH�SDUW��D�QHJDWLYH�UHVLGXDO�PRPHQW�RI�LQHUWLD�ZRXOG�RFFXU�LI�L(����I�H�I��
)RU�VXFK�D�V\VWHP��DQ�LQFUHDVH�RI�WKH�ODWHUDO�VWLIIQHVV�VWUHQJWKHQV�WKH�VWDELOLW\�

,I�RQ�WKH�RWKHU�KDQG�,�!���D�VXIILFLHQWO\�ODUJH�VWHHU�VWLIIQHVV�LV�QHHGHG�WR
VWDELOLVH�WKH�V\VWHP��,W�LV�VXUSULVLQJ�LV�WKDW�D�ODUJHU�ODWHUDO�VWLIIQHVV�PD\�WKHQ
FDXVH�WKH�V\VWHP�WR�EHFRPH�XQVWDEOH�DJDLQ��

7KH�FRQFOXVLRQ�WKDW�WKH�IUHHO\�VZLYHOOLQJ�ZKHHO�V\VWHP��WKDW�LV��F � �N� ����LV
VWDEOH�LI�WKH�UHVLGXDO�PRPHQW�RI�LQHUWLD�,�����HQWDLOV�WKDW�ZKHQ�FDVWHU�LV�UHDOLVHG
E\�LQFOLQLQJ�WKH�VWHHULQJ�D[LV�EDFNZDUGV��)LJ�����ULJKW�KDQG�GLDJUDP��ZH�KDYH
WKH�VLWXDWLRQ�WKDW�P$� ���VR�WKDW�,


� �,�ZKLFK�LV�DOZD\V�SRVLWLYH��&RQVHTXHQWO\��IRU

VXFK�D�IUHHO\�VZLYHOOLQJ�V\VWHP�HTXLSSHG�ZLWK�D�ULJLG�WKLQ�W\UH�WKH�PRWLRQ�LV
DOZD\V�RVFLOODWRULO\�XQVWDEOH�

7KH�ILIWK�RUGHU�V\VWHP

7KH�J\URVFRSLF�FRXSOLQJ�WHUPV�WKDW�DULVH�GXH�WR�WKH�DQJXODU�FDPEHU�YHORFLW\�RI
WKH�ZKHHO�V\VWHP�DERXW�WKH�ORQJLWXGLQDO�D[LV� ORFDWHG�DW�D�KHLJKW�K�DERYH�WKH
JURXQG� ZLOO� EH� DGGHG� WR� WKH� (TV������������ )RU� WKLV�� WKH� FRHIILFLHQW� J\U� LV
LQWURGXFHG�

������
J\U
'

,
S

PUK

ZKHUH�,S�GHQRWHV�WKH�SRODU�PRPHQW�RI�LQHUWLD�RI�WKH�ZKHHO��)XUWKHUPRUH�WKH�UDWLR
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RI�GLVWDQFHV�ZLWK�UHVSHFW�WR�WKH�FDPEHU�WRUVLRQ�FHQWUH�LV�LQWURGXFHG�

������
K
'

K

K&U

0RUHRYHU��WR�IXOO\�DFFRXQW�IRU�WKH�HIIHFWV�RI�WKH�DQJXODU�GLVSODFHPHQW�DERXW�WKH
ORQJLWXGLQDO�D[LV��WKDW�DOVR�DULVHV�ZKHQ�VWHHULQJ�DURXQG�DQ�LQFOLQHG�NLQJ�SLQ��WR
SURYLGH�FDVWHU���RQH�PD\�LQFOXGH�WKH�FDPEHU�IRUFH�LQ�(T��������DQG�WKH�VPDOO
�QHJDWLYH��VWLIIQHVV�HIIHFWV�UHVXOWLQJ�IURP�WKH�ODWHUDO�VKLIW�RI�WKH�QRUPDO�IRUFH�)]�
%HFDXVH�RI�WKH�IDFW�WKDW�WKHVH�HIIHFWV�DUH�UHODWLYHO\�VPDOO�DQG�DSSHDU�WR�SDUWO\
FRPSHQVDWH�HDFK�RWKHU�ZH�ZLOO�QHJOHFW�WKH�H[WUD�WHUPV�

7KH�GLIIHUHQWLDO�HTXDWLRQV�WKDW�UHVXOW�ZKHQ�UHWXUQLQJ�WR�WKH�VHW�,]�DQG�P�WKDW
UHSODFHV�WKH�HTXLYDOHQW�VHW�P$���P%�DQG�,

��DQG�HOLPLQDWLQJ�DOO�YDULDEOHV�H[FHSW�\�
�DQG� N�UHDG�
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,Q�WKH�HTXDWLRQV�WKH�ODWHUDO�VXVSHQVLRQ�GDPSLQJ��N\��KDV�EHHQ�LQFOXGHG��,Q�WKH
IXUWKHU�DQDO\VLV�WKLV�TXDQWLW\�ZLOO�EH�OHIW�RXW�RI�FRQVLGHUDWLRQ��7R�VWXG\�WKH�SXUH
J\URVFRSLF�FRXSOLQJ�HIIHFW��WKH�UDWLR� K�ZLOO�EH�WDNHQ�HTXDO�WR�XQLW\�ZKLFK�ZRXOG
UHSUHVHQW�WKH�FDVH�WKDW�WKH�FHQWUH�RI�JUDYLW\�DQG�WKH�ODWHUDO�VSULQJ�DUH�ORFDWHG�DW
JURXQG�OHYHO��)RU�WKH�VSHFLDO�FDVH�WKDW�WKH�FHQWUH�RI�JUDYLW\�OLHV�RQ�WKH��LQFOLQHG�
VWHHU�D[LV��GLVWDQFH�I� ����WKH�V\VWHP�GHVFULSWLRQ�LV�FRQVLGHUDEO\�VLPSOLILHG���2XU
DQDO\VLV�ZLOO�PDLQO\�EH�OLPLWHG�WR�WKLV�FRQILJXUDWLRQ��%HVVHOLQN��������KDV�FDUULHG
RXW�DQ�HODERUDWH�VWXG\�RQ�WKH�V\VWHP�RI�)LJ�����ZLWK�WKH�PDVV�FHQWUH�ORFDWHG
EHKLQG�WKH��YHUWLFDO��VWHHULQJ�D[LV��I�!�����HYHQ�EHKLQG�WKH�ZKHHO�FHQWUH��I�!�H��
)RU�WKH�FRPSOHWH�UHVXOWV�RI�WKLV�IRU�DLUFUDIW�VKLPP\�LPSRUWDQW�DQDO\VLV�ZH�UHIHU
WR� WKH�RULJLQDO�SXEOLFDWLRQ��2QH� W\SLFDO� UHVXOW��KRZHYHU��ZKHUH� I� �H�ZLOO�EH
GLVFXVVHG�KHUH��

7KH� FRPSOHWH� VHW� RI� QRQ�GLPHQVLRQDO� TXDQWLWLHV�� H[WHQGHG� DQG� VOLJKWO\
FKDQJHG�ZLWK�UHVSHFW�WR�WKH�VHW�GHILQHG�E\�(TV���������UHDGV�
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+HUH�� V�GHQRWHV� WKH� QRQ�GLPHQVLRQDO�/DSODFH� YDULDEOH��7KH� QRQ�GLPHQVLRQDO
GLIIHUHQWLDO�HTXDWLRQV�IROORZ�HDVLO\�IURP�WKH�RULJLQDO�HTXDWLRQV������������)RU�WKH
VWDELOLW\� DQDO\VLV� ZH� QHHG� WKH� FKDUDFWHULVWLF� HTXDWLRQ� ZKLFK� UHDGV� LQ� QRQ�
GLPHQVLRQDO�IRUP�
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7KH� LQIOXHQFH� RI� D� QXPEHU� RI� QRQ�GLPHQVLRQDO� SDUDPHWHUV� ZLOO� EH
LQYHVWLJDWHG�E\�FKDQJLQJ�WKHLU�YDOXHV��7KH�RWKHU�SDUDPHWHUV�ZLOO�EH�NHSW�IL[HG�
7KH�YDOXHV�RI�WKH�IL[HG�VHW�RI�SDUDPHWHUV�DUH��
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)RU�WKH�ILIWK�RUGHU�V\VWHP�WKH�+XUZLW]�FRQGLWLRQV�IRU�VWDELOLW\�UHDG�
� DOO�FRHIILFLHQWV�DL�RI�WKH�FKDUDFWHULVWLF�HTXDWLRQ�PXVW�EH�SRVLWLYH�
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,W�WXUQV�RXW�WKDW�IRU�WKH�FDVH�ZLWKRXW�GDPSLQJ�DQG�J\URVFRSLF�FRXSOLQJ�WHUPV
��N� �


� � J\U� �����D�UHODWLYHO\�VLPSOH�VHW�RI�DQDO\WLFDO�H[SUHVVLRQV�FDQ�EH�GHULYHG

IRU�WKH�FRQGLWLRQV�RI�VWDELOLW\���,W�FDQ�EH�SURYHQ�WKDW�ZKHQ�D��!���+��!���+��!��WKH
RWKHU�FRQGLWLRQV�DUH�VDWLVILHG�DV�ZHOO��&RQVHTXHQWO\��WKH�JRYHUQLQJ�FRQGLWLRQV�IRU
VWDELOLW\�RI�WKH�V\VWHP�ZLWKRXW�GDPSLQJ�DQG�J\URVFRSLF�FRXSOLQJ�UHDG�
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D55�

F\9
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:H�PD\�DVFHUWDLQ�WKDW�IRU�WKH�VSHFLDO�FDVH�RI�D�ULJLG�ZKHHO�ZKHUH�&) �64�DQG�D�
��W�6��WKH�FRQGLWLRQ��������FRUUHVSRQGV�ZLWK��������DQG�WKH�FRQGLWLRQ

������F &

F\
P

! �

WKDW�UHVXOWV�IURP��������FRUUHVSRQGV�ZLWK�FRQGLWLRQ��������LI�ZH�UHDOLVH�WKDW�LQ�WKH
FRQILJXUDWLRQ�VWXGLHG�KHUH�ZH�KDYH��P$� ���DQG�, �,]�

)RU�WKH�FDVH�ZLWK�DQ�HODVWLF�W\UH�ZLWK�VWDELOLW\�FRQGLWLRQV�����������ZH�ZLOO
SUHVHQW�VWDELOLW\�GLDJUDPV�DQG�VKRZ�WKH�HIIHFWV�RI�FKDQJLQJ�WKH�VWLIIQHVVHV��,Q
DGGLWLRQ��EXW�WKHQ�QHFHVVDULO\�VWDUWLQJ�RXW�IURP�(TV���������������WKH�LQIOXHQFH
RI�WKH�VWHHU�DQG�WUHDG�GDPSLQJ�DQG�WKDW�RI�WKH�J\URVFRSLF�FRXSOLQJ�WHUPV�ZLOO�EH
DVVHVVHG�

)LUVW�� OHW� XV� FRQVLGHU� WKH� V\VWHP�ZLWK� ODWHUDO� VXVSHQVLRQ� FRPSOLDQFH� EXW
ZLWKRXW�VWHHU�WRUVLRQDO�VWLIIQHVV��F � ����WKDW�LV��D�IUHHO\�VZLYHOOLQJ�ZKHHO�SRVVLEO\
GDPSHG� �JRYHUQHG�E\� WKH�FRPELQHG�FRHIILFLHQW�N� �9�� DQG� VXEMHFWHG� WR� WKH
DFWLRQ� RI� WKH� J\URVFRSLF� FRXSOH� �WKDW� DULVHV� ZKHQ� WKH� ODWHUDO� GHIOHFWLRQ� LV
FRQQHFWHG�ZLWK�FDPEHU�GLVWRUWLRQ�DV�JRYHUQHG�E\�D�QRQ�]HUR�FRHIILFLHQW� J\U��
)URP�WKH�DERYH�FRQGLWLRQV�LW�FDQ�EH�VKRZQ�WKDW�IRU�WKH�VLPSOH�V\VWHP�ZLWKRXW
GDPSLQJ�DQG�FDPEHU�FRPSOLDQFH�VWDELOLW\�PD\�EH�DFKLHYHG�RQO\�DW�WKH�DFDGHPLF
FDVH�RI�ODUJH�FDVWHU�H�!�D��� �ZKHQ�WKH�ODWHUDO�VWLIIQHVV�RI�WKH�ZKHHO�VXVSHQVLRQ
LV�VXIILFLHQWO\�ODUJH�

����ZKLOH����� ������F\ ! P�H% W� %
�

H&D&
H ! D%

7KH�PLQLPXP�VWLIIQHVV�ZKHUH�VWDELOLW\�PD\�RFFXU�LV�
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ZLWK�L]�UHSUHVHQWLQJ�WKH�UDGLXV�RI�LQHUWLD�
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P
'

,
]

PD �

7KH�YDOXH�RI�WKH�FDVWHU�OHQJWK�HF�ZKHUH�VWDELOLW\�FRPPHQFHV��DW�F\�FULW��LV�

������HF ' D% % L ]

&RQVHTXHQWO\��LW�PD\�EH�FRQFOXGHG�WKDW�ZLWK�UHVSHFW�WR�WKH�WKLUG�RUGHU�V\VWHP�RI
)LJ����� WKH� LQWURGXFWLRQ� RI� ODWHUDO� VXVSHQVLRQ� FRPSOLDQFH� VKLIWV� WKH� XSSHU
ERXQGDU\�RI�WKH�DUHD�RI�LQVWDELOLW\�WR�YDOXHV�RI�FDVWHU�OHQJWK�H�ODUJHU�WKDQ�D�� �
$W�WKH�VDPH�WLPH�D�QHZ�DUHD�RI�LQVWDELOLW\�HPHUJHV�IURP�DERYH��:KHQ�WKH�ODWHUDO
VWLIIQHVV�EHFRPHV�ORZHU�WKDQ�WKH�FULWLFDO�YDOXH��������WKH�VWDEOH�DUHD�YDQLVKHV
DOWRJHWKHU�DW�H� �HF��

7KH�FDVH�ZLWK�VWHHU�DQG�WUHDG�GDPSLQJ�VKRZV�UDQJHV�RI�VWDELOLW\�WKDW�YDU\
ZLWK�VSHHG�RI�WUDYHO�9��,Q�)LJ�����DUHDV�RI� LQVWDELOLW\�KDYH�EHHQ�GHSLFWHG�IRU
GLIIHUHQW�YDOXHV�RI�WKH�ODWHUDO�VWLIIQHVV��7KH�XSSHU�OHIW�LQVHW�LOOXVWUDWHV�WKH�FDVH
ZLWKRXW� GDPSLQJ�� $W� YDQLVKLQJ� ODWHUDO� VWLIIQHVV� D� QDUURZ� UDQJH� RI� VWDELOLW\
DSSHDUV�WR�UHPDLQ�LQ�WKH�QHJDWLYH�WUDLO�UDQJH�ZLWK�D�PDJQLWXGH�VPDOOHU�WKDQ�WKH
SQHXPDWLF�WUDLO�W�

:KHQ� D� ILQLWH� KHLJKW� K� RI� WKH� ORQJLWXGLQDO� WRUVLRQ� D[LV� LV� FRQVLGHUHG�
SDUDPHWHU� J\U�GHILQHG�E\��������REWDLQV�D�YDOXH�ODUJHU�WKDQ�]HUR��)RU� J\U� ����
WKH�GLDJUDP�RI�)LJ�����DULVHV��$Q�LPSRUWDQW�SKHQRPHQRQ�DSSHDUV�WR�RFFXU�WKDW
LV�HVVHQWLDO�IRU�WKLV�WZR�GHJUHH�RI�IUHHGRP�V\VWHP��QRW�FRXQWLQJ�WKH�µKDOI¶�GHJUHH
RI�IUHHGRP�VWHPPLQJ�IURP�WKH�IOH[LEOH�W\UH���$�QHZ�DUHD�RI�LQVWDELOLW\�DSSHDUV
WR�VKRZ�XS�DW�KLJKHU�YDOXHV�RI�VSHHG��7KH�DUHD�LQFUHDVHV�LQ�VL]H�ZKHQ�WKH�ODWHUDO
�FDPEHU��VWLIIQHVV�GHFUHDVHV��$W�WKH�VDPH�WLPH�WKH�RULJLQDO�DUHD�RI�RVFLOODWRU\
LQVWDELOLW\�VKULQNV�DQG�XOWLPDWHO\�YDQLVKHV��$URXQG�]HUR�FDVWHU�VWDEOH�PRWLRQV
DSSHDU�WR�EHFRPH�SRVVLEOH�IRU�DOO�YDOXHV�RI�VSHHG�ZKHQ�D��QHDU��RSWLPXP�ODWHUDO
VWLIIQHVV�LV�FKRVHQ��7KH�KLJK�VSHHG�VKLPP\�PRGH�H[KLELWV�D�FRQVLGHUDEO\�KLJKHU
IUHTXHQF\�WKDQ�WKH�RQH�RFFXUULQJ�LQ�WKH�ORZHU�VSHHG�UDQJH�RI�LQVWDELOLW\��7KLV�LV
LOOXVWUDWHG�E\�WKH�QRQ�GLPHQVLRQDO�IUHTXHQFLHV�LQGLFDWHG�IRU�WKH�FDVH�F\� ��DW�H� 
�����7KH�FRUUHVSRQGLQJ�QRQ�GLPHQVLRQDO�ZDYHOHQJWK� � � �D�LV�REWDLQHG�E\�XVLQJ
WKH� IRUPXOD�� �  � � 9� �� ,Q� 7DEOH� ���� WKH� QRQ�GLPHQVLRQDO� IUHTXHQFLHV� �
ZDYHOHQJWKV� ��DQG�SDWK�IUHTXHQFLHV��� � �D� �KDYH�EHHQ�SUHVHQWHG�DV�FRPSXWHG
IRU�WKH�IRXU�GLIIHUHQW�YDOXHV�RI�QRQ�GLPHQVLRQDO�YHORFLWLHV�ZKHUH�WKH�WUDQVLWLRQ
IURP�VWDEOH�WR�XQVWDEOH�RU�YLVD�YHUVD�RFFXUV��$OVR��WKH�PRGH�RI�YLEUDWLRQ�LV�TXLWH
GLIIHUHQW�IRU�WKLV�µJ\URVFRSLF¶�VKLPP\�H[KLELWLQJ�D�FRQVLGHUDEO\�ODUJHU�ODWHUDO
PRWLRQ�DPSOLWXGH�RI� WKH�ZKHHO�FRQWDFW� FHQWUH�ZLWK� UHVSHFW� WR� WKH�\DZ�DQJOH
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DPSOLWXGH� WKDQ� LQ� WKH� RULJLQDO� µODWHUDO� �W\UH�� FRPSOLDQFH¶� VKLPP\�PRGH��7R
LOOXVWUDWH�WKLV��WKH�WDEOH�VKRZV�WKH�UDWLR�RI�DPSOLWXGHV�RI�WKH�ODWHUDO�GLVSODFHPHQW
\�RI�WKH�FRQWDFW�FHQWUH��FI��)LJ������DQG�WKH�\DZ�DQJOH�PXOWLSOLHG�ZLWK�KDOI�WKH
FRQWDFW�OHQJWK��D ��)RU�WKH�WZR�ORZHU�YDOXHV�RI�VSHHG�WKH�ODWHUDO�GLVSODFHPHQW
DSSHDUV�WR�ODJ�EHKLQG�WKH�\DZ�DQJOH�ZLWK�DERXW����E�ZKLOH�IRU�WKH�WZR�KLJKHU
VSHHGV�WKH�SKDVH�ODJ�DPRXQWV�WR�DERXW���E�

�7DEOH������ 1RQ�GLPHQVLRQDO� IUHTXHQFLHV�� ZDYHOHQJWKV� DQG� UDWLR� RI�DPSOLWXGHV�RI�ODWHUDO
GLVSODFHPHQW�\ �DW�FRQWDFW�FHQWUH�DQG�\DZ�DQJOH� ��WLPHV�KDOI�FRQWDFW�OHQJWK�D�IRU
VSHHGV�DW�VWDELOLW\�ERXQGDULHV�DV�LQGLFDWHG�LQ�)LJ�����DW�WUDLO�H� �����

9� ����� � ����� � ����� �� � �D� � ������ _�\�D �_� �����

����������� ����������� ���������� ����������������������� �������������������

����������� ����������� ���������� ����������������������� �������������������

���������� ����������� ���������� ����������������������� �������������������

)LJXUH�����GHSLFWV�WKH�VSHFLDO�FDVH�RI�YDQLVKLQJ�GDPSLQJ�IRU�D�QXPEHU�RI
YDOXHV�RI�WKH�ODWHUDO�VWLIIQHVV��$W�FDVWHU�QHDU�RU�HTXDO�WR�]HUR�OLPLWHG�UDQJHV�RI
VSHHG�ZLWK�VWDEOH�PRWLRQV�DSSHDU�WR�RFFXU��7KHVH�VSHHG�UDQJHV�FRUUHVSRQG�ZLWK
WKH�VWDEOH�UDQJHV�LQ�EHWZHHQ�WKH�XQVWDEOH�DUHDV�RI�)LJ������LI�DSSOLFDEOH���)RU�WKH
LQGLFDWHG� SRLQWV� $� DQG� %� DQG� IRU� D� QXPEHU� RI� QHLJKERXULQJ� SRLQWV� WKH
HLJHQYDOXHV�DQG�HLJHQYHFWRUV�KDYH�EHHQ�DVVHVVHG�DQG�VKRZQ�LQ�)LJV���������LQ
6HFWLRQ�������ZKHUH�WKH�HQHUJ\�IORZ�LV�VWXGLHG�

7KH�V\VWHP�ZLOO�QRZ�EH�SURYLGHG�ZLWK�WRUVLRQDO�VWHHU�VWLIIQHVV�F ��)RU�WKH
XQGDPSHG�FDVH�WKH�FRQGLWLRQV�������������KROG� WR�HQVXUH�VWDELOLW\��,W�FDQ�EH
REVHUYHG�WKDW�H[FHSW�IRU�WKH�FRQGLWLRQ��������F �DSSHDUV�LQ�FRPELQDWLRQ�ZLWK�F\
LQ� WKH� IDFWRU�F ���F\� �P��:H�PD\�LQWURGXFH�DQ�HIIHFWLYH�\DZ�VWLIIQHVV�DQG�DQ
HIIHFWLYH�ODWHUDO�VWLIIQHVV�

�������DQG������ ������F( ' F &

F\

P
F(\ ' F\ & PF

DQG�HVWDEOLVK�D�VLQJOH�GLDJUDP�IRU�WKH�UDQJHV�RI�VWDELOLW\�IRU�WKH�WZR�HIIHFWLYH
VWLIIQHVVHV�DV�SUHVHQWHG�LQ�)LJ�������7KH�ZD\�LQ�ZKLFK�WKH�ERXQGDULHV�DUH�IRUPHG
PD\�EH�FODULILHG�E\�WKH�GLDJUDP�RI�)LJ������7KH�SDUDEROD�UHSUHVHQWV�WKH�YDULDWLRQ
RI� WKH� VHFRQG�+XUZLW]� GHWHUPLQDQW�+�� GLYLGHG� E\�P

�9� �� FI��(T��������� DV� D
IXQFWLRQ�RI�WKH�FDVWHU�OHQJWK�H��7KLV�VDPH�WHUP�DOVR�DSSHDUV�LQ�WKH�H[SUHVVLRQ�IRU
WKH�IRXUWK�+XUZLW]�GHWHUPLQDQW�+��DFFRUGLQJ�WR���������)RU�ERWK�FDVHV�F


�!���DQG

F\

�!���WKH�VWUDLJKW�OLQH�RULJLQDWLQJ�IURP�WKH�SRLQW�� ���D�����DW�D�VORSH�F

�DQG�F\

��P

UHVSHFWLYHO\�KDYH�EHHQ�GHSLFWHG��7KH�SRLQWV�RI�LQWHUVHFWLRQ�ZLWK�WKH�SDUDEROD
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FRUUHVSRQG�WR�YDOXHV�RI�H�ZKHUH�+�� ����'HSHQGLQJ�RQ�WKH�VLJQV�RI�IDFWRU�H���W�DQG
RI�+��DQG�D��WKH�UDQJHV�RI�VWDELOLW\�FDQ�EH�IRXQG��)LYH�W\SLFDO�FDVHV�$�(�KDYH
EHHQ�LQGLFDWHG��7KH\�FRUUHVSRQG�WR�VLPLODU�FDVHV�LQGLFDWHG�LQ�)LJ�������&DVH�'
DW�VPDOO�QHJDWLYH�H�OLHV�LQVLGH�WKH�VPDOO�VWDEOH�WULDQJOH�RI�)LJ��������+HUH�F �!���
H���W�!���DQG�+���P

�9�!�F�� ���D���H���&DVH�&�VKRZV�D�UDQJH�RI�H�ZKHUH�+��!���EXW
DW�WKH�VDPH�WLPH�+������VR�WKDW�LQVWDELOLW\�SUHYDLOV��)RU�ODUJHU�QHJDWLYH�YDOXHV�RI
WKH�FDVWHU�VWDELOLW\�DULVHV�EHFDXVH�H���W�FKDQJHV�VLJQ�ZKLOH�D��UHPDLQV�SRVLWLYH�
$OVR�IRU�ODUJHU�YDOXHV�RI�F�D�VWDEOH�DUHD�DSSHDUV�WR�VKRZ�XS�IRU�H�����W��)RU�FDVHV
OLNH�'�DQG�(�VWDELOLW\�RFFXUV�IRU�ODUJH�YDOXHV�RI�WKH�PHFKDQLFDO�WUDLO�H��QRW�YHU\
UHDOLVWLF�IRU�RXU�SUHVHQW�DVVXPSWLRQ�WKDW�I� ���ZKLFK�PHDQV��F�J��RQ��LQFOLQHG�
VWHHULQJ�D[LV���,Q�D�VLPLODU�ODUJH�UDQJH�RI�H�VWDELOLW\�RFFXUV�IRU�ODUJH�HIIHFWLYH
ODWHUDO�VWLIIQHVV��H�J��FDVH�$��7KLV�FDVH�KDV�DOUHDG\�EHHQ�UHIHUUHG�WR�SUHYLRXVO\
ZKHQ�GLVFXVVLQJ�WKH�VLWXDWLRQ�ZLWKRXW�VWHHU�VWLIIQHVV��FI��)LJ�����XSSHU�OHIW�LQVHW�
(T���������&DVH�%�VKRZV�LQVWDELOLW\�IRU�DOO�YDOXHV�RI�H��$V�KDV�EHHQ�LQGLFDWHG�LQ
)LJ�������ZH�FDQ�HVWDEOLVK�WKH�DEVFLVVD�F �E\�VKLIWLQJ�WKH�YHUWLFDO�D[LV�WR�WKH�OHIW
RYHU�D�GLVWDQFH�F\��P��$W�WKH�OHIW�RI�WKH�VKLIWHG�D[LV�WKH�VWHHU�VWLIIQHVV�PXVW�EH
FRQVLGHUHG�HTXDO�WR�]HUR�VR�WKDW�F\


� �F\��7KH�VWDELOLW\�ERXQGDU\�D�� ���VKLIWV�WR�WKH

OHIW�WRJHWKHU�ZLWK�WKH�F � ���D[LV��
,Q�)LJ������WKH�GLDJUDP�RI�)LJ������LV�UHSHDWHG�EXW�RQO\�IRU�WKH�YHUVLRQ�ZLWK

F �DV�DEVFLVVD�DQG�IRU�RQH�IL[HG�YDOXH�RI�F\��)LJXUHV������DQG����FOHDUO\�VKRZ�WKH
LQIOXHQFH�RI�GDPSLQJ��7KH�VWDEOH�DUHDV�LQFUHDVH�LQ�VL]H��ZKLOH�WKH�XQVWDEOH�DUHD
WHQGV�WR�VSOLW�LWVHOI�LQWR�WZR�SDUWV��WKH�KLJKHU�VWLIIQHVV�SDUW�RI�ZKLFK��F �!�-F\��P�
DSSHDUV�WR�YDQLVK�DW�VXIILFLHQW�GDPSLQJ��$OVR�LQ�WKH�ORZ�\DZ�VWLIIQHVV�UDQJH�WKH
LQVWDELOLW\�LV�VXSSUHVVHG�HVSHFLDOO\� LQ� WKH�ORZHU�UDQJH�RI�VSHHG��)RU�D�FDVWHU
OHQJWK�FORVH�WR�]HUR�LW�DSSHDUV�SRVVLEOH�WR�DFKLHYH�VWDELOLW\�WKURXJK�DGDSWLQJ�WKH
VWHHU�VWLIIQHVV��PDNLQJ�LW�D�ELW�ODUJHU�WKDQ�F\��P��FI��&DVH�'�RI�)LJ�������DQG�RU
E\�VXSSO\LQJ�VXIILFLHQW�GDPSLQJ�

7KH�PRUH�FRPSOH[�VLWXDWLRQ�ZKHUH�J\URVFRSLF�FRXSOLQJ�LV�LQFOXGHG�KDV�EHHQ
FRQVLGHUHG�LQ�)LJV����������)RU�YDQLVKLQJ�VWHHU�VWLIIQHVV��F 6���WKH�VLWXDWLRQ�RI
)LJV�������LV�UHDFKHG�DJDLQ��,Q�)LJ������ZKHUH�WKH�GDPSLQJ�LV�]HUR��WKH�FXUYH�DW
ORZ�VSHHG�UHVHPEOHV�WKH�JUDSK�RI�)LJ�������$V�ZDV�REVHUYHG�WR�RFFXU�LQ�WKH�]HUR
\DZ�VWLIIQHVV�FDVH��ZH�VHH�WKDW�LQ�WKH�ORZHU�\DZ�VWLIIQHVV�UDQJH��F �-F\��P��DQ
RSWLPXP�YDOXH�RI�WKH�VSHHG�DSSHDUV�WR�H[LVW�ZKHUH�WKH�XQVWDEOH�H�UDQJH�EHFRPHV
VPDOOHVW�RU�YDQLVKHV�DOWRJHWKHU��DW�VXIILFLHQW�GDPSLQJ���,Q�WKH�KLJKHU�VWLIIQHVV
UDQJH� LQFUHDVLQJ� WKH� VSHHG�SURPRWHV� VKLPP\�H[FHSW� LQ� WKH�QHJDWLYH�H� UDQJH
ZKHUH�WKH�RSSRVLWH�PD\�RFFXU��,Q�WKLV�VDPH�UDQJH�RI�\DZ�VWLIIQHVV�DQ�LQFUHDVH
RI�WKH�VWLIIQHVV�DSSHDUV�WR�ORZHU�WKH�WHQGHQF\�WR�VKLPP\�

%HVVHOLQN��������KDV�DQDO\VHG�WKH�PRUH�JHQHUDO�DQG�IRU�DLUFUDIW�ODQGLQJ�JHDUV
PRUH�UHDOLVWLF�FRQILJXUDWLRQ�ZKHUH�WKH�FHQWUH�RI�JUDYLW\�RI�WKH�VZLYHOOLQJ�SDUW�LV
ORFDWHG�EHKLQG�WKH�VWHHULQJ�D[LV���1RWDEO\��WKH�FDVH�ZKHUH�I� �H�DQG�WKH�SHFXOLDU
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)LJ�� ����� � ,QIOXHQFH� RI
OD WHUD O � VXVSHQVL RQ
FRPSOLDQFH� ZLWK� QRQ�
GLPHQVLRQDO� VWLIIQHVV�F\
RQ� VWDELOLW\�� *\URVFRSLF
FRXSOH�DQG�VWHHU�VWLIIQHVV
QRW�UHJDUGHG��
1RQ�GLPHQVLRQDO�SDUDP�
HWHUV��I� ����P� ������W� 
����� � ���

)LJ�� ����� � ,QIOXHQFH� RI
ODWHUDO� �FDPEHU�� VXV�
SHQVLRQ�FRPSOLDQFH�ZLWK
J\URVFRSLF� FRXSOLQJ�
6WHHU�VWLIIQHVV�LV�HTXDO�WR
]HUR��
$W�LQFUHDVLQJ�FRPSOLDQFH
���F\�D�QHZ�DUHD�RI�RVFLO�
ODWRU\� LQVWDELOLW\� VKRZV
XS� ZKLOH� WKH� RULJLQDO
DUHD�VKULQNV��
)UHTXHQFLHV� KDYH� EHHQ
LQGLFDWHG� IRU� WKH� FDVH
F\ ��DW�H� �����

)LJ�� ����� � ,QIOXHQFH� RI
ODWHUDO� �FDPEHU�� VXV�
SHQVLRQ�FRPSOLDQFH�ZLWK
J\URVFRSLF� FRXSOLQJ�
6WHHU�VWLIIQHVV�LV�HTXDO�WR
]HUR�� 6WHHU� DQG� WUHDG
GDPSLQJ�HTXDO�WR�]HUR�
( L J H Q Y D O X H V � D Q G
HLJHQYHFWRUV�RI�SRLQWV�$
DQG� %� DUH� DQDO\VHG� LQ
)LJV����������
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ZLWKRXW� GDPSLQJ� DQG� J\URVFRSLF� FRXSOLQJ�� 7KH� FDVHV� $�(� FRUUHVSRQG� WR� WKRVH
LQGLFDWHG�LQ�WKH�VWDELOLW\�GLDJUDP�RI�)LJ������7KH�GLDJUDP�KROG�LQ�JHQHUDO��WKH�FDVH
ZLWK�F\�P ��LV�DQ�H[DPSOH��QRWH��P� �����
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$UHDV� RI� LQVWDELOLW\� DW
GLIIHUHQW�OHYHOV�RI�VSHHG�

)LJ�� ������ 6DPH� DV� )LJ�
����� EXW� ZLWK� VRPH
GDPSLQJ

)LJ�� ������ 6DPH� DV� )LJ�
����� EXW� ZLWK� PRUH
GDPSLQJ
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FDVH� ZLWK� I� !
�
H� ZKLFK� PD\� EH� EHQLILFLDO� WR� VXSSUHVV� VKLPP\�� )RU� WKH

FRQILJXUDWLRQ�WKDW�I
�
 

�
H�DQG�GDPSLQJ�DQG�J\URVFRSLF�FRXSOLQJ�DUH�GLVUHJDUGHG�

WKH�IROORZLQJ�FRQGLWLRQV�IRU�VWDELOLW\�KROG�
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�
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P
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ZLWK�WKH�WZR�SDUDEROLF�IXQFWLRQV�RI�H�
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%
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\

P
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�
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F
\
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PW

)LJXUH������GHSLFWV�WKH�ERXQGDULHV�RI�VWDELOLW\�DFFRUGLQJ�WR�WKH�DERYH�IXQFWLRQV�
7KH�RUGLQDWHV�RI�WZR�FKDUDFWHULVWLF�SRLQWV�KDYH�DOUHDG\�EHHQ�JLYHQ�LQ�WKH�ILJXUH�
)RU�WKH�WKUHH�RWKHU�SRLQWV�ZH�KDYH�WKH�H�YDOXHV�

������H� ' &

L
�
]

%D

������H� '
W

F\� %D% W�

������H� '
L
�
]

W

7KH�DSSHDUDQFH�RI�WKH�VWDELOLW\�GLDJUDP�LV�TXLWH�GLIIHUHQW�ZLWK�UHVSHFW�WR�WKDW
RI��)LJ������ZKHUH�I

�
 

�
���6WLOO��DQ�DUHD�RI�LQVWDELOLW\�H[LVWV�LQ�EHWZHHQ�WKH�OHYHOV

RI�WKH�WUDLO���W
�
�

�
H

�
�

� �
�

�
D��/LNH�LQ�WKH�I

�
 

�
��FDVH��FOHDUO\�YLVLEOH�LQ�)LJ�������ZH

KDYH�WZR�GLIIHUHQW�UDQJHV�RI�LQVWDELOLW\��DUHD���DQG�DUHD���ZKHUH�GLIIHUHQW�PRGHV
RI�XQVWDEOH�RVFLOODWLRQV�RFFXU��,Q�WKH�UDQJH�RI�WKH�FDVWHU�OHQJWK��W

�
�

�
H

�
�

� �
�

�
D�WKHVH

DUHDV�FRUUHVSRQG�WR�WKH�ORZHU�DQG�WKH�KLJKHU�\DZ�VWLIIQHVV�UHJLRQV��
)RU�WKH�SRLQWV�$�DQG�%�ZKLFK�OLH�RQ�WKH�ERXQGDULHV�RI�WKH�ORZHU�DQG�WKH

KLJKHU�VWLIIQHVV�LQVWDELOLW\�DUHDV�UHVSHFWLYHO\��WKH�PRGHV�RI�YLEUDWLRQ�KDYH�EHHQ
DQDO\VHG��7KH�FRQGLWLRQV�IRU�VWDELOLW\�����������RI�WKH�XQGDPSHG�V\VWHP�ZLWKRXW
J\UR¶V� DUH� LQGHSHQGHQW�RI� WKH� VSHHG��:KHQ�FKDQJLQJ� WKH�VSHHG�RI� WUDYHO� WKH
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0

H

VWDEOH

RVFLOODWRULO\RVFLOODWRULO\
��XQVWDEOH��XQVWDEOH

RVFLOO��XQVWDEOHRVFLOO��XQVWDEOH

F� = Fψ ψ1

F� = Fψ ψ3

GLYHUJHQW

XQVWDEOH

BA

22

11

Fψ0

1H

2H

3H

D +σ + 
F\

W VWDEOH

no damping
β
J\U= 0, I = H

+  =04

(H)

(H)

  _
  _

  _

  _

  _

  _  _
  _

  _   _   _

  _   _   _

1

F� = Fψ ψ2(H)  _   _   _

  _

)LJ�������� %DVLF�VWDELOLW\�GLDJUDP�IRU�WKH�FDVH�I� �H��F�J��GLVWDQFH�H�EHKLQG�VWHHU�D[LV����6WHHU
DQG� WUHDG� GDPSLQJ� DUH� HTXDO� WR� ]HUR��*\URVFRSLF� FRXSOLQJ� LV� GLVUHJDUGHG��7KH
IXQFWLRQV�F L�H��DUH�GHILQHG�E\�(TV���������������(LJHQYDOXHV�DQG�HLJHQYHFWRUV�RI
SRLQWV�$�DQG�%�DUH�DQDO\VHG�LQ�)LJ�����������)URP��%HVVHOLQN�������

GDPSLQJ�RI�WKH�PRGH�WKDW�LV�MXVW�RQ�D�ERXQGDU\�RI�LQVWDELOLW\�UHPDLQV�HTXDO�WR
]HUR��7KH�RWKHU�PRGH�VKRZV�D�SRVLWLYH�GDPSLQJ�ZKLFK�FKDQJHV�ZLWK�VSHHG�DV
GRHV� WKH� IUHTXHQF\�RI� WKLV� VWDEOH�PRGH�� ,Q� WKH�)LJXUHV������DQG������ �IURP
%HVVHOLQN��������WKH�GDPSLQJ��IUHTXHQF\��DPSOLWXGH�UDWLR�DQG�SKDVH�OHDG�RI�WKH
ODWHUDO�GLVSODFHPHQW�RI�WKH�FRQWDFW�FHQWUH�\�ZLWK�UHVSHFW�WR�WKH�\DZ�DQJOH� �KDYH
EHHQ�SUHVHQWHG�IRU�WKH�WZR�PRGHV�RI�YLEUDWLRQ��LQ�)LJ������IRU�FDVH�$�DQG�LQ
)LJ������IRU�FDVH�%�RI�)LJ�������8VLQJ�D�UHIHUHQFH�W\UH�UDGLXV�UUHI��WKH�TXDQWLWLHV
\�DQG�9�KDYH�EHHQ�GHILQHG�DV�IROORZV��\� �\�UUHI�>�@��9

� �9�UUHI�>��VHF@��)URP�WKH
JUDSKV�FDQ�EH�REVHUYHG�WKDW�WKH�ORZHU�\DZ�VWLIIQHVV�FDVH�$�VKRZV�D�PRGH�RQ�WKH
YHUJH�RI�LQVWDELOLW\��PRGH����WKDW�KDV�D�ORZHU�IUHTXHQF\�DQG�D�ODUJHU�DPSOLWXGH
UDWLR�_\� _�WKDQ�PRGH���LQ�FDVH�%��(YLGHQWO\�FDVH�%�H[KLELWV�D�PRUH�SURQRXQFHG
\DZ�RVFLOODWLRQ�ZKHUHDV�WKH�PRWLRQ�SHUIRUPHG�E\�PRGH���RI�FDVH�$�FRPHV�FORVHU
WR�D�ODWHUDO�WUDQVODWLRQDO�RVFLOODWLRQ��7KH�QH[W�VHFWLRQ�GLVFXVVHV�WKH�PRGH�VKDSHV
RI� WKHVH� SHULRGLF�PRWLRQV� LQ� UHODWLRQ�ZLWK� WKH� HQHUJ\� IORZ� LQWR� WKH� XQVWDEOH
V\VWHP��
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)LJ���������1DWXUDO�IUHTXHQFLHV��GDPSLQJ�DQG�PRGH�VKDSHV�IRU�&DVH�%�RI�)LJ������
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%HVVHOLQN�KDV�DQDO\VHG�WKH�HIIHFWV�RI�FKDQJLQJ�D�QXPEHU�RI�SDUDPHWHUV�RI�D
UHDOLVWLF�WZR�ZKHHO��VLQJOH�D[OH�PDLQ�ODQGLQJ�JHDU�PRGHO�FRQILJXUDWLRQ��RI�FLYLO
DLUFUDIW��DOVR�VHH�9DQ�GHU�9DON��������'HJUHHV�RI�IUHHGRP�UHSUHVHQW��D[OH�\DZ
DQJOH��VWUXWW�ODWHUDO�GHIOHFWLRQ��D[OH�UROO�DQJOH�DQG�W\UH�ODWHUDO�GHIOHFWLRQ��VWUDLJKW
WDQJHQW���7KLV�PDNHV�WKH�WRWDO�RUGHU�RI�WKH�V\VWHP��HTXDO�WR�VHYHQ��,PSRUWDQW
FRQFOXVLRQV� UHJDUGLQJ� WKH� LPSURYHPHQW� RI� DQ� H[LVWLQJ� V\VWHP� DLPLQJ� DW
DYRLGDQFH�RI�VKLPP\�KDYH�EHHQ�GUDZQ��7ZR�PXWXDOO\�GLIIHUHQW�FRQILJXUDWLRQV
KDYH�EHHQ�VXJJHVWHG�DV�SRVVLEOH�VROXWLRQV�WR�WKH�SUREOHP��ZLWK�WKH�F�J��SRVLWLRQ
I�DVVXPHG�WR�UHPDLQ�HTXDO�WR�WKH�WUDLO�H�

� ODUJH�SRVLWLYH�WUDLO��H�!����
³$Q�LQFUHDVH�RI�WKH�PHFKDQLFDO�WUDLO�DQG�D�UHGXFWLRQ�RI�WKH�ODWHUDO�VWLIIQHVV�DUH

UHTXLUHG� WR� LPSURYH� VWDELOLW\� DW� KLJK� IRUZDUG� YHORFLW\�� ,QFUHDVLQJ� WKH� \DZ
VWLIIQHVV�ZLOO�JHQHUDOO\�LPSURYH�WKH�VKLPP\�VWDELOLW\�RI�D�JHDU�ZLWK�D�SRVLWLYH
PHFKDQLFDO�WUDLO�SURYLGHG�WKDW�VRPH�VWUXFWXUDO�GDPSLQJ�LV�SUHVHQW��$�OLPLWHG
UHGXFWLRQ�RI�WKH�UROO�VWLIIQHVV�LPSURYHV�WKH�VWDELOLW\�DW�KLJK�IRUZDUG�YHORFLWLHV�
7KH�\DZ�PRPHQW�RI�LQHUWLD�VKRXOG�EH�NHSW�DV�VPDOO�DV�SRVVLEOH�LQ�FDVH�RI�D�ODUJH
SRVLWLYH�PHFKDQLFDO�WUDLO´�

� VPDOO�QHJDWLYH�WUDLO��H������
³)RU�D�ODQGLQJ�JHDU�ZLWK�D�QHJDWLYH�WUDLO�DQ�XSSHU�ERXQGDU\�H[LVWV�IRU�WKH�\DZ

VWLIIQHVV��7KH�DFWXDO�YDOXH�RI�WKLV�VWLIIQHVV�PD\�EH�TXLWH�ORZ��IRU�WKH�EDVHOLQH
FRQILJXUDWLRQ�WKH�\DZ�VWLIIQHVV�ZRXOG�KDYH�WR�EH�UHGXFHG�DOPRVW�E\�D�IDFWRU��
WR�REWDLQ�D�VWDEOH�FRQILJXUDWLRQ�ZLWK�D�QHJDWLYH�WUDLO��$�UHODWLYHO\�VPDOO�LQFUHDVH
LQ�WUDFN�ZLGWK�UHOD[HV�WKLV�UHTXLUHPHQW�FRQVLGHUDEO\��,I�WKH�DEVROXWH�YDOXH�RI�WKH
QHJDWLYH�WUDLO�HTXDOV�WKH�SQHXPDWLF�WUDLO��WKHUH�H[LVWV�QR�ORZHU�OLPLW�IRU�WKH�\DZ
VWLIIQHVV�WR�PDLQWDLQ�VWDELOLW\��7KH�HIIHFW�RI� LQFUHDVLQJ�WKH�ODWHUDO�VWLIIQHVV�LV
TXLWH�VLPLODU�WR�LQFUHDVLQJ�WKH�WUDFN�ZLGWK�DQG�LPSURYHV�WKH�VKLPP\�VWDELOLW\�LQ
FDVH�RI�QHJDWLYH�WUDLO´�

,Q�FRPSDULVRQ�ZLWK�WKH�EDVHOLQH�FRQILJXUDWLRQ�WKH�SURSRVHG�PRGLILFDWLRQV
UHVXOW� LQ�D�PDMRU�JDLQ�LQ�VWDELOLW\��7KLV�LOOXVWUDWHV�WKDW� LW�PD\�EH�SRVVLEOH�WR
GHVLJQ� D� VWDEOH� FRQYHQWLRQDO� ODQGLQJ� JHDU�� SURYLGHG� WKDW� WKH� FRPELQDWLRQ� RI
SDUDPHWHU�YDOXHV�LV�VHOHFWHG�FRUUHFWO\�

)RU�GHWDLOHG�LQIRUPDWLRQ�DOVR�RQ�WKH�UHVXOWV�RI�VLPXODWLRQV�ZLWK�D�PXOWL�ERG\
FRPSOH[�PRGHO�LQ�FRPSDULVRQ�ZLWK�IXOO�VFDOH�H[SHULPHQWV�RQ�D�ODQGLQJ�DLUFUDIW
H[KLELWLQJ�VKLPP\�ZH�UHIHU�WR�WKH�RULJLQDO�ZRUN�RI�%HVVHOLQN�����������



���7+(�:+((/�6+,00<�3+(120(121

�����6KLPP\�DQG�(QHUJ\�)ORZ

7R�VXVWDLQ�WKH�XQVWDEOH�VKLPP\�RVFLOODWLRQ��HQHUJ\�PXVW�EH�WUDQVPLWWHG�µIURP�WKH
URDG�WR�WKH�ZKHHO¶��:H�UHDOLVH�WKDW��XOWLPDWHO\��WKH�SRZHU�FDQ�RQO\�RULJLQDWH�IURP
WKH�YHKLFOH¶V�SURSXOVLRQ�V\VWHP��7KH�UHODWLRQ�EHWZHHQ�XQVWDEOH�PRGHV�DQG�WKH
VHOI�H[FLWDWLRQ�HQHUJ\�JHQHUDWHG�WKURXJK�WKH�URDG�WR�W\UH�VLGH�IRUFH�DQG�DOLJQLQJ
PRPHQW� LV� GLVFXVVHG� LQ� GHWDLO� LQ� VXEVHFWLRQ� �������7KH� WUDQVLWLRQ� RI� GULYLQJ
HQHUJ\��RU�WKH�YHKLFOH�IRUZDUG�PRWLRQ�NLQHWLF�HQHUJ\��WR�VHOI�H[FLWDWLRQ�HQHUJ\
LV� DQDO\VHG� LQ� VXEVHFWLRQ� ������� 2EYLRXVO\�� EHVLGHV� IRU� WKH� VXSSO\� RI� VHOI�
H[FLWDWLRQ�HQHUJ\��WKH�GULYLQJ�HQHUJ\�LV�QHHGHG�WR�FRPSHQVDWH�IRU�WKH�HQHUJ\�WKDW
LV�GLVVLSDWHG�WKURXJK�SDUWLDO�VOLGLQJ�LQ�WKH�FRQWDFW�SDWFK�

��������8QVWDEOH�0RGHV�DQG�WKH�(QHUJ\�&LUFOH�

7R�VWDUW�RXW�ZLWK�WKH�SUREOHP�PDWWHU�OHW�XV�FRQVLGHU�WKH�VLPSOH�WUDLOLQJ�ZKHHO
V\VWHP�RI�)LJ�����ZLWK�WKH�\DZ�DQJOH� �

�UHSUHVHQWLQJ�WKH�RQO\�GHJUHH�RI�IUHHGRP
RI�WKH�ZKHHO�SODQH��,I�WKH�PHFKDQLFDO�WUDLO�LV�HTXDO�WR�]HUR�LW�LV�RQO\�WKH�DOLJQLQJ
WRUTXH�WKDW�H[HUWV�ZRUN�ZKHQ�WKH�ZKHHO�SODQH�LV�URWDWHG�DERXW�WKH�VWHHULQJ�D[LV�
,I�WKH�\DZ�DQJOH�YDULHV�KDUPRQLFDOO\

�������V� '
R
VLQ�

V
V�

WKH�PRPHQW�UHVSRQVH�EHFRPHV�IRU�VPDOO�SDWK�IUHTXHQF\� V�DSSUR[LPDWHO\�
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ZKHUH�WKH�SKDVH�DQJOH�IROORZV�IRU�LQVWDQFH�IURP�WUDQVIHU�IXQFWLRQV���������RU
��������RU�7DEOH������EHORZ�)LJ�������
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' & � %D�
V

WKH�QHJDWLYH�YDOXH�RI�ZKLFK�FRUUHVSRQGV�WR�WKH�IDFW�WKDW�WKH�PRPHQW�ODJV�EHKLQG
WKH�\DZ�DQJOH��7KH�HQHUJ\�WUDQVPLWWHG�GXULQJ�RQH�F\FOH�FDQ�EH�IRXQG�DV�IROORZV
� � 

� VV��
���
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$SSDUHQWO\��EHFDXVH�RI�WKH�QHJDWLYH�SKDVH�DQJOH�WKH�ZRUN�GRQH�E\�WKH�DOLJQLQJ
WRUTXH�LV�SRVLWLYH�ZKLFK�PHDQV�WKDW�HQHUJ\�LV�IHG�LQWR�WKH�V\VWHP��$V�D�UHVXOW��WKH
XQGDPSHG�ZKHHO�V\VWHP�ZLOO�VKRZ�XQVWDEOH�RVFLOODWLRQV�ZKLFK�LV�LQ�DJUHHPHQW
ZLWK�RXU�HDUOLHU�ILQGLQJV��,W�LV�RI�LQWHUHVW�WR�QRWH�WKDW�LQ�FRQWUDVW�WR�WKH�DERYH
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UHVXOW�WKDW�KROGV�IRU�D�W\UH��D�URWDU\�YLVFRXV�GDPSHU��ZLWK�D�SRVLWLYH�SKDVH�DQJOH
RI� ��E�� VKRZV� D� QHJDWLYH� HQHUJ\� IORZ� ZKLFK� PHDQV� WKDW� HQHUJ\� LV� EHLQJ
GLVVLSDWHG�

,I�ZH�ZRXOG�FRQVLGHU�D�ILQLWH�FDVWHU�OHQJWK�H��PRUH�VHOI�H[FLWDWLRQ�ZLOO�DULVH
GXH�WR�WKH�FRQWULEXWLRQ�RI�WKH�VLGH�IRUFH�WKDW�DOVR�UHVSRQGV�WR�WKH�\DZ�DQJOH�ZLWK
SKDVH�ODJ��$W�WKH�VDPH�WLPH��KRZHYHU��D�SDUW�RI�)\�ZLOO�QRZ�UHVSRQG�WR�WKH�VOLS
DQJOH�DQG��FRQVHTXHQWO\��GDPSV�WKH�RVFLOODWLRQ��7KH�VOLS�DQJOH�DULVHV�DV�D�UHVXOW
RI�WKH�ODWHUDO�VOLS�VSHHG�ZKLFK�LV�HTXDO�WR�WKH�\DZ�UDWH�WLPHV�WKH�FDVWHU�OHQJWK�
)LQDOO\��DW�H

�
 

�
��

�
D�WKH�PRPHQW�DQG�WKH�VLGH�IRUFH�DUH�H[DFWO\�LQ�SKDVH�ZLWK�WKH

\DZ� DQJOH� �FI�� VLWXDWLRQ� GHSLFWHG� LQ� )LJ������ DQG� WKH� VWDELOLW\� ERXQGDU\� LV
UHDFKHG��$W�H

�
 

�
�W� WKH�PRPHQW�DERXW�WKH�VWHHU�D[LV�YDQLVKHV�LI� WKH�VLPSOLILHG

VWUDLJKW�WDQJHQW�RU�VLQJOH�FRQWDFW�SRLQW�PRGHO�LV�XVHG��7KLV�DOVR�LPSOLHV�WKDW�WKH
ERXQGDU\�RI�RVFLOODWRU\�LQVWDELOLW\�LV�DWWDLQHG�

:H� ZLOO� QRZ� WXUQ� WR� WKH� PXFK� PRUH� FRPSOLFDWHG� V\VWHP� ZLWK� ODWHUDO
FRPSOLDQFH�RI� WKH� VXVSHQVLRQ� LQFOXGHG��7KH� WZR�FRPSRQHQWV�RI� WKH� SHULRGLF
RVFLOODWRU\�PRWLRQ�RI� WKH�ZKHHO� WKDW�RFFXUV� RQ� WKH�ERXQGDU\�RI� �RVFLOODWRU\�
LQVWDELOLW\�PD\�EH�GHVFULEHG�DV�IROORZV��

������\2�W� ' D
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VLQ� % �
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P
VLQ� �

7KH�TXDQWLW\� ��UHSUHVHQWV�WKH�DPSOLWXGH�UDWLR�� �LQGLFDWHV�WKH�SKDVH�OHDG�RI�WKH
ODWHUDO�PRWLRQ�ZLWK�UHVSHFW�WR�WKH�\DZ�PRWLRQ�DQG� �

�
HTXDOV� W�RU� VV��7KH�HQHUJ\

:�WKDW�IORZV�IURP�WKH�URDG�WR�WKH�ZKHHO�GXULQJ�RQH�F\FOH�LV�HTXDO�WR�WKH�ZRUN
H[HFXWHG�E\�WKH�VLGH�IRUFH�DQG�WKH�DOLJQLQJ�WRUTXH�WKDW�DFW�RQ�WKH�PRYLQJ�ZKHHO
SODQH��+HQFH��ZH�KDYH�
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G
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G

G
G

:KHQ�:�!�
��HQHUJ\�IORZV�LQWR�WKH�V\VWHP�DQG�LI�WKH�V\VWHP�LV�FRQVLGHUHG�WR�EH

XQGDPSHG� �N ( ��� WKH� FRQFOXVLRQ� PXVW� EH� WKDW� WKH� PRWLRQ� LV� XQVWDEOH�
8OWLPDWHO\��WKH�HQHUJ\�PXVW�RULJLQDWH�IURP�WKH�SRZHU�GHOLYHUHG�E\�WKH�YHKLFOH
SURSXOVLRQ�V\VWHP��+RZ�WKLV�WUDQVIHU�RI�HQHUJ\�LV�HIIHFWXDWHG�ZLOO�EH�WUHDWHG�LQ
WKH�QH[W�VHFWLRQ��

7R�FDOFXODWH�WKH�ZRUN�GRQH��WKH�IRUFH�DQG�PRPHQW�DUH�WR�EH�H[SUHVVHG�LQ
WHUPV�RI�WKH�ZKHHO�PRWLRQ�YDULDEOHV������������)RU�WKLV��D�W\UH�PRGHO�LV�QHHGHG
DQG�ZH�ZLOO� IROORZ� WKH� WKHRU\� GHYHORSHG� E\� %HVVHOLQN� ������� DQG� WDNH� WKH
VWUDLJKW�WDQJHQW�DSSUR[LPDWLRQ�RI�WKH�VWUHWFKHG�VWULQJ�PRGHO��ZKLFK�LV�JRYHUQHG
E\�WKH�(TV��������������)RU�WKH�SHULRGLF�UHVSRQVH�RI�WKH�WUDQVLHQW�VOLS�DQJOH� N�WR
WKH�LQSXW�PRWLRQ�����������WKH�IROORZLQJ�H[SUHVVLRQ�LV�REWDLQHG�
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�
�� DQG� IRU� D� JLYHQ� SDWK� IUHTXHQF\� V� RU

ZDYHOHQJWK� � �� � V�D�UHODWLRQVKLS�EHWZHHQ� �DQG� � �UHVXOWV�IURP���������7R
HVWDEOLVK� WKH� IXQFWLRQDO� UHODWLRQVKLS� LW� LV� KHOSIXO� WR� VZLWFK� WR� &DUWHVLDQ
FRRUGLQDWHV�

������[
S
' FRV � \

S
' VLQ

7KH�H[SUHVVLRQ�IRU�WKH�HQHUJ\�QRZ�UHDGV�

������
$SSDUHQWO\��IRU�D�JLYHQ�YDOXH�RI�:�WKLV�UHSUHVHQWV�WKH�GHVFULSWLRQ�RI�D�FLUFOH��)RU
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�
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5D
exact

80Dλ  =

ex.

W- σ +D)(

-20D -10D 5D 10D 20D

10D

20D

v.Schl.

straight tangent

η ξ
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60

90

v.Schlippe
120

150

180
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240

270

300

330
:�>0

:�>0

40D

60D
phasor

)LJ�������0RGH�VKDSH�SORW��DPSOLWXGH�UDWLR� ��SKDVH� ��ZLWK�%HVVHOLQN¶V�]HUR�HQHUJ\�FLUFOHV�IRU
GLIIHUHQW�ZDYHOHQJWKV�DQG�W\UH�PRGHO�DSSUR[LPDWLRQV��LQGLFDWLQJ�PRGH�VKDSHV�IRU
ZKLFK�VKLPP\�EHJLQV�WR�VKRZ�XS��LQVWDELOLW\�RFFXUV�LI�DW�D�SDUWLFXODU�YDOXH�RI�WKH
PRWLRQ�ZDYHOHQJWK� �WKH�SKDVRU�HQG�SRLQW�JHWV�LQVLGH�WKH�FRUUHVSRQGLQJ�FLUFOH���$W
VPDOOHU�ZDYHOHQJWKV�WKH�FLUFOH�EHORQJLQJ�WR�WKH�VWUDLJKW�WDQJHQW�DSSUR[LPDWLRQ�EHJLQV
WR�DSSUHFLDEO\�GHYLDWH�IURP�WKH�H[DFW�RU�9RQ�6FKOLSSH�UHSUHVHQWDWLRQ�

W- σ +D)(

9

λ

mode 2

η

ξ

0

90

270

mode 1 mode 1

- σ +D)( W

mode 2
9

η

ξ

0

90

270

λ

A B

)LJ������� =HUR�HQHUJ\�FLUFOHV�IRU�WKH�FDVHV�$�DQG�%�RI�)LJ������LQGLFDWLQJ�WKH�PRGH�VKDSH�RI
PRGH���DW�WKH�ERXQGDU\�RI�VWDELOLW\�LQ�FDVH�$�DQG�WKH�VDPH�IRU�PRGH���LQ�FDVH�%�
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RI� WKH� W\UH� FDQ� EH� HDVLO\� SURYHQ�ZKHQ� FRQVLGHULQJ� WKH� IDFW� WKDW� DW� D� JLYHQ
ZDYHOHQJWK�ZH�KDYH�D�FHUWDLQ�DPSOLWXGH�DQG�SKDVH�UHODWLRQVKLS�RI�WKH�IRUFH�)\

DQG�WKH�PRPHQW�0]¶�ZLWK�UHVSHFW�WR�WKH�WZR�LQSXW�PRWLRQ�YDULDEOHV�\�DQG� ��7KDW
WKH�FLUFOHV�SDVV�WKURXJK�WKH�SRLQW���

�
�

�
D�����IROORZV�IURP�WKH�HDUOLHU�ILQGLQJ�WKDW

WKH�UHVSRQVH�RI� �DOO�µWKLQ¶�W\UH�PRGHOV�ZKHQ� WKH�ZKHHO� LV�VZLYHOOHG�DURXQG�D
YHUWLFDO�D[LV�WKDW�LV�SRVLWLRQHG�D�GLVWDQWDQFH�

�
�

�
D�LQ�IURQW�RI�WKH�ZKHHO�D[OH��FI�

)LJ������DUH�HTXDO�DQG�FRUUHVSRQG�WR�WKH�VWHDG\�VWDWH�UHVSRQVH�
:KHQ�SDUDPHWHUV�RI�WKH�V\VWHP�DUH�FKDQJHG�DQG�WKH�PRGH�VKDSH�LV�FKDQJHG

VR�WKDW�WKH�HQG�SRLQW�RI�WKH�SKDVRU�ZLWK�OHQJWK� �DQG�SKDVH�DQJOH� �PRYHV�IURP
RXWVLGH� WKH� FLUFOH� WR� WKH� LQVLGH�� WKH� V\VWHP� EHFRPHV� RVFLOODWRU\� XQVWDEOH�� ,W
EHFRPHV�FOHDU�WKDW�GHSHQGLQJ�RQ�WKH�ZDYHOHQJWK�D�ZKROH�UDQJH�RI�SRVVLEOH�PRGH
VKDSHV�RI�WKH�ZKHHO�SODQH�PRWLRQ�LV�VXVFHSWLEOH�WR�IRUPLQJ�XQVWDEOH�VKLPP\
RVFLOODWLRQV��

$V�DQ�H[DPSOH��WKH�VLWXDWLRQ�WKDW�DULVHV�ZLWK�WKH�FDVHV�$�DQG�%�RI�)LJV������
���KDYH�EHHQ�GHSLFWHG�LQ�)LJ�������,Q�FDVH�$�PRGH���LV�RQ�WKH�YHUJH�RI�EHFRPLQJ
XQVWDEOH��7KH�PRGH�VKDSH�FRUUHVSRQGV�WR�WKH�PRWLRQ�LQGLFDWHG�LQ�)LJ�����DQG
UHPDLQV�XQFKDQJHG�ZKHQ�WKH�VSHHG�LV�YDULHG��7KH�FLUFOHV��KRZHYHU��FKDQJH�LQ
VL]H�DQG�SRVLWLRQ�ZKHQ�WKH�VSHHG�LV�FKDQJHG�ZKLFK�FRUUHVSRQG�WR�D�FKDQJH�LQ
ZDYHOHQJWK��0RGH���DSSHDUV�WR�UHPDLQ�RXWVLGH�WKH�FLUFOHV�LQGLFDWLQJ�WKDW�WKLV
SDUWLFXODU�PRGH�LV�VWDEOH��,Q�FDVH�%�PRGH���LV�VWDEOH�DQG�PRGH���VLWV�RQ�WKH
ERXQGDU\�RI�VWDELOLW\��7KLV�LV�GHPRQVWUDWHG�LQ�WKH�ULJKW�KDQG�GLDJUDP�ZKHUH�WKH
HQG�SRLQW�RI�WKH�SKDVRU�RI�PRGH���UHPDLQV�ORFDWHG�RQ�WKH��FKDQJLQJ��FLUFOHV�ZKHQ
WKH�VSHHG�LV�FKDQJHG�

$V�D�VHFRQG�H[DPSOH�ZH�DSSO\�WKLV�WKHRU\�WR�WKH�FRQILJXUDWLRQ�ZLWK�I� 
�
��ZLWK

WKH� J\URVFRSLF� FRXSOLQJ� LQFOXGHG�� ,Q� )LJ����� WKH� FDVHV�$� DQG�%� KDYH� EHHQ
LQGLFDWHG�DW�D�WUDLO�H

�
 

�
���%HFDXVH�RI�WKH�J\URVFRSLF�DFWLRQ�WKH�FRQGLWLRQ�IRU

VWDELOLW\�LV�VSHHG�GHSHQGHQW�DOWKRXJK�GDPSLQJ�LV�DVVXPHG�HTXDO�WR�]HUR��7KLV
PDNHV�LW�SRVVLEOH�WR�DFWXDOO\�VHH�WKDW�WKH�]HUR�HQHUJ\�FLUFOH�LV�SHQHWUDWHG�RU�H[LWHG
ZKHQ�WKH�VSHHG�LV�LQFUHDVHG��

,Q�)LJV������DQG����WKH�SKDVRUV��KHUH�FRQVLGHUHG�DV�FRPSOH[�TXDQWLWLHV��KDYH
EHHQ�LQGLFDWHG�IRU�D�QXPEHU�RI�YDOXHV�RI�WKH�QRQ�GLPHQVLRQDO�VSHHG�9��7KH�QRQ�
GLPHQVLRQDO�ZDYHOHQJWK�DQG�HLJHQYDOXH�RI� WKH�PRGH�FRQVLGHUHG�FKDQJH�ZLWK
VSHHG�DV�KDYH�EHHQ�LQGLFDWHG�LQ�WKH�UHVSHFWLYH�GLDJUDPV��&DVHV�$�DQG�%��ZLWK
UHVSHFWLYHO\�PRGH���DQG���RQ�WKH�ERXQGDU\�RI�VWDELOLW\��KDYH�EHHQ�PDUNHG��:KHQ
WKH�VSHHG�LV�LQFUHDVHG�IURP���WR����WZR�ERXQGDULHV�RI�VWDELOLW\��$�DQG�%��DUH
SDVVHG�LQ�EHWZHHQ�ZKLFK�DFFRUGLQJ�WR�)LJ�����D�VWDEOH�UDQJH�RI�VSHHG�H[LVWV��,Q
)LJ������ZH�VHH�WKDW�LQ�DFFRUGDQFH�ZLWK�WKLV�WKH�SKDVRU�RI�PRGH���ILUVW�OLHV�LQVLGH
WKH� FLUFOH� �EHORQJLQJ� WR�9

�
 

�
��ZLWK� IUHTXHQF\� �  � ����� DQG� FRUUHVSRQGLQJ

ZDYHOHQJWK� � ���D��WKHQ�FURVVHV�WKH�FLUFOH�DW�9
�
 

�
������$��DQG�ILQDOO\�HQGV�XS
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_   λ 

11.2,

14
0 W_ 

6

9.05,

6

14

6

=  0.079+0.66L�

=149 
=121
=111
= 98
= 87
= 76
= 576,

9�=_

Im

Re

mode 1

\

ψ
-
D

1

V�_   = -0.073+0.59L�
= -0.050+0.62L�
= -0.039+0.63L�
= -0.019+0.64L�
=  0.0    +0.65L�
=  0.024+0.66L�

=   α +  ω L_        _          _V�

8,

10,

12,
14,9�=_

A A

phasor and circle pair

zero energy 
circles

pair

A

9�=_

)LJ������� 6\VWHP�RI�)LJ�����ZLWK�J\URFRSLF�FRXSOLQJ�PDNLQJ�VWDELOLW\�VSHHG�GHSHQGHQW�
&LUFOH�VHJPHQWV�DQG�SKDVRUV�RI�PRGH�VKDSHV�RI�PRGH��� IRU�D�VHULHV�RI�VSHHG
YDOXHV�FRYHULQJ�WKH�UDQJH�LQ�ZKLFK�SRLQWV�$�DQG�%�RI�)LJ�����DUH� ORFDWHG��$W
LQFUHDVLQJ�VSHHG�WKH�SKDVRU�FURVVHV�WKH�FLUFOH�DW�9� ������LQWR�WKH�VWDEOH�GRPDLQ�

_   λ 

6

8

10
9.05

11.2
12
14

-(σ + D)_    _

0

W_ 

Im

Re

= 12.6,
= 16.5,
= 18.4,
= 20.0,
= 21.9,
= 23.1,
= 25.8,

9�=_

mode 2

\

ψ
-

D

-2-6 2

B B

_   V� 6
8

9.05
10

11.2
12
14

9�=_= -0.051+2.99L,
= -0.036+3.05L,
= -0.024+3.09L,
= -0.014+3.14L,
=  0.0    +3.21L,
=  0.008+3.27L,
=  0.026+3.41L,

=   α +  ω L_        _          _V�

B

)LJ������� &LUFOHV�DQG�SKDVRUV�RI�PRGH�VKDSHV�RI�PRGH���IRU�VDPH�VHULHV�RI�VSHHG�YDOXHV�DV
LQ�)LJ�������$W�LQFUHDVLQJ�VSHHG�WKH�SKDVRU�FURVVHV�WKH�FLUFOH�DW�9� ������WRZDUGV
LWV�LQVLGH�ZKLFK�PHDQV��HQWHULQJ�WKH�XQVWDEOH�GRPDLQ��
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DW�D�VSHHG�9
�
 

�
���RXWVLGH�WKH�FLUFOH�PHDQLQJ�WKDW�WKLV�PRGH�LV�QRZ�VWDEOH��$W�WKH

VDPH�WLPH��IROORZLQJ�PRGH���LQ�)LJ�������ZH�REVHUYH�WKDW�ILUVW�WKH�PRGH�SRLQW
OLHV�RXWVLGH�WKH�FLUFOH�DW�9

�
 

�
���QRZ�IRU�WKH�GLIIHUHQW�IUHTXHQF\� � ������DQG

ZDYHOHQJWK� � �����D���FURVVHV�WKH�FLUFOH�DW�9
�
 �������%��DQG�PRYHV�WR�WKH�LQVLGH

RI�WKH�FLUFOH� LQWR�WKH�XQVWDEOH�GRPDLQ��)URP� WKH�HLJHQYDOXHV�V� WKH�FKDQJH�LQ
GDPSLQJ�DQG�IUHTXHQF\�FDQ�EH�REVHUYHG��7KH�PRGH�VKDSHV�DUH�TXLWH�GLIIHUHQW�IRU
WKH�WZR�PRGHV��0RGH���VKRZV�D�UHODWLYHO\�VPDOO� ODWHUDO�GLVSODFHPHQW�\�ZLWK
UHVSHFW�WR�WKH�\DZ�DQJOH�PXOWLSOLHG�ZLWK�KDOI�WKH�FRQWDFW�OHQJWK�D ��$W�ILUVW�\
VOLJKWO\�ODJV�EHKLQG�

�
�ZKLFK�WXUQV�LQWR�D�OHDG�DW�KLJKHU�VSHHGV��0RGH���VKRZV

D�KLJKHU�IUHTXHQF\�DQG�VPDOOHU�ZDYHOHQJWK�ZKLOH�\�LV�UHODWLYHO\�ODUJH�DQG�ODJV
EHKLQG� �

([HUFLVH������=HUR�HQHUJ\�FLUFOH�DSSOLHG�WR�WKH�VLPSOH�WUDLOLQJ�ZKHHO�V\VWHP�

&RQVLGHU�WKH�WKLUG�RUGHU�V\VWHP�RI�)LJ�����GHVFULEHG�E\�WKH�(TV���������EXW�ZLWKRXW
GDPSLQJ��N

� �

(

� ����(VWDEOLVK�WKH�UHGXFHG�H[SUHVVLRQ�IRU�WKH�ZRUN�:�IURP�WKH�JHQHUDO
IRUPXOD���������6KRZ�WKDW�WKH�VWDELOLW\�FRQGLWLRQ�+��!���FRUUHVSRQGV�WR�:�����ZKLFK
PHDQV�WKDW�WKH�PRGH�VKDSH�SRLQW�OLHV�RXWVLGH�WKH�]HUR�HQHUJ\�FLUFOH�

�������7UDQVIRUPDWLRQ�RI�)RUZDUG�0RWLRQ�(QHUJ\�LQWR�6KLPP\�(QHUJ\�

7KH�RQO\�VRXUFH�WKDW�LV�DYDLODEOH�WR�VXVWDLQ�WKH�VHOI�H[FLWHG�VKLPP\�RVFLOODWLRQV
LV�WKH�YHKLFOH�SURSXOVLRQ�XQLW��7KH�W\UH�VLGH�IRUFH�KDV�D�ORQJLWXGLQDO�FRPSRQHQW
WKDW�ZKHQ�LQWHJUDWHG�RYHU�RQH�VKLPP\�F\FOH�PXVW�EH�UHVSRQVLEOH�IRU�DQ�DYHUDJH
GUDJ�IRUFH�WKDW�LV�EDODQFHG�E\��D�SDUW�RI��WKH�YHKLFOH�GULYLQJ�IRUFH�

,Q�WKH�SUHYLRXV�VHFWLRQ�ZH�KDYH�VHHQ�WKDW�WKH�ZRUN�GRQH�E\�WKH�VLGH�IRUFH�DQG
WKH�DOLJQLQJ�WRUTXH�LV�IHG�LQWR�WKH�V\VWHP�WR�JHQHUDWH�WKH�VKLPP\�RVFLOODWLRQ��7KH
OLQN�WKDW�DSSDUHQWO\�H[LVWV�EHWZHHQ�VHOI�H[FLWDWLRQ�HQHUJ\�DQG�GULYLQJ�HQHUJ\�ZLOO
EH�H[DPLQHG�LQ�WKH�SUHVHQW�VHFWLRQ��)RU�WKLV�DQDO\VLV�G\QDPLF�HIIHFWV�PD\�EH�OHIW
RXW�RI�FRQVLGHUDWLRQ��7KH�ZKHHO�LV�FRQVLGHUHG�WR�UROO�IUHHO\��ZLWKRXW�EUDNLQJ�RU
GULYLQJ�WRUTXHV��

'XULQJ�D�VKRUW�VSDQ�RI�WUDYHOOHG�GLVWDQFH�GV�RI�WKH�ZKHHO�FHQWUH��WKH�ZKHHO
SODQH�PRYHV�VLGHZD\V�RYHU�D�GLVWDQFH�G\2�DQG�URWDWHV�DERXW�WKH�YHUWLFDO�D[LV�RYHU
WKH�LQFUHPHQW�RI�WKH�\DZ�DQJOH�G ��$W�WKH�VDPH�WLPH��WKH�W\UH�ODWHUDO�GHIOHFWLRQ
LV�FKDQJHG�DQG��ZKHQ�VOLGLQJ�LQ�WKH�FRQWDFW�SDWFK�LV�FRQVLGHUHG��VRPH�HOHPHQWV
ZLOO�VOLGH�RYHU�WKH�JURXQG��&RQVHTXHQWO\��ZH�H[SHFW�WKDW�WKH�VXSSOLHG�GULYLQJ
HQHUJ\�G(�LV�HTXDO�WR�WKH�VXP�RI�WKH�FKDQJHV�RI��VHOI���H[FLWDWLRQ�HQHUJ\�G:��W\UH
SRWHQWLDO�HQHUJ\�G8�DQG�W\UH�GLVVLSDWLRQ�HQHUJ\�G'��

,Q�)LJ������WKH�W\UH�LV�VKRZQ�LQ�D�GHIOHFWHG�VLWXDWLRQ��:H�KDYH�WKH�SXOOLQJ
IRUFH�)G� DFWLQJ� LQ� IRUZDUG� �[2�� GLUHFWLRQ� IURP�YHKLFOH� WR� WKH�ZKHHO� D[OH� DQG
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 α
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adhesion zonesliding
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pulling force

)LJ���������2Q�WKH�EDODQFH�RI�GULYLQJ��VHOI�H[FLWDWLRQ�DQG�GLVVLSDWLRQ�HQHUJ\�

IXUWKHUPRUH�WKH�ODWHUDO�IRUFH�)H�DQG�\DZ�PRPHQW�0H�IURP�ULP�WR�W\UH��7KHVH
IRUFHV�DQG�PRPHQW�DUH�LQ�HTXLOLEULXP�ZLWK�WKH�VLGH�IRUFH�)\�DQG�DOLJQLQJ�WRUTXH
0]�ZKLFK�DFW�IURP�URDG�WR�W\UH��$�OLQHDU�VLWXDWLRQ�LV�FRQVLGHUHG�ZLWK�VPDOO�DQJOHV
DQG�D�YDQLVKLQJ�OHQJWK�RI�WKH�VOLGLQJ�]RQH��)RU�WKH�VDNH�RI�VLPSOLFLW\��ZH�FRQVLGHU
DQ�DSSUR[LPDWLRQ�RI�WKH�FRQWDFW�OLQH�DFFRUGLQJ�WR�WKH�VWUDLJKW�WDQJHQW�FRQFHSW�

(QHUJ\�LV�ORVW�GXH�WR�GLVVLSDWLRQ�LQ�WKH�VOLGLQJ�]RQH�DW�WKH�WUDLOLQJ�HGJH�RI�WKH
FRQWDFW�]RQH��7R�FDOFXODWH�WKH�GLVVLSDWHG�HQHUJ\�ZH�QHHG�WR�NQRZ�WKH�IULFWLRQDO
IRUFH�DQG�WKH�VOLGLQJ�YHORFLW\�GLVWDQFH��)RU�WKH�EDUH�VWULQJ�PRGHO�ZH�KDYH�WKH
FRQFHQWUDWHG�IRUFH�)J�WKDW�DFWV�DW�WKH�UHDU�HGJH�DQG�WKDW�LV�QHHGHG�WR�PDLQWDLQ�WKH
NLQN�LQ�WKH�GHIRUPDWLRQ�RI�WKH�VWULQJ��7KLV�IRUFH�LV�HTXDO�WR�WKH�GLIIHUHQFH�RI�WKH
VORSHV�RI�WKH�VWULQJ�GHIOHFWLRQ�MXVW�EHKLQG�DQG�LQ�IURQW�RI�WKH�UHDU�HGJH�WLPHV�WKH
VWULQJ�WHQVLRQ�IRUFH�6� �

FF
���)RU�WKH�VWUDLJKW�WDQJHQW�VWULQJ�GHIRUPDWLRQ�ZLWK

WUDQVLHQW�VOLS�DQJOH�RU�GHIRUPDWLRQ�JUDGLHQW� N��WKH�VORSH�GLIIHUHQFH�LV�HTXDO�WR�kJ

 ��� �D� N�V��7KH�IRUFH�EHFRPHV��)J� ��FF �� ��D� N��7KH�DYHUDJH�VOLGLQJ�VSHHG
9J�RYHU�WKH�YDQLVKLQJ�VOLGLQJ�UDQJH�LV�HTXDO�WR�KDOI�WKH�GLIIHUHQFH�LQ�VORSH�RI�WKH
VWULQJ� LQ� IURQW� DQG� MXVW� SDVVHG� WKH� NLQN� WLPHV� WKH� IRUZDUG� VSHHG� 9�� 7KLV
PXOWLSOLHG�ZLWK�WKH�WLPH�QHHGHG�WR�WUDYHO�WKH�GLVWDQFH�GV�JLYHV�WKH�VOLGLQJ�GLVWDQFH
VJ��:H�ILQG�IRU�WKH�DVVRFLDWHG�GLVVLSDWLRQ�HQHUJ\�

������
7KH�VDPH�UHVXOW�DSSHDUV�WR�KROG�IRU�WKH�EUXVK�PRGHO��:KHQ�FRQVLGHULQJ� WKH
WKHRU\�RI�&KDSWHU����ZH�ILQG�IRU�VPDOO�VOLS�DQJOH� N�D�OHQJWK�RI�WKH�VOLGLQJ�]RQH
DW�WKH�WUDLOLQJ�HGJH���D � N�DQG�D�VORSH�RI�WKH�FRQWDFW�OLQH�LQ�WKLV�VKRUW�VOLGLQJ
]RQH� ZLWK� UHVSHFW� WR� WKH� ZKHHO� SODQH� J�  � �� �� 7KH� DYHUDJH� VOLGLQJ� VSHHG
EHFRPHV��9J� �9� J�� N��ZKLFK�PDNHV�WKH�VOLGLQJ�GLVWDQFH�HTXDO�WR�VJ� �� J�� N�GV�
7KH�DYHUDJH�VLGH�IRUFH�DFWLQJ�LQ�WKH�VOLGLQJ�UDQJH�DSSHDUV�WR�EH��)J� �&) � N�

��
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ZKLFK�REYLRXVO\�LV�WKH�VDPH�H[SUHVVLRQ�DV�IRXQG�IRU�WKH�VWULQJ�PRGHO��(T��������
$W�VWHDG\�VWDWH�VLGH�VOLSSLQJ�FRQGLWLRQV�ZLWK�FRQVWDQW�\DZ�DQJOH� � � N� �

ZH�REYLRXVO\�KDYH�D�GUDJ�IRUFH�)G� �)\ ��7KH�GLVVLSDWLRQ�HQHUJ\�DIWHU�D�GLVWDQFH
WUDYHOOHG�V�HTXDOV�'� �)\

��&) �V� �)\ N�V� �)\ �V� �)G�V�ZKLFK�LV�D�UHVXOW�WKDW�ZDV�WR
EH�H[SHFWHG�

7KH�LQFUHPHQW�RI�WKH�ZRUN�:�GRQH�E\�WKH�VLGH�IRUFH�DQG�DOLJQLQJ�WRUTXH
DFWLQJ� RQ� WKH� VLGHZD\V�PRYLQJ� DQG� \DZLQJ� ZKHHO� SODQH� �FRQVLGHUHG� LQ� WKH
SUHYLRXV�VXEVHFWLRQ��LV�
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7KH�FKDQJH�LQ�W\UH�GHIOHFWLRQ��QRWH�WKDW�WKH�W\UH�DOPRVW�FRPSOHWHO\�DGKHUHV�WR
WKH�JURXQG��DULVHV�WKURXJK�VXFFHVVLYHO\�PRYLQJ�WKH�ZKHHO�SODQH�VLGHZD\V�RYHU
WKH�GLVWDQFHV�G\2�DQG� �GV�DQG�URWDWLQJ�RYHU�WKH�\DZ�DQJOH�G �DQG�ILQDOO\�UROOLQJ
IRUZDUGV� LQ� WKH� GLUHFWLRQ� RI� WKH� ZKHHO� SODQH� RYHU� WKH� GLVWDQFH� GV�� 7KHVH
FRQWULEXWLRQV�FRUUHVSRQG�ZLWK�WKH�VXFFHVVLYH�IRXU�WHUPV�LQ�WKH�H[SUHVVLRQ�IRU�WKH
FKDQJH�LQ�SRWHQWLDO�HQHUJ\�
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,Q�WRWDO�ZH�PXVW�KDYH�WKH�EDODQFH�RI�HQHUJLHV�
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ZKLFK�DIWHU�LQVSHFWLRQ�LQGHHG�DSSHDUV�WR�EH�VDWLVILHG�FRQVLGHULQJ�WKH�H[SUHVVLRQV
RI�WKH�WKUHH�HQHUJ\�FRPSRQHQWV�������������������

,QWHJUDWLRQ�RYHU�RQH�F\FOH�RI�WKH�SHULRGLF�RVFLOODWLRQ�ZLOO�VKRZ�WKDW�8� ���VR
WKDW�IRU�WKH�HQHUJ\�FRQVXPSWLRQ�RYHU�RQH�F\FOH�UHPDLQV��

������( ' : % '

$W�VWHDG\�VWDWH�VLGH�VOLS�ZLWK�VOLS�DQJOH� � �WKH�H[FLWDWLRQ�HQHUJ\�:� ���DQG�WKH
GULYLQJ�HQHUJ\�EHFRPHV�
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7KH�UHVXOW�SUHVHQWHG�WKURXJK�(T��������GHPRQVWUDWHV�WKDW�WKH�SURSXOVLRQ�HQHUJ\
LV�SDUWO\�XVHG�WR�FRPSHQVDWH�WKH�HQHUJ\�ORVW�E\�GLVVLSDWLRQ�LQ�WKH�FRQWDFW�SDWFK
DQG�SDUWO\�WR�SURYLGH�WKH�HQHUJ\�WR�VXVWDLQ�WKH�XQVWDEOH�VKLPP\�RVFLOODWLRQV�
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�����1RQ�/LQHDU�6KLPP\�2VFLOODWLRQV

1RQ�OLQHDU� VKLPP\� EHKDYLRXU� PD\� EH� LQYHVWLJDWHG� E\� XVLQJ� DQDO\WLFDO� DQG
FRPSXWHU�VLPXODWLRQ�PHWKRGV��7KH�SUHVHQW�VHFWLRQ�ILUVW�JLYHV�D�EULHI�GHVFULSWLRQ
RI�WKH��DQDO\WLFDO�PHWKRG�HPSOR\HG�E\�3DFHMND��������WKDW�LV�EDVHG�RQ�WKH�WKHRU\
RI�WKH�KDUPRQLF�EDODQFH�RI�.U\ORY�DQG�%RJROMXERY���������7KH�SURFHGXUH�WKDW
LV� JLYHQ� E\� 0DJQXV� ������� SHUPLWV� D� UHODWLYHO\� VLPSOH� WUHDWPHQW� RI� WKH
RVFLOODWRU\�EHKDYLRXU�RI�ZHHNO\�QRQ�OLQHDU�V\VWHPV��)XUWKHU�RQ�LQ�WKH�VHFWLRQ
UHVXOWV�REWDLQHG�WKURXJK�FRPSXWHU�VLPXODWLRQ�ZLOO�EH�GLVFXVVHG�

'XH�WR�WKH�GHJUHVVLYH�QDWXUH�RI�WKH�W\UH�IRUFH�DQG�PRPHQW�FKDUDFWHULVWLFV�WKH
V\VWHP� ZKLFK� ZDV� IRXQG� WR� EH� RVFLOODWRU\� XQVWDEOH� QHDU� WKH� XQGLVWXUEHG
UHFWLOLQHDU�PRWLRQ��UHVXOW�RI�OLQHDU�DQDO\VLV��ZLOO�LQFUHDVH�LQ�DPSOLWXGH�XQWLO�D
SHULRGLF� PRWLRQ� LV� DSSURDFKHG� ZKLFK� LV� GHVLJQDWHG� DV� WKH� OLPLW�F\FOH�� 7KH
PD[LPXP�YDOXH�RI�WKH�VWHHU�DQJOH�UHDFKHG�GXULQJ�WKLV�SHULRGLF�PRWLRQ�LV�UHIHUUHG
WR�DV�WKH�OLPLW�DPSOLWXGH��)RU�ZHDNO\�QRQ�OLQHDU�V\VWHPV�WKLV�RVFLOODWLRQ�FDQ�EH
DSSUR[LPDWHG�E\�D�KDUPRQLF�PRWLRQ��$W�WKH�OLPLW�F\FOH�D�EDODQFH�LV�UHDFKHG
EHWZHHQ�WKH�VHOI�H[FLWDWLRQ�HQHUJ\�DQG�WKH�GLVVLSDWHG�HQHUJ\�

,Q�WKH�DQDO\WLFDO�SURFHGXUH�DQ�HTXLYDOHQW�OLQHDU�VHW�RI�HTXDWLRQV�LV�HVWDEOLVKHG
LQ�ZKLFK�WKH�FRHIILFLHQW�RI�WKH�WHUP�WKDW�UHSODFHV�WKH�RULJLQDO�QRQ�OLQHDU�WHUP�LV
D�IXQFWLRQ�RI�WKH�DPSOLWXGH�DQG�WKH�IUHTXHQF\�RI�WKH�RVFLOODWLRQ��)RU�H[DPSOH��WKH
PRPHQW�H[FHUWHG�E\�WKH�W\UH�VLGH�IRUFH�DQG�WKH�DOLJQLQJ�WRUTXH�DERXW�WKH�VWHHULQJ
D[LV��I� N�

�
 

�
)\H���0]�PD\�EH�UHSODFHG�E\�WKH�HTXLYDOHQW�WRWDO�DOLJQLQJ�VWLIIQHVV

PXOWLSOLHG�ZLWK�WKH�WUDQVLHQW�VOLS�DQJOH��&
N��,I�GU\�IULFWLRQ�LV�FRQVLGHUHG�LQ�WKH

VWHHULQJ�V\VWHP��WKH�IULFWLRQDO�FRXSOH�P� �� �.
�
VJQ� ��PD\�EH�UHSODFHG�E\�WKH0 0

HTXLYDOHQW�YLVFRXV�GDPSLQJ�FRXSOH�N ��7KH�HTXLYDOHQW�FRHIILFLHQWV�&�DQG�
�
N0

DUH� IXQFWLRQV� RI� WKH� DPSOLWXGHV� RI� N� DQG
�

� �RU� RI� �� UHVSHFWLYHO\�� 7KH0

IXQFWLRQV�DUH�GHWHUPLQHG�E\�FRQVLGHULQJ�D�KDUPRQLF�YDULDWLRQ�RI� N�DQG� �DQG
WKHQ�WDNLQJ�WKH�ILUVW�KDUPRQLF�RI�WKH�)RXULHU�VHULHV�RI�WKH�SHULRGLF�UHVSRQVH�RI�WKH
FRUUHVSRQGLQJ�RULJLQDO�QRQ�OLQHDU�WHUPV��
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$V�H[SHFWHG��WKH�IXQFWLRQ�RI�WKH�HTXLYDOHQW�WRWDO�DOLJQLQJ�VWLIIQHVV�&� NR���VWDUWV
IRU�YDQLVKLQJ�DPSOLWXGH�DW�WKH�YDOXH�&) �H���&0 �DW�D�VORSH�HTXDO�WR�]HUR�DQG�WKHQ



���7+(�:+((/�6+,00<�3+(120(121

JUDGXDOO\�GHFD\V�WR�]HUR�ZLWK�WKH�DPSOLWXGH� NR��WHQGLQJ�WR�LQILQLW\��7KH�HTXLYDOHQW
GDPSLQJ�FRHIILFLHQW�N� R���������DSSHDUV�WR�YDU\�LQYHUVHO\�SURSRUWLRQDOO\�ZLWK
WKH�VWHHU�DQJOH�DPSOLWXGH��ZKLFK�PHDQV�WKDW� LW�EHJLQV�DW�YHU\�ODUJH�GDPSLQJ
OHYHOV�DQG�GHFUHDVHV�VKDUSO\�ZLWK�LQFUHDVLQJ�VZLYHO�DPSOLWXGH�DFFRUGLQJ�WR�D
K\SHUEROD�� ,I� FOHDUDQFH� LQ� WKH�ZKHHO� EHDULQJ� DERXW� WKH� VWHHU� D[LV� ZRXOG� EH
FRQVLGHUHG��LQ�VHULHV�ZLWK�WKH�VWHHU�GDPSHU��WKH�PDWWHU�EHFRPHV�PRUH�FRPSOH[
DQG�DQ�HTXLYDOHQW�VWHHU�VWLIIQHVV��F(�PXVW�EH�LQWURGXFHG��,I�WKH�WRWDO�DQJOH�RI�SOD\
LV�GHQRWHG�E\�� ��WKH�HTXLYDOHQW�FRHIILFLHQWV�N

�DQG�F(�DUH�IRXQG�WR�EH�H[SUHVVHG
E\�WKH�IXQFWLRQV�
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,I� R��� ��WKH�RVFLOODWLRQ�WDNHV�SODFH�LQVLGH�WKH�IUHH�VSDFH�RI�WKH�FOHDUDQFH�DQG�WKH
HTXLYDOHQW�GDPSLQJ�DQG�VWLIIQHVV�EHFRPH�HTXDO�WR�]HUR��2EYLRXVO\��WKH�FOHDUDQFH
DOOHYLDWHV�WKH�LQLWLDO�VWURQJ�GDPSLQJ�HIIHFW�RI�WKH�GU\�IULFWLRQ�

,I�QRW�DOO�QRQ�OLQHDULWLHV�DUH�FRQVLGHUHG��ZH�PD\��H�J���UHSODFH�N�E\�N�DQG�F(

E\�]HUR�RU�F �
)RU�WKH�WKLUG�RUGHU�V\VWHP�RI�6HFWLRQ�����WKH�QRQ�OLQHDU�YHUVLRQ�RI�(TV�������

LV�UHSODFHG�E\�HTXLYDOHQW�OLQHDU�GLIIHUHQWLDO�HTXDWLRQV�FRQWDLQLQJ�WKH�FRHIILFLHQWV
&��F(�DQG�N��7KH�GDPSLQJ�GXH�WR�WUHDG�ZLGWK�LV�NHSW�OLQHDU��7KH�FKDUDFWHULVWLF
HTXDWLRQ��ZKLFK�LV�VLPLODU�WR���������EHFRPHV�
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ZLWK�QRQ�GLPHQVLRQDO�TXDQWLWLHV�DFFRUGLQJ�WR���������&��F(�DQG�N�EHLQJ�WUHDWHG
OLNH� &0 �� F � DQG� N� UHVSHFWLYHO\�� :KHQ� WKH� VKLPP\� PRWLRQ� KDV� EHHQ� IXOO\
GHYHORSHG�DQG�WKH�OLPLW�F\FOH�LV�DWWDLQHG��WKH�VROXWLRQ�RI�WKH�HTXLYDOHQW�OLQHDU
V\VWHP�UHSUHVHQWV�D�KDUPRQLF�RVFLOODWLRQ�ZLWK�SDWK�IUHTXHQF\� V�DQG�DPSOLWXGHV
NR� DQG� R�� 7KH� DPSOLWXGHV� DUH� REWDLQHG� E\� XVLQJ� WKH� FRQGLWLRQ� WKDW� DW� WKLV
VXVWDLQHG�RVFLOODWLRQ�WKH�+XUZLW]�GHWHUPLQDQW�+Q��� ����&RQVHTXHQWO\�ZH�KDYH�IRU
RXU�WKLUG�RUGHU�V\VWHP�DW�WKH�OLPLW�F\FOH��+�� ����+HQFH��WKH�HTXDWLRQ�WKDW� LV
HVVHQWLDO�IRU�ILQGLQJ�WKH�PDJQLWXGH�RI�WKH�OLPLW�F\FOH�UHDGV�
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7KH�IUHTXHQF\�RI�WKH�SHULRGLF�RVFLOODWLRQ�WKDW�RFFXUV�ZKHQ�WKH�UHODWLRQ��������LV
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VDWLVILHG�FDQ�HDVLO\�EH�IRXQG�ZKHQ�LQ��������S�LV�UHSODFHG�E\�L V��:H�REWDLQ�
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0RUHRYHU��ZH� QHHG� WKH� UDWLR� RI� WKH� DPSOLWXGHV� NR�DQG� R�� )URP� WKH� VHFRQG
HTXDWLRQ�RI���������ZKLFK�LV�QRW�FKDQJHG�LQ�WKH�OLQHDULVDWLRQ�SURFHVV��ZH�JHW�ZLWK
"N� �Y�� ��
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(TXDWLRQV�����������SURYLGH�VXIILFLHQW�LQIRUPDWLRQ�WR�FRPSXWH�WKH�DPSOLWXGH�DQG
WKH�IUHTXHQF\�RI�WKH�OLPLW�F\FOH�

7KH� VWDELOLW\� RI� WKH� OLPLW�F\FOH� RI� WKH�ZHDNO\� QRQ�OLQHDU� V\VWHP�PD\� EH
DVVHVVHG�E\�WDNLQJ�WKH�GHULYDWLYH�RI�WKH�+XUZLW]�GHWHUPLQDQW�ZLWK�UHVSHFW�WR�WKH
DPSOLWXGH��,I�G+���G R�!���WKH�OLPLW�F\FOH�LV�VWDEOH�DQG�DWWUDFWV�WKH�WUDMHFWRULHV��LI
QHJDWLYH��WKH�OLPLW�F\FOH�LV�XQVWDEOH�DQG�WKH�RVFLOODWLRQV�GHYLDWH�PRUH�DQG�PRUH
IURP�WKLV�SHULRGLF�VROXWLRQ��,Q�WKH�RULJLQDO�SXEOLFDWLRQ�PRUH�LQIRUPDWLRQ�FDQ�EH
IRXQG�RQ�WKH�DQDO\WLF�DVVHVVPHQW�RI�WKH�VROXWLRQV�

)RU�WKH�IRXU�GLIIHUHQW�FDVHV�LQYHVWLJDWHG��)LJ������VKRZV�WKH�EDVLF�PRWLRQ
SURSHUWLHV��)LJXUH������JLYHV�IRU�WKH�WKUHH�QRQ�OLQHDU�FDVHV�WKH�YDULDWLRQ�RI�WKH
OLPLW�DPSOLWXGHV�ZLWK�GDPSLQJ�SDUDPHWHU��7KH�OHIW�KDQG�GLDJUDP�VKRZV�WKDW�
ZLWK�MXVW�QRQ�OLQHDU�W\UH�EHKDYLRXU��LQ�WKH�UDQJH�RI�WKH�GDPSLQJ�FRHIILFLHQW�EHORZ
WKH�FULWLFDO�YDOXH�DV�REWDLQHG�LQ�WKH�OLQHDU�DQDO\VLV��WKH�PRWLRQ�LV�XQVWDEOH�DQG�WKH
VKLPP\�RVFLOODWLRQ�GHYHORSHV�DIWHU�D�PLQXWH�GLVWXUEDQFH��7KH�GHJUHVVLYH�VKDSH
RI�WKH�W\UH�IRUFH�DQG�PRPHQW�FKDUDFWHULVWLFV�FDXVHV�DQ�LQFUHDVH�LQ�VHOI�H[FLWDWLRQ
HQHUJ\�WKDW�LV�OHVV�WKDQ�WKH�LQFUHDVH�RI�WKH�GLVVLSDWLRQ�HQHUJ\�IURP�WKH�YLVFRXV
GDPSHU��:KHQ�WKH�OLPLW�DPSOLWXGH�LV�UHDFKHG��WKH�WZR�HQHUJLHV�EHFRPH�HTXDO�WR
HDFK�RWKHU��,I�WKURXJK�VRPH�H[WHUQDO�GLVWXUEDQFH�WKH�DPSOLWXGH�KDV�EHFRPH�ODUJHU
WKDQ�WKH�OLPLW�DPSOLWXGH��WKH�GLVVLSDWLRQ�HQHUJ\�H[FHHGV�WKH�VHOI�H[FLWDWLRQ�HQHUJ\
DQG�WKH�RVFLOODWLRQ�UHGXFHV�LQ�DPSOLWXGH�XQWLO�WKH�OLPLW�F\FOH�LV�UHDFKHG�DJDLQ�EXW
QRZ�IURP�WKH�RWKHU�VLGH��

,I�GU\�IULFWLRQ�LV�FRQVLGHUHG�LQVWHDG�RI�WKH�YLVFRXV�GDPSLQJ�ZH�REVHUYH�WKDW
WKH�FHQWUH�SRVLWLRQ�LV�VWDEOH��,Q�IDFW��WKH�V\VWHP�PD\�ILQG�LWV�UHVW�SRVLWLRQ�DZD\
IURP�WKH�FHQWUH��DW�D�VPDOO�VWHHU�DQJOH��LI�WKH�GU\�IULFWLRQDO�WRUTXH�LV�VXIILFLHQWO\
ODUJH��:H�QRZ�QHHG�D�ILQLWH�H[WHUQDO�GLVWXUEDQFH��UXQQXQJ�RYHU�DQ�DV\PPHWULF
REVWDFOH��WR�RYHUFRPH�WKH�GU\�IULFWLRQ��,I�WKDW�KDV�KDSSHQHG��WKH�PRWLRQ�GHYHORSHV
LWVHOI�IXUWKHU�DQG�WKH�VWDEOH�OLPLW�F\FOH�LV�UHDFKHG��,I�WKH�LQLWLDO�FRQGLWLRQV�DUH
FKRVHQ�FRUUHFWO\�ZH�PD\�VSHQG�D�ZKLOH�QHDU�WKH�XQVWDEOH�OLPLW�F\OH�EHIRUH�HLWKHU
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α

ψ
ψ*

. δ ψ

ψ*

δ
.

ψ ψ ψ

.
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NN

NN . .

ψ

ψ

.

Unstable or Stable  U - S   or   S  S - U - S   or   S  U-S or U-S-U-S or U-S

 U

 S

 S

 U
 S

tyre
charact-
  eristic

steer 
damping
 / play

limit
ampli-
   tudes

limit
cycles

stability

)LJ������� /LQHDU�DQG�QRQ�OLQHDU�V\VWHPV�FRQVLGHUHG�DQG�WKHLU�DXWRPRPRXV�PRWLRQ�SURSHUWLHV
LQ�WHUPV�RI�VWDELOLW\�DQG�SRVVLEOH�OLPLW�F\FOHV�

0.0050
0

.B0.010.30

0.15

0.1

0.05

0
N
B

ψoψ o
dry frictionviscous damping

0.20.1 0.010
0

 0

 0.0027

 0.01

 0.015

.
B

ψo 1 2 3

δ = B

dry friction and play

0.15

0.1

0.05

0.15

0.1

0.05

)LJ������� /LPLW�DPSOLWXGHV�DV�D� IXQFWLRQ�RI�GDPSLQJ� IRU� LQFUHDVLQJ�QXPEHU�RI�QRQ�OLQHDU
HOHPHQWV��QRQ�OLQHDU�W\UH��GU\�IULFWLRQ�DQG�SOD\���9� ������� � ����H� ���� � ����

WKH�UHVW�SRVLWLRQ�RU�WKH�ODUJH�VWDEOH�OLPLW�F\FOH�LV�DSSURDFKHG��)LJXUH������VKRZV
IRU�WKLV�FDVH�WKH�VROXWLRQV� LQ�WKH�WKUHH�GLPHQVLRQDO�VWDWH�VSDFH��7KH�XQVWDEOH
OLPLW�F\FOH�DSSHDUV�WR�OLH�RQ�D�WXEH�VKDSHG�VXUIDFH�ZKLFK�LV�KHUH�WKH�VHSDUDWUL[
LQ�WKH�VROXWLRQ�VSDFH��:H�VHH�WKDW�ZKHQ�WKH�LQLWLDO�FRQGLWLRQV�DUH�WDNHQ�RXWVLGH
WKH�WXEH��WKH�VWDEOH�OLPLW�F\FOH�LV�UHDFKHG��:KHQ�WKH�VWDUWLQJ�FRQGLWLRQ�LV�LQVLGH
WKH�WXEH��RQH�RI�WKH�LQGLFDWHG�SRVVLEOH�UHVW�SRVLWLRQV�ZLOO�EH�XOWLPDWHO\�DWWDLQHG�
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2δ

ψ

.

ψ

unstable centre position

unstable
stable

stable
limit-cycle

)LJ������� /LPLW�F\FOHV�DQG�WUDMHFWRULHV�IRU�WKH�V\VWHP�ZLWK�QRQ�OLQHDU�W\UH��GU\�IULFWLRQ�DQG�SOD\
LQ�WKH�ZKHHO�EHDULQJV���&DVH���RI�)LJ�������

α

ψ

.

ψ
0.20.1

0.4

0.2

separatrix
’tube’

initial 
conditions

stable rest positions
unstable limit-cycle

stable limit-cycle

trajectory

)LJ������� 6ROXWLRQV�LQ�WKH�WKUHH�GLPHQVLRQDO�VWDWH�VSDFH��6\VWHP�ZLWK�QRQ�OLQHDU�W\UH�DQG�GU\
IULFWLRQ��9� ������� � ����H� ���� � �N� � � ����.� ����������/LQH�SLHFH�IRU�SRVVLEOH�UHVW
SRVLWLRQV��XQVWDEOH�DQG�VWDEOH�OLPLW�F\FOH��7XEH�VKDSHG�VHSDUDWUL[�VHSDUDWLQJ�VSDFH
RI�WUDMHFWRULHV�OHDGLQJ�WR�D�UHVW�SRVLWLRQ�IURP�WKH�VSDFH�RI�VROXWLRQ�FXUYHV�OHDGLQJ�WR
WKH�VWDEOH�OLPLW�F\FOH�
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)LJ������� %RXQGDU\�RI�DUHD�RI�VHOIH[FLWDWLRQ�UHSUHVHQWLQJ�WKH�FRXUVH�RI�OLPLW�DPSOLWXGHV�RI
VWHHU�DQJOH� � DV� IXQFWLRQ�RI�VSHHG� IRU�V\VWHP�ZLWK�QRQ�OLQHDU� W\UH�DQG�YLVFRXV
GDPSLQJ��OHIW�DQG�ULJKW��DQG�GU\�IULFWLRQ��ULJKW���� � ����FI��)LJ������

7KH� LQWURGXFWLRQ� RI� SOD\� DERXW� WKH� VWHHULQJ� D[LV� ZLWK� � EHLQJ� KDOI� WKH
FOHDUDQFH�VSDFH��DSSHDUV�LQGHHG�WR�EH�DEOH�WR�UHOD[�WKH�DFWLRQ�RI�WKH�GU\�IULFWLRQ�
)RU�VPDOO�SOD\�DQG�HQRXJK�GU\�IULFWLRQ��FDVH���LQ�)LJ�������WKH�VPDOO�VWDEOH�OLPLW�
F\FOH�LV�UHDFKHG�DXWRPDWLFDOO\��$Q�DGGLWLRQDO�GLVWXUEDQFH�PD\�FDXVH�WKH�PRWLRQ
WR�JHW�RYHU�WKH�µQRVH¶�DQG�UHDFK�WKH�ODUJH�VWDEOH�OLPLW�F\FOH��7KH�SORW�RI�)LJ�����
VKRZV�IRU�WKLV�FDVH�WKH�WKUHH�OLPLW�F\FOHV�DQG�WUDMHFWRULHV�DV�SURMHFWHG�RQ�WKH�� �0
��SODQH��,I�WKH�SOD\�LV�ODUJHU�RU�WKH�GDPSLQJ�OHVV��WKH�ODUJH�OLPLW�F\FOH�LV�UHDFKHG

ZLWKRXW�DQ�H[WHUQDO�GLVWXUEDQFH�
,W�LV�RI�LQWHUHVW�WR�VHH�KRZ�WKH�OLPLW�DPSOLWXGHV�

R
�YDU\�ZLWK�WKH�VSHHG�RI

WUDYHO�9��)LJXUH������GHSLFWV�WZR�FDVHV��YLVFRXV�GDPSLQJ�DQG�GU\�IULFWLRQ��7KH
DUHD�LQVLGH�ZKLFK�WKH�DPSOLWXGH�LQFUHDVHV�GXH�WR�LQVWDELOLW\�PD\�EH�GHVLJQDWHG
DV� WKH� DUHD� RI� VHOI�H[FLWDWLRQ�� 7KH� GLDJUDPV� VKRZ� WKH� FRXUVHV� RI� WKH� OLPLW�
DPSOLWXGH� IRU� WKH� WZR� FRQILJXUDWLRQV�ZLWK� OLQHDU� GDPSLQJ� �.

�
 

� �
 

�
���ZLWK

XQVWDEOH�UDQJHV�RI�VSHHG�LQGLFDWHG�LQ�)LJ������7KH�ULJKW�KDQG�GLDJUDP�DOVR�JLYHV
WKH� �VPDOOHU�� DUHD� RI� VHOI�H[FLWDWLRQ� ZKHQ� GU\� IULFWLRQ� LV� DGGHG�� :KHQ� WKH
GDPSLQJ� LV� OLQHDU�� VKLPP\� DULVHV� ZKHQ� WKH� FULWLFDO� VSHHG� LV� H[FHHGHG�� 7KH
DPSOLWXGH�JURZV�DV�WKH�YHKLFOH�VSHHGV�XS��,Q�WKH�OHIW�KDQG�GLDJUDP��D�PD[LPXP
LV� UHDFKHG� EH\RQG�ZKLFK� WKH� DPSOLWXGH� GHFUHDVHV� DQG� ILQDOO\�� DW� WKH� KLJKHU
ERXQGDU\�RI�VWDELOLW\��WKH�RVFLOODWLRQ�GLHV�RXW��:LWK�GU\�IULFWLRQ��WKH�VWDEOH�OLPLW�
F\FOH�FDQQRW�EH�UHDFKHG�DXWRPDWLFDOO\��$�VXIILFLHQWO\�VWURQJ�H[WHUQDO�GLVWXUEDQFH
PD\�JHW�WKH�VKLPP\�VWDUWHG��
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)LJ������� 7KH�UHVSRQVH�RI�WKH�WHQWK�RUGHU�V\VWHP��UHSUHVHQWLQJ�D�OLJKW�WUXFN�ZLWK�QRQ�OLQHDU

W\UH�DQG�GU\�IULFWLRQ��WR�ZKHHO�XQEDODQFH�PRPHQW��7KH�DUHD�RI�VHOI�H[FLWDWLRQ�RI�WKH
DXWRQRPRXV�V\VWHP�KDV�EHHQ�LQGLFDWHG��$W�QHDUO\���NP�K�YLROHQW�VKLPP\�GHYHORSV�
7KHQ�D� UDQJH�RI�VSHHG�ZLWK�VR�FDOOHG�V\QFKURQRXV�RVFLOODWLRQV�RFFXU��:KHQ� WKH
V\VWHP�LV�GHWXQHG�WRR�PXFK��FRPELQHG�RVFLOODWLRQV��EHDWV��VKRZ�XS�

$QRWKHU�ZD\�RI�LQLWLDWLQJ�WKH�VKLPP\�LQ�WKH�FDVH�RI�GU\�IULFWLRQ�PD\�EH�WKH
DSSOLFDWLRQ�RI�ZKHHO�XQEDODQFH��%H\RQG�D�FHUWDLQ�VSHHG�WKH�LPSRVHG�XQEDODQFH
FRXSOH�PD\�KDYH�EHFRPH�ODUJH�HQRXJK�WR�RYHUFRPH�WKH�GU\�IULFWLRQ��7KHQ��ZKHQ
WKH�IRUFLQJ�IUHTXHQF\�LV�QRW�WRR�PXFK�DSDUW�IURP�WKH�VKLPP\�QDWXUDO�IUHTXHQF\�
WKH�DPSOLWXGH� ULVHV�TXLFNO\�DQG�D�VWDWH�RI� V\QFKURQRXV�PRWLRQ�PD\�DULVH�DV
GHSLFWHG�LQ�)LJ�������,Q�WKDW�VWDWH�WKH�V\VWHP�RVFLOODWHV�ZLWK�D�VLQJOH�IUHTXHQF\
ZKLFK� FRUUHVSRQGV� WR� WKH�ZKHHO� VSHHG� RI� UHYROXWLRQ��:KHQ� IURP� WKDW� SRLQW
RQZDUGV�WKH�YHKLFOH�VSHHG�LV�LQFUHDVHG�RU�GHFUHDVHG�WKH�V\QFKURQRXV�RVFLOODWLRQ
PD\�SHUVLVW�XQWLO�WKH�GLIIHUHQFH�EHWZHHQ�WKH�WZR�IUHTXHQFLHV�EHFRPHV�WRR�ODUJH
�RU�LQ�RWKHU�ZRUGV��XQWLO�WKH�GLIIHUHQFH�EHWZHHQ�IUHH�VKLPP\�ZDYHOHQJWK�DQG
ZKHHO�FLUFXPIHUHQFH�LV�WRR�JUHDW��WKDW�LV��WKH�V\VWHP�LV�GHWXQHG�WRR�PXFK���7KHQ�
WKH�XQEDODQFH�WRUTXH�LV�QR�ORQJHU�DEOH�WR�GUDJ�WKH�IUHH�VKLPP\�PRWLRQ�DORQJ��7KH
SLFWXUH�RI�WKH�RVFLOODWLRQ�LV�QRZ�FKDQJHG�FRQVLGHUDEO\��:H�KDYH�D�PRWLRQ�ZLWK
D�EHDW�FKDUDFWHU�WKDW�FRQVLVWV�RI�RVFLOODWLRQV�ZLWK�WZR�IUHTXHQFLHV��RQH�LV�WKH
XQEDODQFH� IRUFLQJ� IUHTXHQF\�DQG� WKH�RWKHU�ZLOO� EH�FORVH� WR� WKH� IUHH� VKLPP\
IUHTXHQF\�DW�WKH�FXUUHQW�VSHHG��7KH�VKDGHG�DUHDV�VKRZQ�LQ�WKH�GLDJUDP�LQGLFDWH
WKH�VSHHG�UDQJHV�ZKHUH�WKHVH�FRPELQDWLRQ�YLEUDWLRQV�VKRZ��XS��7KH�XSSHU�DQG
ORZHU� ERXQGDULHV� RI� WKHVH� DUHDV� UHSUHVHQW� WKH� OLPLWV� LQ� EHWZHHQ� ZKLFK� WKH
DPSOLWXGH�RI�WKH�PRWLRQ�YDULHV��:KHQ�DW�GHFUHDVLQJ�VSHHG�WKH�SRLQW�DW�WKH�YHUWLFDO
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)LJ������� )URQW� ZKHHO� VWHHU� RVFLOODWLRQ� DPSOLWXGH� DV� D� UHVSRQVH� WR� ZKHHO� XQEDODQFH�DV
PHDVXUHG�RQ�D�OLJKW�WUXFN��7KH�VSHHG�LV�JUDGXDOO\�UHGXFHG�DIWHU�YLROHQW�VKLPP\�ZDV
GHYHORSHG� DW� FD�� ��NP�K�� $IWHU� D� VKRUW� UDQJH� RI� VSHHG� H[KLELWLQJ� V\QFKURQRXV
RVFLOODWLRQV� �VLQJOH� IUHTXHQF\��� FRPELQHG� YLEUDWLRQV� RFFXU� ZLWK� WZR� GLVWLQFW
IUHTXHQFLHV��

WDQJHQW� WR� WKH� DUHD� RI� VHOI�H[FLWDWLRQ� LV� UHDFKHG� WKH� VKLPP\� RVFLOODWLRQ
GLVDSSHDUV��$W� LQFUHDVLQJ�VSHHG�� WKH�FRPELQDWLRQ� RVFLOODWLRQV�PD\�SDVV� WR�D
IRUFHG�YLEUDWLRQ�ZLWK�D�VLQJOH�IUHTXHQF\��7KLV�RFFXUV�ZKHQ�WKH�GHJUHH�RI�VHOI�
H[FLWDWLRQ�KDV�EHFRPH�WRR�ORZ��$�VLPLODU�SKHQRPHQRQ�RI�V\QFKURQRXV�PRWLRQV
DQG�FRPELQHG�RVFLOODWLRQV�KDV�EHHQ�WUHDWHG�E\�6WRNHU��������S�������+H�XVHV�DQ
DSSUR[LPDWH�DQDO\WLFDO�PHWKRG�WR�LQYHVWLJDWH�WKH�VHFRQG�RUGHU�QRQ�OLQHDU�V\VWHP
RI�9DQ�GHU�3RO�WKDW�LV�SURYLGHG�ZLWK�D�IRUFLQJ�PHPEHU����

7KH�GLDJUDP�RI�)LJ������UHSUHVHQWV�WKH�UHVXOW�RI�D�FRPSXWHU�VLPXODWLRQ�VWXG\
ZLWK�D�UHODWLYHO\�FRPSOH[�PRGHO�RI�WKH���WK�RUGHU��7KH�PRGHO�LV�GHYHORSHG�WR
LQYHVWLJDWH� WKH� YLROHQW� VKLPP\�YLEUDWLRQ� JHQHUDWHG� E\� D� OLJKW�PLOLWDU\� WUXFN
HTXLSSHG�ZLWK�LQGHSHQGHQW�WUDLOLQJ�DUP�IURQW�ZKHHO�VXVSHQVLRQV��)RU�GHWDLOV�ZH
UHIHU�WR�WKH�RULJLQDO�SXEOLFDWLRQ��3DFHMND���������7KH�PRGHO�IHDWXUHV�GHJUHHV�RI
IUHHGRP�UHSUHVHQWHG�E\�WKH�IROORZLQJ�PRWLRQ�YDULDEOHV��ODWHUDO�GLVSODFHPHQW�DQG
UROO�RI�WKH�FKDVVLV��ODWHUDO�DQG�FDPEHU�GHIOHFWLRQ�RI�WKH�VXVSHQVLRQ��VWHHU�DQJOH
RI�WKH�IURQW�ZKHHO��VDPH�OHIW�ULJKW���URWDWLRQ�RI�WKH�VWHHULQJ�ZKHHO�DQG�ODWHUDO�W\UH
GHIOHFWLRQ��7KH�GHJUHH�RI�IUHHGRP�RI�WKH�VWHHULQJ�ZKHHO�KDV�EHHQ�VXSSUHVVHG�LQ
WKH�GHSLFWHG�FDVH�E\�FODPSLQJ�WKH�VWHHULQJ�V\VWHP�LQ�WKH�QRGH�WKDW�DSSHDUV�WR
RFFXU�LQ�WKH�IUHH�PRWLRQ�ZLWK�WKH�IURQW�ZKHHOV�DQG�WKH�VWHHULQJ�ZKHHO�PRYLQJ�LQ
FRXQWHU�SKDVH��7KH�RWKHU�ORZHU�IUHTXHQF\�PRGH�ZLWK�IURQW�ZKHHOV�DQG�VWHHULQJ
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ZKHHO�PRYLQJ�LQ�SKDVH�RFFXUV�DW�ORZHU�YDOXHV�RI�VSHHG�DQG�SDUWO\�RYHUODSV�WKH
UDQJH�RI�WKH�FRXQWHU�SKDVH�PRGH��,W�LV�H[SHFWHG�WKDW�WKH�LQ�SKDVH�PRGH�LV�HDVLO\
VXSSUHVVHG� E\� ORRVHO\� KROGLQJ� WKH� VWHHULQJ� ZKHHO�� 7KLV� ZDV� PRUH� RU� OHVV
FRQILUPHG� E\� H[SHULPHQWV� RQ� D� VPDOO�PHFKDQLFDO� ZKHHO� VXVSHQVLRQ�VWHHULQJ
V\VWHP�PRGHO��7KH�IXOO�VFDOH�WUXFN�RQO\�VKRZHG�VKLPP\�ZLWK�FRXQWHU�RVFLOODWLQJ
IURQW�ZKHHOV�DQG�VWHHULQJ�ZKHHO��

)LQDOO\��)LJ������SUHVHQWV�WKH�UHVXOWV�RI�PHDVXUHPHQWV�SHUIRUPHG�RQ�WKH�WUXFN
PRYLQJ�RYHU�D�ODQGLQJ�VWULS��7KH�IURQW�ZKHHOV�ZHUH�SURYLGHG�ZLWK�XQEDODQFH
ZHLJKWV��6KLPP\�DSSHDUHG� WR� VWDUW�DW�D� VSHHG�RI�FD�� ���NP�K��6\QFKURQRXV
RVFLOODWLRQV� ZHUH� VHHQ� WR� RFFXU� DV� FDQ� EH� FRQFOXGHG� E\� FRQVLGHULQJ� WKH
IUHTXHQFLHV�WKDW�DSSHDU�WR�FRLQFLGH�LQ�WKH�VPDOO�UDQJH�RI�VSHHG�MXVW�EHORZ�WKH
VSHHG�RI�LQLWLDWLRQ�RI����NP�K��)XUWKHU�GRZQZDUGV��WKH�IUHTXHQFLHV�JHW�VHSDUDWHG
DQG��IROORZ�LQGHSHQGHQW�FRXUVHV��7KLV�VWUHQJWKHQV�WKH�LPSUHVVLRQ�WKDW�KHUH�WKH
PRWLRQ�PD\�EH�DEOH�WR�VXVWDLQ�LWVHOI��$IWHUZDUGV��DQRWKHU�WHVW�ZDV�FRQGXFWHG
ZLWK� RQO\� RQH� ZKHHO� SURYLGHG� ZLWK� DQ� XQEDODQFH� ZHLJKW�� 7KH� ZHLJKW� ZDV
DWWDFKHG�WR�D�FDEOH�WKDW�PDGH�LW�SRVVLEOH�WR�UHPRYH�WKH�XQEDODQFH�GXULQJ�WKH�WHVW
UXQ��$IWHU�KDYLQJ�WKH�XQEDODQFH�GHWDFKHG�DW�WKH�LQVWDQW�WKDW�WKH�VKLPP\�ZDV�IXOO\
GHYHORSHG��WKH�VKLPP\�UHPDLQHG�WR�PDQLIHVW�LWVHOI�ZLWK�DERXW�WKH�VDPH�LQWHQVLW\�
7KLV�FRQVWLWXWHG�WKH�SURRI�WKDW�ZH�GHDOW�ZLWK�D�VHOI�VXVWDLQHG�RVFLOODWLRQ��7KH
FRUUHVSRQGHQFH�EHWZHHQ�WKH�GLDJUDPV�RI�)LJV������DQG����LV�VWULNLQJ��$OVR�WKH
IUHTXHQF\�RI�WKH�DXWRQRPRXV�YLEUDWLRQ�RI�WKH�PRGHO��DORQJ�WKH�XSSHU�ERXQGDU\
RI�WKH�DUHD�RI�VHOI�H[FLWDWLRQ�VKRZQ�LQ�)LJ�������ZDV�FORVH�WR�WKDW�DFFRUGLQJ�WR
WKH�WHVW�UHVXOWV���7KH�PRGHO�IUHTXHQF\�DSSHDUV�WR�YDU\�IURP����+]�DW�WKH�ORZ�HQG
RI�WKH�VSHHG��������NP�K��WR��+]�DW�WKH�LQLWLDWLRQ�YHORFLW\�RI������NP�K���
���
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)RU� UHODWLYHO\� ORZ� IUHTXHQF\� DQG� ODUJH�ZDYHOHQJWK� WUDQVLHQW� DQG� RVFLOODWRU\
YHKLFOH�PRWLRQV��W\UH�LQHUWLD�DQG�WKH�HIIHFW�RI�WKH�ILQLWH�OHQJWK�RI�WKH�FRQWDFW�SDWFK
PD\�EH�QHJOHFWHG�RU�WDNHQ�FDUH�RI�LQ�DQ�DSSUR[LPDWLYH�PDQQHU��,Q�&KDSWHU���D
WKRURXJK�WUHDWPHQW�KDV�EHHQ�JLYHQ�RI�WKH�RXW�RI�SODQH�VWUHWFKHG�VWULQJ�W\UH�PRGHO
WRJHWKHU�ZLWK�D�QXPEHU�RI�DSSUR[LPDWH�PRGHOV��2QH�RI�WKHVH�PRGHOV�GLG�LJQRUH
WKH� FRQWDFW� OHQJWK��)RU� WKH�DOLJQLQJ� WRUTXH� WKH�HIIHFW�RI� WUHDG�ZLGWK�DQG� WKH
J\URVFRSLF�FRXSOH�ZHUH�LQWURGXFHG��

7KH�SUHVHQW�FKDSWHU�GHDOV�ZLWK�WKH�IXUWKHU�GHYHORSPHQW�RI�WKLV�W\SH�RI�PRGHO
ZKLFK�LQ�LWV�VLPSOHVW�IRUP�KDV�EHHQ�DQG�VWLOO�LV�YHU\�SRSXODU�LQ�YHKLFOH�G\QDPLFV
VWXGLHV��%RWK�LQ�SODQH�DQG�RXW�RI�SODQH�PRGHOV�ZLOO�EH�GLVFXVVHG�IRU�VPDOO�VOLS�
OLQHDU�DQG�IRU�ODUJH�VOLS��QRQ�OLQHDU�FRQGLWLRQV��7KH�FRQFHSW�RI�WKH�UHOD[DWLRQ
OHQJWK�LV�FHQWUDO� LQ� WKH�PRGHO�VWUXFWXUH��7KH�GHYHORSPHQW�RI�WKH�VLQJOH�SRLQW
FRQWDFW�PRGHOV�IROORZV�DQ�HVVHQWLDOO\�GLIIHUHQW�DQG�PXFK�VLPSOHU�OLQH�FRPSDUHG
ZLWK�WKH�WKHRUHWLFDO�DSSURDFK�RQ�ZKLFK�WKH�VWULQJ�PRGHO�LV�EDVHG��%HFDXVH�RI�LWV
VLPSOLFLW\� LW� LV� SRVVLEOH� WR� HQKDQFH� WKH� PRGHO� WR� FRYHU� WKH� IXOO� QRQ�OLQHDU
FRPELQHG�VOLS�UDQJH�LQFOXGLQJ�UROOLQJ�IURP�VWDQGVWLOO�RU�HYHQ�FKDQJH�GLUHFWLRQ
IURP�IRUZDUGV�WR�EDFNZDUGV�UROOLQJ��&DPEHU�DQG�WXUQ�VOLS�PD\�EH�LQFOXGHG�

:LWK� WKH� OLQHDU� DQG� QRQ�OLQHDU�PRGHOV�� WR� EH� GHYHORSHG� LQ� WKLV� FKDSWHU�
YDULRXV�YHKLFOH�G\QDPLFV�SUREOHPV�PD\�EH�DSSUR[LPDWHO\�DQDO\VHG�VXFK�DV�WKH
VKLPP\�SKHQRPHQRQ� �FI�� FXUYH� IRU� VLQJOH� SRLQW�PRGHO� LQ�)LJ������� WUDQVLHQW
YHKLFOH� PRWLRQV� ZLWK� RVFLOODWRU\� VWHHU� LQSXWV�� PRWLRQ� RYHU� XQGXODWHG� URDG
VXUIDFHV�DW�VLGH�VOLS�DQG�FDPEHU��VWHHULQJ�YLEUDWLRQV�LQGXFHG�E\�ZKHHO�LPEDODQFH
DQG� W\UH� RXW�RI�URXQGQHVV�� ,Q� WKHVH� VWXGLHV� WKH� HIIHFW� RI� W\UH� ODJ� PD\� EH
DVFHUWDLQHG�� ,Q�D�QXPEHU�RI�DSSOLFDWLRQV� WR�EH� WUHDWHG� LQ�&KDSWHU���ZH�ZLOO
DGGUHVV�WKHVH�SUREOHPV��H[FHSW�ZKHHO�VKLPP\��ZKLFK�ZDV�WKH�VXEMHFW�RI�&KDSWHU
���
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)LJ������ 6LQJOH�FRQWDFW�SRLQW�W\UH�PRGHO�VKRZLQJ�ODWHUDO�DQG�ORQJLWXGLQDO�FDUFDVV
GHIOHFWLRQV��X�DQG�Y���7RS�YLHZ��

������0RGHO�'HYHORSPHQW

7KH�PRGHO�FRQVLVWV�RI�D�FRQWDFW�SDWFK��SRLQW��WKDW�LV�VXVSHQGHG�ZLWK�UHVSHFW�WR
WKH�ZKHHO�ULP�E\�D�ORQJLWXGLQDO��FLUFXPIHUHQWLDO��DQG�D�ODWHUDO�VSULQJ��7KHVH
VSULQJV�UHSUHVHQW�WKH�FRPSOLDQFH�RI�WKH�W\UH�FDUFDVV��7KH�FRQWDFW�SRLQW�PD\
PRYH��VOLS��ZLWK�UHVSHFW�WR�WKH�JURXQG�LQ�ODWHUDO�DQG�ORQJLWXGLQDO�GLUHFWLRQV�
7KURXJK� WKLV� UHODWLYH�PRWLRQ� WKH� VLGH� IRUFH�� ORQJLWXGLQDO� IRUFH� DQG� DOLJQLQJ
WRUTXH�DUH�JHQHUDWHG��7R�GHWHUPLQH� WKHVH�IRUFHV�DQG�PRPHQWV��FRQWDFW�SDWFK
ODWHUDO� VOLS� �SRVVLEO\� LQFOXGLQJ� SO\�VWHHU�� DQG� ORQJLWXGLQDO� VOLS� DUH� GHILQHG�
&DPEHU� FRQWDFW� OLQH� FXUYDWXUH�� SRVVLEO\� LQFOXGLQJ� FRQLFLW\� DQG� WXUQ� VOLS�� LV
WKRXJKW�WR�H[LVW�ZKLFK�LV�UHSUHVHQWHG�E\�DQ�HIIHFWLYH�WRWDO�FDPEHU�DQJOH��7KHVH
FRQWDFW�SDWFK�VOLS�TXDQWLWLHV�PD\�WKHQ�EH�XVHG�DV�LQSXW�LQ�WKH�VWHDG\�VWDWH�W\UH
VOLS�PRGHO��H�J��WKH�0DJLF�)RUPXOD��WR�FDOFXODWH�WKH�WUDQVLHQW�IRUFH�DQG�PRPHQW
YDULDWLRQ�WKDW�DFW�XSRQ�WKH�FRQWDFW�SDWFK��

��������/LQHDU�0RGHO

)LJXUH�����GHSLFWV�WKH�PRGHO�LQ�WRS�YLHZ��$W�WKH�LQVWDQW�FRQVLGHUHG��WKH�ZKHHO
VOLS�SRLQW�6��DWWDFKHG�WR�WKH�ZKHHO�ULP�DW�D�OHYHO�QHDU�WKH�URDG�VXUIDFH��DQG�WKH
FRQWDFW�SRLQW�6¶�DUH�GHILQHG�WR�EH�ORFDWHG�LQ�WKH�SODQH�WKURXJK�WKH�ZKHHO�D[LV�DQG
QRUPDO�WR�WKH�URDG��7KHVH�SRLQWV��ZKLFK�PD\�EH�WKRXJKW�WR�OLH�RQ�WZR�SDUDOOHO
VOLS�FLUFOHV��PRYH�RYHU�WKH�URDG�VXUIDFH�ZLWK�WKH�ZKHHO�DQG�FRQWDFW�SDWFK�VOLS
YHORFLWLHV�UHVSHFWLYHO\��,Q�WKH�ILJXUH��WKH�[�DQG�\�FRPSRQHQWV�RI�WKH�VOLS�YHORFLWLHV
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WKH�W\UH��$�VLPLODU�PRGHO�PD\�EH�GUDZQ�IRU�WKH�WUDQVLHQW�ODWHUDO�EHKDYLRXU��,W
PD\�EH�QRWHG�WKDW�WKH�HTXDWLRQ��������LV�QRW�VXLWHG�IRU�PRYLQJ�QHDU�RU�DW�9[� �

��
,Q�6HFWLRQ�����WKH�XVH�RI�WKH�WUDQVLHQW�PRGHOV�IRU�WKH�UHVSRQVH�WR�ODWHUDO�DQG
ORQJLWXGLQDO�ZKHHO�VOLS�VSHHG�DW�DQG�QHDU�]HUR�VSHHG�ZLOO�EH�GHPRQVWUDWHG��

$SSDUHQWO\��(T��������ZLWK��������IDLOV�WR�GHVFULEH�WKH�UHVSRQVH�WR�YDULDWLRQV
LQ�ZKHHO�\DZ�DQJOH� �DW�YDQLVKLQJ�VSHHG��7KHQ��WKH�ODWHUDO�GHIOHFWLRQ�EHFRPHV�Yn
 ���&)n��&) �IG ��:LWK�nN

�
 ��&) ��&)n�Yn�� �ZH�KDYH�nN

�
 �� �� �LQGLFDWLQJ�DQ

LQVWDQWDQHRXV�UHVSRQVH�RI�)\�ZKLFK��KRZHYHU��VKRXOG�UHPDLQ�]HUR��:H�UHIHU�WR
&KDSWHU����6HFWLRQ��������(T�������HWF����WKDW�VXJJHVWV�D�IXUWKHU�GHYHORSHG�PRGHO
WKDW�FDQ�KDQGOH�WKLV�VLWXDWLRQ�FRUUHFWO\��&RQVHTXHQWO\��LW�PXVW�EH�FRQFOXGHG�WKDW
WKH�SUHVHQW�WUDQVLHQW�PRGHO�FDQQRW�EH�HPSOR\HG�WR�VLPXODWH�SDUNLQJ�PDQRHXYUHV
XQOHVV�)\�LV�VXSSUHVVHG�DUWLILFLDOO\�LQ�WKH�ORZHU�VSHHG�UDQJH�



���6,1*/(�&217$&7�32,17�75$16,(17�02'(/�

��������6HPL�1RQ�/LQHDU�0RGHO

)RU�WKH�H[WHQVLRQ�RI�WKH�OLQHDU�WKHRU\�WR�FRYHU�WKH�QRQ�OLQHDU�UDQJH�RI�WKH�VOLS
FKDUDFWHULVWLFV��LW�PD\�EH�WHPSWLQJ�WR�HPSOR\�(T��������DQG�XVH�WKH�LQVWDQWDQHRXV
QRQ�OLQHDU�IRUFH�UHVSRQVH�DV�LQSXW�LQ�WKH�GLIIHUHQWLDO�HTXDWLRQ��7KH�LQSXW�VWHDG\�
VWDWH�VLGH�IRUFH�LV�FDOFXODWHG��H�J��ZLWK�WKH�0DJLF�)RUPXOD��XVLQJ�WKH�FXUUHQW
ZKHHO�VOLS�DQJOH� ��7KLV�PHWKRG��KRZHYHU��PD\�OHDG�WR�LQFRUUHFW�UHVXOWV�DV�GXH
WR�WKH�SKDVH�ODJ�LQ�VLGH�IRUFH�UHVSRQVH��WKH�FXUUHQW��YDU\LQJ��ZKHHO�ORDG�PD\�QRW
FRUUHVSRQG� WR� WKH� FDOFXODWHG� PDJQLWXGH� DWWDLQHG� E\� WKH� VLGH� IRUFH�� ,Q� OLPLW
FRQGLWLRQV�WKH�W\UH�PD\�WKHQ�EH�SUHGLFWHG�WR�EH�VWLOO�LQ�DGKHVLRQ�ZKLOH�LQ�UHDOLW\
IXOO�VOLGLQJ�RFFXUV��$�EHWWHU�DSSURDFK�LV�WKH�XWLOLVDWLRQ�RI�WKH�RULJLQDO�HTXDWLRQ
������DQG�FDOFXODWH�WKH�VLGH�IRUFH�DIWHUZDUGV�E\�XVLQJ�WKH�UHVXOWLQJ�WUDQVLHQW�VOLS
DQJOH� N�DV�LQSXW�LQ�WKH�0DJLF�)RUPXOD��

,Q�JHQHUDO��ZH�KDYH�WKH�WKUHH�HTXDWLRQV������������DQG�SRVVLEO\��������DQG�WKH
ILUVW�HTXDWLRQV�RI�����������SURGXFLQJ� N�� N�DQG� N�RU�nN�ZKLFK�DUH�XVHG�DV�LQSXW
LQ�WKH�QRQ�OLQHDU�IRUFH�DQG�PRPHQW�IXQFWLRQV�� �RU�n�GLUHFWO\�LQ�WKH�H[SUHVVLRQV
IRU�0U���H�J��WKH�HTXDWLRQV�RI�WKH�0DJLF�)RUPXOD�W\UH�PRGHO��&KDSWHU�����

������)
[
' )

[
� 
� 
�)

]
�

������)
\
' )

\
� 
� 
� 
�)

]
�

������0

]
' & W )

\

������0
]U
' 0

]U
� � 
� 
� )

]
�

���(���0
]
' 0

]
N %0

]U
% V @)

[

ZKHUH�LI�UHTXLUHG�� �PD\�EH�UHSODFHG�E\�n�DV�WKH�VSLQ�DUJXPHQW�
7KLV�QRQ�OLQHDU�PRGHO�LV�VWUDLJKWIRUZDUG�DQG�LV�RIWHQ�XVHG�LQ�WUDQVLHQW�RU�ORZ

IUHTXHQF\�YHKLFOH�PRWLRQ�VLPXODWLRQ�DSSOLFDWLRQV��6WDUWLQJ�IURP�]HUR�VSHHG�RU
VWRSSLQJ�WR�VWDQGVWLOO�LV�SRVVLEOH��+RZHYHU��DV�KDV�EHHQ�PHQWLRQHG�EHIRUH��DW�9[

HTXDO�RU�FORVH�WR�]HUR�WKH�HTXDWLRQV���������DFW�DV�LQWHJUDWRUV�RI�WKH�VOLS�VSHHG
FRPSRQHQWV�9V[�\��ZKLFK�PD\�JLYH�ULVH�WR�SRVVLEO\�YHU\�ODUJH�GHIOHFWLRQV��7KH
OLPLWDWLRQ�RI�WKHVH�GHIOHFWLRQV�PD\�EH�DFFRPSOLVKHG�E\�PDNLQJ�WKH�GHULYDWLYHV
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JLYHQ��$�VLPLODU�HTXDWLRQ�PD\�EH�HPSOR\HG�IRU�WKH�ODWHUDO�WUDQVLHQW�VOLS�

$QRWKHU�H[WUHPH�VLWXDWLRQ� LV� WKH�FRQGLWLRQ�DW�ZKHHO� ORFN��$W� VWHDG\�VWDWH
(T�������UHGXFHV�WR�
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QRQ�OLQHDU� PRGHO�� $QRWKHU� VKRUWFRPLQJ� RI� WKH� PRGHO� WKDW� LV� WR� EH� WDFNOHG
FRQFHUQV�WKH�H[SHULPHQWDOO\�REVHUYHG�SURSHUW\�RI�WKH�W\UH�WKDW� LWV�UHOD[DWLRQ
OHQJWK�GHSHQGV�RQ�WKH�OHYHO�RI�VOLS��$W�KLJKHU�OHYHOV�RI�VLGH�VOLS��WKH�W\UH�VKRZV
D�TXLFNHU�UHVSRQVH� WR�DGGLWLRQDO�FKDQJHV�LQ�VLGH�VOLS��7KLV�LQGLFDWHV�WKDW�WKH
UHOD[DWLRQ�OHQJWKV�GHFUHDVH�ZLWK�LQFUHDVLQJ�VOLS�

��������)XOO\�1RQ�/LQHDU�0RGHO
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ZLWK�WUHDG�HOHPHQWV�DW�YDULRXV�OHYHOV�RI�VWHDG\�VWDWH�VLGH�VOLS��&OHDUO\��WKLV�PRGHO
SUHGLFWV�WKDW�WKH�µLQWHUVHFWLRQ¶�OHQJWK� (

�GHFUHDVHV�ZLWK�LQFUHDVLQJ�
�
�WKDW�LV��ZKHQ
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WR�ZKLFK� (�DSSURDFKHV�ZKHQ� N�6���7R�DYRLG�VLQJXODULW\��RQH�PD\�XVH�WKH�ODVW
H[SUHVVLRQ�RI��������ZLWK�VPDOO� )�DQG�DGG�WR� N�WKH�VKLIW� ��WR�DUULYH�DW� NI �DV
LQGLFDWHG�LQ�)LJ�������)LJXUH�����SUHVHQWV�WKH�FKDUDFWHULVWLF�RI�WKH�LQWHUVHFWLRQ
OHQJWK�WRJHWKHU�ZLWK�WKH�VLGH�IRUFH�FKDUDFWHULVWLF�IURP�ZKLFK�LW�LV�GHULYHG��$OVR
LQ�WKH�HTXDWLRQ�IRU�WKH�FDPEHU�GHIOHFWLRQ�UHVSRQVH��������WKH�UHOD[DWLRQ�OHQJWK�
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UDQJH�RI�LQWHUHVW��7KH�YDOXH�IRU� N�RU�IRU� (�ZKHQ�(T��������LV�XVHG��LV�REWDLQHG
WKURXJK� LWHUDWLRQV� RU� E\� XVLQJ� LQIRUPDWLRQ� IURP� WKH� SUHYLRXV� WLPH� VWHS�� FI�
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)\�LV�ILQDOO\�REWDLQHG�IURP�(T��������E\�XVLQJ�WKH�FRPSXWHG�WDQ N�� �Y � (��

:ULWLQJ�WKH�HTXDWLRQ��������HQWLUHO\�LQ�WHUPV�RI�WKH�WUDQVLHQW�VOLS�DQJOH�E\
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YDOXHV� RI� WKH� VOLS� DQJOH�� ,I� WKH� YHUWLFDO� ORDG� UHPDLQV� FRQVWDQW� WKH� ODVW� WHUP
YDQLVKHV�DQG�ZH�KDYH�WKH�RIWHQ�XVHG�HTXDWLRQ�RI�WKH�UHVWULFWHG�IXOO\�QRQ�OLQHDU
PRGHO�
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UHSUHVHQWV�WKH�DFWXDO�UHOD[DWLRQ�OHQJWK�RI�WKH�OLQHDULVHG�V\VWHP�DW�D�JLYHQ�ORDG
DQG�VOLS�DQJOH��,WV�FKDUDFWHULVWLF�KDV�EHHQ�GHSLFWHG�LQ�)LJ�����DV�ZHOO��2EYLRXVO\�
WKH�UHOD[DWLRQ�OHQJWK�LV�DVVRFLDWHG�ZLWK�WKH�VORSH�RI�WKH�VLGH�IRUFH�FKDUDFWHULVWLF�
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RULJLQDO�HTXDWLRQ��������RU��������XQVWDEOH�LI�WKH�SRLQW�RI�RSHUDWLRQ�OLHV�LQ�WKDW
UDQJH� RI� VLGH� VOLS�� :H� PD\�� KRZHYHU�� OLPLW� � GRZQZDUGV� WR� DYRLG� ERWK
LQVWDELOLW\�DQG�H[FHVVLYH�FRPSXWDWLRQ� WLPH�� � �PD[� �� PLQ���7KH� WUDQVLHQW
UHVSRQVH�RI�WKH�YDULDWLRQ�RI�WKH�IRUFH�SURFHHGV�LQ�SURSRUWLRQ�ZLWK�WKH�YDULDWLRQ
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IURP�WKH�DOUHDG\�DYDLODEOH�WDQ N��+RZHYHU��VLQFH�WKH�ODVW�WHUP�RI��������KDV�EHHQ
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,W�LV�RI�LQWHUHVW�WR�QRWH�WKDW�WKH�H[WUHPH�FDVH�RI�ZKHHO�ORFN�FDQ�QRZ�EH�KDQGOHG
FRUUHFWO\��$V�ZH�KDYH�VHHQ�EHORZ�(T��������WKH�GHIOHFWLRQ�WKHQ�EHFRPHV�HTXDO
WR�PLQXV�WKH�UHOD[DWLRQ�OHQJWK�ZKLFK�DFFRUGLQJ�WR�WKH�IXOO\�QRQ�OLQHDU�PRGHO
EHFRPHV��X� ���

(��:LWK��������DQG� N� ����WKH�GHIOHFWLRQ�WDNHV�WKH�YDOXH�WKDW
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ZRXOG�DFWXDOO\�RFFXU�DW�ZKHHO�ORFN��X� �)[��&)[��
7KH�XVH�RI�(TV�����������LV�DWWUDFWLYH�IRU�VLPXODWLRQ�SXUSRVHV�EHFDXVH�WKH

VROXWLRQ�FRQWDLQV�WKH�WUDQVLHQW�HIIHFW�RI�FKDQJLQJ�YHUWLFDO�ORDG��+RZHYHU��ZH�PD\
KDYH�FRPSXWDWLRQDO�GLIILFXOWLHV�WR�EH�UHFNRQHG�ZLWK�ZKLFK�PD\�UHTXLUH�VRPH
SUHSDUDWLRQV�� 8VLQJ� (T�������� SURFHHGV� LQ� D� VWUDLJKWIRUZDUG� PDQQHU� LI� WKH
GHULYDWLYH�RI�WKH�IRUFH�YV�VOLS�FKDUDFWHULVWLF�LV�NQRZQ�EHIRUHKDQG��7KLV�UHTXLUHV
VRPH�SUHSDUDWLRQ�DQG�PD\�EHFRPH�TXLWH�FRPSOH[�LI�WKH�JHQHUDO�FRPELQHG�VOLS
VLWXDWLRQ� LV� WR� EH� FRQVLGHUHG�� $SSUR[LPDWLRQV� XVLQJ� HTXLYDOHQW� WRWDO� VOLS
DFFRUGLQJ�WR�(T����(����PD\�EH�UHDOLVDEOH��$�GUDZEDFN��RI�FRXUVH��LV�WKH�IDFW
WKDW�(T��������GRHV�QRW�UHVSRQG�WR�FKDQJHV�LQ�)]��,Q�&KDSWHU���WKLV�HTXDWLRQ�LV
XVHG�WR�KDQGOH�WKH�WUDQVLHQW�UHVSRQVH�RI�WKH�WUHDG�GHIOHFWLRQV�LQ�WKH�FRQWDFW�SDWFK�

)LJXUHV��������SUHVHQW�UHVXOWV�REWDLQHG�E\�+LJXFKL��������IRU�D�SDVVHQJHU�FDU
������5���W\UH�WHVWHG�RQ�D�IODW�SODQN�PDFKLQH��78�'HOIW��FI��)LJ��������)LJXUH
����VKRZV�WKH�UHVSRQVH�RI�WKH�VLGH�IRUFH�WR�VWHS�FKDQJHV� LQ� VOLS�DQJOH�DW�WKH
QRPLQDO� ORDG� RI� ����1�� 7KH� GLDJUDP� FOHDUO\� LQGLFDWHV� WKH� GLIIHUHQFH� LQ
EHKDYLRXU�DW�WKH�GLIIHUHQW�OHYHOV�RI�VLGH�VOLS�ZLWK�D�YHU\�UDSLG�UHVSRQVH�RFFXUULQJ
DW� � ���E��7KH�IXOO\�QRQ�OLQHDU�PRGHO�DFFRUGLQJ�WR�(TV��������RU��������RU�DV�LQ
WKLV� FDVH�� ZLWK� FRQVWDQW� YHUWLFDO� ORDG�� (T��������� LQ� FRQMXQFWLRQ� ZLWK
(TV�����������JLYHV�VDWLVIDFWRU\�DJUHHPHQW��7KH�PHDVXUHG�UHVSRQVH�FXUYHV�KDYH
EHHQ�FRUUHFWHG�IRU�WKH�VLGH�IRUFH�YDULDWLRQ�WKDW�DULVHV�DOUHDG\�DW�]HUR�VOLS�DQJOH�
7KH�WHVW�LV�SHUIRUPHG�E\�ORDGLQJ�WKH�W\UH�DIWHU�WKH�VOLS�DQJOH��VWHHU�DQJOH��KDV
EHHQ�DSSOLHG��6XEVHTXHQWO\��WKH�SODQN�LV�PRYHG��7KH�DOLJQLQJ�WRUTXH�EHKDYHV�LQ
D�VLPLODU�PDQQHU�DOWKRXJK�D�OLWWOH�LQLWLDO�GHOD\�LQ�UHVSRQVH�RFFXUV�DV�FRUUHFWO\
SUHGLFWHG� E\� WKH� VWULQJ�PRGHO� DQG� VKRZQ� LQ� )LJ������� $W� ODUJHU� VOLS� DQJOHV
�EH\RQG�WKH�OHYHO�ZKHUH�WKH�0]�SHDN�RFFXUV��WKH�DOLJQLQJ�WRUTXH�ILUVW�VKRZV�D
SHDN�LQ�WKH�UHVSRQVH�DIWHU�ZKLFK�WKH�PRPHQW�GHFD\V�WR�LWV�VWHDG\�VWDWH�YDOXH�
7KLV�EHKDYLRXU�LV�QLFHO\�IROORZHG�E\�WKH�PRGHO��)LJXUH�����VKRZV�WKH�VLGH�IRUFH
UHVSRQVH�WR�VPDOO�LQFUHPHQWV�LQ�VOLS�DQJOH��7KH�H[SHULPHQW�LV�FRQGXFWHG�E\��DIWHU
KDYLQJ�VWRSSHG�WKH�SODQN�PRWLRQ��VWHHULQJ�WKH�ZKHHO�KDOI�D�GHJUHH�IXUWKHU�DQG
FRQWLQXH�WKH�IRUZDUG�PRWLRQ��,W�ZDV�ILUVW�DVFHUWDLQHG�WKDW�WKH�UHVSRQVH�RI�WKH�VLGH
IRUFH�WR�D�VWHS�VWHHU�LQSXW�ZDV�KDUGO\�LQIOXHQFHG�E\�KDYLQJ�ILUVW�OLIWHG�WKH�W\UH
IURP�WKH�URDG�VXUIDFH�RU�QRW��2I�FRXUVH��WKH�DOLJQLQJ�PRPHQW�UHVSRQVH��LQ�WKH
ODWWHU�FDVH��LV�TXLWH�GLIIHUHQW�EHFDXVH�RI�LQLWLDO�WRUVLRQ�DERXW�WKH�YHUWLFDO�D[LV��7KH
UHVXOWLQJ�VLGH�IRUFH�UHVSRQVHV�DV�GHSLFWHG�LQ�)LJ�����KDYH�EHHQ�FRPSDUHG�ZLWK�WKH
H[SRQHQWLDO�UHVSRQVH�RI�WKH�VLGH�IRUFH�LQFUHPHQW�DV�SUHGLFWHG�E\�WKH�VROXWLRQ�RI
(T��������ZLWK���������)LWWLQJ�ZLWK�D�OHDVW�VTXDUH�SURFHGXUH�JDYH�WKH�UHOD[DWLRQ
OHQJWK� �DV�SUHVHQWHG�LQ�)LJ������7KH�UHVXOWLQJ�YDULDWLRQ�RI� �ZLWK�VOLS�DQJOH
OHYHO�LV�FRPSDUHG�ZLWK�WKH�VORSH�RI�WKH�VWHDG\�VWDWH�VLGH�IRUFH�FKDUDFWHULVWLF��ERWK
QRUPDOLVHG�PDNLQJ�WKHLU�YDOXHV�HTXDO�WR�XQLW\�DW�YDQLVKLQJ�VOLS�DQJOH��
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�)LJ������� 5HOD[DWLRQ�OHQJWKV�UHVXOWLQJ
IURP�VPDOO�VWHS�FKDQJHV�LQ�VOLS
DQJOH�RU�ZKHHO�ORDG��DV�IXQFWLRQ
RI� VOLS� DQJOH� OHYHO�� +LJXFKL
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7KH� H[FHOOHQW� DJUHHPHQW� VXSSRUWV� WKH� WKHRUHWLFDO� ILQGLQJV�� $GGLWLRQDO
H[SHULPHQWV�KDYH�EHHQ�FRQGXFWHG�E\�+LJXFKL�LQYHVWLJDWLQJ�WKH�UHVSRQVH�WR�VPDOO
LQFUHPHQWV�LQ�YHUWLFDO�ORDG�DW�FRQVWDQW�VOLS�DQJOH��$V�VKRZQ�E\�(T��������WKH
SDUWLDO�GHULYDWLYH�M)\��M)]�SOD\V�WKH�UROH�DV�LQSXW�SDUDPHWHU��)LJXUH�����VKRZV�LWV
YDULDWLRQ�ZLWK�VOLS�DQJOH�OHYHO��)LJXUH������FRPSDUHV�WKH�UHVXOWLQJ�UHOD[DWLRQ
OHQJWK�YDOXHV�ZLWK�WKRVH�DVVRFLDWHG�ZLWK�FKDQJHV�LQ�VOLS�DQJOH�DW�FRQVWDQW�ORDG�
$SSDUHQWO\��WKH�UHOD[DWLRQ�OHQJWK�IRU�VOLS�DQJOH�FKDQJH�LV�ODUJHU�WKDQ�WKH�RQH
EHORQJLQJ�WR�ORDG�FKDQJH��+RZHYHU��GXH�WR�WKH�ILQLWH�PDJQLWXGH�RI�WKH�LQFUHPHQWV
����E�DQG����1�UHVSHFWLYHO\��WKH�DFWXDO�GLIIHUHQFHV�DUH�H[SHFWHG�WR�EH�VPDOOHU�
,Q�WKH�GLDJUDP��WKH�FXUYH�IRU� �PD\�EH�EHWWHU�VKLIWHG�WR�WKH�OHIW�RYHU�����E�ZKLOH
WKH�FXUYH�IRU� )]�PD\�EH�UHGXFHG�D�OLWWOH�LQ�KHLJKW�XVLQJ�LQIRUPDWLRQ�IURP�)LJ����
DFFRXQWLQJ�IRU�D�GHFUHDVH�RI�WKH�DYHUDJH�ORDG�OHYHO�RI����1��
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+LJXFKL�DOVR�LQYHVWLJDWHG�WKH�UHVSRQVHV�WR�FKDQJHV�LQ�FDPEHU�DQJOH��DQG�WR
D�OLPLWHG�H[WHQW�DOVR�WR�WKH�UHODWHG�WXUQ�VOLS��7KH�FKDQJH�LQ�FDPEHU�ZDV�FRUUHFWO\
HVWDEOLVKHG�E\�URWDWLQJ�WKH�URDG�VXUIDFH��WKH�SODQN��DERXW�WKH�OLQH�RI�LQWHUVHFWLRQ
RI�ZKHHO�FHQWUH�SODQH�DQG�SODQN�VXUIDFH��VWHHU�DQJOH�LV�NHSW�HTXDO�WR�]HUR���7KH
VWHS�UHVSRQVH�WR�WXUQ�VOLS�nW� ���5�LV�REWDLQHG�E\�LQWHJUDWLQJ�WKH�UHVSRQVH�WR�D
SXOVH�FKDQJH�LQ�WXUQ�VOLS��WKDW�LV��ORDG�W\UH��WZLVW�� ��DQG�WKHQ�UROO�LQ�WKH�QHZ
ZKHHO�SODQH�GLUHFWLRQ��DQG�PXOWLSO\�WKH�UHVXOW�ZLWK����5 ���7KH�UHVSRQVHV�WR
FDPEHU�DQG�WXUQ�VOLS�VKRZ�TXDQWLWDWLYHO\�VLPLODU�UHVSRQVHV��7KH�VPDOO�LQLWLDO
GHOD\�RI� WKH� UHVSRQVH�RI� WKH�FDU� W\UH� VLGH� IRUFH� WR�FDPEHU�DQG� WXUQ�VOLS� �FI�
)LJ����������ZLOO�HIIHFWLYHO\�LQFUHDVH�WKH�UHOD[DWLRQ�OHQJWK�D�OLWWOH��)LJXUHV�����D
DQG�����E�VKRZ� WKH� UHVSRQVHV�RI� VLGH� IRUFH�DQG�PRPHQW� WR� VWHS�FKDQJHV� LQ
FDPEHU�DQJOH��7KH�VLGH�IRUFH�EHKDYHV�LQ�D�PDQQHU�VLPLODU�WR�WKH�UHVSRQVH�WR�VLGH
VOLS��)LJ������6LQFH�ZH�KDYH�D�FDPEHU�VWLIIQHVV�PXFK�VPDOOHU�WKDQ�WKH�FRUQHULQJ
VWLIIQHVV�� WKH�FDPEHU�IRUFH�FKDUDFWHULVWLF�UHPDLQV�DOPRVW� OLQHDU�RYHU�D�ODUJHU
UDQJH�RI�WKH�FDPEHU�DQJOH��PHDQLQJ��WKHUH�LV�OHVV�VOLGLQJ�LQ�WKH�FRQWDFW�SDWFK��
7KHUHIRUH�� WKH� GLIIHUHQFH� LQ� VWHS� UHVSRQVHV� UHPDLQV� UHODWLYHO\� VPDOO��7KLV� LV
UHIOHFWHG� E\� WKH� GLDJUDP� RI� )LJ������ VKRZLQJ� WKH� YDULDWLRQ� RI� WKH� UHVXOWLQJ
UHOD[DWLRQ�OHQJWK��&RPSDULVRQ�ZLWK�)LJ�����UHYHDOV�WKDW�WKH�UHOD[DWLRQ�OHQJWKV
DVVHVVHG� IRU� WKH� UHVSRQVHV� WR� VLGH� VOLS� �DW� VPDOO� VLGH� VOLS�� DQG�FDPEHU�KDYH
FRPSDUDEOH�PDJQLWXGHV��7KLV�VXSSRUWV�WKH�WKHRU\�RI�(T���������

&RPSDULVRQ�RI�WKH�)LJV�������ORZHU�OHIW�GLDJUDP��DQG�����D�PD\�UHYHDO�WKH
TXDQWLWDWLYH�GLIIHUHQFH�LQ�VWHDG\�VWDWH�VLGH�IRUFH�UHVSRQVH�WR�WXUQ�VOLS�DQG�FDPEHU
DQJOH��$FFRUGLQJ�WR�(T��������WKH�UHODWLRQVKLS�EHWZHHQ�WXUQ�VOLS�VWLIIQHVV�DQG
FDPEHU�VWLIIQHVV�ZLOO�EH���&) � ����g �&)n��UH��:LWK�WKH�W\UH�HIIHFWLYH�UROOLQJ�UDGLXV
HTXDO�WR�DSSUR[LPDWHO\����P�DQG�WKH�HVWLPDWHG�VWHDG\�VWDWH�OHYHOV�UHDFKHG�LQ
)LJV������ DQG� ����D� IRU�5 ���P� DQG�

�
 ��E� UHVSHFWLYHO\�� ZH� ILQG� IRU� WKH

UHGXFWLRQ�IDFWRU�DSSUR[LPDWHO\��g � ����
7KH�UHVSRQVH�RI�WKH�DOLJQLQJ�WRUTXH�WR�FDPEHU�LV�VLPLODU�WR�WKH�UHVSRQVH�WR

WXUQ�VOLS��FI��)LJ��������7KH�PRPHQW�TXLFNO\�UHDFKHV�D�PD[LPXP�DIWHU�ZKLFK�D
VORZHU�GHFD\�WR�WKH�VWHDG\�VWDWH�OHYHO�RFFXUV��7KH�VWULQJ�PRGHO�ZLWK�WUHDG�ZLGWK
HIIHFW�SUHGLFWV�WKH�VDPH�IRU�WKH�UHVSRQVH�WR�WXUQ�VOLS�DV�FDQ�EH�FRQFOXGHG�E\
DGGLQJ�WKH�FXUYHV�IRU�0]¶�DQG�0]

��UHVSRQVH�WR�n��)LJ�������LQ�DQ�DSSURSULDWH
SURSRUWLRQ��7KH�PRGHO� GHYHORSHG� LQ� WKH� SUHVHQW� FKDSWHU� JHQHUDWHV� D� VLPLODU
UHVSRQVH�EXW�WKURXJK�D�GLIIHUHQW�PHFKDQLVP��(TXDWLRQ����(����WKDW�IRU�)[� �

�
WDNHV�WKH�IRUP�

������0
]
' 0

]
N %0

]U
' &W )

\
%0

]U

LV�XVHG�DIWHU�KDYLQJ�FRPSXWHG�WKH�WUDQVLHQW�VOLS�DQG�FDPEHU�DQJOHV� N�DQG� N�
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$V�FDQ�EH�VHHQ�LQ�)LJ������RU�������WKH�DOLJQLQJ�WRUTXH�FDXVHG�E\�FDPEHU�DW
]HUR�VOLS�DQJOH�LV�DWWULEXWHG�WR�WKH�UHVLGXDO�WRUTXH�0]U�DQG�WR�WKH�FRXQWHUDFWLQJ
PRPHQW�HTXDO�WR�WKH�DOLJQLQJ�VWLIIQHVV�&0 �WLPHV� �ZKLFK�LV�WKH�VDPH�DV��W )\

DW� � 
�
���7KH�UHVLGXDO�WRUTXH�UHVSRQGV�TXLFNO\�ZLWK�D�UHODWLYHO\�VKRUW�UHOD[DWLRQ

OHQJWK��DERXW�HTXDO�WR�KDOI�WKH�FRQWDFW�OHQJWK��RU�DV�KDV�EHHQ�VXJJHVWHG�DERYH�IRU
WKH� SUHVHQW�PRGHO�� LQVWDQWDQHRXVO\�� $V� WKH� VLGH� IRUFH� UHVSRQGV� VORZO\�ZLWK
UHOD[DWLRQ�OHQJWK� ��DQG��W )\�LV�RSSRVLWH�LQ�VLJQ�ZLWK�UHVSHFW�WR�WKH�UHVLGXDO
WRUTXH��D�VLPLODU�UHVSRQVH�DV�GHSLFWHG�LQ�)LJ�����E�ZLOO�EH�GHYHORSHG�E\�WKH
PRGHO� UHSUHVHQWHG� E\� (T��������� 7KH� PHFKDQLVP� EHKLQG� WKLV� UHVSRQVH� LV
VXSSRUWHG�E\�WKH�SK\VLFDO�UHDVRQLQJ�WKDW�WKH�PRPHQW�GXH�WR�WUHDG�ZLGWK��WKDW
UHVSRQGV�UHODWLYHO\�IDVW�WR�FKDQJHV�LQ�FDPEHU�DQG�WXUQ�VOLS��JLYHV�ULVH�WR�D�\DZ
WRUVLRQ�RI�WKH�FDUFDVV�EHOW�LQ�WKH�FRQWDFW�]RQH�ZKLFK�DFWV�DV�D�VOLS�DQJOH��7KLV
VLGH�VOLS�JHQHUDWHV�D�VLGH�IRUFH�WKDW�DFWV�LQ�WKH�VDPH�GLUHFWLRQ�DV�WKH�FDPEHU�IRUFH
JHQHUDWHG� E\� WKH� FDPEHU� LQGXFHG� VSLQ�� ,Q� DGGLWLRQ�� DQ� DOLJQLQJ� PRPHQW� LV
JHQHUDWHG�WKDW�DFWV�LQ�D�VHQVH�RSSRVLWH�WR�WKDW�RI�WKH�WUHDG�ZLGWK�FDPEHU��VSLQ�
PRPHQW��,GHDOO\��LQ�)LJ�������WKH�PRPHQW�GXH�WR�FDPEHU�VSLQ�LV�HTXDO�WR�WKH
UHVLGXDO�WRUTXH�0]U�ZKLOH��&0 � �W �)\�LV�HTXDO�WR�WKH�PRPHQW�GXH�WR�WKH�\DZ
WRUVLRQ�LQGXFHG�VLGH�VOLS��+RZHYHU��LQ�UHDOLW\��RQO\�D�SDUW�RI�WKH�FDPEHU�IRUFH�)\

UHVXOWV�IURP�FDPEHU�VSLQ�LQGXFHG�VLGH�VOLS��,W�LV�H[SHFWHG�WKDW�WKH�DERYH�DQDO\VLV
LV�SDUWO\�WUXH��3HUKDSV�HYHQ�IRU�DQ�DSSUHFLDEOH�SDUW��7KH�UHPDLQLQJ�SDUW�WKDW�LV
UHVSRQVLEOH� IRU� WKH� µKXPS¶� LQ� WKH�PRPHQW� UHVSRQVH�PXVW� WKHQ�EH�GXH� WR� WKH
WUDQVLHQW�DV\PPHWULF�ODWHUDO�W\UH�GHIRUPDWLRQ�WKDW�YDQLVKHV�ZKHQ�WKH�VWHDG\�VWDWH
FRQGLWLRQ�LV�UHDFKHG��)LJXUH�����GHSLFWV�WKH�QDWXUH�RI�WKLV�WUDQVLHQW�GHIOHFWLRQ�

,Q�DQ�DOWHUQDWLYH�PRGHO��XVHG�IRU�PRWRUF\FOH�G\QDPLFV�VWXGLHV�GHDOLQJ�ZLWK
SRVVLEO\� ODUJH�FDPEHU�DQJOHV�� WKH�RWKHU�H[WUHPH�LV�XVHG�DQG�WKH�WHUP� W )\� LV
UHSODFHG�E\�W )\ ��WKDW�LV��ZLWK�WKH�VLGH�IRUFH�DWWULEXWHG�WR�WKH��WUDQVLHQW��VLGH�VOLS
DQJOH�DORQH��FI��&KDSWHU�������

�������1RQ�/DJJLQJ�3DUW

7KH�IRUFH�UHVSRQVH�WR�FDPEHU�FKDQJH�H[KLELWV�D�SHFXOLDU�IHDWXUH��,W�WXUQV�RXW�WKDW
GLUHFWO\� DIWHU� WKDW� WKH� ZKHHO� LV� FDPEHUHG�� D� VLGH� IRUFH� LV� GHYHORSHG
LQVWDQWDQHRXVO\��7KLV��REYLRXVO\��LV�FDXVHG�E\�WKH�QRQ�V\PPHWULF�GLVWRUWLRQ�RI
WKH�FURVV�VHFWLRQ�RI�WKH�ORZHU�SDUW�RI�WKH�W\UH��7KLV�LQLWLDO�µQRQ�ODJJLQJ¶�VLGH�IRUFH
VKRZQ�LQ�)LJ�����D�DW�D�GLVWDQFH�UROOHG�V

�
 

�
��DSSHDUV��LQ�WKH�FDVH�FRQVLGHUHG��WR

DFW�LQ�D�GLUHFWLRQ�RSSRVLWH�WR�WKH�VWHDG\�VWDWH�VLGH�IRUFH��$OVR�HTXDO�GLUHFWLRQV
WXUQ�RXW�WR�RFFXU�DV�KDV�EHHQ�UHSRUWHG�LQ�WKH�OLWHUDWXUH�IRU�D�PRWRUF\FOH�W\UH��FI�
6HJHO�DQG�:LOVRQ���������,Q�WKHVH�H[SHULPHQWV�WKH�FDPEHU�DQJOH�LV�DSSOLHG�DIWHU
WKDW�WKH�W\UH�LV�ORDGHG��:H�PD\�FRQGXFW�DQ�H[SHULPHQW�ZKHUH�WKH�IUHH�ZKHHO�LV
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)LJ������� 1RQ�ODJJLQJ�SDUW�RI�VLGH� IRUFH� UHVSRQVH� IRU� WKH� FDVHV� ����DSSO\LQJ�FDPEHU�DIWHU
KDYLQJ� ORDGHG� WKH� W\UH�DQG����� ORDGLQJ� WKH� W\UH�QRUPDO� WR� WKH� URDG�DIWHU�KDYLQJ
FDPEHUHG�WKH�ZKHHO�µLQ�WKH�DLU¶�

ILUVW�FDPEHUHG�DQG�WKHQ�PRYHG�WR�WKH�URDG�LQ�QRUPDO�GLUHFWLRQ��7KLV�DSSHDUV�WR
UHVXOW�LQ�D�VRPHZKDW�ODUJHU�QRQ�ODJJLQJ�SDUW��)LJXUH������JLYHV�WKH�SHUFHQWDJH
RI�WKH�QRQ�ODJJLQJ�SDUW�ZLWK�UHVSHFW�WR�WKH�VWHDG\�VWDWH�VLGH�IRUFH�IRU�GLIIHUHQW
ZKHHO� ORDGV� DQG� IRU� WKH� WZR� FRQVLGHUHG� ZD\V� RI� UHDFKLQJ� WKH� ORDGHG� DQG
FDPEHUHG�FRQGLWLRQ�EHIRUH�UROOLQJ�KDV�VWDUWHG��7KH�KLJKHU�ORDGHG�W\UH�DSSHDUV�WR
JHQHUDWH�HTXDOO\�GLUHFWHG�LQLWLDO�DQG�VWHDG\�VWDWH�VLGH�IRUFH�UHVSRQVHV�WR�D�FKDQJH
LQ�FDPEHU�DQJOH��

7R�LQWURGXFH�WKLV�W\UH�SURSHUW\�LQWR�WKH�PRGHO�ZH�PD\�GHILQH�D�QRQ�ODJJLQJ
IUDFWLRQ�g1/��7KH�SRUWLRQ�RI�WKH�LQSXW�FDPEHU�DQJOH� 1/�WKDW�JLYHV�ULVH�WR�WKH�QRQ�
ODJJLQJ�UHVSRQVH� LV�g1/ ��7KH�UHPDLQLQJ�SDUW� /� �

��
�
�

�
g1/� �\LHOGV�WKH�ODJJHG

UHVSRQVH��,Q�WKH�ULJKW�KDQG�PHPEHU�RI�(T�������� �PXVW�QRZ�EH�UHSODFHG�E\� /

DQG�WKH�VXP� N
�
�

� 1/�LV�WR�EH�XVHG�DV�LQSXW�LQWR�(T���������ZKLOH�WKH�FDPEHU�DQJOH

�
� LWVHOI�DFWV�DV� WKH�GLUHFW� LQSXW� LQWR�(T�������� IRU� WKH� UHVLGXDO� WRUTXH� �LI�ZH

QHJOHFW�WKH�DVVRFLDWHG�VKRUW�UHOD[DWLRQ�OHQJWK����
7KH�IROORZLQJ�HTXDWLRQV�DSSO\�LQVWHDG�RI�(T��������
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)LJ�������DW�VPDOO�FDPEHU���7KH�QRQ�ODJJLQJ�IUDFWLRQ�LV�ORDG�GHSHQGHQW��7KLV�DOVR
KROGV�IRU�WKH�QRQ�ODJJLQJ�IUDFWLRQ�WKDW�LV�IRXQG�WR�RFFXU�ZKHQ�ORDGLQJ�RI�WKH�W\UH
�SHUIRUPHG�E\�PRYLQJ�WKH�ZKHHO�LQ�D�GLUHFWLRQ�SHUSHQGLFXODU�WR�WKH�URDG�VXUIDFH�
IROORZV�DIWHU�WKDW�WKH�IUHH�XQORDGHG�ZKHHO�KDV�EHHQ�WLOWHG��:KHQ�D�YHKLFOH�PRYHV
RYHU�DQ�XQGXODWHG�URDG�VXUIDFH�WKH�REVHUYHG�W\UH�SURSHUWLHV�UHJDUGLQJ�FDPEHU
DQG�VLGH�VOLS�IRUFH�UHVSRQVH�WR�ZKHHO�ORDG�YDULDWLRQV�ZLOO�EH�RI�LPSRUWDQFH��,Q�WKH
IROORZLQJ�H[HUFLVH�DQG�LQ�6HF�����WKLV�SUREOHP�LV�DGGUHVVHG��

([HUFLVH������&DPEHUHG�ZKHHO�PRYLQJ�XS�DQG�GRZQ��

&RQVLGHU�D�ZKHHO�WKDW�UXQV�DW�D�FRQVWDQW�FDPEHU�DQJOH�DW�]HUR�VOLS�DQJOH�RQ�D�VPRRWK
URDG�VXUIDFH��7KH�ZKHHO�D[OH�LV�PRYHG�YHUWLFDOO\�DV�GHSLFWHG�LQ�)LJ�������7KH�IRUFHV
DUH�PHDVXUHG�LQ�WKH�ZKHHO�KXE�
�� 8VH�(TV�����������DQG�GHYHORS�DQ�H[SUHVVLRQ�IRU�WKH�VLGH�IRUFH�UHVSRQVH�WR�D�UDPS
FKDQJH�LQ�YHUWLFDO�ORDG�GHILQHG�DV��V
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'UDZ�D�JUDSK�RI�WKH�FKDQJH�LQ�VLGH�IRUFH�ZLWK�WUDYHOOHG�GLVWDQFH�V�IRU�WKH�WKUHH�FDVHV�
g1/� ��������������

7U\�WR�ILQG�D�W\SLFDO�IHDWXUH�RI�WKH�UHVXOWLQJ�YDULDWLRQ�RI�WKH�FRXUVH�RI�WKH�VLGH�IRUFH
FKDQJH�WKDW�PD\�HQDEOH�\RX�WR�DVVHVV�WKH�SHUFHQWDJH�QRQ�ODJJLQJ�SDUW�g1/�IURP�D�WHVW
UHVXOW��*LYH�WKH�UHOHYDQW�IRUPXOD�

���8VH�WKH�VDPH�VHW�RI�HTXDWLRQV�DQG�DVVXPH�WKH�LQFUHPHQW�LQ�YHUWLFDO�ORDG�WR�FKDQJH
VLQXVRLGDOO\�
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3ORW�WKH�DPSOLWXGH�UDWLR�DQG�WKH�SKDVH�ODJ�YHUVXV�SDWK�IUHTXHQF\� V�IRU�WKH�VDPH�WKUHH
YDOXHV�RI�g1/��1RWH�W\SLFDO�IHDWXUH�RI�SKDVH�ODJ�GHSHQGLQJ�RQ�VLJQ�RI�g1/�IURP�ZKLFK
WKH�QRQ�ODJJLQJ�SHUFHQWDJH�PD\�EH�DVVHVVHG��'HULYH�WKH�IRUPXOD�IRU�WKH�SDWK�IUHTXHQF\
ZKHUH�SKDVH�ODJ�HLWKHU�UHDFKHV�D�PD[LPXP�RU�EHFRPHV����GHJUHHV��

�������7KH�*\URVFRSLF�&RXSOH

,Q�&KDSWHU���WKH�J\URVFRSLF�FRXSOH�WKDW�DULVHV�DV�D�UHVXOW�RI�WKH�WLPH�UDWH�RI
FKDQJH�RI�WKH�DYHUDJH�W\UH�WLOW�GHIOHFWLRQ�DQJOH�KDV�EHHQ�LQWURGXFHG��7KLV�DQJOH
LV�FRQVLGHUHG�WR�EH�SURSRUWLRQDO�ZLWK�WKH�ODWHUDO�W\UH�GHIOHFWLRQ�Y�RU�WKH�VLGH�IRUFH
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)RU�D�UDGLDO�SO\�VWHHO�EHOWHG�FDU�W\UH�WKH�QRQ�GLPHQVLRQDO�FRHIILFLHQW�FJ\U�KDV�EHHQ
HVWLPDWHG�WR�WDNH�WKH�YDOXH������7KH�TXDQWLW\�PW�UHSUHVHQWV�WKH�PDVV�RI�WKH�W\UH�
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$�WRWDOO\�GLIIHUHQW�DSSURDFK�WR�PRGHO�WKH�WUDQVLHQW�UROOLQJ�SURSHUWLHV�RI�WKH�W\UH
LV� EDVHG� RQ� WKH� VHSDUDWLRQ� RI� FRQWDFW� SDWFK� VOLS� SURSHUWLHV� DQG� FDUFDVV
FRPSOLDQFH�QRW�WKURXJK�WKH�XVH�RI�UHOD[DWLRQ�OHQJWKV�EXW�E\�LQFRUSRUDWLQJ�WKH
FDUFDVV�VSULQJV�LQ�WKH�PRGHO�H[SOLFLWO\��7KH�FRQWDFW�SDWFK�LV�JLYHQ�VRPH�LQHUWLD
WR�IDFLOLWDWH�WKH�FRPSXWDWLRQDO�SURFHVV��FRPSXWDWLRQDO�FDXVDOLW\���7KLV�KDV�WKH
GUDZEDFN�WKDW�D�UHODWLYHO\�KLJK�QDWXUDO�IUHTXHQF\�LV�LQWURGXFHG��SRVVLEO\�PDNLQJ
WKH�FRPSXWDWLRQ�VORZHU��7KH�PHWKRG�WR�EH�GLVFXVVHG��DXWRPDWLFDOO\�DFFRXQWV�IRU
WKH� SURSHUW\� WKDW� WKH� ODJ� LQ� WKH� UHVSRQVH� WR� ZKHHO� VOLS� DQG� ORDG� FKDQJHV
GLPLQLVKHV�DW�KLJKHU�OHYHOV�RI�VOLS�WKDW�LQ�WKH�SUHYLRXV�VHFWLRQ�ZDV�UHDOLVHG�E\
GHFUHDVLQJ�WKH�UHOD[DWLRQ�OHQJWK��7KLV�ODWWHU�DSSURDFK��KRZHYHU��DSSHDUHG�WR
SRVVLEO\�VXIIHU�IURP�FRPSXWDWLRQDO�GLIILFXOWLHV�LI�WKH�PRGHO�KDV�WR�DOVR�DFFRXQW
IRU� WKH� WUDQVLHQW� UHVSRQVH� WR� ZKHHO� ORDG� YDULDWLRQV�� $OVR� WKH� UHVSRQVH� WR
FRPELQHG�VOLS�ZDV�OHVV�HDV\�WR�PRGHO��,Q�GHYHORSLQJ�WKH�HQKDQFHG�PRGHO��ZH
VKRXOG��KRZHYHU��WU\�WR�PDLQWDLQ�WKH�QLFH�IHDWXUH�RI�WKH�UHOD[DWLRQ�OHQJWK�PRGHO
WR�DGHTXDWHO\�KDQGOH�WKH�VLPXODWLRQ�DW�VSHHGV�QHDU�RU�HTXDO�WR�]HUR�

)LJXUH������GHSLFWV�WKH�VWUXFWXUH�RI�WKH�HQKDQFHG�WUDQVLHQW�PRGHO��7KH�FRQWDFW
SDWFK�FDQ�GHIOHFW�LQ�FLUFXPIHUHQWLDO�DQG�ODWHUDO�GLUHFWLRQ�ZLWK�UHVSHFW�WR�WKH�ORZHU
SDUW�RI�WKH�ZKHHO�ULP��2QO\�WUDQVODWLRQV�DUH�DOORZHG�WR�HQVXUH�WKDW�WKH�VOLS�DQJOH
VHHQ�E\�WKH�FRQWDFW�SDWFK�DW�VWHDG\�VWDWH�LV�HTXDO�WR�WKDW�RI�WKH�ZKHHO�SODQH��7R
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HQDEOH�VWUDLJKWIRUZDUG�FRPSXWDWLRQV��D�PDVV�SRLQW�LV�WKRXJKW�WR�EH�DWWDFKHG�WR
WKH�FRQWDFW�SDWFK��7KDW�PDVV�SRLQW�FRLQFLGHV�ZLWK�SRLQW�6�WKH�YHORFLW\�RI�ZKLFK
FRQVWLWXWHV�WKH�VOLS�VSHHG�RI�WKH�FRQWDFW�SRLQW��7KLV�VOLS�YHORFLW\�LV�XVHG��WRJHWKHU
ZLWK�WKH�DVVXPHGO\�DW�WKH�FRQWDFW�SDWFK�GHWHFWHG�SDWK�FXUYDWXUH�GXH�WR�WXUQ�VOLS
DQG�WKH�ZKHHO�FDPEHU��WR�FRPSXWH�WKH�IRUFHV�)[��)\�DQG�WKH�PRPHQW�0]�ZKLFK�DFW
IURP�URDG�WR�FRQWDFW�SDWFK��:H�PD\�DGG�D�VLPSOH�UHOD[DWLRQ�OHQJWK�PRGHO�WR
HQDEOH�FRPSXWDWLRQV�QHDU�]HUR�VSHHG��7KH�PRGHO�ZDV�ILUVW�HPSOR\HG�E\�9DQ�GHU
-DJW� HW� DO�������� DQG� ODWHU� JHQHUDOLVHG� E\�3DFHMND� DQG�%HVVHOLQN� �������� ,Q
&KDSWHU���WKH�PRGHO�ZLOO�EH�DSSOLHG�WR�LQYHVWLJDWH�WKH�HIIHFW�RI�URDG�XQGXODWLRQV
RQ�WKH�HIILFLHQF\�RI�DQWL�ORFN�EUDNH�FRQWURO�

:LWK�PDVV�PF�DQG�FDUFDVV�VWLIIQHVVHV�FF[�\�DQG�GDPSLQJ�UDWLRV�NF[�\�LQWURGXFHG�
WKH�HTXDWLRQV�RI�PRWLRQ�IRU�WKH�FRQWDFW�SDWFK�PDVV�SRLQW�ZLWK�ORQJLWXGLQDO�DQG
ODWHUDO�VSHHG�FRPSRQHQWV�9V
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LQVWDQFH�HTXDO�WR�KDOI�WKH�FRQWDFW�OHQJWK��DR��DW�QRPLQDO�ORDG�WKDW�FRUUHVSRQGV�WR
RXU� ILQGLQJV� LQ� &KDSWHU� ��� 7KH� HTXDWLRQV� ���������� GR� QRW� UHVSRQG� WR� ORDG
FKDQJHV��)RU�WKLV��ZH�UHO\�RQ�WKH�HIIHFW�RI�WKH�FDUFDVV�FRPSOLDQFH�ZKLFK�JLYHV
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7KH�ODVW�HTXDWLRQ�IRUPV�DQ�H[WHQVLRQ�RI�(T����(����WKURXJK�WKH�LQWURGXFWLRQ�RI
WKH�J\URVFRSLF�FRXSOH�WKDW�IROORZV�IURP�(T���������

7R�LOOXVWUDWH�WKH�SHUIRUPDQFH�RI�WKH�PRGHO��WKH�FDOFXODWHG�VLGH�IRUFH�UHVSRQVH
WR�VXFFHVVLYH�VWHS�FKDQJHV�LQ�FDPEHU�DQJOH��VOLS�DQJOH�DQG�EUDNH�VOLS�KDV�EHHQ
SUHVHQWHG�LQ�)LJ��������7KH�FRQWDFW�SDWFK�UHOD[DWLRQ�OHQJWK� F�KDV�QRW�EHHQ�XVHG
LQ�WKLV�H[DPSOH��,Q�&KDSWHU���WKH�PRGHO�LV�DSSOLHG�LQ�WKH�SUREOHPV�RI�FRQWUROOHG
EUDNLQJ�RQ�DQ�XQHYHQ�URDG�DQG�RQ�VWDUWLQJ�IURP�VWDQGVWLOO�ZKHUH�LQ�WKH�ODWWHU�FDVH

F� LV� HPSOR\HG��7KH� OHVV� GHPDQGLQJ� FDVH� RI� WKH� UHVSRQVH� RI� VLGH� IRUFH� DQG
DOLJQLQJ�WRUTXH�WR�VXFFHVVLYH�VWHSV�LQ�SXUH�VLGH�VOLS��VKRZQ�LQ�)LJ�������ZDV
FDOFXODWHG�ZLWK�WKH�WUDQVLHQW�PRGHO�RI�6HFWLRQ��������(T���������9HU\�VLPLODU
UHVXOWV�DUH�IRXQG�ZKHQ�WKH�HQKDQFHG�PRGHO�LV�XVHG��WKDW�LV��ZLWK�WKH�LQFOXVLRQ�RI
WKH�FRQWDFW�PDVV�PF�
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W\UH�PRGHOV�DV�GHYHORSHG�LQ�WKH�SUHFHGLQJ�FKDSWHU��7KH�DSSOLFDWLRQV�GHPRQVWUDWH
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,Q�&KDSWHU����6HFWLRQ�������WKH�G\QDPLF�UHVSRQVH�RI�WKH�WZR�GHJUHH�RI�IUHHGRP
YHKLFOH�PRGHO�GHSLFWHG�LQ�)LJV��������WR�VWHHU�DQJOH�LQSXW�KDV�EHHQ�DQDO\VHG��$V
DQ� H[WHQVLRQ� WR� WKLV� PRGHO� ZH� ZLOO� LQWURGXFH� W\UHV� ZLWK� ODJJHG� VLGH� IRUFH
UHVSRQVH��7KH�V\VWHP�UHPDLQV�OLQHDU�DQG�ZH�PD\�XVH�(T���������7KH�UHOD[DWLRQ
OHQJWK�ZLOO�EH�GHQRWHG�E\� ��:H�KDYH�WKH�QHZ�VHW�RI�HTXDWLRQV�
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WKH�H[WHQGHG�V\VWHP��IRU�GLIIHUHQW�YDOXHV�RI�WKH�UHOD[DWLRQ�OHQJWK��,Q�)LJ�����WKH
FRUUHVSRQGLQJ�VWHS�UHVSRQVH�IXQFWLRQV�KDYH�EHHQ�GHSLFWHG��7KH�GLDJUDPV�VKRZ
WKDW�WKH�LQIOXHQFH�RI�WKH�W\UH�ODJ�RQ�WKH�YHKLFOH�PRWLRQ�LV�UHODWLYHO\�VPDOO��$W
KLJKHU� YDOXHV� RI� VSHHG� WKH� HIIHFW� GLPLQLVKHV� DQG� PD\� EHFRPH� QHJOLJLEOH�
+RZHYHU��IRU�FORVHG�ORRS�YHKLFOH�FRQWURO�V\VWHPV�WKH�DGGLWLRQDO�SKDVH�ODJ�FDXVHG
E\�WKH�UHOD[DWLRQ�OHQJWKV�PD\�VLJQLILFDQWO\�DIIHFW�WKH�SHUIRUPDQFH�
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$Q�LQWHUHVWLQJ�HIIHFW�FDQ�EH�VHHQ�WR�RFFXU�QHDU�WKH�VWDUW�RI�WKH�VWHS�UHVSRQVH
IXQFWLRQV��:LWK�WKH�UHOD[DWLRQ�OHQJWK�LQWURGXFHG��WKH�UHVSRQVHV�DSSHDU�WR�H[KLELW
D�PRUH�UHOD[HG�QDWXUH��7KH�\DZ�UDWH�UHVSRQVH�VKRZV�VRPH�LQLWLDO�ODJ�

������&RUQHULQJ�RQ�8QGXODWHG�5RDGV

:KHQ�D�FDU�UXQV�DORQJ�D�FLUFXODU�SDWK�RYHU�DQ�XQHYHQ�URDG�VXUIDFH�WKH�ZKHHOV
PRYH�XS�DQG�GRZQ�DQG�PD\�HYHQ�MXPS�IURP�WKH�URDG�ZKLOH�VWLOO�WKH�FHQWULSHWDO
IRUFHV�DUH�WR�EH�JHQHUDWHG��8QGHU�WKHVH�FRQGLWLRQV��WKH�ZKHHOV�UXQ�DW�VOLS�DQJOHV
ZKLFK�PD\�EHFRPH�FRQVLGHUDEO\�ODUJHU�WKDQ�RQ�D�VPRRWK�URDG��&RQVHTXHQWO\��RQ
DYHUDJH��WKH�FRUQHULQJ�VWLIIQHVV�GLPLQLVKHV��7KLV�SKHQRPHQRQ�ZDV�H[DPLQHG�LQ
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7KH� DOLJQLQJ� WRUTXH� YDULDWLRQ� PD\� EH� FRPSXWHG� DV� ZHOO�� ,Q� KLV� VWXG\�
7DNDKDVKL��������HPSOR\HG�WKH�HTXDWLRQ�EDVHG�RQ�WKH�VWULQJ�FRQFHSW�DQG�DGGHG
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([SHULPHQWV�KDYH�EHHQ�FRQGXFWHG� WR�DVVHVV� WKH� UHOHYDQW�SDUDPHWHUV� RI�D
������5�����+�W\UH�DW�YDULRXV�YDOXHV�RI�WKH�YHUWLFDO� ORDG��7KH�GLDJUDPV�RI
)LJ����� SUHVHQW� WKH� FKDUDFWHULVWLFV� IRU� WKH� UHOD[DWLRQ� OHQJWK�� WKH� FRUQHULQJ
VWLIIQHVV�DQG�WKH�DOLJQLQJ�VWLIIQHVV��7KH�UHOD[DWLRQ�OHQJWK�ZDV�GHWHUPLQHG�E\
FXUYH�ILWWLQJ�RI�WKH�GDWD�REWDLQHG�IURP�D�VZHSW�VLQH�VWHHULQJ�RVFLOODWLRQ�WHVW�DW�D
VSHHG�RI���NP�K�LQ�WKH�IUHTXHQF\�UDQJH�RI���WR��+]��7KH�J\URVFRSLF�FRHIILFLHQW
&J\U�ZDV�DVVHVVHG�LQ�D�VLPLODU�WHVW�EXW�FRQGXFWHG�DW�D�VSHHG�RI����NP�K��7KH
UHVXOWLQJ�YDOXH�WXUQV�RXW�WR�EH�&J\U� �����î��

���V��WKDW�FRUUHVSRQGV�WR�WKH�QRQ�
GLPHQVLRQDO�FRHIILFLHQW�FJ\U�.�������FI��(T����������

7R�DVVHVV�WKH�YDOLGLW\�RI�WKH�FDOFXODWHG�IRUFH�DQG�PRPHQW�UHVSRQVH�WR�ORDG
YDULDWLRQV�H[SHULPHQWV�KDYH�EHHQ�FDUULHG�RXW�RQ�D����P�GUXP�ZLWK�D�VSHFLDO�WHVW
ULJ� DW� WKH� 'HOIW� 8QLYHUVLW\� RI� 7HFKQRORJ\�� 7KH� ZKHHO� D[OH� FDQ� EH� PRYHG
YHUWLFDOO\�ZKLOH�VHW�DW�D�JLYHQ�VOLS�DQJOH��7KH�VLGH�IRUFH�DQG�PRPHQW�PHDVXUHG
DW�WKDW�VOLS�DQJOH�KDYH�EHHQ�FRUUHFWHG�IRU�WKH�UHVSRQVHV�EHORQJLQJ�WR�D�VOLS�DQJOH
HTXDO�WR�]HUR��

,Q�)LJ�����LQ�WKH�OHIW�KDQG�GLDJUDPV�WKH�WHVW�UHVXOWV�KDYH�EHHQ�SUHVHQWHG��7KH
ZKHHO� D[OH� LV� YHUWLFDOO\� RVFLOODWHG� ZLWK� IUHTXHQFLHV� XS� WR� �+]� DQG� ZLWK� DQ
DPSOLWXGH�WKDW�FRUUHVSRQGV�WR�WKH�UDWLR�RI�DPSOLWXGH�DQG�PHDQ�YDOXH�RI�WKH�ZKHHO
ORDG�HTXDO�WR������7KH�ZKHHO�UXQV�DW�D�FRQVWDQW�VPDOO�VOLS�DQJOH�RI�RQH�GHJUHH
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)LJ�������6LGH�IRUFH�DQG�DOLJQLQJ�WRUTXH�UHVSRQVH�WR�ZKHHO�ORDG�YDULDWLRQ�DW�D�VPDOO�VOLS�DQJOH�

ZLWK�D�VSHHG�RI���NP�K��7KH�UHVSRQVH�DW�WKH�ORZ�IUHTXHQF\�RI����+]�PD\�EH
FRQVLGHUHG�DV�TXDVL�VWDWLF�DQG�YDULHV�SHULRGLFDOO\��SUDFWLFDOO\�LQ�SKDVH�ZLWK�WKH
D[OH�PRWLRQ��7R�HQDEOH�D�SURSHU�FRPSDULVRQ�DW�WKH�GLIIHUHQW�IUHTXHQFLHV�� WKH
UHVSRQVHV�KDYH�EHHQ�SORWWHG�DJDLQVW�WUDYHOOHG�GLVWDQFH�GLYLGHG�E\�WKH�FXUUHQW
ZDYHOHQJWK�� 7KH� ULJKW�KDQG� GLDJUDPV� VKRZ� WKH� FRUUHVSRQGLQJ� FDOFXODWHG
UHVSRQVHV��,Q�YLHZ�RI�WKH�YHU\�VLPSOH�VHW�RI�HTXDWLRQV�WKDW�KDYH�EHHQ�XVHG��WKH
DJUHHPHQW� EHWZHHQ� WHVW� DQG� PRGHO� FDQ� EH� FRQVLGHUHG� WR� EH� YHU\� JRRG�
&DOFXODWLRQV�FRQGXFWHG�ZLWK�WKH�VWUHWFKHG�VWULQJ�PRGHO�RI�6HFWLRQ�����ZHUH�QRW
PXFK�EHWWHU��2QO\�WKH�PRPHQW�UHVSRQVHV�WXUQHG�RXW�WR�EH�D�OLWWOH�FORVHU�WR�WKH
H[SHULPHQWDO�ILQGLQJV��,Q�WKH�UHVSRQVHV��WZR�PDMRU�IHDWXUHV�FDQ�EH�LGHQWLILHG�
)LUVW��ZH�REVHUYH�WKDW�WKH�UHVSRQVHV�VKRZ�VRPH�ODJ�ZLWK�UHVSHFW�WR�WKH�LQSXW�WKDW
JURZV�ZLWK�LQFUHDVLQJ�IUHTXHQF\�Q�ZKLFK�PHDQV��ZLWK�GHFUHDVLQJ�ZDYHOHQJWK� �
6HFRQG��DQG�PRUH�LPSRUWDQW��ZH�KDYH�WKH�FOHDU�GURS�LQ�DYHUDJH�YDOXH�RI�WKH�VLGH
IRUFH�ZKLFK�EHFRPHV�ODUJHU�DW�LQFUHDVLQJ�IUHTXHQF\��$IWHU�VXEWUDFWLQJ�WKH�VWDWLF
GURS�WKDW�RFFXUV�DW�WKH�ORZHVW�IUHTXHQF\��WKH�G\QDPLF�ORVV�UHPDLQV��

,Q�)LJ�����WKH�VWDWLF�DQG�WKH�G\QDPLF�SDUWV�RI�WKH�GHFUHDVH�RI�WKH�DYHUDJH�VLGH
IRUFH�DV�D� UDWLR� WR� WKH� VLGH� IRUFH�DW�]HUR�YHUWLFDO� ORDG� DPSOLWXGH��KDYH�EHHQ
SORWWHG�YHUVXV�IUHTXHQF\�RU�ZDYHOHQJWK�IRU�GLIIHUHQW�LQSXW�DPSOLWXGH�UDWLRV��7KH
PRGHO�VKRZV�UHDVRQDEOH�DJUHHPHQW�ZLWK�WKH�H[SHULPHQWDO�UHVXOWV��,W�KDV�EHHQ
IRXQG�WKDW�WKH�FRUUHVSRQGHQFH�EHFRPHV�D�ORW�EHWWHU�ZKHQ�WKH�VSHHG�LV�LQFUHDVHG
WR���NP�K��7KHQ��WKH�ZDYHOHQJWK�LV�WKUHH�WLPHV�ODUJHU�DQG�D�EHWWHU�SHUIRUPDQFH
RI�WKH�PRGHO�SUHYDLOV��7KH�FXUYH�RI�)LJ�����WKDW�KROGV�IRU�WKH�DPSOLWXGH�UDWLR
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XVHG� IRU� WKH� LQ�SODQH� QRQ�VWHDG\�VWDWH� UHVSRQVH� WR� YHUWLFDO� ORDG� YDULDWLRQV�
:LWKRXW�VSHFLDO�PHDVXUHV�LW�LV�YLUWXDOO\�LPSRVVLEOH�WR�PDLQWDLQ�D�FHUWDLQ�OHYHO�RI
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7KH�WKHRU\�FDQ�EH�H[WHQGHG�WR�ODUJHU�YDOXHV�RI�VOLS�LI�WKH�QRQ�OLQHDU�PRGHO
DFFRUGLQJ�WR�(TV�����������LV�HPSOR\HG��7KH�HTXDWLRQV�PD\�EH�XVHG�KHUH�LQ�WKH
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7KH�VWHDG\�VWDWH�FKDUDFWHULVWLFV�DV�PHDVXUHG�RQ�WKH�URDG�DW�D�QXPEHU�RI�ZKHHO
ORDGV�KDYH�EHHQ�SUHVHQWHG�LQ�)LJ������

$V�KDV�EHHQ�QRWHG�LQ�6HF�������WKH�DVVHVVPHQW�RI� (

��UHTXLUHV�VRPH�DWWHQWLRQ�
,Q�WKH�LQYHVWLJDWLRQ�GRQH�E\�7DNDKDVKL��������DQG�+LJXFKL��������WKH�VROXWLRQ
ZDV�REWDLQHG�WKURXJK�LWHUDWLRQV��$OWHUQDWLYHO\��ZH�PD\�XVH�LQIRUPDWLRQ�IURP�WKH
SUHYLRXV� WLPH� VWHS� WR� DVVHVV� (��:KHQ� WKH� ORDG� LV� UDSLGO\� ORZHUHG�� YLROHQW
YLEUDWLRQV�PD\�RFFDVLRQDOO\�VKRZ�XS�LQ�WKH�VROXWLRQ�

:LWK�WKLV�QRQ�OLQHDU�PRGHO��VLPXODWLRQV�KDYH�EHHQ�GRQH�DQG�H[SHULPHQWV�KDYH
EHHQ� FDUULHG�RXW� IRU�D� VOLS�DQJOH�HTXDO� WR� VL[�GHJUHHV��3ORWV�RI� WKH� UHVXOWLQJ
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)LJ�������6LGH�IRUFH�DQG�DOLJQLQJ�WRUTXH�UHVSRQVH�WR�ZKHHO�ORDG�YDULDWLRQ�DW�D�ODUJH�VOLS
DQJOH�

\�G\Q��ORVV)

\�VWDW)
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0.2
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non-linear
model

experiments
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]
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]R
)= 0.83

) = 3000N
]R α = 6

o

)LJ��������7KH�G\QDPLF�ORVV�DW�D�ODUJH�FRQVWDQW�VOLS�DQJOH�DQG�D�ODUJH�ORDG�DPSOLWXGH�UDWLR�

UHVSRQVHV�DUH�VKRZQ�LQ�)LJ������7KH�PRGHO�DSSHDUV�WR�EH�VXFFHVVIXO�LQ�SUHGLFWLQJ
WKH� VLGH� IRUFH� YDULDWLRQ� FDXVHG� E\� WKH� ZKHHO� ORDG� H[FLWDWLRQ� DW� GLIIHUHQW
IUHTXHQFLHV��7KH�ORDG�DPSOLWXGH�UDWLR�RI������JDYH�ULVH�WR�IXOO�VOLGLQJ�LQ�FHUWDLQ
LQWHUYDOV�RI�WKH�SHULRGLF�PRWLRQ��7KLV�FDQ�EH�VHHQ�WR�RFFXU�ZKHQ�WKH�IRUFH�VLJQDO
WRXFKHV�WKH�FXUYH�UHSUHVHQWLQJ�WKH�PD[LPDOO\�DFKLHYDEOH�VLGH�IRUFH��)]��,Q�WKLV
UHVSHFW�WKH�PRGHO�FHUWDLQO\�SHUIRUPV�ZHOO�ZKLFK�FDQQRW�EH�VDLG�RI�WKH�DOWHUQDWLYH
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PRGHO�JRYHUQHG�E\�(T��������ZLWK�)\�VV�FDOFXODWHG�ZLWK�(T��������ZKHUH� N�LV
UHSODFHG�E\� ��7KLV�PRGHO�JLYHV�ULVH�WR�D�FDOFXODWHG�IRUFH�UHVSRQVH�WKDW�H[FHHGV
WKLV�SK\VLFDO�OLPLW�ZKHQ�WKH�ORDG�DSSURDFKHV�LWV�PLQLPDO�YDOXH�GXH�WKH�SKDVH�ODJ
RI�WKH�UHVSRQVH��7KH�G\QDPLF�ORVV�RI�WKH�DYHUDJH�VLGH�IRUFH�IROORZV�D�WHQGHQF\
VLPLODU�WR�ZKDW�ZDV�IRXQG�ZLWK�WKH�OLQHDU�PRGHO�DW�VPDOO�VOLS�DQJOHV��7KH�UHVXOW
REWDLQHG� DW� D� FRQVWDQW� VOLS� DQJOH� RI� VL[� GHJUHHV� LV� VKRZQ� LQ� WKH� GLDJUDP�RI
)LJ�������7KH� FRUUHVSRQGHQFH�ZLWK� WKH� H[SHULPHQWDO� RXWFRPH�EHFRPHV� HYHQ
EHWWHU�WKDQ�LQ�WKH�FDVH�RI�D�VOLS�DQJOH�HTXDO�WR�RQH�GHJUHH��)LJ�������

9HU\�VLPLODU�UHVXOWV�KDYH�EHHQ�REWDLQHG�ZLWK�WKH�PRUH�UREXVW�HQKDQFHG�PRGHO
RI�6HFWLRQ������7KH�GLIIHUHQFH�LV�WKDW�D�VPDOO�G\QDPLF�IRUFH�DFWV�RQ�WKH�OLWWOH
PDVV�RI�WKH�FRQWDFW�SDWFK�XVHG�LQ�WKH�PRGHO��7KLV�FDXVHV�WKH�JURXQG�IRUFH�WR�EH
VOLJKWO\�GLIIHUHQW�IURP�WKH�IRUFH�IHOW�DW��WKH�ZKHHO�ULP��,W�LV��RI�FRXUVH�WKH�JURXQG
IRUFH�WKDW�FDQQRW�H[FHHG�WKH�SK\VLFDO�OLPLW�PHQWLRQHG�DERYH��

������/RQJLWXGLQDO�)RUFH�5HVSRQVH�WR�7\UH�1RQ�
8QLIRUPLW\��$[OH�0RWLRQV�DQG�5RDG�8QHYHQQHVV

,Q�WKLV�VHFWLRQ�WKH�UHVSRQVH�RI�WKH�D[OH�IRUFHV�)[�DQG�)]�WR�LQ�SODQH�D[OH�PRWLRQV
�[��]���URDG�ZDYLQHVV�DQG�W\UH�QRQ�XQLIRUPLWLHV�ZLOO�EH�GLVFXVVHG��)RU�D�JLYHQ
W\UH�ZKHHO�FRPELQDWLRQ�WKH�UHVSRQVH�GHSHQGV�RQ�UROOLQJ�VSHHG�DQG�IUHTXHQF\�RI
H[FLWDWLRQ��7KLV�GHSHQGHQF\��KRZHYHU��DSSHDUV�WR�EH�RI�PXFK�JUHDWHU�VLJQLILFDQFH
IRU�WKH�IRUH�DQG�DIW�IRUFH�YDULDWLRQ�)[�WKDQ�IRU�WKH�YHUWLFDO�ORDG�YDULDWLRQ�)]�

7KH�YHUWLFDO�IRUFH�UHVSRQVH�KDV�DQ�HODVWLF�FRPSRQHQW�DQG�D�FRPSRQHQW�GXH
WR�K\VWHUHVLV��$�VLPLODU�PHFKDQLVP�LV�UHVSRQVLEOH�IRU�WKH�JHQHUDWLRQ�RI��DW�OHDVW
DQ�LPSRUWDQW�SRUWLRQ�RI��WKH�UROOLQJ�UHVLVWDQFH��7KH�K\VWHUHVLV��GDPSLQJ��SDUW�RI
WKH�YHUWLFDO�ORDG�UHVSRQVH�DSSHDUV�WR�UDSLGO\�GHFUHDVH�WR�DOPRVW�QHJOLJLEOH�OHYHOV
DW�IURP�]HUR�LQFUHDVLQJ�IRUZDUG�VSHHG��FI��3DFHMND������D��DQG�-LDQPLQ�HW�DO�
��������:H�VLPSOLI\�WKH�UHODWLRQVKLS�EHWZHHQ�QRUPDO�ORDG�)]�DQG�UDGLDO� W\UH
GHIOHFWLRQ� �XVLQJ�WKH�UDGLDO�VWLIIQHVV�&)]��

������)
]
' &

)]

,Q�&KDSWHU���W\UH�LQHUWLD�DQG�RWKHU�LQIOXHQFHV�ZLOO�EH�LQWURGXFHG�WR�LPSURYH�WKH
UHODWLRQVKLS�DW�KLJKHU�IUHTXHQFLHV�DQG�VKRUWHU�ZDYHOHQJWKV�RI�URDG�XQHYHQQHVVHV�

$� FRXSOLQJ� EHWZHHQ� YHUWLFDO� GHIOHFWLRQ� YDULDWLRQ� DQG� ORQJLWXGLQDO� IRUFH
DSSHDUV� WR�H[LVW� WKDW� LV�GXH� WR� WKH� UHVXOWLQJ�YDULDWLRQ�RI� WKH�HIIHFWLYH� UROOLQJ
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)LJ��������7KH�UROOLQJ�ZKHHO�VXEMHFWHG�WR�ORQJLWXGLQDO�VOLS��VOLS�VSHHG�9V[�

UDGLXV�RI�WKH�W\UH�
)RU�WKH�QRQ�VWHDG\�VWDWH�DQDO\VLV�ZH�ZLOO�HPSOR\�WKH�OLQHDU�HTXDWLRQ�������WKDW

PD\�WDNH�WKH�IRUP�ZLWK�9
�
 

�
9[��DVVXPHG�SRVLWLYH��
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7KH�LQSXW�LV�WKH�ORQJLWXGLQDO�VOLS�YHORFLW\�WKDW�LV�GHILQHG�DV�
������9

V[
' 9 & U

H

2EYLRXVO\��WKH�HIIHFWLYH�UROOLQJ�UDGLXV�U
H
�SOD\V�KHUH�D�FUXFLDO�UROH�

��������(IIHFWLYH�5ROOLQJ�5DGLXV�9DULDWLRQV�DW�)UHH�5ROOLQJ

)RU�D�ZKHHO�ZLWK�W\UH�WKDW�LV�XQLIRUP�DQG�UROOV�IUHHO\�DW�FRQVWDQW�VSHHG�RYHU�DQ
HYHQ� KRUL]RQWDO� URDG� VXUIDFH�� WKH� WUDFWLYH� IRUFH� UHTXLUHG� LV� GXH� WR� UROOLQJ
UHVLVWDQFH�DORQH��8QGHU�WKHVH�FRQGLWLRQV��WKH�HIIHFWLYH�UROOLQJ�UDGLXV�U

H
�LV�GHILQHG

WR�UHODWH�VSHHG�RI�UROOLQJ�
�
�ZLWK�IRUZDUG�VSHHG�9�

������9 ' U
H

7KH�FHQWUH�RI�URWDWLRQ�RI�WKH�ZKHHO�ERG\�6�OLHV�D�GLVWDQFH�UH�EHORZ�WKH�ZKHHO�VSLQ
D[LV��$V�KDV�EHHQ�GLVFXVVHG�LQ�&KDSWHU����E\�GHILQLWLRQ��WKLV�SRLQW�ZKLFK�FDQ�EH
LPDJLQHG�WR�EH�DWWDFKHG�WR�WKH�ZKHHO�ULP��LV�VWDWLRQDU\�DW�WKH�LQVWDQW�FRQVLGHUHG
LI�WKH�ZKHHO�UROOV�IUHHO\��FI��)LJ�������ZLWK�VOLS�VSHHG�9V[� �

����,Q�JHQHUDO��WKH
HIIHFWLYH�UROOLQJ�UDGLXV�FKDQJHV�ZLWK�W\UH�GHIOHFWLRQ� ��:H�PD\�ZULWH�

������U
H
' U

I
& I� �
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radial steel belted

bias ply
tread depth: 7 mm
S  = 1.5 bar

bias ply
tread depth: 0 mm
S  = 1.5 bar

L

L

tread depth

7 mm

3 mm

1 mm
S  = 1.8 bar

L

)LJ������� 7\UH�HIIHFWLYH�UROOLQJ�UDGLXV�DQG�ORDGHG�UDGLXV�DV�D�IXQFWLRQ�RI�ZKHHO�ORDG��PHDVXUHG
RQ����P�GUXP�DW�GLIIHUHQW�VSHHGV�DQG�IRU�GLIIHUHQW�WUHDG�GHSWKV�DQG�W\UH�GHVLJQ��1RWH
WKH�GLIIHUHQW�VFDOHV�IRU�WKH�UDGLDO�DQG�ELDV�SO\�W\UH�UDGLL�

ZLWK� UI� GHQRWLQJ� WKH� IUHH� �XQGHIRUPHG�� UDGLXV� WKDW�PD\� YDU\� DORQJ� WKH� W\UH
FLUFXPIHUHQFH�GXH�WR�W\UH�QRQ�XQLIRUPLW\��:H�KDYH�IRU�WKH�ORDGHG�UDGLXV�

������U ' U
I
&

)LJXUH������VKRZV�YDULDWLRQV�RI�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�U
H
�DQG�WKH�ORDGHG

UDGLXV�U�DV�IXQFWLRQV�RI�ZKHHO�ORDG�)]�IRU�WZR�GLIIHUHQW�W\UHV�DW�GLIIHUHQW�VWDJHV
RI�ZHDU�DQG�DW�GLIIHUHQW�VSHHGV�DV�PHDVXUHG�RQ�D�GUXP�VXUIDFH�RI����P�GLDPHWHU�
7KH�IURP�WKLV�GLDJUDP�GHGXFHG�UHGXFWLRQ�RI�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�I� ��ZLWK
UHVSHFW�WR�LWV�WKHRUHWLFDO�RULJLQDO�YDOXH�UI�DW�]HUR�ZKHHO�ORDG�� � �

���KDV�EHHQ
SUHVHQWHG�LQ�)LJ�������7KH�LQIOXHQFH�RI�D�FKDQJH�LQ�WUHDG�GHSWK�KDV�EHHQ�VKRZQ�
7KH�VORSH� �DQG�WKH�FRHIILFLHQW�g�LQGLFDWH�WKH�LQIOXHQFH�RI�FKDQJHV�LQ�GHIOHFWLRQ
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)LJ�������� 5HGXFWLRQ�RI�HIIHFWLYH�UROOLQJ�UDGLXV�UH�ZLWK�UHVSHFW�WR�W\UH�IUHH�UDGLXV�UI�GXH�WR�W\UH
UDGLDO� GHIOHFWLRQ� � DQG� WUHDG� GHSWK� FKDQJH�GW�� 6LWXDWLRQ� DW� QRPLQDO� ORDG��)]R� 
����1��KDV�EHHQ�LQGLFDWHG�E\�FLUFOHV�

U
I

G
W

U
F

6 at road level 6 above road level below

U� 
H
U
I

U� 
H
U�
F

6

)LJ��������/RFDWLRQ�RI�WKH�FHQWUH�RI�URWDWLRQ��WKH�VOLS�SRLQW�6��DW�WKUHH�GLIIHUHQW�UDGLDO�GHIOHFWLRQV�

DQG�WUHDG�GHSWK�QHDU�WKH�QRPLQDO�ORDG�
)LJXUH������WULHV�WR�H[SODLQ�WKH�REVHUYDWLRQ�UHJDUGLQJ�WKH�ORFDWLRQ�RI�WKH�VOLS

SRLQW�6��3RVVLEOH�ORFDWLRQV�KDYH�EHHQ�LQGLFDWHG��$W�]HUR�ZKHHO�ORDG�6�OLHV�DW�URDG
OHYHO�RU�D�OLWWOH�ORZHU��GXH�WR�DLU�DQG�EHDULQJ�UHVLVWDQFH�ZKLFK�VORZV�WKH�ZKHHO
GRZQ�DW�WKH�H[SHQFH�RI�VRPH�VOLS���$�VPDOO�ZKHHO�ORDG�FDXVHV�D�QXPEHU�RI�WKH
RULJLQDOO\�UDGLDOO\�GLUHFWHG�WUHDG�HOHPHQWV�WR�DVVXPH�D�YHUWLFDO�RULHQWDWLRQ��7KH
URWDWLRQ� RI� WKHVH� WUHDG� HOHPHQWV� LV� ORVW�ZKLFK� FDXVHV� WKH� HIIHFWLYH� UDGLXV� WR
EHFRPH�VPDOOHU��3RLQW�6�PD\�WKHQ�WXUQ�RXW�WR�OLH�DERYH�URDG�OHYHO��$W�KLJKHU
ORDGV�ZH�JHW�WKH�PRUH�FRPPRQO\�NQRZQ�VLWXDWLRQ�RI�6�ORFDWHG�EHORZ�URDG�OHYHO�
,W�KDV�EHHQ�DVVXPHG�KHUH�WKDW�WKH�EHOW�ZLWK�UDGLXV�UF�LV�LQH[WHQVLEOH��7KHQ��ZKHQ
WKH�ORZHU�WUHDG�HOHPHQWV�KDYH�D�YHUWLFDO�RULHQWDWLRQ�DQG�WUDQVODWH�EDFNZDUGV�ZLWK
UHVSHFW�WR�WKH�ZKHHO�FHQWUH��WKH�ZKHHO�ZLOO�LQ�RQH�UHYROXWLRQ�FRYHU�D�GLVWDQFH
HTXDO�WR�WKH�FLUFXPIHUHQFH�RI�WKH�EHOW��7KLV�PHDQV�WKDW�WKH�HIIHFWLYH�UROOLQJ�UDGLXV
HTXDOV�WKH�UDGLXV�RI�WKH�EHOW��:KHQ�WKH�W\UH�SRVVHVVHV�D�ULEEHG�WUHDG�SDWWHUQ��LW
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LV�H[SHFWHG�WKDW�GXH�WR�WKH�JUHDWHU�FRKHUHQFH�EHWZHHQ�ULE�HOHPHQWV�LQ�FRPSDULVRQ
WR�WKH�LQGHSHQGHQW�VWXGV�RI�WKH�UDGLDO�SO\�W\UH��VRPH�URWDWLRQ�VWLOO�RFFXUV�LQ�WKH
ULEV�LQ�WKH�FRQWDFW�]RQH�ZKLFK�LQFUHDVHV�WKH�HIIHFWLYH�UDGLXV�DQG�SXVKHV�SRLQW�6
HDUOLHU�EHORZ�WKH�URDG�VXUIDFH��7KLV�WKHRU\�VHHPV�WR�EH�VXSSRUWHG�E\�WKH�FXUYHV
RI�WKH�QHZ�ELDV�SO\�W\UH��7KH�GHJUHH�RI�HIIHFWLYH�LQFRKHUHQFH�g�LV�HVWLPDWHG�IRU
WKH�UDGLDO�SO\�W\UH�WR�EH�HTXDO�WR�FD������DQG�IRU�WKH�ELDV�SO\�W\UH�HTXDO�WR�����DW
WKH�UDWHG�ORDG��%HFDXVH�ZH�KDYH�SORWWHG�LQ�)LJ������WKH�UHGXFWLRQ�RI�WKH�HIIHFWLYH
UDGLXV�ZLWK�UHVSHFW�WR�WKH�IUHH�XQORDGHG�UDGLXV��UI���

UH���WKH�GHFUHDVH�RI�UH�GXH�WKH
ZHDULQJ�RII�RI�WKH�WUHDG�UXEEHU�LV�QRW�VKRZQ�GLUHFWO\��2QO\�WKH�LQGLUHFW�HIIHFW�RI
WUHDG�ZHDU��LV�VKRZQ�WKURXJK�WKH�WUHDG�LQFRKHUHQFH�SDUDPHWHU�g��,I�GXH�WR�WKH
YHUWLFDO� W\UH� GHIOHFWLRQ� WKH� WUHDG� EDQG� LV� FRPSUHVVHG� DQG� KDV� GHFUHDVHG� LQ
FLUFXPIHUHQFH�� WKH� HIIHFWLYH� UDGLXV� GLPLQLVKHV��7KLV� SURSHUW\�ZKLFK� LV�PRUH
DSSDUHQW�WR�KDSSHQ�ZLWK�WKH�ELDV�SO\�W\UH��LV�SDUWO\�UHVSRQVLEOH�IRU�WKH�VORSH�RI
WKH�FXUYHV�VKRZQ�DW�ODUJHU�YHUWLFDO�GHIOHFWLRQV��7KLV�VORSH��GHQRWHG�ZLWK� ��LV
HVWLPDWHG�WR�EH�HTXDO�WR�DERXW�����IRU�WKH�QHZ�UDGLDO�SO\�W\UH�ZLWK�DQ�DOPRVW
LQH[WHQVLEOH�EHOW�DQG�����IRU�WKH�QHZ�ELDV�SO\�W\UH�DW�WKHLU�QRPLQDO�ORDG�

7KH�DQDO\VLV�ZLOO�EH�NHSW�OLQHDU�DQG�ZH�DVVXPH�VPDOO�GHYLDWLRQV�IURP�WKH
XQGLVWXUEHG�FRQGLWLRQ��,Q�WKH�QHLJKERXUKRRG�RI�WKLV�DYHUDJH�VWDWH�ZH�ZULWH�IRU
WKH�HIIHFWLYH�UDGLXV��WKH�ORDGHG�UDGLXV�DQG�WKH�UDGLDO�GHIOHFWLRQ�

������U
H
' U

H�R% U
a
H � U ' U

R
% U

a
� '

R
%

a

6PDOO� GHYLDWLRQV� IURP� WKH� XQGLVWXUEHG� FRQGLWLRQ� DUH� LQGLFDWHG� E\� D� WLOGH�
9DULDWLRQ�RI�WKH�IUHH�UDGLXV�PD\�RFFXU�DORQJ�WKH�FLUFXPIHUHQFH�RI�WKH�W\UH��7KLV
NLQG�RI�QRQ�XQLIRUPLW\��RXW�RI�URXQGQHVV��LV�FRPSRVHG�RI�WZR�FRQWULEXWLRQV��2QH
LV�GXH�WR�YDULDWLRQV�RI�WKH�FDUFDVV�UDGLXV�UF�DQG�WKH�RWKHU�GXH�WR�YDULDWLRQV�RI�WKH
WUHDG�WKLFNQHVV�GW��:H�KDYH

������U
a
I ' U

a
F % G

a
W

7KH�YDOXH�RI�RXW�RI�URXQGQHVV�LV�FRQVLGHUHG�WR�EH�SUHVHQW�DW�WKH�PRPHQW�FRQ�
VLGHUHG�DORQJ� WKH� UDGLXV�SRLQWLQJ� WR� WKH�FRQWDFW�FHQWUH��7KH� IROORZLQJ� OLQHDU
UHODWLRQ� EHWZHHQ� WKH� HIIHFWLYH� UDGLXV� YDULDWLRQ� DQG� WKH� LPSRVHG� GLVWXUEDQFH
TXDQWLWLHV�LV�IRXQG�WR�H[LVW�

������U
a
H ' U

a
I& gG

a
W&

a
' U

a
F% ��& g�G

a
W&

a

7KH� REVHUYDWLRQ� WKDW� D� UHGXFWLRQ� LQ� WKLFNQHVV� RI� WKH� WUHDG� UXEEHU� RI� D
UDGLDO�SO\�W\UH�SURGXFHV�D�GHFUHDVH�LQ�HIIHFWLYH�UROOLQJ�UDGLXV��DW�)]R���DPRXQWLQJ
WR�RQO\�D�VPDOO�IUDFWLRQ�RI�WKH�UHGXFWLRQ�LQ�WUHDG�GHSWK�LV�UHIOHFWHG�E\�WKH�IDFWRU
���g�� LQ� WKH� ULJKW�KDQG� H[SUHVVLRQ� RI� �������� 7KH� FRXSOLQJ� FRHIILFLHQW� � LV
UHODWLYHO\�VPDOO�IRU�EHOWHG�W\UHV��,Q�FRQWUDVW�WR�ELDV�SO\�W\UHV�WKH�HIIHFWLYH�UROOLQJ
UDGLXV�RI�D�EHOWHG�W\UH�GRHV�QRW�FKDQJH�YHU\�PXFK�ZLWK�GHIOHFWLRQ�RQFH�WKH�LQLWLDO
WUHDG�WKLFNQHVV�HIIHFW��DW�VPDOO�FRQWDFW�OHQJWKV�ZLWK�WUHDG�HOHPHQWV�VWLOO�RULHQWHG
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)LJ���������,Q�SODQH�H[FLWDWLRQ�E\�URDG�XQHYHQQHVV�DQG�E\�YHUWLFDO�DQG�IRUH�DQG�DIW�D[OH�PRWLRQV�

DOPRVW�UDGLDOO\��KDV�EHHQ�RYHUFRPH�

��������&RPSXWDWLRQ�RI�WKH�+RUL]RQWDO�/RQJLWXGLQDO�)RUFH�5HVSRQVH��

7KH�KRUL]RQWDO�IRUFH�UHVSRQVH�RQ�XQGXODWHG�URDGV�LV�FRPSRVHG�RI�WKH�IROORZLQJ
WKUHH�FRQWULEXWLRQV��WKH�KRUL]RQWDO�FRPSRQHQW�RI�WKH�QRUPDO�ORDG��WKH�YDULDWLRQ
RI�WKH�UROOLQJ�UHVLVWDQFH�DQG�WKH�ORQJLWXGLQDO�IRUFH�UHVSRQVH�WR�WKH�YDULDWLRQ�RI�WKH
ZKHHO�ORQJLWXGLQDO�VOLS��7KH�KRUL]RQWDO�LQ�SODQH�IRUFH�GHVLJQDWHG�ZLWK�;�EHFRPHV
ZLWK�OLQHDULVHG�YDULDWLRQV��FI��)LJ������
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ZLWK�)UR�GHQRWLQJ�WKH�DYHUDJH�UROOLQJ�UHVLVWDQFH�IRUFH��)RU�WKLV�RFFDVLRQ��LW�LV
DVVXPHG�WKDW�WKH�YDULDWLRQ�LQ�UROOLQJ�UHVLVWDQFH�IRUFH�LV�GLUHFWO\�WUDQVPLWWHG�WR�WKH
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DOVR�IHDWXUHV�VXFK�D�GLS�LQ�WKH�ORZ�IUHTXHQF\�UDQJH�DQG�WKH�DFFRPSDQ\LQJ�VKDUS
GHFUHDVH�LQ�SKDVH�OHDG��$W�WKH�QDWXUDO�IUHTXHQF\�Q R�� � ����WKH�DPSOLWXGH�UDWLR
FRPHV�FORVH�WR�LWV�PD[LPXP�YDOXH��7KLV�PD[LPXP�LV�DSSUR[LPDWHO\�HTXDO�WR�
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)LJ���������:KHHO�VXVSHQVLRQ�PDVV�V\VWHP�H[FLWHG�E\�W\UH�VWLIIQHVV�YDULDWLRQV���([HUFLVH������

7KH�VHFRQG�WHUP�E\�IDU�GRPLQDWHV�WKLV�H[SUHVVLRQ��7KH�UDGLDO�W\UH�DWWDLQV����
1�PP��DW������+]��DQG�WKH�ELDV�SO\�W\UH����1�PP��DW������+]���&RPSDUHG�ZLWK
WKH�PD[LPXP�ORQJLWXGLQDO�IRUFH�UHVSRQVH�WR�YHUWLFDO�D[OH�PRWLRQV��(T���������ZH
QRWH�D�PXFK�VWURQJHU�VHQVLWLYLW\�RI�WKH�UDGLDO�W\UH�WR�RXW�RI�URXQGQHVV��FD�����
1�PP��WKDQ�WR�YHUWLFDO�D[OH�PRWLRQV��FD����

�
1�PP���7KLV�LV�GXH�WR�WKH�IDFWRU���

RFFXUULQJ�LQ��������ZKLFK�LQ��������DSSHDUV�DV� ��)RU�WKH�ELDV�SO\�W\UH�ZLWK�D
PXFK�PRUH�FRPSUHVVLEOH�WUHDG�EDQG��ZH�KDYH���1�PP�YHUVXV���1�PP�

([HUFLVH�������5HVSRQVH�WR�W\UH�VWLIIQHVV�YDULDWLRQV

'HULYH�IURP�(TV������������������WKH�IUHTXHQF\�UHVSRQVH�IXQFWLRQ�RI�)[�WR�WKH�VWDWLF
GHIOHFWLRQ�YDULDWLRQ� ×V� �� WKDW� LV�� WR�YDULDWLRQV� LQ�UDGLDO� W\UH�VWLIIQHVV�� IRU� IL[HG�D[OH
KHLJKW��]� ����7KHQ�UHOHDVH�WKH�YHUWLFDO�D[OH�PRWLRQ�DQG�ILQG�WKH�IUHTXHQF\�UHVSRQVH
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��)LJ��������2Q�WKH�SRVVLEO\�XQVWDEOH�ZKHHO�KRS�PRWLRQ��([HUFLVH������

IXQFWLRQ� IRU� ]� WR� ×V� �� &RQVLGHU� )LJ������ WKDW� UHSUHVHQWV� WKH� VLPSOLILHG� D[OH�
ZKHHO�VXVSHQVLRQ�V\VWHP��6PDOO�PRWLRQV�DUH�FRQVLGHUHG�VR�WKDW�RQO\�OLQHDU�WHUPV�FDQ
EH�WDNHQ�LQWR�DFFRXQW��8VH�WKH�SDUDPHWHU�YDOXHV�RI�WKH�ELDV�SO\�W\UH�RI�7DEOH�����DQG
IXUWKHUPRUH�WKH�YDOXHV�IRU�WKH�PDVV��WKH�VXVSHQVLRQ�VWLIIQHVV�DQG�WKH�GDPSLQJ�

�������P� ����NJ������F� �������1�P������N� ������1V�P

1RZ�ILQG�WKH�WRWDO�IUHTXHQF\�UHVSRQVH�RI�)[�WR�×V�IRU�WKH�UHOHDVHG�D[OH�PRWLRQ��,W�PD\
EH�QRWHG�WKDW�WKH�H[FLWDWLRQ�E\�D�YDULDWLRQ�RI�WKH�UDGLDO�VWLIIQHVV�LV�HTXLYDOHQW�WR�WKH
H[FLWDWLRQ�E\�D�YHUWLFDO�IRUFH�

�)
a

]V ' R&
a

)] ' &&)]R
a
V

UHSUHVHQWLQJ�WKH�YDULDWLRQ�RI�WKH�µVWDWLF¶�W\UH�ORDG�DW�FRQVWDQW�D[OH�KHLJKW�ZKLOH�WKH�W\UH
UROOV�

([HUFLVH�������6HOI�H[FLWHG�ZKHHO�KRS�

,QYHVWLJDWH� WKH� VWDELOLW\� RI� WKH� IRXUWK�RUGHU� V\VWHP� RI� )LJ������ XVLQJ� WKH�+XUZLW]
FULWHULXP��FI��(T�����������(PSOR\�(TV���������������������DVVXPH�0\�

 ���DQG�FRQVLGHU
D�IODW�URDG�DQG�D�XQLIRUP�W\UH��$VVHVV� WKH�UDQJH�RI� WKH�VORSH� �RI� WKH�ZKHHO� D[OH
JXLGDQFH�VXUIDFH�ZKHUH� LQVWDELOLW\�ZLOO�RFFXU�IRU� WKH�XQGDPSHG�ZKHHO�VXVSHQVLRQ
V\VWHP��7KH�HIIHFWLYH�UROOLQJ�UDGLXV�FRXSOLQJ�FRHIILFLHQW� �LV�WKH�GHFLVLYH�SDUDPHWHU�
3ORW�WKH�VWDELOLW\�ERXQGDU\�LQ�WKH�WDQ ��YHUVXV� �GLDJUDP��9DU\� �EHWZHHQ�WKH�YDOXHV
��DQG����,QGLFDWH�WKH�DUHDV�ZKHUH�VWDELOLW\�SUHYDLOV��7DNH�WKH�SDUDPHWHU�YDOXHV�

UR� �UHR� ����P�� � �&) ��&)[� ����P
&)]��F]� �&)[� ��î��

��1�P
P

�
 ����NJ��,Z�

 ����PUR
��NJP�

7KDW�D�PRGHUDWH�RVFLOODWRU\�LQVWDELOLW\�PD\�LQGHHG�VKRZ�XS�ZLWK�VXFK�D�V\VWHP�KDV
EHHQ� GHPRQVWUDWHG� H[SHULPHQWDOO\� LQ� SURIHVVRU� 6�.�&ODUN¶V� ODERUDWRU\� DW� WKH
8QLYHUVLW\�RI�0LFKLJDQ�LQ������
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��������]HUR�DQG�
QDWXUDO�IUHTXHQFLHV

FHQWUHV�RI�URWDWLRQ

)LJ������� &RQILJXUDWLRQ� RI� D� VLPSOH� VWHHULQJ�VXVSHQVLRQ� V\VWHP� DQG� WKH� UHVXOWLQJ�QDWXUDO
IUHTXHQFLHV�DQG�YLEUDWLRQDO�PRGHV��

������)RUFHG�6WHHULQJ�9LEUDWLRQV

$� VWHHULQJ�VXVSHQVLRQ� V\VWHP� RI� DQ� DXWRPRELOH� H[KLELWV� D� UDWKHU� FRPSOH[
FRQILJXUDWLRQ� DQG� SRVVHVVHV� PDQ\� GHJUHHV� RI� IUHHGRP�� $� VLPSOLILFDWLRQ� LV
QHFHVVDU\�WR�FRQGXFW�D�VHQVLEOH�DQDO\VLV�WR�JDLQ�LQVLJKW�LQWR�LWV�JHQHUDO�G\QDPLF
EHKDYLRXU� DQG� LQWR� WKH� LQIOXHQFH� RI� LPSRUWDQW� SDUDPHWHUV� RI� WKH� V\VWHP�
,QYHVWLJDWLRQ� RI� WKH� VWHHULQJ�PRGH� RI� YLEUDWLRQ� UHTXLUHV� DW� OHDVW� WKH� VWHHULQJ
GHJUHH�RI�IUHHGRP�RI�WKH�IURQW�ZKHHO��SRVVLEO\�H[WHQGHG�ZLWK�WKH�URWDWLRQ�GHJUHH
RI� IUHHGRP�RI� WKH� VWHHULQJ�ZKHHO�� )RU� WKH� VDNH� RI� VLPSOLFLW\�� RQH� GHJUHH� RI
IUHHGRP�PD\�EH�VXSSUHVVHG�E\�KROGLQJ�WKH�VWHHULQJ�VSULQJ�FODPSHG�DW�WKH�QRGH
RI�WKH�QDWXUDO�PRGH�RI�YLEUDWLRQ��)XUWKHUPRUH��ZH�ZLOO�FRQVLGHU�WKH�LQIOXHQFH�RI
WZR�PRUH� GHJUHHV� RI� IUHHGRP�� WKH� YHUWLFDO� D[OH�PRWLRQ� DQG� WKH� ORQJLWXGLQDO
GHIOHFWLRQ�RI�WKH�VXVSHQVLRQ�ZLWK�UHVSHFW�WR�WKH�VWHDGLO\�PRYLQJ�YHKLFOH�PDVV�
7KH� SLFWXUH� RI� )LJ������ VKRZV� WKH� OD\�RXW� RI� V\VWHP�� 'XH� WR� WKH� DVVXPHG
RUWKRJRQDOLW\�RI�WKH�V\VWHP��ZKHHO�D[LV��NLQJ�SLQ��URDG�SODQH��WKH�G\QDPLFDOO\
FRXSOHG�KRUL]RQWDO�PRWLRQV��[� ��DUH�QRW�FRXSOHG�ZLWK�WKH�YHUWLFDO�D[OH�PRWLRQ
ZKHQ�VPDOO�GLVSODFHPHQWV�DUH�FRQVLGHUHG�DQG�W\UH�FRQWDFW�IRUFHV�DUH�GLVUHJDUGHG�

)LUVW��ZH�ZLOO�H[DPLQH�WKH�G\QDPLFV�RI�WKH�IUHH�V\VWHP�QRW�WRXFKLQJ�WKH�URDG�
$IWHU�WKDW��WKH�W\UH�LV�ORDGHG�DQG�W\UH�WUDQVLHQW�PRGHOV�IRU�WKH�LQ�SODQH�DQG�RXW�
RI�SODQH�EHKDYLRXU�DUH�LQWURGXFHG�DQG�WKH�V\VWHPV�UHVSRQVH�WR�ZKHHO�XQEDODQFH
ZLOO�EH�DVVHVVHG�DQG�GLVFXVVHG�
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�������� '\QDPLFV�RI�WKH�8QORDGHG�6\VWHP�([FLWHG�E\�:KHHO�8QEDODQFH

7KH�VLPSOH� V\VWHP�GHSLFWHG� LQ�)LJ������SRVVHVVHV� WZR�KRUL]RQWDO�GHJUHHV�RI
IUHHGRP��WKH�URWDWLRQ�DERXW�WKH�YHUWLFDO�VWHHULQJ�D[LV�� ��DQG�WKH�IRUH�DQG�DIW
VXVSHQVLRQ� GHIOHFWLRQ�� [�� 7KH� ILJXUH� SURYLGHV� GHWDLOV� DERXW� WKH� JHRPHWU\�
VWLIIQHVVHV��GDPSLQJ�DQG�LQHUWLD��7KH�PDVV�P�UHSUHVHQWV�WKH�WRWDO�PDVV�RI�WKH
KRUL]RQWDOO\�PRYLQJ�SDUWV��7KH�OHQJWK�L]�GHQRWHV�WKH�UDGLXV�RI�LQHUWLD��L

�
]� �,]��P�

7KH�ZKHHO�ULP�WKDW�UHYROYHV�ZLWK�D�VSHHG� ��LV�SURYLGHG�ZLWK�DQ�XQEDODQFH
PDVV�PXQ��LQ�WKH�ZKHHO�FHQWUH�SODQH�DW�D�UDGLXV�UXQ���7KH�FHQWULIXJDO�IRUFH�KDV�D
FRPSRQHQW�LQ�IRUZDUG�GLUHFWLRQ�
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7KH�HTXDWLRQV�RI�PRWLRQ�RI�WKLV�IRXUWK�RUGHU�V\VWHP�UHDG�
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� )RU� WKH� DQDO\VLV�� ZH� DUH� LQWHUHVWHG� LQ� WKH� LQIOXHQFH� RI� WKH� IRUH� DQG� DIW
FRPSOLDQFH�RI�WKH�VXVSHQVLRQ��,Q�WKH�ULJKW�KDQG�GLDJUDP�RI�)LJ������WKH�WZR
QDWXUDO�IUHTXHQFLHV�KDYH�EHHQ�SORWWHG�DV�D�IXQFWLRQ�RI�WKH�ORQJLWXGLQDO�QDWXUDO
IUHTXHQF\�UDWLR��VTXDUHG���ZKLFK�LV�SURSRUWLRQDO�WR�WKH�ORQJLWXGLQDO�VWLIIQHVV�F[�
WRJHWKHU�ZLWK�WKH�FRQVWDQW�YHUWLFDO�QDWXUDO�IUHTXHQF\�DQG�WKH�]HUR�IUHTXHQF\�IRU
WKUHH� GLIIHUHQW� YDOXHV� RI� I�E�� ,Q� DGGLWLRQ�� WKH� ORFDWLRQ� RI� WKH� WZR� FHQWUHV� RI
URWDWLRQ� DFFRUGLQJ� WR� WKH� WZR� PRGHV� RI� WKH� XQGDPSHG� YLEUDWLRQ� KDYH� EHHQ
LQGLFDWHG�

7KH� WZR� VWHHU� QDWXUDO� IUHTXHQFLHV� �� DQG� �� LQFUHDVH� ZLWK� LQFUHDVLQJ
ORQJLWXGLQDO�VXVSHQVLRQ�VWLIIQHVV��7KH�ORZHU�QDWXUDO�IUHTXHQF\�ZLWK�D�FHQWUH�RI
URWDWLRQ�ORFDWHG�DW�WKH�LQVLGH�RI�WKH�NLQJ�SLQ��DSSURDFKHV�WKH�XQFRXSOHG�QDWXUDO
IUHTXHQF\� ��

)URP��������LW�LV�VHHQ�WKDW�D�]HUR�GRHV�QRW�RFFXU�LI�WKH�XQEDODQFH�DUP�OHQJWK
O�OLHV�LQ�WKH�UDQJH���O�E�ZKLFK�GRHV�QRW�UHSUHVHQW�D�XVXDO�FRQILJXUDWLRQ��)RU�WKH
QRUPDO�VLWXDWLRQ�ZLWK�E!��WKH�]HUR�IUHTXHQF\�OLQH�PD\�FURVV�WKH�VHFRQG�QDWXUDO
IUHTXHQF\�FXUYH�LI�O�LV�QRW�WRR�ODUJH���,I�WKH�WZR�IUHTXHQFLHV�FRLQFLGH��WKH�VHFRQG
UHVRQDQFH�SHDN�RI�WKH�VWHHU�UHVSRQVH�WR�XQEDODQFH�ZLOO�EH�VXSSUHVVHG��,Q�WKDW
FDVH��WKH�XQEDODQFH�IRUFH�OLQH�RI�DFWLRQ�SDVVHV�WKURXJK�WKH�FHQWUH�RI�URWDWLRQ�RI
WKH�KLJKHU�YLEUDWLRQ�PRGH�

,W�PD\�EH�QRWHG�WKDW�WKH�VLWXDWLRQ�ZLWK�FRQWDFW�EHWZHHQ�ZKHHO�DQG�URDG�FDQ
EH�VLPSO\�PRGHOOHG�LI�WKH�ZKHHO�LV�DVVXPHG�WR�EH�ULJLG��7KH�VDPH�HTXDWLRQV�DSSO\
ZLWK�LQHUWLD�SDUDPHWHUV�DGDSWHG�DFFRUGLQJ�WR�WKH�DOWHUHG�V\VWHP�ZLWK�D�SRLQW
PDVV�DWWDFKHG�WR�WKH�D[OH�LQ�WKH�ZKHHO�SODQH��7KH�SRLQW�PDVV�KDV�WKH�YDOXH�,Z��U

�

ZKHUH�,Z�GHQRWHV�WKH�ZKHHO�SRODU�PRPHQW�RI�LQHUWLD�DQG�U�WKH�ZKHHO�UDGLXV�

��������'\QDPLFV�RI�WKH�/RDGHG�6\VWHP�ZLWK�7\UH�3URSHUWLHV�,QFOXGHG

,Q�D�PRUH�UHDOLVWLF�PRGHO�WKH�LQ�SODQH�DQG�RXW�RI�SODQH�VOLS��FRPSOLDQFH�DQG
LQHUWLD�SDUDPHWHUV�VKRXOG�EH�WDNHQ�LQWR�DFFRXQW��$�SRVVLEOH�LPSRUWDQW�DVSHFW�LV
WKH�LQWHUDFWLRQ�EHWZHHQ�YHUWLFDO�W\UH�GHIOHFWLRQ�DQG�ORQJLWXGLQDO�VOLS�ZKLFK�PD\
FDXVH� WKH� DSSHDUDQFH� RI� D� WKLUG� UHVRQDQFH� SHDN� QHDU� WKH� YHUWLFDO� QDWXUDO
IUHTXHQF\�RI�WKH�ZKHHO�V\VWHP��7KH�ORQJLWXGLQDO�FDUFDVV�FRPSOLDQFH�JLYHV�ULVH
WR�DQ�DGGLWLRQDO�QDWXUDO�IUHTXHQF\�DURXQG����+]�RI�WKH�ZKHHO�URWDWLQJ�DJDLQVW�WKH
IRRW�SULQW��FI��GLVFXVVLRQ�LQ�6HFWLRQ���������'XH�WR�GDPSLQJ��RULJLQDWLQJ�IURP
WDQJHQWLDO�VOLS�RI�WKH�W\UH��D�VXSHUFULWLFDO�FRQGLWLRQ�ZLOO�DULVH�EH\RQG�D�FHUWDLQ
IRUZDUG�YHORFLW\��7KLV�FDXVHV�WKH�DGGLWLRQDO�QDWXUDO�IUHTXHQF\�WR�GLVDSSHDU��
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)RU�WKH�H[WHQGHG�V\VWHP�ZLWK�URDG�FRQWDFW�� WKH�IROORZLQJ�FRPSOHWH�VHW�RI
OLQHDU�HTXDWLRQV�DSSO\�
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7DEOH�������3DUDPHWHU�YDOXHV�RI�ZKHHO�VXVSHQVLRQ�V\VWHP��DQG�W\UH�FRQVLGHUHG��

P ���NJ ] ���UDG�V �����P )]R ����1

P] ���NJ ���UDG�V ����P &)] ����N1�P

, ����NJP�
[ ���� W �����P &) ���N1

,Z ����NJP�
] ���� ( ���1P� &) ���N1�UDG

PXQ ����NJ ���� &J\U �x�����V� ���

7KH�W\UH�VLGH�IRUFH�GLIIHUHQWLDO�HTXDWLRQ��������KDV�EHHQ�XVHG�DQG�VLPLODU�IRU�WKH
ORQJLWXGLQDO�IRUFH��7KH�ORQJLWXGLQDO�VOLS�VSHHG�IROORZV�IURP��������ZLWK��������
1RWH�WKDW�PHFKDQLFDO�FDVWHU�KDV�QRW�EHHQ�FRQVLGHUHG�VR�WKDW�WKH�ODWHUDO�VOLS�VSHHG
LV�VLPSO\�H[SUHVVHG�E\���������7KH�DOLJQLQJ�WRUTXH�LV�EDVHG�RQ�(T��������ZLWK�IRU
0]U�WKH�VSLQ�PRPHQW�0]

�DFFRUGLQJ�WR�(T��������DQG�WKH�J\URVFRSLF�FRXSOH�IURP
(TV�������� RU� ���������7KH� UROOLQJ� UHVLVWDQFH�PRPHQW� KDV� EHHQ� QHJOHFWHG� LQ
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)LJ������� 9DULDWLRQ�RI�WKH�WKUHH�QDWXUDO�IUHTXHQFLHV�ZLWK�ORQJLWXGLQDO�VXVSHQVLRQ�VWLIIQHVV�DW
GLIIHUHQW�VSHHGV�WRJHWKHU�ZLWK�WKH�FRQVWDQW�YHUWLFDO�QDWXUDO�IUHTXHQF\��7KH�FLUFOHV�RQ
WKH�KRUL]RQWDO�D[LV�PDUN�WKH�VWLIIQHVV�FDVHV�RI�)LJ������

������� DQG� WKH� DYHUDJH� HIIHFWLYH� UROOLQJ� UDGLXV� KDV� EHHQ� WDNHQ� HTXDO� WR� WKH
DYHUDJH�D[OH�KHLJKW�RU�ORDGHG�UDGLXV�UR��LQ�UHDOLW\�UH�LV�XVXDOO\�VOLJKWO\�ODUJHU�WKDQ
UR��

,Q�7DEOH�����WKH�VHW�RI�SDUDPHWHU�YDOXHV�XVHG�LQ�WKH�FRPSXWDWLRQV�KDYH�EHHQ
OLVWHG��7KH�PRPHQW�RI� LQHUWLD�DERXW� WKH� VWHHULQJ�D[LV� LV�GHQRWHG�ZLWK� , � DQG
HTXDOV�P�E����L]

����7KH�DPSOLWXGH�RI�WKH�VWHHU�DQJOH�WKDW�RFFXUV�DV�D�UHVSRQVH�WR
D�ZKHHO�XQEDODQFH�PDVV�RI����NJ�KDV�EHHQ�SORWWHG�DV�D�IXQFWLRQ�RI�WKH�ZKHHO
VSHHG�RI�UHYROXWLRQ�LQ�)LJ�������7R�H[DPLQH�WKH�LQIOXHQFH�RI�WKH�ORQJLWXGLQDO
VXVSHQVLRQ�FRPSOLDQFH�D�VHULHV�RI�YDOXHV�RI�WKH�ORQJLWXGLQDO�VWLIIQHVV�F[�KDV�EHHQ
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)LJ��������,QIOXHQFH�RI�YDULRXV�W\UH�SDUDPHWHUV�RQ�WKH�VWHHU�DQJOH�DPSOLWXGH�UHVSRQVH�FXUYH�

FRQVLGHUHG�� ,Q� )LJ������ WKHVH� YDOXHV� KDYH� EHHQ� LQGLFDWHG� E\� PDUNV� RQ� WKH
VWLIIQHVV�D[LV��&OHDUO\��LQ�DJUHHPHQW�ZLWK�WKH�YDULDWLRQ�RI�WKH�QDWXUDO�IUHTXHQFLHV
DVVHVVHG�LQ�WKLV�ILJXUH��WKH�WZR�UHVRQDQFH�SHDNV�PRYH�WR�KLJKHU�IUHTXHQFLHV�ZKHQ
WKH�VWLIIQHVV�LV�UDLVHG��$�WKLUG�UHVRQDQFH�SHDN�PD\�VKRZ�XS�EHORQJLQJ�WR�WKH
YHUWLFDO�QDWXUDO�IUHTXHQF\��7KLV�SHDN�UHPDLQV�DW�WKH�VDPH�IUHTXHQF\��,W�LV�RI
LQWHUHVW�WR�REVHUYH�WKDW�ZKHQ�WKH�ORZHVW�VWHHU�QDWXUDO�IUHTXHQF\�Q��FRLQFLGHV�ZLWK
Q]�WKH�LQWHUDFWLRQ�EHWZHHQ�YHUWLFDO�DQG�KRUL]RQWDO�PRWLRQV�FDXVHV�WKH�SHDN�WR
UHDFK�UHODWLYHO\�KLJK�OHYHOV��$V�ZH�KDYH�VHHQ�EHIRUH��WKLV�LQWHUDFWLRQ�LV�EURXJKW
DERXW�E\�WKH�VORSH� �LQGLFDWHG�LQ�)LJ�������7KH�FXUYHV�RI�WKH�GLDJUDP�RI�)LJ�����
DOVR�H[KLELW�WKH�GLS�LQ�WKH�YDULRXV�FXUYHV�WKDW�FRUUHVSRQG�ZLWK�WKH�]HUR¶V�� ���RI
)LJ�������7KH� ]HUR� IUHTXHQF\� FORVHO\� IROORZV� WKH� IRUPXOD� ������� RI� WKH� IUHH
V\VWHP��$W�WKH�ORZHVW�VWLIIQHVV�WKH�]HUR�IUHTXHQF\�Q��DOPRVW�FRLQFLGHV�ZLWK�WKH
VHFRQG�QDWXUDO�IUHTXHQF\�Q��DQG�VXSSUHVVHV�WKH�VHFRQG�SHDN�

,W�PD\�EH�RI�LQWHUHVW�WR�ILQG�RXW�KRZ�WKH�VHYHUDO�W\UH�SDUDPHWHUV�DIIHFW�WKH
UHVSRQVH� FKDUDFWHULVWLFV� RI� )LJ������� ,Q� )LJ������ WKH� UHVXOW� RI�PDNLQJ� WKHVH
SDUDPHWHUV�HTXDO�WR�]HUR�KDV�EHHQ�GHSLFWHG�IRU�WKH�VWLIIQHVV�FDVH�F[� ��x��

��1�P�
1HJOHFWLQJ�WKH�IDFWRU� ��FDVH����PHDQLQJ�WKDW�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�ZRXOG
QRW�FKDQJH�ZLWK�ORDG��DSSHDUV�WR�KDYH�D�FRQVLGHUDEOH�HIIHFW�LQGLFDWLQJ�WKDW��ZLWK
�� WKH� YHUWLFDO� PRWLRQ� GRHV� DPSOLI\� WKH� VWHHULQJ� RVFLOODWLRQ�� 2PLWWLQJ� WKH
J\URVFRSLF� W\UH� PRPHQW� ����� ZKLOH� UHLQVWDWLQJ� � �� DSSHDUV�� DV� H[SHFWHG�� WR
HIIHFWLYHO\� GHFUHDVH� WKH� VWHHU� GDPSLQJ�� 7KLV� LV� VWUHQJWKHQHG� E\� DGGLWLRQDOO\
GHOHWLQJ�WKH�PRPHQW�GXH�WR�WUHDG�ZLGWK������2PLWWLQJ�WKH�UHOD[DWLRQ�OHQJWKV����
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ORZHUV�WKH�SHDNV��WKXV�UHPRYLQJ�WKH�QHJDWLYH�GDPSLQJ�GXH�WR�W\UH�FRPSOLDQFH�
'HOHWLQJ��LQ�DGGLWLRQ��WKH�VLGH�IRUFH�DQG�WKH�DOLJQLQJ�WRUTXH�����UDLVHV�WKH�SHDNV
DJDLQ�LQGLFDWLQJ�WKDW�VRPH�HQHUJ\�LV�ORVW�WKURXJK�WKH�VLGH�VOLS��'LVUHJDUGLQJ�WKH
KRUL]RQWDO� W\UH�IRUFHV�DOWRJHWKHU�����EULQJV�XV�EDFN�WR�WKH��KRUL]RQWDOO\��IUHH
V\VWHP�WUHDWHG�LQ�WKH�SUHYLRXV�VXEVHFWLRQ��$V�SUHGLFWHG�E\�WKH�DQDO\VLV�� WZR
VKDUS�UHVRQDQFH�SHDNV�DULVH�DV�ZHOO�DV�WKH�GLS�DW�WKH�]HUR�IUHTXHQF\��

������$%6�%UDNLQJ�RQ�8QGXODWHG�5RDG

7KH�DLP�RI�WKLV�VHFWLRQ�LV�WR�LQYHVWLJDWH�WKH�LQIOXHQFH�RI�G\QDPLF�HIIHFWV�GXH�WR
YHUWLFDO�DQG�ORQJLWXGLQDO�ZKHHO�YLEUDWLRQV�H[FLWHG�E\�URDG�LUUHJXODULWLHV�XSRQ�WKH
EUDNLQJ�SHUIRUPDQFH�RI�WKH�W\UH�DQG�DQWL�ORFN�EUDNLQJ�V\VWHP��7KHVH�GLVWXUELQJ
IDFWRUV�DIIHFW�WKH�DQJXODU�YHORFLW\�RI�WKH�ZKHHO�DQG�FRQVHTXHQWO\�PD\�LQWURGXFH
GLVLQIRUPDWLRQ� LQ� WKH� VLJQDOV� WUDQVPLWWHG� WR� WKH�$%6� V\VWHP�XSRQ�ZKLFK� LWV
SURSHU�IXQFWLRQLQJ�LV�EDVHG��

2QH�PD\� WDNH� WKH� VLPSOH�YLHZ� WKDW� WKH�SULPDU\� IXQFWLRQ�RI� WKH�DQWL�ORFN
GHYLFH�LV�WR�FRQWURO�WKH�EUDNH�VOLS�RI�WKH�ZKHHO�WR�FRQILQH�WKH�ZKHHO�VOLS�ZLWKLQ�D
QDUURZ�UDQJH�DURXQG�WKH�VOLS�YDOXH�DW�ZKLFK�WKH�ORQJLWXGLQDO�W\UH�IRUFH�SHDNV��,Q
WKH�VDPH�UDQJH�LW�IRUWXQDWHO\�WXUQV�RXW�WKDW�WKH�ODWHUDO�IRUFH�WKDW�WKH�W\UH�GHYHORSV
DV�D�UHVSRQVH�WR�WKH�ZKHHO�VOLS�DQJOH�LV�XVXDOO\�VXIILFLHQW�WR�NHHS�WKH�YHKLFOH
VWDEOH�DQG�VWHHUDEOH�

,Q�RUGHU�WR�NHHS�WKH�WUHDWPHQW�VLPSOH��ZH�ZLOO�UHVWULFW�WKH�YHKLFOH�PRWLRQ�WR
VWUDLJKW�OLQH�EUDNLQJ�DQG�FRQVLGHU�D�TXDUWHU�YHKLFOH�ZLWK�ZKHHO�DQG�D[OH�WKDW�LV
VXVSHQGHG�ZLWK�UHVSHFW�WR�WKH�YHKLFOH�ERG\�WKURXJK�D�YHUWLFDO�DQG�D�ORQJLWXGLQDO
VSULQJ� DQG� GDPSHU�� 7KH� DQDO\VLV� LV� EDVHG� RQ� WKH� VWXG\� RI� 9DQ� GHU� -DJW� HW
DO��������
�

��������,Q�3ODQH�0RGHO�RI�6XVSHQVLRQ�DQG�:KHHO�7\UH�$VVHPEO\

7KH�YHKLFOH�LV�DVVXPHG�WR�PRYH�DORQJ�D�VWUDLJKW�OLQH�ZLWK�VSHHG�9��7KH�IRUZDUG
DFFHOHUDWLRQ� RI� WKH� YHKLFOH� ERG\� LV� FRQVLGHUHG� WR� EH� SURSRUWLRQDO� ZLWK� WKH
ORQJLWXGLQDO�W\UH�IRUFH�)[��9HUWLFDO�DQG�KRUL]RQWDO�YHKLFOH�ERG\�SDUDVLWLF�PRWLRQV
ZLOO�EH��QHJOHFWHG�ZLWK�UHVSHFW�WR�WKRVH�RI�WKH�ZKHHO�D[OH��&RQVHTXHQWO\��WKH�UROH
RI�WKH�ZKHHO�VXVSHQVLRQ�LV�UHVWULFWHG�WR�D[OH�PRWLRQ�DORQH��7KHVH�VLPSOLILFDWLRQV
HQDEOH�XV�WR�FRQFHQWUDWH�RQ�WKH�LQIOXHQFH�RI�WKH�FRPSOH[�LQWHUDFWLRQV�EHWZHHQ
PRWLRQV�RI�WKH�D[OH�DQG�WKH�W\UH�XSRQ�WKH�EUDNLQJ�SHUIRUPDQFH�RI�WKH�W\UH��)LJXUH
�����GHSLFWV�WKH�V\VWHP�WR�EH�VWXGLHG��:H�KDYH�D[OH�GLVSODFHPHQWV�[�DQG�]�DQG
D�YHUWLFDO�URDG�SURILOH�GHVFULEHG�E\�Z�DQG�LWV�VORSH�GZ�GV��7R�VXLW�WKH�OLPLWDWLRQV
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)LJ���������6\VWHP�FRQILJXUDWLRQ�IRU�WKH�VWXG\�RI�FRQWUROOHG�EUDNLQJ�RQ�XQGXODWHG�URDG�VXUIDFH�

RI�WKH�W\UH�PRGHO�HPSOR\HG��WKH�ZDYHOHQJWK� �RI�WKH�URDG�XQGXODWLRQ�LV�FKRVHQ
UHODWLYHO\� ODUJH�� 7KH�ZKHHO� DQJXODU� YHORFLW\� LV� � DQG� WKH� EUDNLQJ� WRUTXH� LV
GHQRWHG�ZLWK�0%��7KH�XQVSUXQJ�PDVV�DQG�WKH�SRODU�PRPHQW�RI�LQHUWLD�RI�WKH
ZKHHO�DUH�OXPSHG�ZLWK�D�ODUJH�SDUW�RI�WKRVH�RI�WKH�W\UH�DQG�DUH�GHQRWHG�ZLWK�P
DQG�,Z��

7KURXJK�WKH�W\UH�UDGLDO�GHIOHFWLRQ�WKH�QRUPDO�ORDG�LV�JHQHUDWHG��6LQFH�ZH
LQWHQG�WR�FRQVLGHU�SRVVLEO\�ODUJH�VOLS�IRUFHV��WKH�DQDO\VLV�KDV�WR�DFFRXQW�IRU�QRQ�
OLQHDU�W\UH�FKDUDFWHULVWLF�SURSHUWLHV��7R�DGHTXDWHO\�HVWDEOLVK�WKH�IRUH�DQG�DIW�W\UH
FRQWDFW�IRUFH�ZH�ZLOO�HPSOR\�WKH�HQKDQFHG�WUDQVLHQW�W\UH�PRGHO�GLVFXVVHG� LQ
6HFWLRQ������7KH�FRQWDFW�UHOD[DWLRQ�OHQJWK� F�ZLOO�EH�GLVUHJDUGHG�KHUH��,Q�WKH
PRGHO��D�FRQWDFW�SDWFK�PDVV�PF�LV�LQWURGXFHG�WKDW�FDQ�PRYH�ZLWK�UHVSHFW�WR�WKH
ZKHHO�ULP�LQ� WDQJHQWLDO�GLUHFWLRQ��WKHUHE\�SURGXFLQJ�WKH�ORQJLWXGLQDO�FDUFDVV
GHIOHFWLRQ�X��7KH�FRQWDFW�SDWFK�PDVV�PD\�GHYHORS�D�VOLS�VSHHG�ZLWK�UHVSHFW�WR�WKH
URDG�GHQRWHG�E\�9V


[��7KH�WUDQVLHQW�VOLS�LV�GHILQHG�E\��9!���

������
 ' &
9

(

V[

9

7KLV�ORQJLWXGLQDO�VOLS�UDWLR�LV�XVHG�DV�LQSXW�LQ�WKH�VWHDG\�VWDWH�ORQJLWXGLQDO�W\UH
FKDUDFWHULVWLF��7KH�LQWHUQDO�W\UH�IRUFH�WKDW�DFWV�LQ�WKH�FDUFDVV�DQG�RQ�WKH�ZKHHO
D[OH�ZLOO�EH�GHVLJQDWHG�DV�)[D�ZKLOH�WKH�WDQJHQWLDO�FRQWDFW�IRUFH�LV�GHQRWHG�ZLWK
)[��$FFRUGLQJ�WR�WKH�WKHRU\��WKLV�VOLS�IRUFH�LV�JRYHUQHG�E\�WKH�VWHDG\�VWDWH�IRUFH
YV�VOLS�UHODWLRQVKLS�)[�VV� ��ZKLFK�PD\�EH�PRGHOOHG�ZLWK�WKH�0DJLF�)RUPXOD�
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)LJ������� 6WHDG\�VWDWH�W\UH�EUDNH�IRUFH�FKDUDFWHULVWLFV�DW�GLIIHUHQW�ORDGV�DV�FRPSXWHG�ZLWK
WKH�DLG�RI�WKH�0DJLF�)RUPXOD�DQG�WKH�VLPLODULW\�WHFKQLTXH�

6LQFH�ZH�KDYH�WR�FRQVLGHU�WKH�LQIOXHQFH�RI�D�YDU\LQJ�QRUPDO�ORDG��WKH�UHODWLRQVKLS
PXVW�FRQWDLQ�WKH�GHSHQGHQF\�RQ�)]��7R�KDQGOH�WKLV�� WKH�VLPLODULW\�PHWKRG�RI
&KDSWHU���LV�XVHG��:H�KDYH�WKH�IROORZLQJ�HTXDWLRQV�
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7KH�PDVWHU�FKDUDFWHULVWLF�)[R� ��GHVFULEHG�E\�WKH�0DJLF�)RUPXOD�KROGV�DW�WKH
UHIHUHQFH�ORDG�)]R�ZKLFK�LV�WDNHQ�HTXDO�WR�WKH�DYHUDJH�ORDG��,WV�DUJXPHQW� ��LV
UHSODFHG�E\�WKH�HTXLYDOHQW�VOLS�YDOXH� HT��$OVR�WKH�ORQJLWXGLQDO�VOLS�VWLIIQHVV�&) R

LV�GHILQHG�DW�WKH�UHIHUHQFH�ORDG��,Q�)LJ������WKH�VWHDG\�VWDWH�IRUFH�FKDUDFWHULVWLFV
KDYH�EHHQ�SUHVHQWHG�IRU�D�VHW�RI�YHUWLFDO�ORDGV�

,Q�SODQH�EUDNLQJ�G\QDPLFV�HTXDWLRQV

7KH�V\VWHP�KDV�DV�LQSXW�WKH�URDG�SURILOH�Z�DQG�WKH�EUDNH�WRUTXH�0%��7KH�OHYHO
Z�DQG�WKH�IRUZDUG�VORSH�GZ�GV�DUH�JLYHQ�DV�VLQXVRLGDO�IXQFWLRQV�RI�WKH�WUDYHOOHG
GLVWDQFH�V��7R�SDUWO\�OLQHDULVH�WKH�HTXDWLRQV��WKH�URDG�IRUZDUG�VORSH�LV�DVVXPHG
WR�EH�VPDOO��7KH�EUDNH�WRUTXH�XOWLPDWHO\�UHVXOWV�IURP�D�FRQWURO�DOJRULWKP�EXW
PD\�LQ�WKH�SUHVHQW�DQDO\VLV�EH�FRQVLGHUHG�DV�D�JLYHQ�IXQFWLRQ�RI�WLPH�

7KH� IROORZLQJ� HTXDWLRQV� DSSO\� IRU� WKH� ZKHHO� URWDWLRQDO� G\QDPLFV�� WKH
KRUL]RQWDO�DQG�YHUWLFDO�D[OH�PRWLRQV�DQG�WKH�WDQJHQWLDO�PRWLRQ�RI�WKH�FRQWDFW
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7KH�IXQFWLRQ���������LV�UHSUHVHQWHG�E\�(TV��������DQG�LOOXVWUDWHG�LQ�)LJ�������7KH
UHPDLQLQJ�FRQVWLWXWLYH�UHODWLRQV�DUH�VLPSOLILHG�WR�OLQHDU�H[SUHVVLRQV��

)UHTXHQF\�UHVSRQVH�RI�ZKHHO�VSHHG�WR�URDG�XQHYHQQHVV�

$V�HVVHQWLDO�HOHPHQW�RI�WKH�DQDO\VLV�ZH�ZLOO�DVVHVV�WKH�UHVSRQVH�RI�WKH�ZKHHO
DQJXODU�YHORFLW\�YDULDWLRQ�WR�URDG�XQGXODWLRQV�DW�D�JLYHQ�FRQVWDQW�EUDNH�WRUTXH�
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)RU�WKLV��WKH�VHW�RI�HTXDWLRQV�PD\�EH�OLQHDULVHG�DURXQG�D�JLYHQ�SRLQW�RI�RSHUDWLRQ
FKDUDFWHULVHG�E\�WKH�DYHUDJH�ORDG�)]R��WKH�FRQVWDQW�EUDNH�WRUTXH�0%R�DQG�WKH
DYHUDJH�VOLS�UDWLR� R��:H�ILQG�IRU�WKH�FRQVWLWXWLYH�UHODWLRQV�
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)RU�WKH�YDULDWLRQ�LQ�HIIHFWLYH�UROOLQJ�UDGLXV�ZH�KDYH�

�������U
a
H ' &

a

7KH� OLQHDULVHG� HTXDWLRQV� RI�PRWLRQ� DUH� REWDLQHG� IURP� WKH� (TV����������� E\
VXEWUDFWLQJ�WKH�DYHUDJH��VWHDG\�VWDWH�YDOXHV�RI�WKH�YDULDEOH�TXDQWLWLHV�DQG�QHJOHFW
SURGXFWV�RI�VPDOO�YDULDWLRQV��

7KH�IUHTXHQF\�UHVSRQVH�RI� ��WR�Z�KDV�EHHQ�FDOFXODWHG�IRU�GLIIHUHQW�YDOXHV�RI
WKH�ORQJLWXGLQDO�VXVSHQVLRQ�VWLIIQHVV�F[��7KH�DYHUDJH�FRQGLWLRQ�LV�JLYHQ�E\��WKH
YHKLFOH�VSHHG�9R� ����NP�K��D�YHUWLFDO�ORDG�)]R� ������1�DQG�D�EUDNH�WRUTXH�0%R

 �����1P� WKDW� FRUUHVSRQGV� WR� DQ� DYHUDJH� VOLS� UDWLR� R� � ���������7KH� URDG
XQGXODWLRQ�DPSOLWXGH�  �������P��Z8

6RPH� RI� WKH� W\UH� FRQVWLWXWLYH� UHODWLRQV� ZHUH� GHWHUPLQHG� GLUHFWO\� IURP
PHDVXUHPHQWV�ZKLOH�IRU�VRPH�RI�WKH�SDUDPHWHUV�YDOXHV�KDYH�EHHQ�HVWLPDWHG��7KH
VPDOO� LQWHUDFWLRQ� SDUDPHWHUV�� �� H[]� DQG� H][�� DQG� DOVR� WKH� UROOLQJ� UHVLVWDQFH
SDUDPHWHUV�$U�DQG�%U�KDYH�EHHQ�GLVUHJDUGHG��7DEOH�����OLVWV�WKH�SDUDPHWHU�YDOXHV
XVHG�LQ�WKH�FRPSXWDWLRQV��

7DEOH�������3DUDPHWHU�YDOXHV�IRU�ZKHHO�W\UH�VXVSHQVLRQ�V\VWHP�

,Z �����NJP
� F[ ����N1�P F] ��N1�P )]R �����1

P ������NJ N[ ��N1V�P N] ��N1V�P UR �����P

PF �������NJ FF[ ����N1�P FF] ����N1�P NF[ ����N1V�P
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)LJ�������� )UHTXHQF\�UHVSRQVH�RI�DPSOLWXGH�RI�ZKHHO�VSLQ�IOXFWXDWLRQV�WR�URDG�XQGXODWLRQV�Z
DW�D�FRQVWDQW�VSHHG�9�DQG�EUDNH�WRUTXH�0%�DQG�IRU�GLIIHUHQW�YDOXHV�RI�WKH�ORQJLWXGLQDO
VXVSHQVLRQ�VWLIIQHVV�F[�

)LJXUH������GLVSOD\V�WKH�DPSOLWXGH�RI�WKH�ZKHHO�DQJXODU�YHORFLW\�YDULDWLRQ�DV
D� IXQFWLRQ� RI� WKH� LPSRVHG� IUHTXHQF\� WKDW� LV� LQYHUVHO\� SURSRUWLRQDO� ZLWK� WKH
ZDYHOHQJWK�RI�WKH�XQGXODWLRQ��,W�LV�VHHQ�WKDW�WKH�UHVRQDQFH�SHDN�KHLJKW�DQG�WKH
UHVRQDQFH�IUHTXHQF\�VWURQJO\�GHSHQG�RQ�WKH�IRUH�DQG�DIW�VXVSHQVLRQ�VWLIIQHVV�

��������$QWL�/RFN�%UDNLQJ�$OJRULWKP�DQG�6LPXODWLRQ

7KH�DFWXDO�FRQWURO�DOJRULWKPV�RI�$%6�GHYLFHV�PDUNHWHG�E\�PDQXIDFWXUHUV�FDQ
EH�TXLWH�FRPSOH[�DQG�DUH�SURSULHWRU\�LWHPV�ZKLFK�LQFRUSRUDWH�VHYHUDO�SUDFWLFDO
FRQVLGHUDWLRQV��+RZHYHU��DOPRVW�DOO�DOJRULWKPV�PDNH�XVH�RI�UDZ�GDWD�SHUWDLQLQJ
WR�WKH�DQJXODU�VSHHG�DQG�DFFHOHUDWLRQ�RI�WKH�ZKHHOV��$�GHWDLOHG�GLVFXVVLRQ�RI�WKH
YDULRXV�DOJRULWKPV�IRU�SUHGLFWLQJ�ZKHHO�PRWLRQV�DQG�PRGXODWLQJ�WKH�EUDNH�WRUTXH
DFFRUGLQJO\��KDV�EHHQ�JLYHQ�E\�*XQWXU���������7KH�RSHUDWLRQDO�FKDUDFWHULVWLF�RI
D�FRQWURO�DOJRULWKP�XVHG�KHUH�IRU�WKH�SXUSRVH�RI�LOOXVWUDWLRQ�LV�VKRZQ�LQ�)LJ������
7KH�VDOLHQW�IHDWXUHV�RI�WKH�FULWHULD�XVHG�WR�LQFUHDVH�RU�GHFUHDVH�DSSOLHG�EUDNH
WRUTXH� �SUHVVXUH�� GXULQJ� D� EUDNLQJ� F\FOH� GHSHQG� FULWLFDOO\� XSRQ� ERWK� WKH
PRPHQWDU\�DQG�WUHVKROG�YDOXHV�RI� �DQG�RI� ��,W�LV�DVVXPHG�WKDW�WKH�EUDNH0

WRUTXH�UDWH�FDQ�EH�FRQWUROOHG�DW�WKUHH�GLIIHUHQW�OHYHOV��8SRQ�DSSOLFDWLRQ�RI�WKH
EUDNH�WKH�WRUTXH�ULVHV�DW�D�FRQVWDQW�UDWH�XQWLO�SRLQW�%�LV�UHDFKHG��$IWHU�WKDW�WKH
WRUTXH�LV�UHGXFHG�OLQHDUO\�XQWLO�SRLQW�&��7KH�EUDNH�WRUTXH�UHPDLQV�FRQVWDQW�LQ�WKH
LQWHUYDO�EHWZHHQ�SRLQWV�&�DQG�(��&RPSRXQG�FULWHULD�DUH�FRQVLGHUHG�DW�SRLQWV�$
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DQG�%�IRU�SUHGLFWLQJ�ZKHQ�EUDNLQJ�VKRXOG�EH�UHGXFHG�WR�SUHYHQW�WKH�ZKHHO�IURP
ORFNLQJ��7KXV�ZH�KDYH�IURP�WKH�VWDUWLQJ�RI�EUDNH�DSSOLFDWLRQ�

,QFUHDVH�RI�WRUTXH�IRU��
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ZKHUH�UHR�VWDQGV�IRU�WKH�QRPLQDO�HIIHFWLYH�UROOLQJ�UDGLXV�DQG�7�IRU�D�FRQVWDQW
ZKLFK�VHWV�WKH�WUHVKROG�IRU� ��0

)URP�WLPH�W%�ZH�KDYH�
'HFUHDVH�RI�WRUTXH�IRU�W%���W���W&��DFFRUGLQJ�WR����G0%��GW� �5�

7KH�LQVWDQW�RI�SUHGLFWLRQ�DQG�DFWLRQ�W%�LV�GHILQHG�E\�
U
HR
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$
�& �W

%
�`& 7J�W

%
& W

$
� ' 9

%

7KH�WLPH�W&�PDUNV�WKH�EHJLQQLQJ�RI�WKH�FRQVWDQW�WRUTXH�SKDVH�&(��L�H��
&RQVWDQW�WRUTXH�IRU�W&���W���W(�����G0%��GW� ��

7LPH�W&�LV�IRXQG�IURP�
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6LPLODUO\��WKH�FULWHULRQ�IRU�LQFUHDVLQJ�WKH�WRUTXH�DW�(�
,QFUHDVH�RI�WRUTXH�IRU�W�!�W(��DFFRUGLQJ�WR����G0%��GW� �5�

LV�JLYHQ�E\�WKH�FRPSRXQG�UHVHOHFWLRQ�FRQGLWLRQV�JHQHUDWHG�DW�SRLQWV�'�DQG�(�
ZLWK�W'�DQG�W(�EHLQJ�IRXQG�IURP�
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)RU�WKH�VLPXODWLRQ�WKH�IROORZLQJ�YDOXHV�KDYH�EHHQ�XVHG�
7� ����� 9%� ����UHR� ��W%��DQG� 9(� ���P�V

7KH�EUDNH�WRUTXH�UDWHV�KDYH�EHHQ�VHW�WR�
5�� ��5�� �������1P�V

,Q�RUGHU�WR�VLPXODWH�WKH�EUDNLQJ�PDQRHXYUH�RI�D�TXDUWHU�YHKLFOH�HTXLSSHG�ZLWK
WKH� DQWL�ORFN� EUDNLQJ� V\VWHP�� WKH� GHFHOHUDWLRQ� RI� WKH� YHKLFOH� LV� WDNHQ� WR� EH
SURSRUWLRQDO�WR�)[��7KH�UHVXOWV�RI�WKH�VLPXODWLRQV�SHUIRUPHG�DUH�SUHVHQWHG�LQ
)LJ�������7KH�OHIW�KDQG�GLDJUDPV�UHIHU�WR�WKH�FDVH�RI�EUDNLQJ�RQ�DQ�LGHDOO\�IODW
URDG�ZKLOH�WKH�GLDJUDPV�RQ�WKH�ULJKW�KDQG�VLGH�GHSLFW�WKH�UHVXOWV�REWDLQHG�ZLWK
WKH�VDPH�V\VWHP�RQ�D�ZDY\�URDG�VXUIDFH��)RU�WKH�SXUSRVH�RI�VLPXODWLRQ��WKH
PRGHO�ZDV�H[WHQGHG�WR�LQFOXGH�D�K\GUDXOLF�VXE�V\VWHP�LQWHUSRVHG�EHWZHHQ�WKH
EUDNH�SHGDO�DQG�WKH�ZKHHO�F\OLQGHU��+RZHYHU��WKLV�H[WHQVLRQ�LV�QRW�HVVHQWLDO�WR
RXU�GLVFXVVLRQ��,Q�ERWK�FDVHV�WKH�VDPH�K\GUDXOLF�VXE�V\VWHP�ZDV�XVHG�DQG�WKH
VDPH�FRQWURO�DOJRULWKP�DV�WKH�RQH�GLVFXVVHG�DERYH�ZDV�LPSOHPHQWHG�

7KH�IXUWKHU�SDUDPHWHUV�XVHG�LQ�WKH�VLPXODWLRQ�ZHUH�
,QLWLDO�VSHHG�RI�WKH�YHKLFOH�����NP�K��WKH�URDG�LQSXW�ZLWK�D�ZDYHOHQJWK�RI������P
DQG�DQ�DPSOLWXGH�RI�������P��
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)LJ���������([DPSOH�RI�DQ�$%6�DOJRULWKP�XVHG�WR�PRGXODWH�WKH�DSSOLHG�EUDNH�WRUTXH�

7KH�UHVXOWV�RI�WKH�VLPXODWLRQ�VKRZ�WKDW�EUDNH�VOLS�YDULDWLRQV�RFFXU�ERWK�RQ�D
IODW�DV�ZHOO�DV�RQ�XQGXODWHG�URDG�VXUIDFHV��+RZHYHU��WKH�YHU\�ODUJH�YDULDWLRQV�RI
WKH�WUDQVLHQW�VOLS�YDOXH� N�LQ�WKH�ODWWHU�FDVH�OHDG�WR�D�IXUWKHU�GHWHULRUDWLRQ�RI�WKH
EUDNLQJ�SHUIRUPDQFH��7KH�DYHUDJH�YHKLFOH�GHFHOHUDWLRQ�GURSV�GRZQ�IURP�����P�V

�

WR�DSSUR[LPDWHO\���P�V
���$OWKRXJK�ODUJH�IOXFWXDWLRQV�LQ�WKH�YHUWLFDO�W\UH�IRUFH�DUH

PDLQO\�UHVSRQVLEOH�IRU�WKLV�UHGXFWLRQ��LW�LV�HTXDOO\�FOHDU�WKDW�VHYHUH�SHUWXUEDWLRQ
RFFXUULQJ�ERWK�LQ� �DQG� �PD\�EH�DQ�DGGLWLRQDO�VRXUFH�RI�PLVLQIRUPDWLRQ�IRUJ

WKH�DQWL�ORFN�FRQWURO�DOJRULWKP��7KH�LPSRUWDQW�UHGXFWLRQ�LQ�EUDNLQJ�HIIHFWLYHQHVV
UHVXOWLQJ�IURP�YHUWLFDO�W\UH�IRUFH�YDULDWLRQV�PD\�EH�DWWULEXWHG�WR�WKH�WHUP�&F]�LQ
WKH�OLQHDULVHG�FRQVWLWXWYH�UHODWLRQ���������RI�WKH�UROOLQJ�DQG�VOLSSLQJ�W\UH��DQG�LQ
SDUWLFXODU�WR�WKH�FRQWULEXWLRQ�RI�WKH�YDULDWLRQ�RI�WKH�ORQJLWXGLQDO�VOLS�VWLIIQHVV
ZLWK�ZKHHO�ORDG�G&) ��G)]��%RWK�YHUWLFDO�DQG�KRUL]RQWDO�YLEUDWLRQV�RI�WKH�D[OH�DQG
WKH�YHUWLFDO�ORDG�IOXFWXDWLRQV�RQ�ZDY\�URDGV�DSSHDU�WR�DGYHUVHO\�LQIOXHQFH�WKH
EUDNLQJ�SHUIRUPDQFH�RI�WKH�W\UH�DV�ZHOO�DV�WKDW�RI�WKH�DQWL�ORFN�V\VWHP��

,Q�������7DQJX\�PDGH�D�SUHOLPLQDU\�VWXG\�RI�VXFK�HIIHFWV�XVLQJ�D�GLIIHUHQW
FRQWURO�DOJRULWKP��+H�SRLQWHG�RXW�WKDW�ZKHHO�YLEUDWLRQV�RQ�XQHYHQ�URDGV�FDQ�SRVH
VHULRXV�SUREOHPV�RI�PLVLQIRUPDWLRQ�IRU�WKH�FRQWURO�ORJLF�RI�WKH�DQWL�ORFN�V\VWHP�
7KH�UHVXOWV�RI�WKH�VLPXODWLRQV�GLVFXVVHG�DERYH�DQG�UHSRUWHG�E\�9DQ�GHU�-DJW
�������FRQILUP�7DQJX\¶V�ILQGLQJV�
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)LJ���������2Q�WKH�SUREOHP�RI�VWDUWLQJ�IURP�VWDQGVWLOO�RQ�D�VORSH�

������6WDUWLQJ�IURP�6WDQGVWLOO

,Q�WKLV�VHFWLRQ�WKH�DELOLW\�RI�WKH�WUDQVLHQW�PRGHOV�WR�RSHUDWH�DW�DQG�QHDU�]HUR
VSHHG�FRQGLWLRQV�ZLOO�EH�GHPRQVWUDWHG��7KH�IRXU�PRGHOV�WUHDWHG�LQ�6HFV�������
������DQG�����ZLOO�EH�HPSOR\HG�LQ�WKH�VLPXODWLRQ�RI�WKH�ORQJLWXGLQDO�PRWLRQ�RI�D
TXDUWHU�YHKLFOH�PRGHO�RQ�DQ�XSZDUG�VORSH�RI�����FI��)LJ�������

7KH�IROORZLQJ�WKUHH�GLIIHUHQW�PDQRHXYUHV�DUH�FRQVLGHUHG�
�� 6WDQGLQJ�VWLOO�RQ�VORSH��VWHSZLVH�DSSOLFDWLRQ�RI�GULYH�WRUTXH�DQG�VXEVHTXHQWO\

UROOLQJ�DW�FRQVWDQW�VSHHG�
�� )URP�VWDQGVWLOO�RQ�VORSH��IUHHO\�UROOLQJ�EDFNZDUGV��WKHQ�SRZHUIXO�SURSXOVLRQ

IROORZHG�E\�IUHH�UROOLQJ��
�� )URP�VWDQGVWLOO��UROOLQJ�EDFNZDUGV��WKHQ�EUDNLQJ�WR�ZKHHO�ORFN��IROORZHG�E\

IUHH�UROOLQJ�DJDLQ�DIWHU�ZKLFK�D�VKRUW�SKDVH�RI�GULYH�WRUTXH�LV�DSSOLHG��)LQDOO\
WKH�TXDUWHU�YHKLFOH�VORZV�GRZQ�RQ�WKH�VORSH�

7KH�VWHDG\�VWDWH�ORQJLWXGLQDO�IRUFH�IXQFWLRQ�RI�WKH�WUDQVLHQW�ORQJLWXGLQDO�VOLS� ¶
LV�GHVFULEHG�E\�WKH�IRUPXOD�
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6HPL�QRQ�OLQHDU�WUDQVLHQW�PRGHO�
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SHUIRUPDQFH�HVSHFLDOO\�ZKHQ�WKH�IRUFH�FKDUDFWHULVWLF�H[KLELWV�D�SURQRXQFHG�SHDN�

)XOO\�QRQ�OLQHDU�WUDQVLHQW�PRGHO�
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$�GHIOHFWLRQ�OLPLWDWLRQ�LV�QRW�QHFHVVDU\�IRU�WKLV�PRGHO��+RZHYHU��EHFDXVH�RI�WKH
DOJHEUDLF� ORRS� WKDW� DULVHV�� WKH� TXDQWLW\� �������� PXVW� EH� REWDLQHG� IURP� WKH
SUHYLRXV�WLPH�VWHS�
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7KH� PRGHO� LV� QRW� VHQVLWLYH� WR� ZKHHO� ORDG� YDULDWLRQV� ZKLFK� FRQVWLWXWHV� WKH
UHVWULFWLRQ�RI�WKH�PRGHO��)RU�WKH�SUREOHP�DW�KDQG�WKLV�UHVWULFWLRQ�LV�QRW�UHOHYDQW
DQG�WKH�PRGHO�FDQ�EH�XVHG��7KH�JUHDW�DGYDQWDJH�RI�WKH�PRGHO�LV�WKH�IDFW�WKDW�DQ
DOJHEUDLF�ORRS�GRHV�QRW�RFFXU��$QG�DJDLQ�D�X�OLPLWDWLRQ�LV�QRW�QHHGHG��$�VWUDLJKW
IRUZDUG�VLPXODWLRQ�FDQ�EH�FRQGXFWHG��)RU� WKH� UHODWLRQ� �������� WKH� IROORZLQJ
DSSUR[LPDWH�IXQFWLRQ�LV�XVHG�
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ZKHUH� PLQ� UHSUHVHQWV� WKH� PLQLPXP� YDOXH� RI� WKH� UHOD[DWLRQ� OHQJWK� WKDW� LV
LQWURGXFHG�WR�DYRLG�QXPHULFDO�GLIILFXOWLHV�

(QKDQFHG�QRQ�OLQHDU�WUDQVLHQW�PRGHO�
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ZKHUH� UH� LV� WKH� HIIHFWLYH� PRPHQW� DUP� ZKLFK� WXUQV� RXW� WR� FRUUHVSRQG� ZLWK
H[SHULPHQWDO� HYLGHQFH��FI��&KDS����)LJ�������)RU� WKH� ILUVW� WKUHH�PRGHOV�ZLWK
FRQWDFW�SDWFK�PDVV�QRW�FRQVLGHUHG��ZH�KDYH�
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:KHQ�DW�EUDNLQJ�WKH�ZKHHO�EHFRPHV�ORFNHG�ZH�KDYH�� � ���

5HVXOWV�
7KH�WKUHH�GLIIHUHQW�ORQJLWXGLQDO�PDQRHXYUHV�OLVWHG�DERYH�KDYH�EHHQ�VLPXODWHG
ZLWK�HDFK�RI�WKH�IRXU�WUDQVLHQW�W\UH�PRGHOV��,Q�WKH�)LJV���������VRPH�RI�WKH
UHVXOWV�KDYH�EHHQ�SUHVHQWHG��7KH�SDUDPHWHU�YDOXHV�KDYH�EHHQ�OLVWHG�LQ�7DEOH�����

)LJXUHV������DQG����GHSLFW�WKH�SURFHVV�RI�VWDQGLQJ�VWLOO�RQ�D����XSZDUG�VORSH
�DSSURSULDWH�EUDNH�RU�GULYH�WRUTXH���IROORZHG�E\�D�VWHS�GULYH�WRUTXH�LQSXW�DQG
VXEVHTXHQWO\�UROOLQJ�DW�FRQVWDQW�VSHHG��EDFN�WR�HTXLOLEULXP�GULYH�WRUTXH���
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7\UH�ZKHHO�ZLQG�XS�RVFLOODWLRQV�RFFXU�ERWK�DW�VWDUW�DQG�DW�HQG�RI�VWHS�FKDQJH�LQ
SURSXOVLRQ�WRUTXH�0'��5HVXOWV�KDYH�EHHQ�VKRZQ�RI�WKH�FRPSXWDWLRQV�XVLQJ�WKH
VHPL� QRQ�OLQHDU� WUDQVLHQW� W\UH� PRGHO� �)LJ������� DQG� WKH� HQKDQFHG� PRGHO
�)LJ��������9LUWXDOO\�WKH�VDPH�UHVXOWV�DV�GHSLFWHG�LQ�)LJ������KDYH�EHHQ�DFKLHYHG
E\�XVLQJ�HLWKHU�WKH�IXOO\�QRQ�OLQHDU�RU�WKH�UHVWULFWHG�QRQ�OLQHDU�WUDQVLHQW�W\UH
PRGHO��2QO\�DW�ORZ�VSHHG�D�IUHTXHQF\�GLIIHUHQFH�FDQ�EH�REVHUYHG�WR�RFFXU�ZKHQ
XVLQJ�WKH�VHPL�QRQ�OLQHDU�PRGHO�

)LJXUH������VKRZV�WKH�UHVXOWV�RI�VWDQGLQJ�RQ�WKH�VORSH��WKHQ�IUHHO\�UROOLQJ
EDFNZDUGV��VXEVHTXHQWO\�DSSO\LQJ�D�SRZHUIXO�SURSXOVLRQ��ZKLFK�LV�IROORZHG�E\
IUHH�UROOLQJ��7KH�W\UH�ORQJLWXGLQDO�IRUFH�SDVVHV�LWV�SHDN�DQG�UHDFKHV�WKH�ORZHU�HQG
RI�LWV�FKDUDFWHULVWLF�ZKLFK�HQDEOHV�WKH�ZKHHO�WR�VSLQ�XS��1H[W��ZKHQ�WKH�ZKHHO
VORZV�GRZQ�UDSLGO\��WKH�SHDN�LV�SDVVHG�DJDLQ�DQG�D�GDPSHG�ZKHHO�W\UH�ZLQG�XS
RVFLOODWLRQ� RFFXUV�� &DOFXODWLRQV� KDYH� EHHQ� SHUIRUPHG� XVLQJ� WKH� HQKDQFHG
WUDQVLHQW�W\UH�PRGHO�RI�6HF������ZLWK�FRQWDFW�PDVV���7KH�UHVWULFWHG�IXOO\�QRQ�
OLQHDU�W\UH�PRGHO��(T��������QRW�UHVSRQGLQJ�WR�ORDG�FKDQJHV��WXUQV�RXW�WR�\LHOG
DOPRVW�HTXDO�UHVXOWV��7KH�RWKHU�WZR�PRGHOV�DQG�HVSHFLDOO\�WKH�VHPL�QRQ�OLQHDU
PRGHO�RI�6HF��������ZLWK� �FRQVWDQW���DSSHDU�WR�SHUIRUP�OHVV�JRRG�XQGHU�WKHVH
GHPDQGLQJ� FRQGLWLRQV� �OHVV�)[� UHGXFWLRQ� LQ� VSLQ�XS� SKDVH� ZKLFK� DYRLGV� DQ
HTXDOO\�UDSLG�VSLQQLQJ�XS�RI�WKH�ZKHHO���7KH�ORZ�VSHHG�OLPLW�YDOXH�9ORZ�ZDV
LQFUHDVHG�WR��P�V�WR�UHVWULFW�WKH�X�GHIOHFWLRQ�RI�WKH�VHPL�QRQ�OLQHDU�PRGHO�RYHU
D� ODUJHU� VSHHG� UDQJH�� 7KH� IDFWRU�$�ZDV� LQFUHDVHG� WR� ��ZKLFK� LPSURYHG� WKH
SHUIRUPDQFH�RI�WKLV�PRGHO��2PLVVLRQ�RI�WKH�OLPLWDWLRQ�RI�WKH�X�GHIOHFWLRQ�ZRXOG
OHDG�WR�YLROHQW�EDFN�DQG�IRUWK�RVFLOODWLRQV�

)LQDOO\��)LJ������GHSLFWV�WKH� VLPXODWHG�PDQRHXYUH��IURP�VWDQGVWLOO�UROOLQJ
EDFNZDUGV��WKHQ�EUDNLQJ�WR�ZKHHO�ORFN��ZKLFK�LV�IROORZHG�E\�IUHH�UROOLQJ�DJDLQ
DIWHU�ZKLFK�D�VKRUW�SKDVH�RI�DFFHOHUDWLRQ�RFFXUV��ILQDOO\�� WKH�TXDUWHU�YHKLFOH
VORZV�GRZQ�RQ�WKH�VORSH��'XULQJ�ZKHHO�ORFN�WKH�YHKLFOH�PDVV�DSSHDUV�WR�YLEUDWH
ORQJLWXGLQDOO\�DW�ORZ�IUHTXHQF\�ZLWK�UHVSHFW�WR�WKH�µFRQWDFW�SDWFK¶��&DOFXODWLRQV
KDYH� EHHQ� FRQGXFWHG� ZLWK� WKH� VLPSOH� VHPL� QRQ�OLQHDU� WUDQVLHQW� W\UH� PRGHO�
3UDFWLFDOO\�HTXDO�UHVXOWV�KDYH�EHHQ�REWDLQHG�ZKHQ�XVLQJ�RQH�RI�WKH��RWKHU�WKUHH
WUDQVLHQW�W\UH�PRGHOV�
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semi non-linear model
upward slope 5%

 [m/s]

)LJ�������6WDQGLQJ� VWLOO� RQ� VORSH�� DFFHOHUDWLRQ� DQG� VXEVHTXHQWO\� UROOLQJ� DW� FRQVWDQW�VSHHG�
7\UH�ZKHHO�ZLQG�XS�RVFLOODWLRQV�RFFXU�ERWK�DW� VWDUW�DQG�DW�HQG�RI�VWHS�FKDQJH� LQ
SURSXOVLRQ�WRUTXH�0'��&RPSXWDWLRQV�KDYH�EHHQ�SHUIRUPHG�ZLWK�WKH�VHPL�QRQ�OLQHDU
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-1

0

1

2

0 0.5 1 1.5 2 2.5
time [s]

0')[

)
[

[
9

V[9
V[9

Ω
H
U

ORZ
N����

)��'
[ [

0���(U�'�)
' [H

Ω
H
U

[
9

V[9

ORZ
N�����N

ORZ0

enhanced non-linear model
upward slope 5%

 [m/s]

)LJ�������6DPH�VLPXODWLRQ�DV�LQ�)LJ������EXW�QRZ�XVLQJ�WKH�HQKDQFHG�QRQ�OLQHDU�WUDQVLHQW�W\UH
PRGHO� ZLWK� FDUFDVV� FRPSOLDQFH� �9ORZ� � ���P�V��� 2QO\� DW� ORZ� VSHHG� D� IUHTXHQF\
GLIIHUHQFH�FDQ�EH�REVHUYHG�WR�RFFXU��9HU\�VLPLODU�UHVXOWV�DUH�REWDLQHG�ZLWK�WKH�IXOO\
QRQ�OLQHDU�WUDQVLHQW�PRGHOV�ZLWK�FKDQJLQJ�UHOD[DWLRQ�OHQJWK�



��� $33/,&$7,216�2)�75$16,(17�7<5(�02'(/

-2

0

2

4

0 0.5 1 1.5 2 2.5
time [s]

)
[

[
9

V[9 V[9

Ω
H
U

ORZ
N���� 0

'

)��'
[ [

0���(U�'�)' [H

Ω
H
U

[
9

V[9

ORZ
N�����N

ORZ0

1

Ω
H
U

-1

3

 [m/s]

enhanced non-linear model
upward slope 5%
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wheel spins up

wheel
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�)LJ������� )URP� VWDQGVWLOO� RQ� VORSH�� IUHHO\� UROOLQJ� EDFNZDUGV�� WKHQ�SRZHUIXO�SURSXOVLRQ
IROORZHG�E\�IUHH�UROOLQJ��7KH�W\UH�ORQJLWXGLQDO�IRUFH�SDVVHV�LWV�SHDN�DQG�UHDFKHV�WKH
ORZHU�HQG�RI�LWV�FKDUDFWHULVWLF�ZKLFK�HQDEOHV�WKH�ZKHHO�WR�VSLQ�XS��1H[W��ZKHQ�WKH
ZKHHO�VORZV�GRZQ�UDSLGO\��WKH�SHDN�LV�UHDFKHG�DJDLQ�DQG�D�GDPSHG�ZKHHO�W\UH
ZLQG�XS�RVFLOODWLRQ�RFFXUV��&DOFXODWLRQV�XVLQJ�HQKDQFHG�WUDQVLHQW�W\UH�PRGHO��9ORZ
 ��P�V��ZKLFK� WRJHWKHU�ZLWK� WKH� UHVWULFWHG� IXOO\� QRQ�OLQHDU�PRGHO� WXUQV� RXW� WR
SHUIRUP�EHVW�
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semi non-linear model
upward slope 5%

)LJ������� )URP�VWDQGVWLOO�UROOLQJ�EDFNZDUGV��WKHQ�EUDNLQJ�WR�ZKHHO�ORFN��IROORZHG�E\�IUHH
UROOLQJ�DJDLQ�DIWHU�ZKLFK�D�VKRUW�SKDVH�RI�DFFHOHUDWLRQ�RFFXUV��)LQDOO\�WKH�TXDUWHU
YHKLFOH�VORZV�GRZQ�RQ�WKH�VORSH��'XULQJ�ZKHHO�ORFN�WKH�YHKLFOH�YLEUDWHV�DW�ORZ
IUHTXHQF\�ZLWK�UHVSHFW�WR�WKH�µFRQWDFW�SDWFK¶��&DOFXODWLRQV�ZLWK�WKH�VLPSOH�VHPL
QRQ�OLQHDU�WUDQVLHQW�W\UH�PRGHO��3UDFWLFDOO\�VDPH�UHVXOWV�DUH�REWDLQHG�ZKHQ�XVLQJ
RQH�RI��WKH�RWKHU�WKUHH�WUDQVLHQW�W\UH�PRGHOV�
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,W� PD\� EH� FRQFOXGHG� WKDW� WKH� UHVWULFWHG� IXOO\� QRQ�OLQHDU� PRGHO� DQG� WKH
HQKDQFHG�PRGHO�ZLWK�FRQWDFW�SDWFK�PDVV�VKRZ�H[FHOOHQW�SHUIRUPDQFH��,W�VKRXOG
EH�NHSW�LQ�PLQG�WKDW�WKH�UHVWULFWHG�PRGHO�GRHV�QRW�UHDFW�RQ�ZKHHO�ORDG�YDULDWLRQV�
7KH� VHPL� QRQ�OLQHDU� PRGHO� FDQ� EH� VXFFHVVIXOO\� XVHG� XQGHU� OHVV� GHPDQGLQJ
FRQGLWLRQV�

7KH�QH[W�FKDSWHU�GHDOV�ZLWK�WKH�GHYHORSPHQW�RI�D�PRUH�YHUVDWLOH�W\UH�PRGHO
ZKLFK�FDQ�KDQGOH�KLJKHU�IUHTXHQFLHV�DQG�VKRUWHU�ZDYHOHQJWKV��7KH�HQKDQFHG
PRGHO�DQG�WKH�UHVWULFWHG�IXOO\�QRQ�OLQHDU�WUDQVLHQW�W\UH�PRGHO�ZLOO�EH�XVHG�DV�WKH
EDVLV�RI�WKLV�GHYHORSPHQW�
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������,QWURGXFWLRQ

,Q�&KDSWHU���WKH�VWUHWFKHG�VWULQJ�PRGHO��SRVVLEO\�IHDWXULQJ�WUHDG�HOHPHQWV�DQG
W\UH� LQHUWLD�� ZDV� XVHG� WR� VWXG\� WKH� G\QDPLF� UHVSRQVH� RI� WKH� VLGH� IRUFH� DQG
DOLJQLQJ�WRUTXH�WR�ODWHUDO��YHUWLFDO�DQG�\DZ�PRWLRQ�YDULDWLRQV�RI�WKH�ZKHHO�D[OH�
7KHVH�PRWLRQV��KRZHYHU��KDG�WR�EH�UHVWULFWHG�LQ�PDJQLWXGH�WR�DOORZ�WKH�WKHRU\�WR
UHPDLQ�OLQHDU��6HYHUDO�DSSUR[LPDWLRQV�ZHUH�LQWURGXFHG�WR�VLPSOLI\�WKH�PRGHO
GHVFULSWLRQ�ZKLFK�PDGH�LW�SRVVLEOH�WR�FRQVLGHU�UDQJHV�RI�UHODWLYHO\�ODUJH�VOLS
WKURXJK�D�VLPSOH�QRQ�OLQHDU�H[WHQVLRQ��7KH�OLPLWDWLRQ��KRZHYHU��ZDV�WKDW�RQO\
UHODWLYHO\�ODUJH�ZDYHOHQJWK�SKHQRPHQD��!�FD����

�
P��FRXOG�EH�LQYHVWLJDWHG�ZLWK

WKHVH�VLPSOLILHG�PRGHOV�
7KH�SUHVHQW�FKDSWHU�GHVFULEHV�D�PRGHO�WKDW�LV�DEOH�WR�FRYHU�VLWXDWLRQV�ZKHUH

WKH� ZDYHOHQJWK� LV� UHODWLYHO\� VKRUW� �!��� FP� DQG� SRVVLEO\� HYHQ� VKRUWHU� IRU
PRGHOOLQJ� URDG� REVWDFOH� HQYHORSLQJ� SURSHUWLHV� DQG� SDUNLQJ� SKHQRPHQD��� WKH
IUHTXHQF\�LV�UHODWLYHO\�KLJK���

�
FD�����+]��ZKLOH�WKH�OHYHO�RI�VOLS�FDQ�EH�KLJK�

6LWXDWLRQV�LQ�ZKLFK�FRPELQHG�VOLS�RFFXUV�FDQ�EH�KDQGOHG�DQG�WKH�0DJLF�)RUPXOD
PRGHO�FDQ�EH�XVHG�DV�WKH�EDVLV�IRU�WKH�QRQ�OLQHDU�IRUFH�DQG�PRPHQW�GHVFULSWLRQ�
$V�D�UHVXOW��D�FRQWLQXRXV�WUDQVLWLRQ�IURP�WLPH�YDU\LQJ�VOLS�VLWXDWLRQV�WR�VWHDG\�
VWDWH�FRQGLWLRQV�LV�UHDOLVHG��7KH�RULJLQDO�PRGHO�GHYHORSPHQW�ZDV�UHVWULFWHG�WR�WKH
PRUH�LPSRUWDQW�UHVSRQVHV�WR�YDULDWLRQV�RI�ORQJLWXGLQDO�DQG�VLGH�VOLS��$OVR��WKH
SRVVLELOLW\�WR�WUDYHUVH�GLVWLQFW�URDG�LUUHJXODULWLHV��FOHDWV��ZDV�LQFOXGHG�LQ�WKH�W\UH
PRGHO��7KH�PRGHO�LV�EDVHG�RQ�WKH�ZRUN�RI�=HJHODDU��������DQG�0DXULFH�������
DQG�LV�UHIHUUHG�WR�DV�WKH�6:,)7�PRGHO��FRUUHVSRQGLQJ�WR�WKH�WLWOH�RI�WKH�SUHVHQW
FKDSWHU���6XEVHTXHQW�GHYHORSPHQWV�RI�WKH�PRGHO�GLG�PDNH�LW�SRVVLEOH�WR�DOVR
LQFOXGH�YDULDWLRQV�RI�FDPEHU�DQG�WXUQ�VOLS�

7KH�FUXFLDO�VWHS�WKDW�ZDV�WDNHQ�WR�UHDFK�IXUWKHU�WKDQ�RQH�FDQ�E\�XVLQJ�WKH
VWULQJ�PRGHO�LV�WKH�VHSDUDWLRQ�RI�PRGHOOLQJ�WKH�FDUFDVV�DQG�WKH�FRQWDFW�SDWFK��,Q
WKLV�ZD\�D�PXFK�PRUH�YHUVDWLOH�PRGHO�FDQ�EH�HVWDEOLVKHG�WKDW�FRUUHFWO\�GHVFULEHV
VOLS� SURSHUWLHV� DW� VKRUW� ZDYHOHQJWKV� DQG� DW� KLJK� OHYHOV� RI� VOLS�� 7KH� PRGHO
DFKLHYHG�FDQ�EH�VHHQ�DV�D�IXUWKHU�GHYHORSPHQW�RI�WKH�HQKDQFHG�VLQJOH�FRQWDFW
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)LJ������� *HQHUDO� FRQILJXUDWLRQ� RI� WKH� 6:,)7� PRGHO� IHDWXULQJ� ULJLG� EHOW�ULQJ��UHVLGXDO
VWLIIQHVVHV��FRQWDFW�SDWFK�VOLS�PRGHO�DQG�HIIHFWLYH�URDG�LQSXWV�

SRLQW�PRGHO�RI�6HFWLRQ������)LJ�������)LYH�HOHPHQWV�RI�WKH�PRGHO�VWUXFWXUH�FDQ
EH�GLVWLQJXLVKHG������7KH�LQHUWLD�RI�WKH�EHOW�WKDW�KDV�EHHQ�WDNHQ�LQWR�DFFRXQW�WR
SURSHUO\�GHVFULEH� WKH�G\QDPLFV�RI� WKH� W\UH��7KH� UHVWULFWLRQ� WR� IUHTXHQFLHV�RI
DERXW���+]�DOORZV�WKH�EHOW�WR�EH�FRQVLGHUHG�DV�D�ULJLG�FLUFXODU�ULQJ������7KH�VR�
FDOOHG�UHVLGXDO�VWLIIQHVVHV�WKDW�KDV�EHHQ�LQWURGXFHG�EHWZHHQ�FRQWDFW�SDWFK�DQG
ULQJ�WR�HQVXUH�WKDW�WKH�WRWDO�VWDWLF�W\UH�VWLIIQHVVHV�LQ�YHUWLFDO��ORQJLWXGLQDO��ODWHUDO
DQG�\DZ�GLUHFWLRQV�DUH�FRUUHFW��7KH�WRWDO�W\UH�PRGHO�FRPSOLDQFH�LV�PDGH�XS�RI
WKH�FDUFDVV�FRPSOLDQFH��WKH�UHVLGXDO�FRPSOLDQFH��LQ�UHDOLW\�D�SDUW�RI�WKH�WRWDO
FDUFDVV� FRPSOLDQFH�� DQG� WKH� WUHDG� FRPSOLDQFH�� ���� 7KH� EUXVK� PRGHO� WKDW
UHSUHVHQWV�WKH�FRQWDFW�SDWFK�IHDWXULQJ�KRUL]RQWDO�WUHDG�HOHPHQW�FRPSOLDQFH�DQG
SDUWLDO�VOLGLQJ��2Q�WKH�EDVLV�RI�WKLV�PRGHO��WKH�HIIHFWV�RI�WKH�ILQLWH�OHQJWK�DQG
ZLGWK�RI�WKH�IRRWSULQW�DUH�DSSUR[LPDWHO\�LQFOXGHG��7KLV�HOHPHQW�RI�WKH�PRGHO�LV
WKH�PRVW�FRPSOH[�SDUW�DQG�DFFRPSOLVKHV� WKH� UHGXFWLRQ�RI� WKH� DOORZHG� LQSXW
ZDYHOHQJWK�WR�FD����FP������7KUHH�HIIHFWLYH�LQSXWV�WR�HQDEOH�WKH�VLPXODWLRQ�RI�WKH
W\UH�PRYLQJ� RYHU� DQ� XQHYHQ� URDG� VXUIDFH�7KH� DFWXDO� SURILOH� RI� WKH� URDG� LV
UHSODFHG�E\�DQ�HIIHFWLYH�VHW�RI�WKUHH�LQSXWV��DQ�HIIHFWLYH�KHLJKW�DQG�VORSH�RI�WKH
URDG�SODQH�DQG�DQ�HIIHFWLYH�YDULDWLRQ�RI� WKH� W\UH�HIIHFWLYH�UROOLQJ�UDGLXV�WKDW
DFFRXQWV� IRU� WKH� HQYHORSLQJ� SRZHU� RI� WKH� W\UH�� 7KH� G\QDPLF� W\UH� VOLS� DQG
YLEUDWLRQ�PRGHO� UHPDLQV� XQFKDQJHG�� ���� 7KH�0DJLF� )RUPXOD� W\UH�PRGHO� WR
GHVFULEH�WKH�QRQ�OLQHDU�VOLS�IRUFH�DQG�PRPHQW�SURSHUWLHV��,Q�)LJ�����WKH�PRGHO
VWUXFWXUH�KDV�EHHQ�GHSLFWHG�

6LPLODU�PRUH�SK\VLFDOO\�RULHQWHG�PRGHOV�KDYH�EHHQ�GHYHORSHG��$�QRWDEOH
H[DPSOH�LV�WKH�%5,7�PRGHO�RI�*LSVHU��+H�HPSOR\V�D�EUXVK�ULQJ�PRGHO�IHDWXULQJ
WUHDG� HOHPHQWV� GLVWULEXWHG� RYHU� D� ILQLWH� FRQWDFW� SDWFK�ZLWK� UHDOLVWLF� SUHVVXUH
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GLVWULEXWLRQV�DQG�GHPRQVWUDWHV�WKH�XVH�RI�WKH�PRGHO�ZLWK�VLPXODWLRQV�RI�WKH�W\UH
WUDYHUVLQJ�D�VLQXVRLGDO�URDG�VXUIDFH�DOVR�DW�D�VOLS�DQJOH�DQG�DW�EUDNLQJ��FI��*LSVHU
HW�DO���������

,Q�WKH�HQVXLQJ�WKHRUHWLFDO�WUHDWPHQW��ILUVW��LQ�6HFWLRQ������WKH�VOLS�PRGHO�RI�WKH
FRQWDFW� SDWFK� FRYHULQJ� VPDOO�ZDYHOHQJWKV� DQG� ODUJH� VOLS�ZLOO� EH� GHDOW�ZLWK�
6HFRQGO\��WKH�PRGHO�IRU�WKH�GHVFULSWLRQ�RI�WKH�G\QDPLF�EHKDYLRXU�RI�WKH�ULJLG�EHOW
ULQJ�ZLOO�EH�DGGHG��6HF������7KLUGO\��WKH�IHDWXUH�RI�WKH�PRGHO�WKDW�WDNHV�FDUH�RI
UXQQLQJ�RYHU�XQHYHQ�URDGV�ZLOO�EH�DGGUHVVHG��6HF������)XOO�VFDOH�W\UH�WHVW�UHVXOWV
ZLOO�GHPRQVWUDWH�WKH�YDOLGLW\�RI�WKH�PRGHO��

������7KH�&RQWDFW�3DWFK�6OLS�0RGHO

,Q�WKLV�VHFWLRQ��ZH�ZLOO�ILUVW�UHSUHVHQW�WKH�FRQWDFW�SDWFK�ZLWK�WUHDG�HOHPHQWV�E\
WKH�EUXVK�PRGHO��%HFDXVH�RI�LWV�UHODWLYH�FRPSOH[LW\��WKH�DQDO\WLFDO�PRGHO�WKDW
GHVFULEHV�WKH�QRQ�VWHDG\�VWDWH�UHVSRQVH�WR�VOLS�YDULDWLRQV�LV�DSSUR[LPDWHG�E\�D
VHW�RI�ILUVW�RUGHU�GLIIHUHQWLDO�HTXDWLRQV��7KLV�FRQWDFW�PRGHO�LV�WHVWHG�E\�DWWDFKLQJ
WKH�EDVH�OLQH�RI�WKH�EUXVK�PRGHO�WR�WKH�ZKHHO�SODQH�WKURXJK�D�FRPSOLDQW�FDUFDVV�
)RU�UHDVRQV�RI�SUDFWLFDO�XVH��ZH�ILQDOO\�LQWURGXFH�WKH�0DJLF�)RUPXOD�WR�KDQGOH
WKH�QRQ�OLQHDU�EHKDYLRXU�RI�WKH�PRGHO�

�������%UXVK�0RGHO�1RQ�6WHDG\�6WDWH�%HKDYLRXU

7KH�VWHDG\�VWDWH�FKDUDFWHULVWLFV�RI�WKH�PRGHO�KDYH�EHHQ�GLVFXVVHG�LQ�&KDSWHU���
$V�D�ILUVW�VWHS��ZH�ZLOO�GHULYH�WKH�HTXDWLRQV�WKDW�JRYHUQ�WKH�UHVSRQVH�RI�WKH�IRUFHV
DQG�PRPHQW�WR�VPDOO�YDULDWLRQV�RI�WKH�ZKHHO�VOLS�ZLWK�UHVSHFW�WR�D�JLYHQ�OHYHO�RI
ZKHHO�VOLS�LQGLFDWHG�ZLWK�VXEVFULSW�R��

/RQJLWXGLQDO�6OLS

)RU�WKH�FDVH�RI�SXUH�ORQJLWXGLQDO�VOLS�6FR�RI�WKH�FRQWDFW�SDWFK��WKH�SRLQW�RI
WUDQVLWLRQ� IURP� DGKHVLRQ� WR� VOLGLQJ� LV� ORFDWHG� DFFRUGLQJ� WR� (T�������� ZLWK
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analytic solution
approx. 1st order

)LJ������ )UHTXHQF\�UHVSRQVH�IXQFWLRQ�RI�WKH�ORQJLWXGLQDO�IRUFH�YDULDWLRQ�WR�ORQJLWXGLQDO�VOLS
YDULDWLRQ�RI�WKH�EUXVK�PRGHO�YHUVXV�UHGXFHG�SDWK�IUHTXHQF\�DFFRUGLQJ�WR�WKH�H[DFW
DQDO\WLFDO�VROXWLRQ�DQG�WKDW�RI�DQ�DSSUR[LPDWH�VXEVWLWXWH�ILUVW�RUGHU�V\VWHP�DW�D�JLYHQ
OHYHO�RI�ORQJLWXGLQDO�VOLS��

WRJHWKHU�ZLWK�WKRVH�RI�DQ�DSSUR[LPDWH�ILUVW�RUGHU�V\VWHP��(VSHFLDOO\�WKH�SKDVH
FXUYH�DSSHDUV�WR�H[KLELW�D�ZDY\�SDWWHUQ�LQ�WKH�KLJKHU�IUHTXHQF\�UDQJH��7KHVH
ZDYHV�DUH�FRQVLGHUDEO\�DWWHQXDWHG�ZKHQ�WKH�FRQWDFW�PRGHO�LV�LQFRUSRUDWHG�LQ�D
PRUH�FRPSOHWH�W\UH�PRGHO�LQFOXGLQJ�FDUFDVV�FRPSOLDQFH�DV�ZLOO�EH�VKRZQ�EHORZ�
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ODUJHU�� WKH� OHQJWK�RI� WKH�DGKHVLRQ� UDQJH�GHFUHDVHV�DQG� WKH�FXW�RII� IUHTXHQF\
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approx. 1st order

1/σ

)LJ������� )UHTXHQF\�UHVSRQVH�IXQFWLRQ�RI�WKH�ORQJLWXGLQDO�IRUFH�YDULDWLRQ�WR�ORQJLWXGLQDO�VOLS
YDULDWLRQ�RI� WKH�EUXVK�PRGHO�DWWDFKHG� WR�D� IOH[LEOH�FDUFDVV�YHUVXV�SDWK� IUHTXHQF\
DFFRUGLQJ� WR� WKH�H[DFW�DQDO\WLFDO� VROXWLRQ�DQG� WKDW�RI� WKH�DSSUR[LPDWH� ILUVW�RUGHU
V\VWHP�DW�]HUR�ORQJLWXGLQDO�VOLS��

LPSURYH� ZKHQ� WKH� ILOWHULQJ� DFWLRQ� RI� WKH� FDUFDVV� FRPSOLDQFH� LV� WDNHQ� LQWR
DFFRXQW��,Q�WKDW�FRQILJXUDWLRQ�ZH�KDYH�WKH�ZKHHO�VOLS�YHORFLW\�9V[�WKDW�DFWV�DV�WKH
LQSXW�TXDQWLW\��$GGLQJ�WKH�WLPH�UDWH�RI�FKDQJH�RI�WKH�FDUFDVV�GHIOHFWLRQ�SURGXFHV
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7KH�ORFDO�ORQJLWXGLQDO�VOLS�VWLIIQHVV�RI�WKH�FRQWDFW�SDWFK�LV�KHUH�HTXDO�WR�WKH�ORFDO
ORQJLWXGLQDO�VOLS�VWLIIQHVV�RI�WKH�FRPSOHWH�PRGHO�ZKLFK�REYLRXVO\�LV�GXH�WR�WKH
DVVXPHG� LQH[WHQVLELOLW\� RI� WKH� EDVH� OLQH� RI� WKH� EUXVK�PRGHO�� 6R�ZH� KDYH� DW
VWHDG\�VWDWH�
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)LJXUH�����SUHVHQWV�WKH�IUHTXHQF\�UHVSRQVH�IXQFWLRQ�IRU�WKH�WRWDO�PRGHO�DW

YDQLVKLQJ�VOLS��6R� ����,W�LV�QRWHG�WKDW�FRPSDUHG�ZLWK�WKH�FXUYHV�RI�)LJ�����WKH
ZDY\�SDWWHUQ�LV�FRQVLGHUDEO\�UHGXFHG��7KH�DSSUR[LPDWH�V\VWHP�SHUIRUPV�YHU\
ZHOO��$�ZDYHOHQJWK�RI���FP�RFFXUV�DW�WKH�SDWK�IUHTXHQF\�TV� �FD���UDG�P��

7KH� GLIIHUHQWLDO� HTXDWLRQ� WKDW� JRYHUQV� WKH� WUDQVLHQW� VOLS� UHVSRQVH� RI� WKH
FRQWDFW�SDWFK�DQG�WKURXJK�WKDW�WKH�ORQJLWXGLQDO�IRUFH�UHVSRQVH��EHFRPHV�IRU�WKH
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HIIHFW�RI�FDUFDVV�FRPSOLDQFH��$V�D�UHVXOW��WKH�UHOD[DWLRQ�OHQJWK�IRU�WKH�UHVSRQVH
WR�ORDG�YDULDWLRQV�EHFRPHV�HTXDO�WR�&) F�F[�ZKLFK�LV�VRPHZKDW�VPDOOHU�WKDQ�
�������WKDW�KROGV�IRU�WKH�UHVSRQVH�WR�VOLS�YDULDWLRQV�
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W\UH�PRGHO��7KH�WUDQVLHQW�VOLS� FN�LV�VXEVHTXHQWO\�XVHG�DV�LQSXW�LQWR�WKH�VWHDG\�
VWDWH� ORQJLWXGLQDO� IRUFH� FKDUDFWHULVWLF� DV�ZLOO� EH� H[SODLQHG� ODWHU� RQ� DQG� KDV
DOUHDG\�EHHQ�LQGLFDWHG�LQ�&KDS����6HF�����



6+257�:$9(/(1*7+�,17(50(',$7(�)5(48(1&<�7<5(�02'(/ ���

/DWHUDO�6OLS

7KH�ODWHUDO�VOLS�FRQGLWLRQ�LV�PRUH�FRPSOH[�WR�KDQGOH�EHFDXVH�ZH�KDYH�WR�GHDO
ZLWK�ERWK�WKH�VLGH�IRUFH�DQG�WKH�DOLJQLQJ�WRUTXH��,Q�DGGLWLRQ��LQ�WKH�WHVW�FRQGLWLRQ�
WKH�FDUFDVV�LV�DOORZHG�WR�QRW�RQO\�GHIOHFW�LQ�ODWHUDO�GLUHFWLRQ�EXW�DOVR�DERXW�WKH
YHUWLFDO�D[LV��7KLV�LV�LQ�DFFRUGDQFH�ZLWK�WKH�XOWLPDWH�6:,)7�FRQILJXUDWLRQ��7KH
FRQQHFWHG�WXUQ�VOLS�EHKDYLRXU�RI�WKH�FRQWDFW�SDWFK�ZLOO�EH�GHDOW�ZLWK�IXUWKHU�RQ�

$V�ZLWK� WKH� ORQJLWXGLQDO�PRGHO� GHYHORSPHQW�� ILUVW�� WKH� DQDO\WLF� UHVSRQVH
IXQFWLRQV�RI�WKH�EUXVK�PRGHO�ZLOO�EH�DVVHVVHG��LQ�WKLV�FDVH�WR�VLGH�VOLS�YDULDWLRQV�
(TXDWLRQ� ������� JLYHV� ULVH� WR� WKH� IROORZLQJ� HTXDWLRQ� IRU� WKH� ODWHUDO� WUHDG
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GLVSOD\HG�LQ�)LJ�����PD\�IXUWKHU�FODULI\�WKH�VWUXFWXUH�RI�WKH�PRGHO��

7R�HQVXUH�WKDW�WKH�DERYH�HTXDWLRQV�FRUUHFWO\�GHVFULEH�WKH�UHVSRQVH�WR�ODUJH
VOLS�DQJOH�YDULDWLRQV��WKH�VLPXODWLRQ�PRGHO�UHVXOWV�KDYH�EHHQ�FRPSDUHG�ZLWK�WKH
UHVSRQVH�RI�D�SK\VLFDO�PRGHO��7KDW�PRGHO� IHDWXUHV�D� ILQLWH� QXPEHU�RI� WUHDG
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HOHPHQWV�DWWDFKHG�WR�D�VWUDLJKW�EDVH�OLQH��7KH�GHIOHFWLRQV�RI�FDUFDVV�DQG�HOHPHQWV
DUH� FRPSXWHG� DW� HDFK� WLPH� VWHS� LQ�ZKLFK� WKH�ZKHHO� LV� UROOHG� IXUWKHU� RYHU� D
GLVWDQFH� HTXDO� WR� WKH� LQWHUYDO� EHWZHHQ� WZR� VXFFHVVLYH� WUHDG� HOHPHQWV� DQG� LV
PRYHG�VLGHZD\V�DFFRUGLQJ�WR�WKH�FXUUHQW�YDOXH�RI�WKH�LQSXW�VOLS�DQJOH��7KH�DFWXDO
PRGHO�HPSOR\HG�FRQWDLQV����HOHPHQWV��7KH�SDUDPHWHU�YDOXHV�XVHG�LQ�ERWK�PRGHOV
KDYH�EHHQ�OLVWHG�LQ�7DEOH�����

7KH�VOLS�DQJOH�YDULDWLRQ�LV�VLQXVRLGDO�DURXQG�D�JLYHQ�DYHUDJH�OHYHO��7R�FRYHU
D� EURDG� UDQJH� RI� RSHUDWLRQ� WKH� FRPSXWDWLRQV� KDYH� EHHQ� FRQGXFWHG� DW� WKUHH
ZDYHOHQJWKV�� � ��������DQG��P��WZR�DYHUDJH�VOLS�DQJOH�OHYHOV�� R� ���DQG�����UDG
DQG�RQH�DPSOLWXGH��Ö � �����UDG��

7DEOH������3DUDPHWHU�YDOXHV�XVHG�IRU�EUXVK�PRGHO�ZLWK�IOH[LEOH�FDUFDVV�

YHUWLFDO�ORDG )] ��������� �1

IULFWLRQ�FRHIILFLHQW � ��������� ���

KDOI�FRQWDFW�OHQJWK D ���������� �P

ORQJLWXGLQDO�FDUFDVV�VWLIIQHVV F[ ������î��� 1�P

ODWHUDO�FDUFDVV�VWLIIQHVV F\ ������î��� 1�P

WRUVLRQDO�FDUFDVV�VWLIIQHVV F ��������� 1P�UDG

WUHDG�HOHPHQW�VWLIIQHVV��P FS ��������� 1�P�

FRPSRVLWH�W\UH�SDUDPHWHU θ ���������� ���

)LJXUH������SUHVHQWV�WKH�UHVXOWV�IRU�WKH�WZR�PRGHOV��7KH�UDQJH�RI�WKH�DEVFLVVD
KDV� EHHQ� FKRVHQ� VXFK� WKDW� SUHFLVHO\� WZR� ZDYHOHQJWKV� DUH� FRYHUHG� DQG� WKH
GLVWDQFH�UROOHG�LV�ODUJH�HQRXJK�WR�KDYH�D�VLWXDWLRQ�FORVH�WR�WKH�SHULRGLF�VWDWH�
$JDLQ��WKH�DJUHHPHQW�LV�TXLWH�JRRG�DQG�ZH�PD\�KDYH�FRQILGHQFH�LQ�WKH�PRGHO�
7KH�ERWWRP�GLDJUDP�SUHVHQWV�WKH�YDULDWLRQ�RI�WKH�VOLS�DQJOH��7KH�WRS�SDLU�RI
GLDJUDPV�VKRZV�WKH�UHVSRQVHV�DW�WKH�UHODWLYHO\�ORQJ�ZDYHOHQJWK�RI��P�VR�WKDW�D
FRQGLWLRQ�FORVHU�WR�VWHDG\�VWDWH�KDV�EHHQ�UHDFKHG��)URP�)LJ�����LW�FDQ�EH�VHHQ
WKDW�DW�WKH�PD[LPXP� ��RI������UDG�RU�DOPRVW��E�WKH�DOLJQLQJ�WRUTXH�SHDN�KDV
EHHQ� VXUSDVVHG� E\� IDU�� 7KLV� H[SODLQV� WKH� WZR� GLSV� SHU� ZDYHOHQJWK�� $W� D
PD[LPXP�RI������UDG�WKH�SHDN�KDV�MXVW�EHHQ�VXUSDVVHG��

7KH�OHVV�GHHS�GLSV�RFFXUULQJ�LQ�WKH�XSSHU�FXUYHV�RI�GLDJUDPV�E�DQG�G�DUH
GHOD\HG�ZLWK�UHVSHFW�WR�WKH�VOLS�DQJOH�ZKHQ�WKLV�KDV��UHDFKHG�LWV�PLQLPXP�YDOXH
HTXDO�WR�]HUR���$W�VWHDG\�VWDWH��ZKHQ�� �6�4���WKH�PRPHQW��DQG�WKH�IRUFH��ZRXOG
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)LJ������ 6LGH�IRUFH�DQG�DOLJQLQJ�WRUTXH�UHVSRQVHV�RI�WKH�QRQ�OLQHDU�EUXVK�VLPXODWLRQ�PRGHO
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KDYH�EHFRPH�HTXDO�WR�]HUR�DW�WKDW�LQVWDQW��7KH�GHHSHU�GLSV�EHORQJ�WR�WKH�PD[LPD
RI� WKH� VOLS� DQJOH� YDULDWLRQ�� 7KH� FRQVLGHUDEOH� UHGXFWLRQ� LQ� DPSOLWXGH� RI� WKH
UHVSRQVH�DW�WKH�VKRUWHU�ZDYHOHQJWKV�QLFHO\�DJUHHV�ZLWK�WKH�ILQGLQJV�RI�)LJ�����
7KH� IRUFH� UHVSRQVHV� FRUUHVSRQG� DOPRVW� SHUIHFWO\� ZLWK� WKH� RXWFRPH� RI� WKH
SK\VLFDO�PRGHO��(YLGHQWO\��D�VLPLODU�FRUUHVSRQGHQFH�LV�H[SHFWHG�WR�RFFXU�ZLWK�WKH

�0
]

[Nm]

α 

0

8 9 10
V��λ 

30

-10

0

 10

[  ]o

λ =0.2m

4

0

8 9 10

)\

[kN]

V��λ 

α 

-10

0

 10

[  ]o

λ =0.2m

�0
]

[Nm]

0

30

-30
λ =1m physical model

4

0

-4

)\

[kN]

λ =1m physical model

�0
]

[Nm]

0

30

-30
λ =5m

4

0

-4

)\

[kN]

λ =5m



6+257�:$9(/(1*7+�,17(50(',$7(�)5(48(1&<�7<5(�02'(/���

UHVSRQVH�RI�WKH�ORQJLWXGLQDO�IRUFH�WR�ORQJLWXGLQDO�VOLS�YDULDWLRQV��

7XUQ�6OLS

7KH� ODVW� LWHP� WR� EH� VWXGLHG� LQ� WKH� GHYHORSPHQW� RI� WKH� FRQWDFW�PRGHO� LV� WKH
UHVSRQVH�WR�YDULDWLRQV�LQ�SDWK�FXUYDWXUH�ZKLOH�WKH�VOLS�DQJOH�UHPDLQV�]HUR��:H
ZLOO� QRW� DWWHPSW� WR� GHYHORS� D� EDFNJURXQG� DQDO\WLFDO�PRGHO� EXW� WDNH� D�PRUH
KHXULVWLF� URXWH�� 7KH� UHVXOWV� ZLOO� EH� FKHFNHG� E\� FRPSDULQJ� WKHVH� ZLWK� WKH
FRPSXWHG�UHVSRQVHV�RI�WKH�SK\VLFDO�PRGHO��7KH�UHVSRQVHV�GHULYHG�IRU�WKH�VWULQJ
PRGHO� ZLWK� WUHDG� HOHPHQWV� DV� SUHVHQWHG� LQ� &KDSWHU� ��� HVSHFLDOO\� WKH� VWHS
UHVSRQVHV�WR�n�

�
DV�GHSLFWHG�LQ�)LJ�����F�DQG�G��H[�WU�HO���DQG�)LJ������PD\�EH

KHOSIXO��:H�REVHUYH�WKDW�WKH�IRUFH�UHVSRQVH�LV�VLPLODU�WR�WKDW�RI�WKH�DOLJQLQJ
WRUTXH�WR�D�VWHS�FKDQJH�LQ�VOLS�DQJOH��,Q�ERWK�FDVHV�WKH�VORSH�DW�WKH�VWDUW�LV�]HUR�
7KH�IXUWKHU�DSSURDFK�RI�WKH�IRUFH�WR�LWV�VWHDG\�VWDWH�OHYHO�LV�DVVXPHG�WR�RFFXU
DFFRUGLQJ�WR�WKH�ILUVW�RUGHU�HTXDWLRQ�ZLWK� F�DV�UHOD[DWLRQ�OHQJWK��7KH�]HUR�VORSH
DW�WKH�VWDUW�PD\�EH�PRGHOOHG�E\�VXEWUDFWLQJ�D�UHVSRQVH�FXUYH�WKDW�VWDUWV�ZLWK�WKH
VDPH�VORSH�EXW�GLHV�RXW�DIWHU�KDYLQJ�UHDFKHG�LWV�SHDN��6XFK�D�VKRUW�WHUP�UHVSRQVH
PD\�EH�REWDLQHG�E\�WDNLQJ�WKH�GLIIHUHQFH�RI�WZR�UHVSRQVHV�HDFK�OHDGLQJ�WR�WKH
VDPH� OHYHO� EXW� VWDUWLQJ� DW� GLIIHUHQW� VORSHV� WKH� GLIIHUHQFH� RI� ZKLFK� VKRXOG
FRUUHVSRQG� WR� WKH� LQLWLDO� VORSH� RI� WKH� XQFRUUHFWHG� IRUFH� UHVSRQVH� FXUYH�� )RU
VLPSOLFLW\�ZH�WDNH�IRU�RQH�RI�WKH�WZR�UHVSRQVHV�WKH�XQFRUUHFWHG�IRUFH�UHVSRQVH�
VR�WKDW� )�� � F��7KH�UHOD[DWLRQ�OHQJWK�RI�WKH�VHFRQG�UHVSRQVH�VKRXOG�WKHQ�EH
HTXDO�WR� )�� � F������7KH�UHVXOWLQJ�HTXDWLRQV�IRU�WKH�IRUFH�UHVSRQVH�WR�WKH�WXUQ�VOLS
YHORFLW\� ��UHDG�0
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7KH�PRPHQW�UHVSRQVH�PD\�EH�GLYLGHG�LQWR�WKH�UHVSRQVH�GXH�WR�WKH�FRQWDFW�SDWFK
OHQJWK�WKDW�LQYROYHV�ODWHUDO�WUHDG�GHIOHFWLRQV��DQG�WKH�UHVSRQVH�GXH�WR�WUHDG�ZLGWK
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JLYLQJ� ULVH� WR� ORQJLWXGLQDO� GHIOHFWLRQV�� )LUVW�� ZH� ZLOO� DGGUHVV� WKH� PRPHQW
JHQHUDWHG�E\�WKH�EUXVK�PRGHO�ZLWK�]HUR�ZLGWK��)LJXUHV��������DQG�����LQGLFDWH
WKDW�ZH�DUH�GHDOLQJ�KHUH�ZLWK�D�UHVSRQVH�WKDW�DIWHU�KDYLQJ�UHDFKHG�D�SHDN�WHQGV
WR��]HUR��$JDLQ�ZH�PD\�PRGHO�WKLV�EHKDYLRXU�E\�VXEWUDFWLQJ� WZR�ILUVW�RUGHU
UHVSRQVHV��)RU�WKLV��ZH�LQWURGXFH�WZR�WUDQVLHQW�WXUQ�VOLS�TXDQWLWLHV�n¶��DQG�n¶�

ZLWK�UHVSHFWLYH�UHOD[DWLRQ�OHQJWKV�� n��DQG� n���7KH�WZR�GLIIHUHQWLDO�HTXDWLRQV
EHFRPH�
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)RU�WKH�VHFRQG�FRQGLWLRQ�WR�DVVHVV�WKH�UDWLR¶V�RI�WKH� n¶V�WR�KDOI�WKH�FRQWDFW�OHQJWK
D��WKH�EHVW�ILW�RI�WKH�UHPDLQLQJ�FRXUVH�RI�WKH�VWHS�UHVSRQVH�PD\�VHUYH��

:KHQ�WKH�DQJOH�RI�URWDWLRQ� ��FRQWLQXRXV�WR�JURZ��WKH�VWDWH�RI�WRWDO�VOLGLQJ
ZLOO�EH�DWWDLQHG�DQG�WKH�PRPHQW�FDQ�EH�FDOFXODWHG�WR�EHFRPH�
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,W�KDV�QRW�EHHQ�WULHG�WR�GHULYH�WKH�IXQFWLRQDO�UHODWLRQVKLS�EHWZHHQ�PRPHQW�DQG
LQFUHDVLQJ�VWHHU�DQJOH�IRU�WKH�VWDQGLQJ��QRQ�UROOLQJ��EUXVK�PRGHO��7KH�IROORZLQJ
QRQ�OLQHDU�IXQFWLRQ�WR�GHVFULEH�WKH�PRPHQW�UHVSRQVH�LQ�EHWZHHQ�WKH�WZR�H[WUHPHV
KDV�EHHQ�FKRVHQ�
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7KH� IDFWRU� gn� KDV� EHHQ� LQWURGXFHG� WR� KDYH� D� SDUDPHWHU� DYDLODEOH� WR� EHWWHU
DSSURDFK�WKH�UHVSRQVH�VKRZQ�E\�WKH�SK\VLFDO�PRGHO��7KH�YDOXH������DSSHDUHG
WR�EH�DSSURSULDWH��6LPLODU�WR�WKH�UHOD[DWLRQ�OHQJWK� F���(TV������������WKH�OHQJWKV

n���� DUH� UHGXFHG� LQ� SURSRUWLRQ� ZLWK� WKH� PDJQLWXGHV� RI� WUDQVLHQW� WXUQ� VOLS
TXDQWLWLHV�n¶��DQG�n¶��

)RU�WKH�HYDOXDWLRQ�RI�WKH�PRGHO�D�FRPSDULVRQ�ZLWK�WKH�SK\VLFDO�EUXVK�PRGHO
KDV�EHHQ�H[HFXWHG��)LUVW��WKH�IOH[LEOH�FDUFDVV�LV�DWWDFKHG�WR�WKH�WUHDG�PRGHO��FI�
)LJ������7R�VLPXODWH�WKLV�PRUH�FRPSOH[�VLWXDWLRQ��WKH�DSSURDFK�RI�WKH�HQKDQFHG
WUDQVLHQW�PRGHO�RI�6HF�����KDV�EHHQ�DGRSWHG��7KH�DGGLWLRQDO�G\QDPLF�HTXDWLRQV
IRU� WKH� FRQWDFW� SDWFK� ZLWK� PDVV�PF� DQG� PRPHQW� RI� LQHUWLD� ,F� DQG� FDUFDVV
VWLIIQHVVHV�F\� �DQG�GDPSLQJ�FRHIILFLHQWV�N\� �UHDG�
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7KLV�H[WHQVLRQ�RI�WKH�PRGHO�PD\��RI�FRXUVH��DOVR�EH�XVHG�IRU�WKH�SUHYLRXVO\
WUHDWHG�UHVSRQVH�WR�SXUH�VLGH�VOLS��,Q�IDFW��LW�LV�WR�EH�QRWHG�WKDW�WKH�PRGHO�IRU�VLGH
VOLS��(TV������������VKRXOG�EH�DGGHG�WR�WKH�VSLQ�PRGHO��(TV������������������WR
FRUUHFWO\� DFFRXQW� IRU� WKHLU� LQWHUDFWLRQ� LQ� WKH� FRPSOHWH� PRGHO� ZLWK� FDUFDVV
FRPSOLDQFH� LQFOXGHG�� ,Q� WKH� SK\VLFDO� PRGHO� WKH� EUXVK� PRGHO� DXWRPDWLFDOO\
UHVSRQGV�WR�ERWK�WKH�VLGH�VOLS�DQG�VSLQ��:KHQ�WKH�ZKHHO�SODQH�LV�VXEMHFWHG�WR�RQO\
VLGH�VOLS��WKH�VSLQ�RI�WKH�EDVH�OLQH�RI�WKH�WUHDG�PRGHO�UHPDLQV�YHU\�VPDOO�DQG�PD\
EH�QHJOHFWHG��2Q�WKH�RWKHU�KDQG��ZKHQ�WKH�ZKHHO�LV�EHLQJ�VWHHUHG�ZLWK�ZKHHO�VLGH
VOLS�UHPDLQLQJ�]HUR��SDWK�FXUYDWXUH���WKH�EDVH�OLQH�GRHV�VKRZ�QRQ�QHJOLJLEOH�VLGH
VOLS�HVSHFLDOO\�DW�VKRUWHU�ZDYHOHQJWKV�ZKHUH�WKH�PRPHQW�EHFRPHV�FRQVLGHUDEOH
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DQG�DV�D�UHVXOW�WKH�EDVH�OLQH�LV�\DZHG�DQG�WKXV�LQGXFHV�VLGH�VOLS��7KLV�HIIHFW
YDQLVKHV�DW�VWHDG\�VWDWH�WXUQLQJ��+RZHYHU��LI�ZH�ZRXOG�DGG�WKH�HIIHFW�RI�WUHDG
ZLGWK��WKH�VSLQ�WRUTXH�DOVR�DFWV�DW�VWHDG\�VWDWH�DQG�WKHUHE\�FRQWULEXWHV�ODUJHO\�WR
WKH�VLGH�IRUFH�UHVSRQVH�WR�VSLQ�RI�WKH�FRPSOHWH�PRGHO�

'XH�WR�WKH�FRPSOH[LW\�WKDW�DULVHV�ZKHQ�DGGLQJ�WUHDG�ZLGWK�WR�WKH�EUXVK�PRGHO�
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ZLWK�IOH[LEOH�FDUFDVV�WR�VLQXVRLGDO�SDWK�FXUYDWXUH�YDULDWLRQV��WXUQ�VOLS�DW� � ����RI�WKH
ZKHHO�SODQH�ZLWK�DQ�DPSOLWXGH�RI�Dn��RI������DQG�DYHUDJH�OHYHOV�RI����WKLQ�FXUYHV�
DQG�������IDW�FXUYHV���FRPSDUHG�ZLWK�UHVXOWV�RI�WKH�SK\VLFDO�PRGHO��EURNHQ�FXUYHV��
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)LJ�������� 6WHDG\�VWDWH�WXUQ�VOLS�IRUFH�DQG�PRPHQW�FKDUDFWHULVWLFV�RI�WKH�EUXVK�PRGHO�ERWK�ZLWK
DQG�ZLWKRXW�IOH[LEOH�FDUFDVV��7KH�HIIHFW�RI�WUHDG�ZLGWK�KDV�QRW�EHHQ�LQFOXGHG�

FI��&KDS����LW�KDV�EHHQ�GHFLGHG�WR�FRQVLGHU�WKLV�DVSHFW�ZKHQ�GHDOLQJ�ZLWK�WKH
XOWLPDWH�PRGHO�DGDSWHG�WR�WKH�XVH�RI�WKH�0DJLF�)RUPXOD�LQ�WKH�QH[W�VHFWLRQ��

7KH�GLDJUDPV�RI�)LJ�����SUHVHQW�WKH�FRPSXWHG�UHVSRQVHV�WR�YDU\LQJ�WXUQ�VOLS�
,W�LV�VHHQ�WKDW�WKH�FRUUHVSRQGHQFH�ZLWK�WKH�SK\VLFDO�PRGHO�LV�TXLWH�JRRG��7KH
GHIRUPDWLRQ�RI�WKH�PRPHQW�UHVSRQVH�FXUYH�RFFXUULQJ�DW�VKRUWHU�ZDYHOHQJWKV�LV
FDXVHG�E\� WKH�H[WUD�PRPHQW� 0]�JHQHUDWHG� WKURXJK� WKH�EDVH� OLQH� VOLS�DQJOH
YDULDWLRQ�
� $V� D� UHIHUHQFH�� WKH� VWHDG\�VWDWH� FKDUDFWHULVWLFV� RI� WKH� IRUFH� DQG�PRPHQW
UHVSRQVH�WR�WXUQ�VOLS���DV�FRPSXWHG�IRU�WKH�VLQJOH�URZ�EUXVK�PRGHO�ZLWK�DQG
ZLWKRXW�FDUFDVV�FRPSOLDQFH�KDYH�EHHQ�VKRZQ�LQ�)LJ�������8S�WR�Dn� ��� ��WKH
DOLJQLQJ� WRUTXH� UHPDLQV� ]HUR�ZKLFK� FDXVHV� WKH� FKDUDFWHULVWLFV� IRU� WKH� FDVHV
ZLWKRXW�DQG�ZLWK�IOH[LEOH�FDUFDVV�WR�EHFRPH�LGHQWLFDO��7KH�UHPDLQLQJ�FRXUVH�RI
WKH�FXUYHV�IRU�WKH�V\VWHP�LQFOXGLQJ�FDUFDVV�FRPSOLDQFH�KDV�QRW�EHHQ�FRPSXWHG
DV�WKDW�SDUW�OLHV�RXWVLGH�WKH�UDQJH�RI�HYDOXDWLRQ�

&RPELQHG�6OLS

7R�FRYHU�WKH�FDVH�RI�FRPELQHG�VOLS��DOVR�LQFOXGLQJ�ORQJLWXGLQDO�VOLS��WKH�VWHDG\�
VWDWH�EUXVK�PRGHO�FKDUDFWHULVWLFV�DUH�WR�EH�DGDSWHG�DV�IRUPXODWHG�LQ�&KDSWHU���
6HF��������,Q�DGGLWLRQ�� WKH�IDFWRU�P� WKDW� LQGLFDWHV�WKH�IUDFWLRQ�RI�WKH�FRQWDFW
OHQJWK�ZKHUH�DGKHVLRQ�RFFXUV�DQG�LV�XVHG�WR�UHGXFH�WKH�UHOD[DWLRQ�OHQJWK� F�LV�WR
EH�DGDSWHG�E\�XVLQJ�WKH�FRPSRVLWH�PDJQLWXGH�RI�VOLS�RI�WKH�FRQWDFW�SDWFK�
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F
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7KLV� H[SUHVVLRQ� KROGV� EHFDXVH� ZH� KDYH� DVVXPHG� WKDW� WKH� EUXVK� PRGHO� LV
LVRWURSLF��8VLQJ�WKH�PDJQLWXGH�RI�FRPELQHG�VOLS�DFFRUGLQJ�WR��������WKH�IDFWRU
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0DXULFH� ������� IRXQG� H[FHOOHQW� DJUHHPHQW� ZLWK� WKH� SK\VLFDO�PRGHO� IRU� WKH
FRPELQHG�VOLS�FDVHV�� R� �����UDG�DQG�Ö � �����UDG�DQG� R� ������DQG�Ö � ������
ZLWK�D�SKDVH�GLIIHUHQFH�RI���EDQG�ZDYHOHQJWKV�RI��������DQG��P��

$GGLQJ�WXUQ�VOLS�ZLOO�LQIOXHQFH�WKH�FRPELQHG�VOLS�UHVSRQVH�IXUWKHU��7KH�QH[W
VHFWLRQ�DSSURDFKHV�WKLV�PDWWHU�LQ�D�SUDJPDWLF�ZD\��

�������7KH�0RGHO�$GDSWHG�WR�WKH�8VH�RI�WKH�0DJLF�)RUPXOD�

1RZ� WKDW�ZH� KDYH� WUHDWHG� DOO� LQJUHGLHQWV� RI� WKH� IRUFH� DQG�PRPHQW� VKRUW
ZDYHOHQJWK�UHVSRQVHV�WR�ORQJLWXGLQDO��ODWHUDO�DQG�WXUQ�VOLS�DQG�KDYH�GHYHORSHG
WKH�VWUXFWXUH�RI�WKH�FRQWDFW�PRGHO��ZH�PD\�FDUU\�RQ�DQG�VKRZ�WKH�SHUIRUPDQFH
RI�WKH�PRGHO�DGDSWHG�WR�WKH�XVH�RI�WKH�0DJLF�)RUPXOD�WKH�SDUDPHWHUV�RI�ZKLFK
PD\�KDYH�EHHQ�DVVHVVHG�WKURXJK�IXOO�VFDOH�VWHDG\�VWDWH�W\UH�PHDVXUHPHQWV��7KH
PRGHO�LQFOXGHV�WKH�HIIHFW�RI�WUHDG�ZLGWK�

7R�VLPSOLI\�WKH�PDWWHU��ZH�ZLOO�KHUH�FRQVLGHU�D�VLPSOLILHG�VHW�RI�IRUPXODH�IRU
WKH�VWHDG\�VWDWH�UHVSRQVHV��WKH�FRPSOHWH�YHUVLRQ�RI�ZKLFK�KDYH�EHHQ�OLVWHG�LQ
&KDSWHU����6HFV�������DQG��������2QO\�WKH�FDVH�RI�FRPELQHG�VLGH�VOLS�DQG�WXUQ
VOLS�ZLOO�EH�FRQVLGHUHG��$GGLQJ�EUDNLQJ�RU�GULYLQJ��KRZHYHU��ZLOO�QRW�SRVH�DQ\
SUREOHPV�

$�ILUVW�SUREOHP�WKDW�LV�HQFRXQWHUHG�LV�WKH�IDFW�WKDW�LQ�WKH�PRGHO�GHYHORSHG
DERYH�ZKHUH�WKH�FRQWDFW�SDWFK�LV�UHSUHVHQWHG�E\�WKH�EUXVK�PRGHO��WKH�VWHDG\�VWDWH
FKDUDFWHULVWLFV�HPSOR\HG� EHORQJ� WKH�EUXVK�PRGHO�DQG�QRW� WR� WKH� WRWDO�PRGHO
LQFOXGLQJ�FDUFDVV���,Q�)LJ�����WKH�FDOFXODWHG�WRWDO�PRGHO�FKDUDFWHULVWLFV�FDQ�EH
VHHQ�WRJHWKHU�ZLWK�WKRVH�RI�WKH�FRQWDFW�SDWFK�DORQH���

2QH�REYLRXV�VROXWLRQ�LV�WR�PRGHO�WKH�FRQWDFW�SDWFK�FKDUDFWHULVWLFV�ZLWK�WKH
0DJLF� )RUPXODH�� 7KHVH�� KRZHYHU�� ZLOO� GHYLDWH� IURP� WKRVH� DVVHVVHG� IRU� WKH
FRPSOHWH� W\UH� EHFDXVH� WKH� FRQWDFW� SDWFK� µVHHV¶� D� VOLS� DQJOH� WKDW� GLIIHUV� �LV
VPDOOHU��IURP�WKDW�RI�WKH�ZKHHO�SODQH��$�VHW�RI�DGDSWHG�0)�SDUDPHWHUV�PD\�EH
HVWDEOLVKHG�RII�OLQH�IRU�WKH�FRQWDFW�SDWFK�RU�DQ�LWHUDWLRQ�ORRS�PD\�EH�LQFOXGHG�WR
DFKLHYH�WKH�FRUUHFW�VWHDG�VWDWH�EHKDYLRXU�RI�WKH�WRWDO�PRGHO��$�SUDFWLFDO�ZD\�KDV
EHHQ�IRXQG�ZKLFK�HPSOR\V�D�ILUVW�RUGHU�IHHG�EDFN�ORRS�ZLWK�VPDOO�WLPH�FRQVWDQW�
,QVWHDG�RI�LQWURGXFLQJ�DQ�DGGLWLRQDO�ILUVW�RUGHU�GLIIHUHQWLDO�HTXDWLRQ��WKH�DOUHDG\
SUHVHQW�ILUVW�RUGHU�HTXDWLRQ�IRU�WKH�WUDQVLHQW�VLGH�VOLS� N� �KDV�EHHQ�XVHG��7KH
GLDJUDP�RI�)LJ������LOOXVWUDWHV�WKH�VHW�XS��$�VLPLODU�DSSURDFK�LV�IROORZHG�LQ
6HF�����WR�DFFRXQW�IRU�WKH�FDPEHU�DQJOH�RI�WKH�EHOW�EHLQJ�GLIIHUHQW� IURP�WKH
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VLGH�VOLS WXUQ�VOLS

)LJ������� 6WHDG\�VWDWH�VLGH�VOLS�DQG�WXUQ�VOLS�IRUFH�DQG�PRPHQW�FKDUDFWHULVWLFV�RI�WKH�RYHUDOO
W\UH�PRGHO�DV�GHILQHG�E\�WKH�0DJLF�)RUPXOD��7KH�HIIHFW�RI�WUHDG�ZLGWK�KDV�EHHQ
LQFOXGHG��

7DEOH����� 3DUDPHWHU� YDOXHV� IRU� W\UH� PRGHO� ZLWK� 0DJLF� )RUPXOD� LQFOXGLQJ�TXDQWLWLHV
LQWURGXFHG�ODWHU�RQ�
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OLP ��� 9ORZ ��P�V PTF ����NJ FR ���

6WHDG\�6WDWH��6WHS�5HVSRQVH�DQG�)UHTXHQF\�5HVSRQVH�&KDUDFWHULVWLFV

7R�GHPRQVWUDWH�WKH�SHUIRUPDQFH�RI�WKH�PRGHO�D�QXPEHU�W\SLFDO�FKDUDFWHULVWLFV
ZLOO�EH�SUHVHQWHG��7KH�K\SRWKHWLFDO�VWHDG\�VWDWH�SXUH�VLGH�VOLS�DQG�SXUH�WXUQ�VOLS
RI�WKH�PRGHO�DUH�VKRZQ�LQ�)LJV������

7KH�VWHS�UHVSRQVH�JUDSKV�RI�)LJ������VKRZ�WKH�SURSHU�VKDSHV�RI�WKH�YDULRXV
FXUYHV��QRWDEO\�WKH�LQLWLDO�KRUL]RQWDO�WDQJHQW�RI�WKH�UHVSRQVH�FXUYHV�RI�WKH�VLGH
IRUFH�WR�WXUQ�VOLS�DQG�RI�WKH�PRPHQW�WR�VLGH�VOLS��DOVR�VKRZQ�LQ�)LJ�������QR�WUHDG
ZLGWK���$OVR��WKH�SHDN�RI�WKH�PRPHQW�UHVSRQVH�FXUYH�WR�VSLQ�DQG�WKH�GLS�RI��WKH



6+257�:$9(/(1*7+�,17(50(',$7(�)5(48(1&<�7<5(�02'(/���

0 0.2 0.4 0.6 0.8 1
0

1

V [m]

)\α

)\ϕ
&)ϕ

&)α
)\ψ
&)α

0.5

0 0.2 0.4 0.6 0.8 1
0

1

V [m]

α

0]ψ
&
0

0.5

1
2
0]ψ
&
0

α
�0]α
&
0

ϕ
0]ϕ
&
0

-

)LJ�������� 6WHS�UHVSRQVH�FXUYHV�RI�WKH�VLGH�IRUFH�DQG�RI�WKH�DOLJQLQJ�WRUTXH�WR�VLGH�VOLS� ��WXUQ
VOLS��SDWK�FXUYDWXUH��n�DQG�VWHHU�DQJOH� �

FXUYH�RI�WKH�PRPHQW�UHVSRQVH�WR�VWHHU�DQJOH�DUH�H[KLELWHG�DV�H[SHFWHG��
)LJXUH������SUHVHQWV�WKH�IUHTXHQF\�UHVSRQVH�IXQFWLRQV�RI�WKH�OLQHDULVHG�V\VWHP

DW�]HUR�DYHUDJH�VLGH�DQG�WXUQ�VOLS�ZLWK�WUHDG�ZLGWK�HIIHFW�LQFOXGHG��7KH�FXUYHV
PD\� EH� FRPSDUHG� ZLWK� WKRVH� RI� WKH� VWULQJ� PRGHO� ZLWK� WUHDG� HOHPHQWV�� FI�
)LJV�������ZLWK�]HUR�WUHDG�ZLGWK���,Q�)LJ�������WKH�1\TXLVW�SORWV�RI�WKH�PRPHQW
UHVSRQVH� WR� VWHHU� DQJOH� KDYH� EHHQ� GHSLFWHG�� 7KH� XSSHU� GLDJUDP� VKRZV� WKH
LQIOXHQFH�RI�WUHDG�ZLGWK�E\�FKDQJLQJ�WKH�SDUDPHWHU� ��,I�HTXDO�WR�]HUR�WKH�WKLQg

(

n

W\UH�LV�UHSUHVHQWHG��7KH�YDOXH���FRUUHVSRQGV�ZLWK�WKH�EDVHOLQH�FRQILJXUDWLRQ��7KH
ORZHU�JUDSK�SURYLGHV�LQVLJKW�LQ�WKH�LQIOXHQFH�RI�WKH�SDUDPHWHU� �WKDW�JRYHUQVg

n��
WKH�PDJQLWXGH�RI�WKH�HIIHFW�RI�WKH�WUDQVLHQW�\DZ�GHIOHFWLRQ�DQJOH� 0���������7KH
YDOXH���LV�XVHG�LQ�WKH�EDVHOLQH�FRQILJXUDWLRQ��:KHQ�FRPSDUHG�ZLWK�WKH�SORWV�RI
)LJV������DQG������LW�PD\�EH�FRQFOXGHG�WKDW�WKH�PRGHO�LV�FDSDEOH�RI�DSSURDFKLQJ
WKH�UHVSRQVHV�RI�PRUH�FRPSOH[�LQILQLWH�RUGHU�PRGHOV�DQG�RI�DFWXDO�W\UHV���
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)LJ������� 1\TXLVW� IUHTXHQF\� UHVSRQVH� SORWV� RI� WKH� DOLJQLQJ� WRUTXH� WR� VWHHU� DQJOH��8SSHU
GLDJUDP��LQIOXHQFH�RI�WUHDG�ZLGWK����LV�EDVHOLQH�YDOXH���ORZHU�GLDJUDP��LQIOXHQFH�RI
WKH�WUDQVLHQW�\DZ�GHIOHFWLRQ�UHVSRQVH�WR�WXUQ�VOLS����LV�EDVHOLQH�YDOXH���



6+257�:$9(/(1*7+�,17(50(',$7(�)5(48(1&<�7<5(�02'(/ ���

/DUJH�6OLS�$QJOH�DQG�7XUQ�6OLS�5HVSRQVH�6LPXODWLRQV

7KH�VDPH�VLQXVRLGDO�PDQRHXYUHV�KDV�EHHQ�VLPXODWHG�DV�ZDV�GRQH�EHIRUH�ZLWK�WKH
EUXVK�EDVHG�FRQWDFW�PRGHO��7KH�FRPSOHWH�QRQ�OLQHDU�VHW�RI�HTXDWLRQV��������WR
��������KDYH�EHHQ�XVHG�ZLWK�SDUDPHWHUV�OLVWHG�LQ�7DEOH�����
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7KH� VOLS� DQJOH� YDULDWLRQ� LV� VLQXVRLGDO� DURXQG� DYHUDJH� OHYHOV� R� � �� DQG
����UDG�ZLWK�RQH�DPSOLWXGH��Ö � �����UDG�DW�WKUHH�ZDYHOHQJWKV�� �
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)LJ������D� &RPSDULVRQ�RI�WKHRUHWLFDO�PRGHO�FDOFXODWLRQV�DQG�H[SHULPHQWDO�UHVXOWV�SHUIRUPHG
DW�����NP�K�RQ�D�����P�GUXP��0DXULFH���7KH�FXUYHV�FRYHU�RQH�ZDYHOHQJWK�RI�WKH
SHULRGLF�UHVSRQVHV�WR�VLQXVRLGDO�VOLS�DQJOH�YDULDWLRQV��)RUFH�UHVSRQVH�WR�VOLS�DQJOH
YDULDWLRQV�DW�WZR�OHYHOV�RI�VLGH�VOLS�

DUH�TXLWH�VLPLODU�WR�WKRVH�GHSLFWHG�LQ�WKH�)LJV������DQG�����2QO\��DV�H[SHFWHG��WKH
PRPHQW�UHVSRQVH�WR�WXUQ�VOLS�LV�YHU\�PXFK�DIIHFWHG�E\�WKH�QRZ�LQWURGXFHG�HIIHFW
RI�WKH�W\UH�WUHDG�ZLGWK��

0DXULFH�KDV�FRQGXFWHG�H[WHQVLYH�H[SHULPHQWV�ZLWK�D�������5�����9�W\UH�DW
����EDU�LQIODWLRQ�SUHVVXUH�RQ�D����P�GUXP�WHVW�ULJ��7KH�GLDJUDPV�RI�)LJ�����D
SUHVHQW�WKH�FRPSXWHG�UHVXOWV�FRPSDUHG�ZLWK�H[SHULPHQWDO�GDWD�IRU�WKH�FDVH�RI
SXUH�VLGH�VOLS��7KH�H[SHULPHQWV�KDYH�EHHQ�FDUULHG�RXW�DW�YHU\�ORZ�VSHHG�WR�DYRLG
LQHUWLD�HIIHFWV�RI�WKH�PRYLQJ�W\UH��7KH�ZDYHOHQJWK�UDQJHV�IURP�����WR����P��7KH
XSSHU�GLDJUDP�UHIHUV�WR�WKH�FDVH�RI�]HUR�DYHUDJH�VOLS�DQJOH�DQG��EDPSOLWXGH��7KH
ORZHU�GLDJUDP�VKRZV�WKH�UHVSRQVHV�DURXQG�DQ�DYHUDJH�VOLS�DQJOH�RI��E�ZKLFK
FDXVHV�WKH�FXUYHV�WR�GHYLDWH�FRQVLGHUDEO\�IURP�WKH�LQSXW�VLQXVRLGDO�VKDSH��7KH
FXUYHV�FOHDUO\�VKRZ�WKDW�D�VKRUWHU�ZDYHOHQJWK�FDXVHV�WKH�UHVSRQVH�DPSOLWXGH�WR
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)LJ������E� &RPSDULVRQ�RI�WKHRUHWLFDO�PRGHO�FDOFXODWLRQV�DQG�H[SHULPHQWDO�UHVXOWV�SHUIRUPHG
DW�����NP�K�RQ�D�����P�GUXP��0DXULFH���7KH�FXUYHV�FRYHU�RQH�ZDYHOHQJWK�RI�WKH
SHULRGLF� UHVSRQVHV� WR�VLQXVRLGDO� ORDG�YDULDWLRQV��)RUFH�DQG�PRPHQW� UHVSRQVH� WR
YHUWLFDO�ORDG�YDULDWLRQV�DW�WZR�YDOXHV�RI�VOLS�DQJOH�
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GHFUHDVH�DQG�WKH�SKDVH�ODJ�WR�LQFUHDVH��,W�FDQ�DOVR�EH�REVHUYHG�WKDW�WKH�UHVSRQVHV
RFFXU�PRUH�TXLFNO\�DW�ODUJHU�OHYHOV�RI�VOLS�ZKLFK�LV�GXH�WR�WKH�ZLWK�VOLS�VKDUSO\
GHFUHDVLQJ�UHOD[DWLRQ�OHQJWK��7KH�PDJLF�IRUPXOD�ZDV�XVHG�WR�PRGHO�WKH�VWHDG\�
VWDWH� FKDUDFWHULVWLFV�� 7KH� SDUDPHWHUV� ZHUH� REWDLQHG� IURP� VHSDUDWH� WHVWV
SHUIRUPHG� RQ� WKH�GUXP�DW� WKH�PXFK�KLJKHU� VSHHG�RI���

�
NP�K��7KH�GLIIHUHQW

FRQGLWLRQV�PD\�H[SODLQ�WKH�GHYLDWLRQ�LQ�OHYHO�RI�WKH�FDOFXODWHG�ZLWK�UHVSHFW�WR�WKH
PHDVXUHG�UHVSRQVHV�

)LJXUH�����E�SUHVHQW�WKH�FRPSDULVRQ�ZLWK�WKH�UHVXOWV�RI�D�VHFRQG�VHULHV�RI
H[SHULPHQWV�DW�VDPH�FRQGLWLRQV��+HUH��WKH�YHUWLFDO�ORDG�LV�FKDQJHG�VLQXVRLGDOO\
ZKLOH�WKH�VOLS�DQJOH�LV�NHSW�DW�D�VPDOO�OHYHO�DQG�DW�D�KLJKHU�OHYHO��7KH�UHVXOWV�DUH
VLPLODU�WR�WKRVH�GLVFXVVHG�LQ�&KDSWHU����)LJ������7KH�PRPHQW�UHVSRQVH�VHHPV�WR
EH�LPSURYHG�ZLWK�WKH�PRUH�FRPSOH[�W\UH�PRGHO�

7KH�DJUHHPHQW�RI�WKH�FRPSXWHG�UHVXOWV�ZLWK�H[SHULPHQWDO�GDWD�LV�TXLWH�JRRG�
$V�KDV�EHHQ�UHSRUWHG�E\�0DXULFH��DOVR�IRU�WKH�PRPHQW�UHVSRQVH�D�UDWKHU�JRRG
DJUHHPHQW�KDV�EHHQ�HVWDEOLVKHG��6LQFH�DW�WKH�PD[LPXP�VOLS�DQJOH�RI��E�WKH�SHDN
RI� WKH� PRPHQW� FKDUDFWHULVWLF� KDV� EHHQ� VXUSDVVHG�� WKH� UHVXOW� EHFRPHV� TXLWH
VHQVLWLYH� WR� VPDOO� GLIIHUHQFHV� EHWZHHQ� DFWXDO� DQG� PRGHO� VWHDG\�VWDWH
FKDUDFWHULVWLFV�RI�WKH�DOLJQLQJ�WRUTXH��

�������3DUNLQJ�0DQRHXYUHV�

3DUNLQJ�PDQRHXYUHV�WDNH�SODFH�DW�YHU\�ORZ�RU�]HUR�VSHHG��7KH�WRUTXH�DFWLQJ�RQ
WKH�W\UH�DW�VXFK�FRQGLWLRQV�PD\�EHFRPH�YHU\�ODUJH��7KH�LQIOXHQFH�RI�WKH�ILQLWH
WUHDG�ZLGWK�LV�HVVHQWLDO�DV�WKH�UHVSRQVH�WR�VSLQ�LV�QRZ�SUHGRPLQDQW��:H�PLJKW
HPSOR\� WKH� HTXDWLRQV� GHYHORSHG� DERYH� EXW� WKHQ�ZH� VKRXOG� WDNH� FDUH� RI� WKH
LQWHJUDWLRQ�RI�WKH�VSLQ�YHORFLW\�WR�SURSHUO\�OLPLW�WKH�EXLOW�XS�RI�WKH�\DZ�WUDQVLHQW
VOLS��6LPLODU�SUREOHPV�DURVH�ZKHQ�FRQVLGHULQJ�WKH�SUREOHP�RI�EUDNLQJ�WR�VWDQG�
VWLOO�RU�VWDUWLQJ�IURP�VWDQG�VWLOO��FI��6HF������(TV�������������

7R�DFKLHYH�D�PXFK�EHWWHU�DJUHHPHQW�ZLWK�H[SHULPHQWDO�HYLGHQFH��D�GLIIHUHQW
DSSURDFK�ZLOO�EH�IROORZHG�LQ�WKH�SUHVHQW�DSSOLFDWLRQ��,W�PD\�EH�QRWHG�WKDW�DQ
LPSRUWDQW�FKDUDFWHULVWLF� LV�DFWXDOO\� VWLOO�PLVVLQJ��)RU� WKH�EUXVK�EDVHG�PRGHO
(T��������ZDV�XVHG��7KH�HTXDWLRQ�JRYHUQV�WKH�YDULDWLRQ�RI�WKH�DOLJQLQJ�WRUTXH�0

]

WKDW�DULVHV�ZKHQ�WKH�QRQ�UROOLQJ�W\UH�LV�VWHHUHG�DQG�WKH�VWHHU�DQJOH� �LV�LQFUHDVHG
IURP�]HUR�WR�DQG�EH\RQG�WKH�VWDWH�RI�IXOO�VOLGLQJ��8OWLPDWHO\��WKH�WRUTXH�UHDFKHV
WKH�PDJQLWXGH� WKDW�ZRXOG� DOVR� DULVH�ZKHQ� WKH� UROOLQJ� W\UH� LV� VXEMHFWHG� WR� D
FRQVWDQW�UDWH�RI�WXUQLQJ�G ��GW��ZKLOH�WKH�VOLS�DQJOH�UHPDLQV�]HUR���DW�D�IRUZDUG
VSHHG�9

[
�WKDW�GHFUHDVHV�WR�]HUR��7KHQ��WKH�UDGLXV�RI�WXUQ�5�UHGXFHV�WR�]HUR�DQG

WKXV�WKH�VSLQ�DSSURDFKHV�LQILQLW\��)LJXUH������LOOXVWUDWHV�WKH�VLWXDWLRQ�
7KH�PLVVLQJ� FKDUDFWHULVWLF� ZLOO� EH�PRGHOOHG� E\� XVLQJ� D� IRU� WKLV� SXUSRVH
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Eqs.(9.105,104)

Eqs.(9.115,116)

)LJ�������� $SSURDFKLQJ�WKH�PD[LPXP�WRUTXH�DW�VWDQG�VWLOO�LQ�WZR�ZD\V�����E\�GHFUHDVLQJ�WKH
WXUQ�UDGLXV�5�WR�]HUR�����E\�LQFUHDVLQJ�WKH�VWHHU�DQJOH�� �ZKLOH�VWDQGLQJ�VWLOO��

DGHTXDWH� PRGHO� WKDW� KDV� EHHQ� GHYHORSHG� E\� 9DQ� GHU� -DJW� �������� ,Q� KLV
GLVVHUWDWLRQ� D� PRGHO� VWXG\� ZDV� GLVFXVVHG� WKDW� LV� HVSHFLDOO\� DLPHG� DW� WKH
JHQHUDWLRQ�RI�D�SURSHU�PRPHQW�UHVSRQVH�WR�VWHHULQJ�DW�VWDQG�VWLOO��)LUVW��WKH�EUXVK
PRGHO� ZDV� XVHG� WR� JDLQ� JHQHUDO� LQVLJKW� LQWR� WKH� SKHQRPHQD� WKDW� RFFXU�
4XDOLWDWLYHO\�JRRG�UHVXOWV�KDYH�EHHQ�REWDLQHG�XVLQJ�WKLV�PRGHO��QRWDEO\�ZKHQ�D
VLQXVRLGDO�VWHHU�DQJOH�YDULDWLRQ�LV�LPSRVHG�DQG�WKH�VWDWH�RI�DOPRVW�IXOO�VOLGLQJ�LV
DWWDLQHG�SHULRGLFDOO\��)RU�SUDFWLFDO�XVDJH��D�VSHFLDO�W\SH�RI�PRGHO�ZDV�GHYHORSHG
RI�D�QDWXUH�FRPSOHWHO\�GLIIHUHQW�IURP�WKH�PRGHOV�XVHG�VR�IDU��6LQFH�WKLV�PRGHO
DSSHDUV� WR�SHUIRUP�YHU\�ZHOO� LQ� WKH�QHDU�]HUR�VSHHG� UDQJH�ZH�KDYH� WULHG� WR
LQFRUSRUDWH�9DQ�GHU�-DJW¶V�PRGHO� LQ�WKH�H[LVWLQJ�PRGHO�VWUXFWXUH��$�JUDGXDO
WUDQVLWLRQ� IURP� WKH� QHZ� W\SH� RI� PRGHO� WR� WKH� H[LVWLQJ� RQH� ZKHQ� WKH� VSHHG
DSSURDFKHV�DQG�VXUSDVVHV�D�ORZ�VSHHG�WKUHVKROG�KDV�EHHQ�WDNHQ�FDUH�RI�

7KH�SULQFLSOH�RI�9DQ�GHU�-DJW¶V�DSSURDFK�LV�WKDW�DW�D�JLYHQ�UDWH�RI�FKDQJH�RI
WKH� VWHHU� LQSXW� WKH� JURZWK� UDWH� RI� WKH� W\UH� DQJXODU� GHIOHFWLRQ� GHFUHDVHV� LQ
SURSRUWLRQ�ZLWK�D�IXQFWLRQ�RI�WKH�UHPDLQLQJ�GLIIHUHQFH�EHWZHHQ�WKH�PD[LPXP
DFKLHYDEOH� GHIOHFWLRQ� DQG� WKH� FXUUHQW� GHIOHFWLRQ�� 7KH� WRUVLRQDO� VWLIIQHVV� LV
DVVXPHG�WR�EH�D�FRQVWDQW�DQG�WKH�UHVXOWLQJ�FKDUDFWHULVWLF�RI�WKH�WRUTXH�EHFRPHV
VLPLODU� WR� D� ILUVW�RUGHU� UHVSRQVH� IXQFWLRQ��7KH� FDOFXODWHG�PRPHQW� JUDGXDOO\
DSSURDFKHV� LWV�PD[LPXP�YDOXH��:KHQ� WKH�GLUHFWLRQ�RI� URWDWLRQ�RI� WKH�ZKHHO
DERXW�WKH�YHUWLFDO�D[LV�LV�FKDQJHG��WKH�GLVWDQFH�WR�WKH�QHZ��RSSRVLWH��SHDN�WRUTXH
LV�ODUJH�DQG��DFFRUGLQJO\��WKH�UDWH�RI�UHGXFWLRQ�RI�WKH�PRPHQW�LV�ODUJH�DV�ZHOO��,W
LV�WKLV�IHDWXUH�RI�WKH�PRGHO�WKDW�LV�DWWUDFWLYH�VLQFH�D�VLPLODU�EHKDYLRXU�KDV�EHHQ
IRXQG� WR�RFFXU�ZLWK�WKH�DFWXDO�W\UH�VXEMHFWHG�WR�DQ�DOWHUQDWLQJ�OHIW�DQG�ULJKW
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SHUIRUPDQFH�9DQ�GHU�-DJW�VXJJHVWV�WR�XVH�DQ�H[SRQHQW�FR�WKH�YDOXH�RI�ZKLFK
GHSHQGV� RQ� WKH� ODVW� H[WUHPH� RI� WKH� GHIOHFWLRQ� DQJOH� �� )RU� SRVVLEOH� IXUWKHU
UHILQHPHQWV�RI�WKH�PRGHO�ZH�UHIHU�WR�WKH�RULJLQDO�ZRUN�

:KHQ��LQVWHDG�RI�WKH�QHZ�DSSURDFK��WKH�0DJLF�)RUPXOD�ZRXOG�EH�XVHG�ZLWK
WKH�LQWHJUDWLRQ�OLPLWDWLRQ�DV�VXJJHVWHG�DFFRUGLQJ�WR�(TV��������������D�VKDUS
SHDN�ZRXOG�DULVH�LQ�WKH�FXUYH�ZKHUH�WKH�GLUHFWLRQ�RI�WXUQLQJ�LV�FKDQJHG��$V�D
UHVXOW��WKH�PRPHQW�GHFUHDVHV�DW�D�PXFK�VORZHU�UDWH�WKDQ�VKRZQ�E\�WKH�WHVW�UHVXOW�

7KH�SUREOHP�LV�QRZ�KRZ�WR�LQWHJUDWH�WKH�QHZ�PRGHO�IHDWXUH�LQ�WKH�RULJLQDO
PRGHO�VWUXFWXUH��7KH�WUDQVLHQW�VOLS�TXDQWLW\� ��(T��������PD\�EH�UHFRJQLVHGn

0
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)LJXUH������VKRZV�WKH�FRXUVHV�RI�YDULDWLRQ�RI�YDULRXV�TXDQWLWLHV�YHUVXV�WLPH�
6LPXOWDQHRXVO\��LQ�)LJ�������WKH�PRPHQW�LV�SORWWHG�YHUVXV�VWHHU�DQJOH��6HYHUDO
SKHQRPHQD�RFFXU�WKDW�GHVHUYHV�WR�EH�QRWHG��7KH�VWHHU�DQJOH�KDV�DQ�DPSOLWXGH
WKDW�LV�ODUJH�HQRXJK�WR�DWWDLQ�D�OHYHO�RI�WKH�PRPHQW�FORVH�WR�LWV�PD[LPXP��7KH
PRPHQW�VWDUWV�WR�GHFUHDVH�LQ�PDJQLWXGH�DV�VRRQ�DV�WKH�VWHHU�DQJOH�SDVVHV�LWV�SHDN
YDOXH��7KH�PRPHQW�FKDQJHV�VLJQ�EHIRUH�WKH�VWHHU�DQJOH�GRHV�WKH�VDPH��$IWHU����
VHFRQGV�WKH�IRUZDUG�VSHHG�LQFUHDVHV�OLQHDUO\�ZLWK�WLPH�DQG�WKH�VLGH�IRUFH�VWDUWV
WR�EXLOW�XS�DV�D�UHVXOW�RI�WKH�VOLS�DQJOH�WKDW�EHJLQV�WR�GHYHORS��7KH�FDU�VKRZV�D
ODWHUDO�YLEUDWLRQ�LQ�WKH�ORZ�VSHHG�UDQJH�DV�LQGLFDWHG�E\�WKH�IOXFWXDWLRQV�RI�WKH
VLGH�IRUFH��(YLGHQWO\��WKH�TXDUWHU�FDU�YLEUDWHV�DJDLQVW�WKH�ODWHUDO�W\UH�VWLIIQHVV�
7KH�PRPHQW�DPSOLWXGH�GHFUHDVHV�DV�WKH�VSLQ�GLPLQLVKHV�LQ�DPSOLWXGH�GXH�WR�WKH
LQFUHDVLQJ�VSHHG��7KH�VLGH�IRUFH�DPSOLWXGH�LQFUHDVHV�EHFDXVH�RI�WKH�ODUJHU�ODWHUDO
RVFLOODWLRQV�RI�WKH�TXDUWHU�FDU�PDVV�LQGXFHG�E\�WKH�LQFUHDVLQJ�VSHHG�RI�WUDYHO�DW
WKH�FRQVWDQW�VWHHU�LQSXW�SDWWHUQ�ZLWK�WLPH��7KH�ORRSV�VKRZQ�LQ�)LJ������JLYH�D
QLFH�LPSUHVVLRQ�RI�WKH�WUDQVLWLRQ�IURP�WKH�VLWXDWLRQ�DW�VWDQG�VWLOO��WR�WKH�FRQGLWLRQ
DW�KLJKHU�VSHHGV��$W�VWDQG�VWLOO�WKH�PRPHQW�YDULHV�LQ�DFFRUGDQFH�ZLWK�WKH�GLDJUDP
RI�)LJ������

,W�LV�LPSRUWDQW�WR�QRWH�WKDW�IRU�D�PRUH�DFFXUDWH�VWXG\�RI�UHVSRQVHV�WR�ODWHUDO
DQG�FLUFXPIHUHQWLDO�ZKHHO�GLVSODFHPHQWV�DW�RU�QHDU�IRUZDUG�VSHHG�HTXDO�WR�]HUR
RQH�PLJKW�DSSO\��LQVWHDG�RI�WKH�DEUXSW�LQWHJUDWLRQ�OLPLWDWLRQ�VXJJHVWHG�HDUOLHU�
(TV��������������WKH�VDPH�VWUXFWXUH�RI�DGGLWLRQDO�HTXDWLRQV�������������DQG�DQ
DGDSWDWLRQ�VXFK�DV�DSSOLHG�LQ�(T���������

������7\UH��'\QDPLFV

7KH�FRQWDFW�SDWFK�PRGHO�KDV�EHHQ�XVHG� DERYH� LQ�FRQQHFWLRQ�ZLWK�D� IOH[LEOH
FDUFDVV��,Q�WKH�SUHVHQW�VHFWLRQ�WKH�LQHUWLD�RI�WKH�EHOW�ZLOO�EH�LQWURGXFHG��6LQFH�ZH
UHVWULFW�WKH�DSSOLFDWLRQ�RI�WKH�PRGHO�WR�IUHTXHQFLHV�ORZHU�WKDQ�FD����+]�WKH�EHOW
PD\�EH�DSSUR[LPDWHG�DV�D�ULJLG�ULQJ�WKDW�LV�DWWDFKHG�WR�WKH�ZKHHO�ULP�WKURXJK
IOH[LEOH� VLGH� ZDOOV�� 7R� HQVXUH� WKDW� WKH� WRWDO� VWDWLF� W\UH� VWLIIQHVV� UHPDLQV
XQFKDQJHG��UHVLGXDO�VSULQJV�KDYH�EHHQ�LQWURGXFHG�EHWZHHQ�FRQWDFW�SDWFK�DQG
EHOW��,Q�)LJ������WKH�VWUXFWXUH�RI�WKH�PRGHO�KDV�EHHQ�GHSLFWHG��,Q�WKLV�VHFWLRQ��WKH
UHVSRQVH�WR�FDPEHU�YDULDWLRQV�ZLOO�EH�WDNHQ�LQWR�DFFRXQW�

��������'\QDPLF�(TXDWLRQV�

7KH�ZKHHO�D[OH�SRVLWLRQ�LV�GHILQHG�E\�WKH�ORFDWLRQ�RI�ZKHHO�FHQWUH��;�<�=��DQG



6+257�:$9(/(1*7+�,17(50(',$7(�)5(48(1&<�7<5(�02'(/ ���

wheel
rim

belt

contact patch [ U

F

ψ U

F

γ U

E

ψ U

E

\ U

F

γ

Ω
U

EΩ �θ

[�\�]U

E

.

ψ
residual deflections

γ
E

ψ
E

=
<

;

] U

F

U U

E E

[

]

7

.

Ω
ψ.

)F\

0F\

0F]

)F])F[
0F[

residual spring 
forces and moments

wheel body accelerations

belt

wheel
 rim

&

]
\

[

contact patch 

&

F

F

γ.

ωζ

ωξ $ 9η

9ξ

$

ζ

ξ
η

belt deflections

)LJ�������0RGHO� VWUXFWXUH� IHDWXULQJ� FRQWDFW� SDWFK�� UHVLGXDO� FRPSOLDQFH�� ULJLG� EHOW��FDUFDVV
FRPSOLDQFH�DQG�ZKHHO�ULP�

RULHQWDWLRQ�� � � ���7KH�ZKHHO�VSHHG�RI�UHYROXWLRQ�LV�GHQRWHG�E\� ��$�PRYLQJ
D[HV�V\VWHP��&�[�\�]��KDV�EHHQ�GHILQHG�RI�ZKLFK�WKH�[�D[LV�SRLQWV�IRUZDUGV�DQG
UXQV�DORQJ�WKH�OLQH�RI�LQWHUVHFWLRQ�RI�ZKHHO�SODQH�DQG�URDG�SODQH��7KH�\�D[LV�OLHV
LQ�WKH�SODQH�QRUPDO�WR�WKH�URDG�SODQH�DQG�SDVVLQJ�WKURXJK�WKH�ZKHHO�VSLQ�D[LV�
7KH�]�D[LV�IRUPV�WKH�QRUPDO�WR�WKH�URDG�VXUIDFH��7KH�RULJLQ�RI�WKH�PRYLQJ�WULDG
LV�WKH�FRQWDFW�FHQWUH�&��$QRWKHU�PRYLQJ�V\VWHP�RI�D[HV��$� � � ��LV�LQWURGXFHG
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WKH� �D[LV�UXQV�DORQJ�WKH�ZKHHO�VSLQGOH�D[LV��:LWK�UHVSHFW�WR�WKH�ZKHHO�ULP�WKH
EHOW�VKRZV�UHODWLYH�GLVSODFHPHQWV���[E

U�\E
U�]E

U��DQG�� E
U� E

U� E
U���7KH�FRQWDFW�SDWFK

LV�GLVSODFHG�KRUL]RQWDOO\�ZLWK�UHVSHFW�WR�WKH�EHOW�FRUUHVSRQGLQJ�WR�WKH�GHIOHFWLRQV
RI�WKH�UHVLGXDO�VSULQJV���[F

U�\F
U�]F

U��DQG� F
U��7KH�VXSHUVFULSW�U�GHVLJQDWHV�D�UHODWLYH

GLVSODFHPHQW��ZLWKRXW�WKH�VXSHUVFULSW�ZH�KDYH�WKH�GLVSODFHPHQW�ZLWK�UHVSHFW�WR
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DSSURSULDWH�
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7KH�DGGLWLRQDO�VXEVFULSW���GHVLJQDWHV�WKH�VLWXDWLRQ�RI�WKH�ORDGHG�QRQ�URWDWLQJ�W\UH�
7KH�YHUWLFDO�DQG�ORQJLWXGLQDO�VWLIIQHVVHV�KDYH�EHHQ�DVVXPHG�HTXDO�WR�HDFK�RWKHU�
7KH�SDUDPHWHUV�TE9[�]� ��JRYHUQ�WKH�VSHHG�GHSHQGHQF\�RI�WKH�VWLIIQHVVHV�

7KH�VLGHZDOO�GDPSLQJ�FRHIILFLHQWV�NEL� �NE[�\�]� � � �DUH�FRQVLGHUHG�WR�EH�FRQVWDQW
TXDQWLWLHV��7KH�LQWHUDFWLRQ�WHUPV�DSSHDULQJ�LQ�(TV�������������FRQWDLQLQJ�WKH
FRHIILFLHQWV�NEL ��DUH�RPLWWHG�VLQFH�WKHVH�WHUPV�DIIHFW�WKH�UROOLQJ�UHVLVWDQFH�DQG
WKH�DOLJQLQJ�WRUTXH��DOVR�LQ�VWHDG\�VWDWH��DQG�ZRXOG�PDNH�WKHVH�VSHHG�GHSHQGHQW�
7KH� LQWURGXFWLRQ� RI� PDWHULDO� GDPSLQJ� EHLQJ� LQYHUVHO\� SURSRUWLRQDO� ZLWK
IUHTXHQF\�ZRXOG�EH�FORVHU�WR�UHDOLW\��)XUWKHU�RQ��WKH�UROOLQJ�UHVLVWDQFH�ZLOO�EH
LQWURGXFHG�LQ�DQ�DOWHUQDWLYH��EHWWHU�FRQWUROOHG�ZD\��

)RU�WKH�FRQVWDQW�VWLIIQHVVHV�QRQ�GLPHQVLRQDO�SDUDPHWHUV�PD\�EH�LQWURGXFHG�
:H�GHILQH�ZLWK�)1R��UR�� 5R��DQG�PR��WKH�UHIHUHQFH�ORDG��IUHH�W\UH�UDGLXV�DQG�W\UH
PDVV��WKH�QRQ�GLPHQVLRQDO�SDUDPHWHUV�T�
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7R�SURYLGH�PRUH�GDPSLQJ�ZKHQ�WKH�ZKHHO�VSHHG�JHWV�FORVH�WR�]HUR��ZH�PD\
IROORZ�WKH�WKHRU\�RI�&KDSWHU���DQG�LQWURGXFH�N9�ORZ�DV�GHPRQVWUDWHG�LQ�&KDS���
(TV�������������ZKHUH�WKH�VOLS�VSHHG�9V[�PD\�EH�UHSODFHG�9V[F��,Q�D�VLPLODU�ZD\
WKH�UHVLGXDO�VWLIIQHVV�DQG�GDPSLQJ�SDUDPHWHUV�FF�DQG�NF�KDYH�EHHQ�QRUPDOLVHG�

7KH�1RUPDO�)RUFH

7KH�VSULQJ�ZLWK�UHVLGXDO�VWLIIQHVV�FF]�LQGLFDWHG�LQ�)LJ������KLGHV�D�VWUXFWXUH�WKDW
LV�D�ORW�PRUH�FRPSOH[�WKDQ�D�VSULQJ�ZLWK�FRQVWDQW�VWLIIQHVV��([SHULPHQWV�UHYHDO
WKDW�WKH�IRUFH�GHIOHFWLRQ�FKDUDFWHULVWLFV�DUH�QRQ�OLQHDU��WKH�IRUFH�GHYHORSV�DIWHU
FRQWDFW�KDV�EHHQ�PDGH�DQG�LQFUHDVHV�VOLJKWO\�PRUH�WKDQ�SURSRUWLRQDOO\�ZLWK�WKH
RYHUDOO�UDGLDO�GHIOHFWLRQ� ]��$OVR��WKH�W\UH�JURZV�ZLWK�VSHHG�GXH�WR�WKH�FHQWULIXJDO
DFWLRQ��)LJXUH������LOOXVWUDWHV�ERWK�SKHQRPHQD��)XUWKHUPRUH��LW�KDV�EHHQ�IRXQG
XVHIXO� WR� LQWURGXFH�)[� DQG�)\� LQWHUDFWLRQ� WHUPV� LQ� WKH� YHUWLFDO� VWLIIQHVV�� FI�
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UDGLXV�JURZWK�ZLWK�VSHHG�

5HLPSHOO� HW� DO�� �������� 7KH� IROORZLQJ� IRUPXODH� LV� SURSRVHG� IRU� WKH� RYHUDOO
VWLIIQHVV�DQG�JURZWK�IXQFWLRQV�
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+HUH��UR�GHQRWHV�WKH�UDGLXV�RI�WKH�IUHH�QRQ�URWDWLQJ�W\UH��UO�WKH�ORDGHG�UDGLXV��D[OH
KHLJKW��DQG� U�WKH�LQFUHDVH�LQ�IUHH�W\UH�UDGLXV�GXH�WR�ZKHHO�URWDWLRQ�YHORFLW\��7KH
QRQ�GLPHQVLRQDO�SDUDPHWHU�T9��JRYHUQV� WKH� LQIOXHQFH�RI� W\UH�JURZWK��T9�� WKH
VWLIIQHVV�YDULDWLRQ�ZLWK�VSHHG��T)F[�\�WKH�LQWHUDFWLRQ�ZLWK�KRUL]RQWDO�IRUFHV�DQG
T)]����WKH�VWLIIQHVV�DQG�QRQ�OLQHDULW\�RI�WKH�IRUFH�GHIOHFWLRQ�FKDUDFWHULVWLF�DW�]HUR
VSHHG�DQG�KRUL]RQWDO�IRUFHV��$SSHQGL[���SUHVHQWV�WKH�SDUDPHWHU�YDOXHV�ILWWHG�WR
H[SHULPHQWDO�GDWD�

)URP�WKH�RYHUDOO�FKDUDFWHULVWLFV�WKH�SURSHUWLHV�RI�WKH�UHVLGXDO�VSULQJ�DUH�WR
EH�GHULYHG��$Q�H[DFW�IXQFWLRQDO�UHODWLRQVKLS�PD\�EH�HVWDEOLVKHG�EXW�LW�FDQ�EH
IRXQG�WKDW�WKH�UHVLGXDO�UDGLDO�VSULQJ�FKDUDFWHULVWLF�FDQ�EH�DSSUR[LPDWHG�E\�WKH
WKLUG�GHJUHH�SRO\QRPLDO�IXQFWLRQ�
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LQWHUDFWLRQ�WHUPV�ZLWK�KRUL]RQWDO�GHIOHFWLRQV��
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LWV�ORFDWLRQ�LQ�WKH�MXVW�WRXFKLQJ�XQORDGHG�DQG�QRQ�URWDWLQJ�FRQGLWLRQ�RQ�D�IODW
KRUL]RQWDO�URDG��)1� �Z� ����� [�\�UHSUHVHQW�WKH�ORQJLWXGLQDO�DQG�ODWHUDO�W\UH�FRQWDFW
GHIOHFWLRQV�DQG�Z�GHQRWHV�WKH�YDULDWLRQ�RI�WKH�YHUWLFDO�SRVLWLRQ�RI�WKH�URDG�SODQH
DW�WKH�FRQWDFW�FHQWUH�ZLWK�UHVSHFW�WR�LWV�LQLWLDO�OHYHO��7KH�DFWXDO�ORDGHG�UDGLXV�UO
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7KH�FRHIILFLHQWV�DSSHDULQJ� LQ� ��������FDQ�EH�H[SUHVVHG� LQ� WHUPV�RI� VLGHZDOO
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KRUL]RQWDO�W\UH�GHIOHFWLRQV�DW�URDG�VXUIDFH�OHYHO�ZLWK�UHVSHFW�WR�WKH�ZKHHO�ULP�DUH�
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WKDW�KDV�EHHQ�WHVWHG�

)UHH�5ROOLQJ�5HVLVWDQFH

([SHULPHQWV�VKRZ�WKDW�WKH�UROOLQJ�UHVLVWDQFH�IRUFH�)U��SRLQWLQJ�EDFNZDUGV��LV
SURSRUWLRQDO�WR�WKH�W\UH�QRUPDO�ORDG�)1��$�KLVWRU\�RQ�WKLV�VXEMHFW�FDQ�EH�IRXQG
LQ�WKH�SXEOLFDWLRQ�RI�&ODUN���������:H�KDYH�
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7KH�UROOLQJ�UHVLVWDQFH�FRHIILFLHQW�IU�GHSHQGV�RQ�WKH�IRUZDUG�VSHHG�DQG�PD\�EH
H[SUHVVHG�LQ�WHUPV�RI�SRZHUV�RI�WKH�VSHHG��FI��0LWVFKNH��������
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3DUDPHWHU� TV\�� JRYHUQV� WKH� LQLWLDO� OHYHO� RI� WKH� UROOLQJ� UHVLVWDQFH� IRUFH� DQG
W\SLFDOO\�OLHV�LQ�EHWZHHQ���DQG���SHUFHQW��3DUDPHWHU�TV\��FRQWUROV�WKH�VOLJKW�VORSH
RI�WKH�UHVLVWDQFH�ZLWK�VSHHG��7KH�ODVW�SDUDPHWHU�TV\��UHSUHVHQWV�WKH�VKDUS�ULVH�RI
WKH�UHVLVWDQFH�WKDW�RFFXUV�DIWHU�D�UHODWLYHO\�KLJK�FULWLFDO�VSHHG�LV�VXUSDVVHG��7KHQ�
WKH� VR�FDOOHG� VWDQGLQJ�ZDYHV� VKRZ� XS� DV� D� UHVXOW� RI� LQVWDELOLW\�� FI�� 3DFHMND
��������RU�DFFRUGLQJ�WR�DQ�DOWHUQDWLYH�WKHRU\�GXH�WR�UHVRQDQFH��FI��%URFNPDQ�DQG
%UDLVWHG���������7KH�IRUPDWLRQ�RI�VWDQGLQJ�ZDYHV�JLYHV�ULVH�WR�ODUJH�GHIOHFWLRQ
YDULDWLRQV�DQG�FRQVLGHUDEOH�HQHUJ\�ORVV��7KH�SKHQRPHQRQ�PD\�UHVXOW�LQ�IDLOXUH
RI�WKH�W\UH�DQG�SRVHV�DQ�XSSHU�OLPLW�WR�WKH�VDIH�UDQJH�RI�RSHUDWLRQ�RI�WKH�W\UH��

%HORZ��ZH�ZLOO�VHH�WKDW�WKH�UROOLQJ�UHVLVWDQFH�ZLOO�EH�LQWURGXFHG�LQ�WKH�W\UH
PRGHO�WKURXJK�WKH�UROOLQJ�UHVLVWDQFH�PRPHQW�WKDW�LV�LPSRVHG�RQ�WKH�W\UH�EHOW�ULQJ
DV�DQ�H[WHUQDO�WRUTXH�DERXW�WKH�\�D[LV��FI��(T���������

(IIHFWLYH�5ROOLQJ�5DGLXV��%UDNH�/HYHU�$UP��5ROOLQJ�5HVLVWDQFH�0RPHQW

,Q�&KDSWHU���WKH�QRWLRQ�RI�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�KDV�EHHQ�LQWURGXFHG��)LJXUH
�����VKRZV�WKH�UHVXOWV�RI�H[SHULPHQWV�RI�W\UHV�UXQQLQJ�RYHU�D�GUXP�VXUIDFH��,Q
6XEVHFWLRQ�������WKH�WKHRU\� LV� UHVWULFWHG�WR�D�OLQHDULVHG�UHSUHVHQWDWLRQ�RI�WKH
YDULDWLRQ�RI�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�ZLWK�UDGLDO�GHIHFWLRQ��7KH�FRPSOHWH�QRQ�
OLQHDU�YDULDWLRQ�YHUVXV�QRUPDO�ORDG�)1�PD\�EH�GHVFULEHG�E\�WKH�H[SUHVVLRQ�
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7KH�ORQJLWXGLQDO�VOLS�YHORFLW\�LV�GHILQHG�ZLWK�U
H
�LQWURGXFHG�DV�WKH�VOLS�UDGLXV��FI�

H�J��(T���������1RWH�WKH�VOLJKWO\�GHYLDWLQJ�IRUPXOD�LQ�$SS����(T��$������
,Q� WKH� SUHVHQW� PRGHO� ZLWK� WKH� EHOW� ULQJ� DQG� FRQWDFW� SDWFK� PRGHOOHG� DV

VHSDUDWH�ERGLHV��WKH�ORQJLWXGLQDO�VOLS�YHORFLW\�9V[F�RI�WKH�FRQWDFW�SDWFK�LV�XVHG�DV
LQSXW� LQ� WKH� WUDQVLHQW� VOLS� GLIIHUHQWLDO� HTXDWLRQ� ��������� ,Q� (T��������� ZLWK
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�������� WKH� HIIHFWLYH� UROOLQJ� UDGLXV� UH� DFFRPSOLVKHV� WKH� WUDQVPLVVLRQ� RI� WKH
URWDWLRQDO�VSHHG�RI�WKH�EHOW�WR�WKH�UHVLGXDO�GHIOHFWLRQ�UDWH�RI�FKDQJH��$W�VWHDG\�
VWDWH�FRQGLWLRQ��WKH�GHIOHFWLRQ�UDWHV�YDQLVK�DQG�ZH�KDYH�WKH�IROORZLQJ�UHODWLRQ�IRU
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)LJ������� 7\UH�UDGLL�PHDVXUHG�RQ����P�GUXP�DV�D�IXQFWLRQ�RI�WKH�IRUZDUG�VSHHG�DW�WKUHH�D[OH
KHLJKWV�FRUUHVSRQGLQJ�WR�WKH�LQGLFDWHG�LQLWLDO�ORDGV��$YHUDJH�OHYHO�DQG�DPSOLWXGH�RI
EUDNH�WRUTXH�DUH�VPDOO�

HIIHFWLYH�UROOLQJ�UDGLXV��GHILQHG�DW�]HUR�GULYLQJ�RU�EUDNLQJ�WRUTXH��IUHH�UROOLQJ��
&RQVHTXHQWO\��WKH�EORFN�QDPHG�µW\UH¶�LQ�WKH�GLDJUDP�RI�)LJ������UHSUHVHQWV�ZKHQ
XQIROGLQJ�WKH�ERQG�JUDSK��D�MXQFWLRQ�VWUXFWXUH�FRQWDLQLQJ�D�WUDQVIRUPHU�ZLWK
PRGXOXV�UH�WKDW�WUDQVIRUPV�WKH�DQJXODU�VSHHG�LQWR��D�SDUW�RI��WKH�VOLS�VSHHG�DQG�
LQ�RSSRVLWH�GLUHFWLRQ��WKH�VOLS�IRUFH�LQWR�WKH�GULYH�WRUTXH�

([SHULPHQWV� KDYH� EHHQ� FDUULHG� RXW� E\� =HJHODDU� RQ� ERWK� WKH� IODW� SODQN
PDFKLQH�DQG�WKH�GUXP�WHVW�VWDQG�WR�HVWDEOLVK�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�DQG�WKH
PRPHQW�DUP��,Q�WKHVH�WHVWV�D�EUDNH�WRUTXH�ZDV�DSSOLHG�WR�WKH�ZKHHO��7KH�PRPHQW
DUP�PD\�EH�WHUPHG�DV�WKH�EUDNH�OHYHU�DUP��7KH�GLDJUDPV�RI�)LJ������KDYH�EHHQ
REWDLQHG�IURP�WHVWV�SHUIRUPHG�DW�]HUR��EUDNH�OHYHU�DUP��DQG�YHU\�ORZ�VSHHG�RI
WUDYHO��HIIHFWLYH�UROOLQJ�UDGLXV���(VSHFLDOO\�LQ�FDVH�RI�WKH�IODW�VXUIDFH�DQ�H[FHOOHQW
DJUHHPHQW�KDV�EHHQ�IRXQG�WR�RFFXU��,W�LV�DVVXPHG�WKDW�WKH�JURZWK�RI�WKH�HIIHFWLYH
UROOLQJ�UDGLXV�ZLWK�VSHHG�LV�HTXDO�WR�WKDW�RI�WKH�IUHH�W\UH�UDGLXV��FI��(T���������

7KH�GLDJUDPV�RI�)LJ������SUHVHQW�WKH�LQIOXHQFH�RI�VSHHG�RQ�WKH�WZR�UDGLL��7KH



6+257�:$9(/(1*7+�,17(50(',$7(�)5(48(1&<�7<5(�02'(/ ���

312

308

300

296

304

U
H

U
R

0.20
)
[
)
1

0.4 0.6 0.8 1

eff. rolling radius

PRGHO

WHVW

)���= 10
2000N
4000N
6000N

)���= 10
2000N
4000N
6000N

U
H

U�� O

301mm
290mm
280mm

loaded
radius

U�� R

free
radius

312mm

-d0� /d)
% [

-d0� /d)% [

)LJ������� 5DWLR�RI�EUDNH�WRUTXH�LQFUHPHQW�WR�EUDNH�IRUFH�LQFUHPHQW�DV�IXQFWLRQ�RI�OHYHO�RI
EUDNH�IRUFH�DW�D�YHORFLW\�RI���NP�K�DQG�WKUHH�GLIIHUHQW�D[OH�KHLJKWV��ORDGHG�UDGLL��

ORDGHG�UDGLXV�KDV�EHHQ�NHSW�IL[HG�VR�WKDW�WKH�YHUWLFDO�ORDG�ULVHV�ZKHQ�WKH�VSHHG
LV�LQFUHDVHG��7KUHH�GLIIHUHQW�D[OH�KHLJKWV�KDYH�EHHQ�VHOHFWHG�FRUUHVSRQGLQJ�WR�WKH
LQGLFDWHG�LQLWLDO�YHUWLFDO�ORDGV�DW�]HUR�VSHHG�)1���7KH�OHIW�KDQG�GLDJUDP�VKRZV�WKH
GHJUHH�RI�ILW�IRU�WKH�HIIHFWLYH�UROOLQJ�UDGLXV��7KH�ULJKW�KDQG�GLDJUDP�VKRZV�WKH
FRUUHVSRQGHQFH�ZLWK�WKH�EUDNH�OHYHU�DUP��7KH�WHVWV�IURP�ZKLFK�WKH�EUDNH�OHYHU
DUP�FDQ�EH�DVVHVVHG��KDYH�EHHQ�FRQGXFWHG�DW�ORZ�OHYHOV�RI�WKH�DYHUDJH�DQG�WKH
VWDQGDUG� GHYLDWLRQ� RI� WKH� EUDNH� WRUTXH� UDQGRP� LQSXW� ����� DQG� ��1P
UHVSHFWLYHO\���7KH�EUDNH�OHYHU�DUP�UHVXOWV�IURP�WKH�ORQJLWXGLQDO�IRUFH�UHVSRQVH
WR�WKH�LPSRVHG�EUDNH�WRUTXH�YDULDWLRQ�DW�]HUR�IUHTXHQF\��7KH�LQIOXHQFH�RI�WKH
DYHUDJH�EUDNH�WRUTXH�RQ�WKH�UDWLR�RI�WKH�WRUTXH�DPSOLWXGH�DQG�WKH�IRUFH�DPSOLWXGH
DW�]HUR�IUHTXHQF\���G0%�G)[��LV�JLYHQ�LQ�)LJ�������7KLV�UDWLR�GRHV�QRW�DSSHDU�WR
EH�D�FRQVWDQW��(VSHFLDOO\�DW�ORZ�ORDGV�DQG�UHODWLYHO\�ODUJH�EUDNLQJ�IRUFHV�ODUJH
GHYLDWLRQV�DULVH�IURP�WKH�YDOXH�RI�WKH�HIIHFWLYH�UROOLQJ�UDGLXV��2EYLRXVO\��GXH�WR
LWV�GHILQLWLRQ��WKH�HIIHFWLYH�UDGLXV�LV�QRW�DIIHFWHG�E\�WKH�PDJQLWXGH�RI�WKH�EUDNH
IRUFH�

:LWK�WKH�HIIHFWLYH�UDGLXV�DGRSWHG�DV�WKH�EUDNH�RU�GULYLQJ�WRUTXH�PRPHQW�DUP
WKH�UROOLQJ�UHVLVWDQFH�PRPHQW�EHFRPHV��DFWLQJ�DERXW�&�\�D[LV��

� �������0
\
' )

[
�U

H
&U

O
�% )

U
U
O
@DUFWDQ �9

U
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R
�

ZKLFK� DOVR� FRQWDLQV� WKH� IUHH� UROOLQJ� UHVLVWDQFH� PRPHQW� )UUO� DFFRUGLQJ� WR
(T���������DQG�WKH�DUFWDQ�IXQFWLRQ�WR�WDNH�FDUH�RI�D�SRVVLEOH�VLJQ�FKDQJH�RI�WKH
ZKHHO�UROOLQJ�VSHHG�

,Q�$SSHQGL[���D�FRPSOHWH�VHW�RI�SDUDPHWHU�YDOXHV�KDV�EHHQ�OLVWHG�IRU�ERWK�WKH
0DJLF�)RUPXOD�PRGHO�DQG�WKH�6:,)7�PRGHO�
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�����'\QDPLF�7\UH�0RGHO�3HUIRUPDQFH

$� QXPEHU� RI� H[SHULPHQWV� KDV� EHHQ� FRQGXFWHG� DW� WKH� 'HOIW� 8QLYHUVLW\� RI
7HFKQRORJ\� WR�DVVHVV� WKH�SDUDPHWHUV�RI� WKH�G\QDPLF�PRGHO�DQG� WR� MXGJH� LWV
SHUIRUPDQFH��7KH�VWHDG\�VWDWH�VLGH�VOLS��ORQJLWXGLQDO�VOLS�DQG�FDPEHU�IRUFH�DQG
PRPHQW� FKDUDFWHULVWLFV� KDYH� EHHQ� W\SLFDOO\� DVVHVVHG� IURP� RYHU� WKH� URDG
H[SHULPHQWV� ZLWK� WKH� 'HOIW� 7\UH� 7HVW� 7UDLOHU�� )RU� WKH� PRGHO� SHUIRUPDQFH
HYDOXDWLRQ�� VWHDG\�VWDWH� FKDUDFWHULVWLFV� KDYH� EHHQ� XVHG� REWDLQHG� IURP� WHVWV
FDUULHG�RXW�RQ�WKH�GUXP�ZLWK�WKH�VWUDLQ�JDXJH�HTXLSSHG�PHDVXULQJ�KXE�PRXQWHG
LQ�WKH�PHDVXULQJ�WRZHU��

,Q�6XEVHFWLRQ��������WKH�GHGLFDWHG�G\QDPLF�WHVW�IDFLOLWLHV�ZLOO�EH�GHVFULEHG
IROORZHG� E\� 6XEVHFWLRQ� ������ ZLWK� WKH� SUHVHQWDWLRQ� RI� WKH� PRGHO� G\QDPLF
EHKDYLRXU�LQ�FRPSDULVRQ�ZLWK�H[SHULPHQWDO�GDWD��,Q�6HFWLRQ�����WKH�PRGHO�ZLOO
EH�H[WHQGHG�WR�LQFOXGH�WKH�GHVFULSWLRQ�RI�UXQQLQJ�RYHU�URDG�REVWDFOHV��FOHDWV��
7KH�PRGHO�GHYHORSPHQW�LV�IROORZHG�E\�WKH�SUHVHQWDWLRQ�RI�H[SHULPHQWDO�UHVXOWV
FRPSDUHG�ZLWK�PRGHO�EHKDYLRXU�

�������'HGLFDWHG�'\QDPLF�7HVW�)DFLOLWLHV

'\QDPLF�%UDNH�DQG�&OHDW�7HVW�5LJ

([SHULPHQWV�KDYH�EHHQ�FRQGXFWHG�RQ�WKH����
�
P�VWHHO�GUXP�WHVW�VWDQG�SURYLGHG

ZLWK�D�VSHFLDOO\�GHVLJQHG�ULJ�HTXLSSHG�ZLWK�D�GLVF�EUDNH�LQVWDOODWLRQ��FI��)LJ������
7KH�ZKHHO�D[OH�KHLJKW�FDQ�EH�DGMXVWHG�WR�VHOHFW�WKH�W\UH�LQLWLDO�ORDG�

'XULQJ�WKH�WHVWV�WKH�D[OH�SRVLWLRQ�LV�KHOG�IL[HG�DQG�WKH�ZKHHO�ORDG�ULVHV�ZLWK
LQFUHDVLQJ�VSHHG��7KH�ZKHHO�D[OH�EHDULQJ�DWWDFKPHQWV�DUH�HTXLSSHG�ZLWK�SLH]R
HOHFWULF�ORDG�FHOOV��6WHDG\�VWDWH�RU�DYHUDJH�IRUFH�OHYHOV�FDQ�QRW�EH�PHDVXUHG�ZLWK
WKHVH�IRUFH�WUDQVGXFHUV��7R�SURYLGH�DQ�LQGLFDWLRQ�RI�WKH�DFWXDO�ORDG�LQFUHDVH�ZLWK
VSHHG�DV�PHDVXUHG�RQ�WKH�PHDVXUHPHQW�WRZHU�SURYLGHG�ZLWK�D�KXE�ZLWK�VWUDLQ
JDXJHV��7DEOH�����JLYHV�IRU�D�VHULHV�RI�LQLWLDO�GHIOHFWLRQV�� ]��DW�]HUR�VSHHG��WKH
YDOXHV� RI� WKH� DYHUDJH� YHUWLFDO� IRUFH� GHULYHG� IURP�PHDVXUHPHQWV� DW� GLIIHUHQW
VSHHGV��7KH�YDOXHV�KDYH�EHHQ�REWDLQHG�IURP�(TV�������������DIWHU�KDYLQJ�ILWWHG
WKH�SDUDPHWHUV�LQYROYHG��7KH�ORDGV�VKRZQ�DSSO\�IRU�WKH�FDVHV�RI�QRPLQDO�ORDGV
����������������1�LQGLFDWHG�LQ�WKH�JUDSKV�SUHVHQWHG�LQ�WKH�QH[W�VHFWLRQ�

0XFK�FDUH�KDV�EHHQ�WDNHQ�WR�PDNH�WKH�ULJ�VXIILFLHQWO\�ULJLG��7KLV�UHVXOWHG�LQ
D�ORZHVW�QDWXUDO�IUHTXHQF\�MXVW�RYHU����

�
+]�ZKLFK�DOORZV�WKH�XVH�RI�WHVW�GDWD�XS

WR�FD����
�
+]��,Q�DGGLWLRQ��WR�DYRLG�IRUFH�FURVV�WDON��WKH�EUDNH�VKDIW�LV�FRQQHFWHG



6+257�:$9(/(1*7+�,17(50(',$7(�)5(48(1&<�7<5(�02'(/ ���

cleat

hingearm

frames to constrain axle

drum 2.5 m diameter

piezo force
transducers

wheel speed
sensor

drum

brake torque
sensor

disc brake

flexible 
couplings

)LJ��������'\QDPLF�EUDNH�DQG�FOHDW�WHVW�IDFLOLW\�LQ�VLGH�DQG�IURQW�YLHZ�

ZLWK�WKH�ZKHHO�VKDIW�WKURXJK�DQ�LQWHUPHGLDWH�VKDIW�HTXLSSHG�ZLWK�WZR�IOH[LEOH
FRXSOLQJV��7KHVH�FRXSOLQJV�DUH�IOH[LEOH�LQ�DOO�GLUHFWLRQV�H[FHSW�DERXW�WKH�D[LV�RI
URWDWLRQ��7KLV�HQVXUHV�WKDW�RQO\�WKH�EUDNH�WRUTXH�LV�WUDQVPLWWHG�WR�WKH�ZKHHO�DQG
WKDW�RWKHU�SDUDVLWLF�IRUFHV�DQG�PRPHQWV�DUH�ODUJHO\�VXSSUHVVHG��7KH�EUDNH�WRUTXH
LV�PHDVXUHG�ZLWK�VWUDLQ�JDXJHV�DWWDFKHG�WR�WKH�LQWHUPHGLDWH�FRXSOLQJ�VKDIW��$
K\GUDXOLF�VHUYR�V\VWHP�LV�XVHG�WR�FRQWURO�WKH�EUDNH�SUHVVXUH��7KH�WHVW�IDFLOLWLHV
ZLWK�QXPHURXV�H[SHULPHQWDO�DQG�VLPXODWLRQ�UHVXOWV�KDYH�EHHQ�GHVFULEHG�LQ�GHWDLO
E\�=HJHODDU��������
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��������������7DEOH������9HUWLFDO�ORDG�RQ����P�GUXP�DW�FRQVWDQW�D[OH�KHLJKW�DQG�LQFUHDVLQJ�
VSHHG���W\UH��������5�����9�DW�����EDU��

�9[�>NP�K@� �������LQLWLDO�YHUWLFDO�GHIOHFWLRQ�� ]����>PP@

����������� ������������ ���������� ���������� ����������

������YHUWLFDO�ORDG�)1��>1@��DW�FRQVWDQW�D[OH�KHLJKW

����������� ������������ ���������� ���������� ����������

���������� ������������ ���������� ���������� ����������

���������� ����������� ���������� ���������� ����������

���������� ����������� ���������� ���������� ����������

���������� ����������� ���������� ���������� ����������

���������� ���������� ���������� ���������� ����������

3HQGXOXP�DQG�<DZ�2VFLOODWLRQ�7HVW�5LJV

7R�DVVHVV�WKH�ODWHUDO�DQG�\DZ�W\UH�G\QDPLF�SDUDPHWHUV�WZR�WHVW�ULJV�DUH�XVHG�
2QH�LV�WKH�WUDLOLQJ�DUP¶SHQGXOXP¶�WHVW�VWDQG�ZLWK�DW�RQH�HQG�D�YHUWLFDO�KLQJH�DQG
DW�WKH�RWKHU�WKH�VWHHULQJ�KHDG�ZLWK�SLH]R�HOHFWULF�PHDVXULQJ�KXE��)LJ��������$W
WKDW� SRLQW� WKH� DUP� LV� H[FLWHG� ODWHUDOO\� XS� WR� FD�� ��

�
+]� WKURXJK� D� K\GUDXOLF

DFWXDWRU��7KH�ZKHHO�ORDG�LV�DGMXVWHG�E\�WLOWLQJ�WKH�YHUWLFDO�KLQJH�VOLJKWO\�IRUZDUG�
7KH�DUP�OHQJWK�LV�����P�DQG�WKH�W\UH�LV�VXEMHFWHG�WR�DQ�DOPRVW�SXUHO\�ODWHUDO�VOLS
YDULDWLRQ��7KH�ULJ�LV�XVHIXO�WR�DVVHVV�WKH�RYHUDOO�UHOD[DWLRQ�OHQJWK��7KH�LGHD�RI�WKH
SHQGXOXP�FRQFHSW�RULJLQDWHV�IURP�%DQGHO�HW�DO����������+H�GHVLJQHG�DQG�XVHG�DQ
DFWXDO�SHQGXOXP�ULJ��7KH�QDWXUDO�IUHTXHQF\�RI�WKH�IUHHO\�VZLQJLQJ�WUDLOLQJ�DUP
ZLWK�W\UH�UROOLQJ�RQ�WKH�GUXP�ZDV�WDNHQ�WR�HVWDEOLVK�WKH�W\UH�UHOD[DWLRQ�OHQJWK� �
7KLV�TXDQWLW\�LV�WKH�SDUDPHWHU�RI�WKH�ILUVW�RUGHU�GLIIHUHQWLDO�HTXDWLRQ�VXFK�DV�XVHG
LQ�&KDSWHU����%DQGHO�IRXQG�WKDW� �

�
LQFUHDVHV�ZLWK�VSHHG��+RZHYHU��ZKHQ�XVLQJ

D�PRGHO�ZLWK�EHOW�ULQJ�LW�WXUQV�RXW�WKDW�WKH�SDUDPHWHUV�FDQ�EH�NHSW�FRQVWDQW��FI�
'H�9ULHV������E���&RQVHTXHQWO\��W\UH�LQHUWLD��QRWDEO\�WKH�J\URVFRSLF�FRXSOHV�
JLYH�ULVH�WR�WKH�VSHHG�GHSHQGHQF\�RI�WKH�HIIHFWLYH�UHOD[DWLRQ�OHQJWK��

$QRWKHU�ULJ�ZDV�GHYHORSHG�WR�LQYHVWLJDWH�WKH�UHVSRQVH�RI�WKH�W\UH�VXEMHFWHG
WR�\DZ�RVFLOODWLRQV�DW�IUHTXHQFLHV�XS�WR�FD����

�
+]��7KH�VWUXFWXUH�GHSLFWHG�LQ

)LJ������LV�OLJKW�DQG�YHU\�VWLII��7KH�WZR�JXLGLQJ�PHPEHUV�ZLWK�IOH[LEOH�KLQJHV
LQWHUVHFW�LQ�WKH�YHUWLFDO�YLUWXDO�VWHHULQJ�D[LV�WKDW�LV�SRVLWLRQHG�LQ�WKH�ZKHHO�FHQWUH
SODQH��FHQWUH�SRLQW�VWHHULQJ���$�K\GUDXOLF�DFWXDWRU�LV�PRXQWHG�WR�JHQHUDWH�WKH
\DZ�YLEUDWLRQ��7KH�ZKHHO�D[OH�LV�SURYLGHG�ZLWK�D�SLH]R�HOHFWULF�PHDVXULQJ�KXE�
7KH�W\UH�LV�ORDGHG�E\�DGMXVWLQJ�WKH�D[OH�KHLJKW�DERYH�WKH�GUXP�VXUIDFH��'XULQJ
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hydraulic
actuator

piezo electric
measuring hub
and
steering head

drumhinge

)LJ������� 7KH� WUDLOLQJ� DUP� µSHQGXOXP¶� WHVW� ULJ� H[FLWLQJ� WKH� W\UH� DOPRVW� SXUHO\�ODWHUDOO\�
)UHTXHQFLHV�XS�WR�FD�����+]�DGHTXDWH�IRU�DVVHVVLQJ�WKH�W\UH�UHOD[DWLRQ�OHQJWK�DQG
J\URVFRSLF�FRXSOLQJ�SDUDPHWHU�

piezo electric
measuring hub

rigid member

flexible hinge

hydraulic
actuator

drum

)LJ������� 7KH�\DZ�RVFLOODWLRQ�WHVW�ULJ�IHDWXULQJ�FHQWUH�SRLQW�VWHHULQJ��)UHTXHQFLHV�XS�WR�FD����
+]�HQDEOLQJ�WKH�DVVHVVPHQW�RI�W\UH�RXW�RI�SODQH��LQHUWLD�DQG�VWLIIQHVV�SDUDPHWHUV
LQFOXGLQJ�UHVLGXDO�VWLIIQHVVHV�DQG�ULJLG�PRGHV�
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WKH�WHVW�WKH�ORDGHG�UDGLXV�UHPDLQV�FRQVWDQW�
7KH�PHDVXULQJ�WRZHU�SURYLGHG�ZLWK�D�K\GUDXOLF�YHUWLFDO�D[OH�SRVLWLRQLQJ

LQVWDOODWLRQ�LV�XVHG�WR�FRQGXFW�SXUH�EUDNLQJ�DQG�SXUH�VLGH�VOLS�WHVWV�DV�ZHOO�DV
FRPELQHG�VOLS�H[SHULPHQWV�DW�D[OH�KHLJKW�RVFLOODWLRQV�DQG�UDGLDO�G\QDPLF�VWLIIQHVV
WHVWV�XS�WR�FD����

�
+]��

$�GHWDLOHG�GHVFULSWLRQ�RI�WKH�YDULRXV�VLGH�VOLS�WHVW�IDFLOLWLHV�WRJHWKHU�ZLWK�D
IXOO�DFFRXQW�RQ�WKH�QXPHURXV�H[SHULPHQWV�FRQGXFWHG�DQG�WKH�VLPXODWLRQ�UHVXOWV
RI�WKH�PRGHO�KDYH�EHHQ�JLYHQ�E\�0DXULFH��������DQG�IRU�PRWRUF\FOH�W\UHV�E\�'H
9ULHV������D�E��

�������'\QDPLF�7\UH�6LPXODWLRQ�DQG�([SHULPHQWDO�5HVXOWV

,Q�JHQHUDO��WKH�YDOXHV�RI�WKH�PRGHO�SDUDPHWHUV�FDQ�HVWLPDWHG�E\�PLQLPL]LQJ�WKH
GLIIHUHQFH�EHWZHHQ�PHDVXUHG�DQG�FDOFXODWHG�IUHTXHQF\�UHVSRQVH�IXQFWLRQV��ERWK
DPSOLWXGH�DQG�SKDVH���,Q�VRPH�FDVHV��LQ�SDUWLFXODU�WKH�LQ�SODQH�UHVSRQVH��VSHFLDO
DVSHFWV� RI� WKH� UHVSRQVH� IXQFWLRQV� KDG� WR� EH� WDNHQ� WR� VXFFHVVIXOO\� DVVLVW� WKH
SDUDPHWHU�DVVHVVPHQW��7KHVH�DVSHFWV�ZHUH��WKH�SRVLWLRQ�DQG�ZLGWK�RI�UHVRQDQFH
SHDNV��VLGHZDOO�DQG�UHVLGXDO�VWLIIQHVVHV�DQG�GDPSLQJ���WKH�SKDVH�UHODWLRQVKLS�LQ
WKH� ORZ� IUHTXHQF\� UDQJH� �RYHUDOO� UHOD[DWLRQ� OHQJWK� ZKLFK� LW� VHOI� LV� QRW� D
SDUDPHWHU���� WKH� \DZ� UHVSRQVH� DW� ]HUR� VSHHG� �\DZ� UHVLGXDO� VWLIIQHVV��� 7KH
UHVLGXDO� GDPSLQJ� UDWLRV� KDYH� EHHQ� FKRVHQ� HTXDO� WR� WKRVH� RI� WKH� VLGHZDOOV�
$QRWKHU�KHOS�ZDV�WKH�HVWDEOLVKPHQW�RI�WKH�LQHUWLD�SDUDPHWHUV�RI�WKH�UHOHYDQW�SDUW
RI�WKH�W\UH�E\�FXWWLQJ�WKH�W\UH�LQWR�SLHFHV�DQG�FRQVLGHULQJ�WKH�SDUDPHWHUV�RI�WKHVH
SDUWV��5ROOLQJ�RYHU�D�FOHDW�PLJKW�EH�XVHG�WR�HVWLPDWH�VRPH�RI�WKH�SDUDPHWHUV�EXW
WKH�PRVW�DFFXUDWH�ZD\�LV�WKH�LGHQWLILFDWLRQ�WKURXJK�IUHTXHQF\�UHVSRQVH�IXQFWLRQV�
7KHVH�DUH�REWDLQHG�ZLWK�WKH�DLG�RI�WKH�UDQGRP�EUDNH�WHVW�ZLWK�EUDNH�WRUTXH��RU
WKH�PHDVXUHG�ZKHHO�VSHHG��XVHG�DV�LQSXW��WKH�\DZ�RVFLOODWLRQ�WHVW�DQG�WKH�YHUWLFDO
D[OH�RVFLOODWLRQ�WHVW��

9LEUDWLRQDO�0RGHV

7KH�YLEUDWLRQDO�PRGHV�RI�WKH�W\UH�PD\�EH�DVVHVVHG�WKURXJK�PRGDO�DQDO\VLV
RI�WKH�W\UH�ZKHHO�V\VWHP�ZLWK�D[OH�IL[HG�DQG�W\UH�ORDGHG�RU�XQORDGHG��:KHQ
FRPSDULQJ� WKHVH� UHVXOWV� ZLWK� FDOFXODWHG� PRGHV� XVLQJ� WKH� SDUDPHWHU� YDOXHV
DVVHVVHG�E\�PHDQV�RI�WKH�IUHTXHQF\�UHVSRQVH�IXQFWLRQV�RI�WKH�UROOLQJ�W\UH��LW�LV
IRXQG�WKDW�WKH�VWLIIQHVVHV�IRXQG�IURP�WKH�G\QDPLF�UROOLQJ�H[SHULPHQWV�DUH�FD�
����ORZHU�WKDQ�WKRVH�HVWLPDWHG�IURP�H[SHULPHQWDO�PRGDO�DQDO\VLV��FI��=HJHODDU�
7KHVH�GLIIHUHQFHV�PXVW�EH�GXH�WR�WKH�GLIIHUHQW�RSHUDWLRQDO�FRQGLWLRQV�DQG�WKH
ODUJHU�DPSOLWXGHV�RI�WKH�YLEUDWLRQV�DQG�KLJKHU�WHPSHUDWXUHV�WKDW�RFFXU�LQ�WKH
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vertical 80Hzin-phase 33Hz anti-phase 76Hz longitudinal 100Hz

longitudinal 74Hzrotational 0Hz vertical 74Hz torsional 78Hz

IUHH

ORDGHG

)LJ�������� &DOFXODWHG�LQ�SODQH�YLEUDWLRQDO�PRGHV�RI�W\UH�ZKHHO�V\VWHP�ZLWK�D[OH�IL[HG�DQG�W\UH
IUHH�RU�ORDGHG�RQ�WKH�GUXP�VXUIDFH�ZLWK�YHUWLFDO�ORDG�)1�

 �����1�DQG�DW�]HUR�VSHHG�

yaw 46Hz camber 46Hz

IUHH

ORDGHG

lateral 42Hz

camber 44Hz yaw 46Hz lateral 103Hz

)LJ�������� &DOFXODWHG�RXW�RI�SODQH�YLEUDWLRQDO�PRGHV�RI�W\UH�ZKHHO�V\VWHP�ZLWK�D[OH�IL[HG�DQG
W\UH� IUHH�RU�ORDGHG�RQ�WKH�GUXP�VXUIDFH�ZLWK�YHUWLFDO�ORDG�)1� �����1�DQG�]HUR
VSHHG�

UHDOLVWLF�UROOLQJ�H[SHULPHQWV�
7KH� FDOFXODWHG� YLEUDWLRQDO� ULJLG� ERG\� PRGHV� DW� ]HUR� VSHHG� XVLQJ� WKH

SDUDPHWHUV�DV�HVWDEOLVKHG�IURP�H[SHULPHQWV�FDUULHG�RXW�RQ�WKH�GUXP�KDYH�EHHQ
GHSLFWHG�LQ�)LJV������DQG����
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:H�KDYH�IRXU�LQ�SODQH�GHJUHHV�RI�IUHHGRP�RI�EHOW�ULQJ�DQG�ZKHHO�ULP��WZR
WUDQVODWLRQDO� DQG� WZR� URWDWLRQDO�� DQG� WKUHH� RXW�RI�SODQH� GHJUHHV� RI� IUHHGRP
�ODWHUDO��\DZ�DQG�FDPEHU���$V�D�FRQVHTXHQFH��ZH�FDQ�GLVWLQJXLVK�IRXU�LQ�SODQH
ULJLG�PRGHV�DQG�WKUHH�RXW�RI�SODQH�ULJLG�ERG\�PRGHV��7KH�PRGH�VKDSHV�PD\
FKDQJH�FRQVLGHUDEO\�ZKHQ�WKH�W\UH�LV�PDNLQJ�FRQWDFW�WR�WKH�GUXP�VXUIDFH��7KH
IUHH�URWDWLRQ����+]��PRGH�FKDQJHV�LQWR�D�PRGH�ZLWK�WKH�EHOW�DQG�ULP�URWDWLQJ�LQ
SKDVH�ZLWK� UHVSHFW� WR�HDFK�RWKHU�DQG� WKH� ODWHUDO�DQG�FDPEHU�PRGHV� IRUPLQJ
FRPELQDWLRQV��RQH�ORZ�IUHTXHQF\�PRGH�ZLWK�D�ORZ�D[LV�RI�FDPEHU�RVFLOODWLRQV
DQG�RQH�KLJK�IUHTXHQF\�PRGH�ZLWK�D�URWDWLRQ�D[LV�FORVHU�WR�WRS�RI�WKH�W\UH�DQG
UHODWLYHO\� ODUJH� ODWHUDO�GHIOHFWLRQV� LQ� WKH�FRQWDFW�]RQH��7KH�\DZ�PRGH� LQ� WKH
ORDGHG� FDVH� VKRXOG� VKRZ� D� VRPHZKDW� KLJKHU� FDOFXODWHG� QDWXUDO� IUHTXHQF\
EHFDXVH�LQ�0DXULFH¶V�PRGHO�WKH�VSLQ�UHVSRQVH�KDV�QRW�\HW�EHHQ�LQFOXGHG�ZKLFK
PHDQV�WKDW�WKH�\DZ�VWLIIQHVV�RI�WKH�WUHDG�HOHPHQWV�LV�QRW�WDNHQ�LQWR�DFFRXQW��

7KH�QDWXUDO�IUHTXHQFLHV�Q�DQG�GDPSLQJ�UDWLR� �FKDQJH�ZLWK�WKH�VSHHG�RI
UROOLQJ��,Q�7DEOH�����WKH�YDOXHV�KDYH�EHHQ�SUHVHQWHG�IRU�WKH�ORDGHG�W\UH�UXQQLQJ
DW� D� YHORFLW\� RI� �� DQG� ��

�
P�V�� (VSHFLDOO\� WKH� RXW�RI�SODQH� PRGHV� VKRZ

FRQVLGHUDEOH�FKDQJHV�LQ�IUHTXHQF\�DQG�GDPSLQJ��7KH�FDPEHU�DQG�\DZ�PRGH
QDWXUDO�IUHTXHQFLHV�ZKLFK�DUH�LGHQWLFDO�LQ�WKH�XQORDGHG�]HUR�VSHHG�FDVH��H[KLELW
D� ZLWK� VSHHG� JURZLQJ� PXWXDO� GLIIHUHQFH� ZLWK� WKH� FDPEHU� PRGH� IUHTXHQF\
EHFRPLQJ�VPDOOHU�DQG�WKH�\DZ�PRGH�IUHTXHQF\�ODUJHU��

7DEOH������1DWXUDO� IUHTXHQFLHV� DQG� GDPSLQJ� RI� YLEUDWLRQDO�PRGHV� RI� ULJLG� ULQJ�W\UH�PRGHO
FDOFXODWHG�DW�D�YHUWLFDO�ORDG�)1� �����1�IRU�WZR�YDOXHV�RI�IRUZDUG�VSHHG�

��IRUZDUG�VSHHG���>P�V@ �������� �������� �������� �������

�������������Q���>+]@ ������������ ����>�@

��LQ�SODQH�PRGHV

��LQ�SKDVH �������� �������� �������� �������

��YHUWLFDO �������� �������� �������� �������

��DQWL�SKDVH �������� �������� �������� �������

��ORQJLWXGLQDO ������� ������� �������� �������

��RXW�RI�SODQH�PRGHV

��FDPEHU �������� �������� �������� �������

��\DZ �������� �������� �������� �������

��ODWHUDO ������� ������� �������� �������
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)LJ�������� 0HDVXUHG�DQG�FDOFXODWHG�LQ�SODQH�IUHTXHQF\�UHVSRQVH�IXQFWLRQV�DW�DQ�DYHUDJH�EUDNLQJ
IRUFH�RI����1�DQG�DVVHVVHG�DW�D�EUDNLQJ�IRUFH�VWDQGDUG�GHYLDWLRQ�RI���1��

)UHTXHQF\�5HVSRQVH�)XQFWLRQV

$�W\SLFDO�H[DPSOH�RI�PHDVXUHG�DQG�FDOFXODWHG�LQ�SODQH�IUHTXHQF\�UHVSRQVH
IXQFWLRQV�KDV�EHHQ�GHSLFWHG�LQ�)LJ�������&RKHUHQFH�IXQFWLRQV�VKRZ�WKDW�WKH�WHVWV
JLYH� VHQVLEOH� UHVXOWV� XS� WR� FD�� ���+]��6LPLODU� UHVSRQVH� IXQFWLRQV� KDYH� EHHQ
REWDLQHG�E\�.RELNL�HW�DO����������7KH�OHIW�KDQG�GLDJUDP�RI�WKH�ILJXUH�UHSUHVHQWV
WKH�UHVSRQVH�IXQFWLRQ�RI�WKH�EUDNH�IRUFH�WR�WKH�LPSRVHG�EUDNH�WRUTXH�YDULDWLRQ
FRQVLGHUHG�WR�EH�DSSOLHG�LQ�WKH�WRUTXH�PHWHU��7KH�ULJKW�KDQG�GLDJUDP�VKRZV�WKH
UHVSRQVH�RI�WKH�IRUFH�WR�ZKHHO�VOLS�YDULDWLRQV��7KH�ZKHHO�VOLS�LV�GHULYHG�IURP�WKH
PHDVXUHG�ZKHHO�DQG�GUXP�VSHHGV�

7KH�WZR�SHDNV�RFFXUULQJ�LQ�WKH�OHIW�KDQG�GLDJUDP�EHORQJ�WR�WKH�LQ�SKDVH�DQG
WKH�DQWL�SKDVH�PRGHV��7KH�VLQJOH�SHDN�VKRZLQJ�XS�LQ�WKH�ULJKW�KDQG�GLDJUDP
EHORQJV�WR�WKH�PRGH�WKDW�ZRXOG�DULVH�LI�WKH�ULP�LV�IL[HG�DOVR�LQ�URWDWLRQ��7KH
QDWXUDO�IUHTXHQF\�OLHV�LQ�EHWZHHQ�WKH�IUHTXHQFLHV�RI�WKH�SHDNV�LQ�WKH�OHIW�GLDJUDP�
7KH�QDWXUDO�IUHTHQFLHV�FRQWULEXWH�WR�DVVHVV�WKH�VLGHZDOO�VWLIIQHVVHV��)URP�WKH
ULJKW�KDQG� GLDJUDP� WZR� TXDQWLWLHV� FDQ� EH� GHULYHG�� WKH� VOLS� VWLIIQHVV� DQG� WKH
RYHUDOO�UHOD[DWLRQ�OHQJWK��7KURXJK�WKH�ODWWHU��DGGLWLRQDO�LQIRUPDWLRQ�LV�REWDLQHG
WR� ILQG� WKH� IRUH�DQG�DIW� UHVLGXDO� VWLIIQHVV��)URP�FDUHIXO� LQWHUSUHWDWLRQ� RI� WKH
IUHTXHQF\�UHVSRQVH�IXQFWLRQV�DVVHVVHG�DW�GLIIHUHQW�VSHHGV��WKH�VLGHZDOO�VWLIIQHVV
GHSHQGHQFH�RQ�WKH�VSHHG�RI�UROOLQJ�KDV�EHHQ�DVFHUWDLQHG��5HVXOWLQJ�FDOFXODWHG
UHVSRQVH�IXQFWLRQV�DW�GLIIHUHQW�ORDGV�DQG�EUDNH�WRUTXH�OHYHO�JDYH�VDWLVIDFWRU\
DJUHHPHQW�ZLWK�PHDVXUHG�EHKDYLRXU��:H�UHIHU�WR�WKH�RULJLQDO�ZRUN�RI�=HJHODDU
�������IRU�GHWDLOHG�LQIRUPDWLRQ�
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� 7KH�RXW�RI�SODQH� IUHTXHQF\� UHVSRQVH� IXQFWLRQV�RI� WKH� VLGH� IRUFH�DQG�WKH
DOLJQLQJ�WRUTXH�WR�\DZ�RVFLOODWLRQV�KDYH�EHHQ�SUHVHQWHG�LQ�)LJV����������7KH
SDUDPHWHUV�KDYH�EHHQ�DVVHVVHG�E\�PLQLPLVLQJ�WKH�GLIIHUHQFH�EHWZHHQ�PHDVXUHG
DQG� FDOFXODWHG� �FRPSOH[�� UHVSRQVH� IXQFWLRQV�� 7KH� FRUUHVSRQGHQFH� DFKLHYHG
EHWZHHQ�PHDVXUHG�DQG�FRPSXWHG�FXUYHV�DW�GLIIHUHQW�VSHHGV��ORDGV�DQG�VLGH�VOLS
OHYHO�LV�TXLWH�VDWLVIDFWRU\��FI��0DXULFH��������IRU�PRUH�GHWDLOV��7R�FRQGXFW�D
SURSHU�FRPSDULVRQ��WKH�PHDVXUHG�GDWD�KDYH�EHHQ�FRUUHFWHG�IRU�WKH�LQHUWLD�RI�WKH
ZKHHO�DQG�SDUW�RI�WKH�W\UH�WKDW�PRYHV�ZLWK�WKH�ZKHHO��7KH�H[SHFWHG�VSOLWWLQJ�XS
RI�WKH�VLQJOH�SHDN�DW�ORZ�YHORFLW\�LQWR�WZR�SHDNV��RQH�EHORQJLQJ�WR�WKH�FDPEHU
PRGH�DQG�WKH�RWKHU�WR�WKH�\DZ�PRGH��DQG� WKH�JURZLQJ�GLIIHUHQFH�RI�WKH�WZR
QDWXUDO� IUHTXHQFLHV� ZLWK� LQFUHDVLQJ� VSHHG� LV� FOHDUO\� GHPRQVWUDWHG�� 7KLV
SKHQRPHQRQ�ZKLFK�LV�GXH�WR�WKH�J\URVFRSLF�DFWLRQ��KDV�DOUHDG\�EHHQ�REVHUYHG
WR�RFFXU�ZLWK�WKH�VWUHWFKHG�VWULQJ�PRGHO�ZLWK�LQHUWLD�LQFOXGHG�DSSUR[LPDWHO\��FI�
)LJ������� ,W� LV� RI� LPSRUWDQFH� WR� QRWH� WKDW� WKH� WKHRUHWLFDO� UHVXOWV� KDYH� EHHQ
HVWDEOLVKHG�E\�XVLQJ�WKH�PRGHO�WKDW�GLG�QRW�LQFOXGH�WKH�HTXDWLRQV�IRU�WKH�UHVSRQVH
WR�VSLQ��������������(VSHFLDOO\�WKH�DOLJQLQJ�PRPHQW�LV�VHQVLWLYH�WR�WXUQ�VOLS��7KH
PRPHQW�UHVSRQVH�FXUYHV�WR�VLGH�VOLS�DQG�\DZ�RI�WKH�PDVVOHVV� W\UH�PRGHO�DV
GHSLFWHG� LQ� )LJ������ DUH� TXLWH� GLIIHUHQW�� 7KH� GLS� LQ� WKH� PRPHQW� DPSOLWXGH
UHVSRQVH�FXUYH�WR�\DZ�RVFLOODWLRQV�RFFXUULQJ�LQ�WKH�FXUYH�IRU�0 �LQ�)LJ������GRHV
QRW�DSSHDU�LQ�WKH�FXUYH�IRU�WKH�UHVSRQVH�WR�VLGH�VOLS�0 ��7KLV�GLS�DOVR�DSSHDUV�LQ
WKH�FXUYHV�RI�)LJ������ZKHUH�VSLQ�LV�LQFOXGHG��,W�LV�VXUSULVLQJ�WR�VHH�WKDW�D�VLPLODU
GLS�RFFXUV�LQ�WKH�)LJV����������7KH�PLQLPXP�DULVHV�KHUH�GXH�WR�WKH�WHQGHQF\�RI
WKH�UHVSRQVH�WR�VLGH�VOLS�WR�GHFUHDVH�DQG�WHQG�WR�]HUR�DW�LQFUHDVLQJ�SDWK�IUHTXHQF\
ZKLOH�DW�WKH�VDPH�WLPH�WKH�PRPHQW�DPSOLWXGH�LQFUHDVHV�GXH�WR�W\UH�LQHUWLD�ZKHQ
DSSURDFKLQJ�WKH�UHVRQDQFH�SHDN��7KH�GLS�LQ�WKH�PHDVXUHG�FXUYH�RI�WKH�XSSHU
ULJKW�KDQG�GLDJUDP�RI�)LJ������DW���NP�K�LV�GHHSHU�WKDQ�WKH�RQH�VKRZQ�E\�WKH
WKHRUHWLFDO�FXUYH�RI�WKH�ORZHU�GLDJUDP��7KLV�PD\�EH�GXH�WR�WKH�DGGLWLRQDO�DFWLRQ
RI�VSLQ�LQ�WKH�DFWXDO�W\UH��$V�GHPRQVWUDWHG�E\�ERWK�WKH�WKHRUHWLFDO�DQG�PHDVXUHG
FXUYHV�RI�)LJ������WKH�GLS�GLVDSSHDUV�DOWRJHWKHU�DW�ODUJHU�DYHUDJH�VLGH�VOLS�

7KH�H[SHULPHQWV�FRQGXFWHG�ZLWK�WKH�WUDLOLQJ�DUP�µSHQGXOXP¶�WHVW�ULJ�ZKHUH
WKH�W\UH�LV�VXEMHFWHG�WR�DOPRVW�SXUH�VLGH�VOLS�DQG�WKH�VSLQ�LV�YHU\�VPDOO��DOVR�VKRZ
VDWLVIDFWRU\�FRUUHVSRQGHQFH�ZLWK�PRGHO�EHKDYLRXU� �0DXULFH��������DOVR��'H
9ULHV��PRWRUF\FOH�W\UHV������E���7KLV�DOVR�DSSHDUV�WR�KROG�IRU�D�OLPLWHG�QXPEHU
RI�FRQGXFWHG�FRPELQHG�VOLS�WHVWV�DQG�WKH�UHVSRQVH�WR�YHUWLFDO�D[OH�PRWLRQV�DW�VLGH
VOLS�DQG�EUDNLQJ�FDUULHG�RXW�ZLWK�WKH�PHDVXULQJ�WRZHU��

$SSDUHQWO\��WKH�ULJLG�ULQJ�PRGHO�SURYLGHG�ZLWK�WKH�VKRUW�ZDYHOHQJWK�WUDQVLHQW
VOLS�PRGHO�LV�YHU\�ZHOO�FDSDEOH�RI�GHVFULELQJ�WKH�G\QDPLF�W\UH�EHKDYLRXU�LQ�WKH
IUHTXHQF\�UDQJH�XS�WR�DERXW����+]��)XUWKHUPRUH��LW�PD\�EH�FRQFOXGHG�WKDW�WKH
VSLQ�SDUW�LV�RQO\�QHFHVVDU\�ZKHQ�GHDOLQJ�ZLWK�VKRUW�ZDYHOHQJWK��HVSHFLDOO\�ORZ
VSHHG�SKHQRPHQD�ZKHUH�W\UH�LQHUWLD�LV�OHVV�LPSRUWDQW��VXFK�DV�ZLWK�SDUNLQJ��
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)LJ�������� 0HDVXUHG�DQG�FDOFXODWHG�RXW�RI�SODQH�IUHTXHQF\�UHVSRQVH�IXQFWLRQV�RI�WKH�VLGH�IRUFH
DQG�DOLJQLQJ�WRUTXH�WR�VWHHU�DQJOH�YDULDWLRQV�DW�RQH�YDOXH�RI�VSHHG�DQG�DW�IRXU�OHYHOV
RI�DYHUDJH�VLGH�VOLS�DQG�ZKHHO�ORDG�)1� �����1�
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)LJ�������� %UDNH�IRUFH�UHVSRQVH�WR�VXFFHVVLYH�VWHS�LQFUHPHQWV�RI�EUDNH�SUHVVXUH��7KH�XSSHU
GLDJUDPV�GHSLFW�WKH�YDULDWLRQ�RI�IRUFH�DQG�ZKHHO�VSHHG�RI�UHYROXWLRQ�ZLWK�WLPH�
7KH� ORZHU� ILJXUH� VKRZV� WKH� ORRSV� LQ� WKH� IRUFH� YHUVXV� ZKHHO� VOLS� GLDJUDP�
$SSDUHQWO\��WKH�DFWXDO�IULFWLRQ�FRHIILFLHQW�LV�ORZHU�WKDQ�DVVXPHG�LQ�WKH�PRGHO�
�=HJHODDU���������
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7LPH�'RPDLQ�5HVSRQVHV

7R�GHPRQVWUDWH�WKH�SHUIRUPDQFH�RI�WKH�PRGHO��VLPXODWLRQV�DQG�H[SHULPHQWV�KDYH
EHHQ�FDUULHG�RXW�SHUWDLQLQJ�WR�VXFFHVVLYH�VWHSZLVH�LQFUHDVHV�LQ�EUDNH�SUHVVXUH
DQG�VWHHU�DQJOH��

7KH�UHVSRQVH�RI�WKH�ORQJLWXGLQDO�IRUFH�DQG�WKH�DVVRFLDWHG�ZKHHO�VSHHG�KDV
EHHQ�SUHVHQWHG�LQ�)LJ�������7KH�ORZHU�GLDJUDP�FOHDUO\�GHSLFWV�WKH�RVFLOODWRU\
YDULDWLRQ�RI�WKH�IRUFH�YHUVXV�VOLS�UDWLR��7KH�PHDVXUHG�UHVSRQVH�VKRZV�D�IDVWHU
GHFD\�RI� WKH�ZKHHO� YHORFLW\�DIWHU� WKH�KLJKHVW�EUDNH�HIIRUW�KDV�EHHQ� UHDFKHG�
$SSDUHQWO\��WKLV�LV�GXH�WR�WKH�IULFWLRQ�FRHIILFLHQW�EHLQJ�ORZHU�LQ�WKH�H[SHULPHQW
WKDQ�DVVXPHG�LQ�WKH�PRGHO��)LQDOO\��WKH�EUDNH�LV�UHOHDVHG�DQG�WKH�ZKHHO�VSLQV�XS
DJDLQ��7KH�RVFLOODWLRQV��FD����+]��FRUUHVSRQG�WR�WKH�LQ�SKDVH�YLEUDWLRQDO�PRGH
RI�WKH�V\VWHP�ZLWK�WKH�EUDNH�GLVF�D[OH�LQHUWLD�LQFOXGHG�

)LJXUH������VKRZV�WKH�UHVSRQVHV�WR�VXFFHVVLYH�FKDQJHV�LQ�VWHHU�DQJOH�IRU�ERWK
WKH�VLGH�IRUFH�DQG�WKH�DOLJQLQJ�WRUTXH�DW�D�JLYHQ�ORDG�DQG�VSHHG��7KH�UHVSRQVHV
FOHDUO\� VKRZ� YLEUDWLRQV� DWWULEXWHG� WR� WKH� \DZ�FDPEHU� PRGH� ZLWK� QDWXUDO
IUHTXHQF\�RI�FD����+]��FI��)LJ���������

�
NP�K���$OVR��WKH�GHFUHDVH�RI�WKH�RYHUDOO

UHOD[DWLRQ�OHQJWK�DW�ODUJHU�VOLS�DQJOH�FDQ�EH�UHFRJQL]HG�

������'\QDPLF�7\UH�5HVSRQVH�WR�6KRUW�5RDG
8QHYHQQHVVHV

7KH�DFWXDO�URDG�VXUIDFH�SURILOH�RYHU�ZKLFK�WKH�W\UH�UROOV�PD\�FRQWDLQ�VSHFWUDO
FRPSRQHQWV�VKRZLQJ�UHODWLYHO\�VKRUW�ZDYHOHQJWKV��,I�WKH�ZDYHOHQJWK�LV�VPDOOHU
WKDQ�WZR�WR�WKUHH�WLPHV�WKH�FRQWDFW�OHQJWK�D�JHRPHWULF�ILOWHULQJ�RI�WKH�SURILOH
EHFRPHV�QHFHVVDU\�LI�WKH�W\UH�PRGHO�HPSOR\HG�LV�DVVXPHG�WR�FRQWDFW�WKH�URDG�LQ
D�VLQJOH�SRLQW��)RU�WKH�6:,)7�PRGHO�D�VSHFLDO�ILOWHU�KDV�EHHQ�GHYHORSHG�WKDW
WDNHV�FDUH�RI�WKH�HQYHORSPHQW�SURSHUWLHV�RI�WKH�W\UH�DQG�WKH�YDULDWLRQ�LQ�HIIHFWLYH
UROOLQJ� UDGLXV� WKDW� RFFXUV� ZKHQ� WKH� W\UH� UROOV� RYHU� D� VKRUW� REVWDFOH�� 7KH
HQYHORSPHQW�RI�DQ�REVWDFOH�WDNHV�SODFH�LQ�WKH�FRQWDFW�]RQH��,W�LV�DVVXPHG�WKDW
ORFDO�G\QDPLF�HIIHFWV�FDQ�EH�QHJOHFWHG��7KH�FKDQJLQJ�FRQGLWLRQV�WKDW�DULVH�IRU�WKH
W\UH�ZKHQ�TXDVL�VWDWLFDOO\�WUDYHUVLQJ�DQ�REVWDFOH�DUH�PHDVXUHG�DQG�PRGHOOHG�DQG
VXEVHTXHQWO\�XVHG�DV�HIIHFWLYH�URDG�SODQH�LQSXWV�IRU�WKH�W\UH�PRGHO�DW�KLJKHU
VSHHGV��7KH�EHOW�LQHUWLD�WDNHV�FDUH�RI�WKH�G\QDPLF�HIIHFWV��
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30 mm

50 mm

10 mm 15 mm15 mm

trapezium positive step negative step

)LJ��������7KUHH�W\SLFDO�REVWDFOHV�XVHG�LQ�=HJHODDU¶V�UHVHDUFK�

�������7\UH�(QYHORSPHQW�3URSHUWLHV

,Q� WKH� OLWHUDWXUH� RQH� ILQGV� QXPHURXV� SXEOLFDWLRQV� RQ� W\UH� HQYHORSPHQW
EHKDYLRXU��:H�UHIHU�WR�WKH�VWXG\�RI�=HJHODDU��������IRU�DQ�H[WHQVLYH�OLVW�RI
UHIHUHQFHV��$�QXPEHU�RI�WKHVH�ZLOO�EH�PHQWLRQHG�KHUH��,PSRUWDQW�H[SHULPHQWDO
REVHUYDWLRQV�KDYH�EHHQ�PDGH�E\�*RXJK���������+H�LQGLFDWHG�WKDW�WKH�W\UH�WKDW
LV�VORZO\�UROOHG�DW�FRQVWDQW�YHORFLW\�DQG�D[OH�KHLJKW��RYHU�D�FOHDW�ZLWK�OHQJWK
PXFK� VPDOOHU� WKDQ� WKH� FRQWDFW� OHQJWK�� H[KLELWV� WKUHH� GLVWLQFW� UHVSRQVHV�� ���
YDULDWLRQV�LQ�WKH�YHUWLFDO�IRUFH������YDULDWLRQV�LQ�WKH��KRUL]RQWDO�� ORQJLWXGLQDO
IRUFH�DQG�����YDULDWLRQV�LQ�WKH�DQJXODU�YHORFLW\�RI�WKH�ZKHHO��/LSSPDQQ�HW�DO�
����������VWXGLHG�WKH�UHVSRQVHV�RI�ERWK�WUXFN�DQG�SDVVHQJHU�FDU�W\UHV�UROOLQJ
RYHU�VKRUW�VKDUS�XQHYHQQHVVHV�OLNH�FOHDWV�DQG�VWHSV�RI�VHYHUDO�KHLJKWV��)URP�WKH
H[SHULPHQWDO� REVHUYDWLRQV� LW� KDV� EHHQ� FRQFOXGHG� WKDW� DQ� DOPRVW� OLQHDU
UHODWLRQVKLS� H[LVWV� EHWZHHQ� W\UH� IRUFH� YDULDWLRQ� DQG� VWHS� KHLJKW�� 7KH
VXSHUSRVLWLRQ�SULQFLSOH�PD\�WKHUHIRUH�EH�HPSOR\HG�WR�DVVHVV�WKH�UHVSRQVH�WR�DQ
DUELWUDULO\�VKDSHG�XQHYHQQHVV�E\�WDNLQJ�WKH�VXP�RI�UHVSRQVHV�WR�D�VHULHV�RI�VWHS
FKDQJHV� LQ� URDG� VXUIDFH� KHLJKW�� 7KHVH� REVHUYDWLRQV� DUH� H[SHFWHG� WR� EH
DSSUR[LPDWHO\�WUXH�LI�WKH�REVWDFOH�KHLJKW�LV�QRW�WRR�ODUJH�

)RU� WKUHH� W\SLFDO� URDG� XQHYHQQHVVHV�� GHSLFWHG� LQ�)LJ�������=HJHODDU� KDV
PHDVXUHG�WKH�UHVSRQVHV�RI�WKH�W\UH�DW�WKUHH�GLIIHUHQW�FRQVWDQW�D[OH�KHLJKWV��7R
DYRLG�G\QDPLF�HIIHFWV��WKH�YHORFLW\�RI�WKH�GUXP�RQ�ZKLFK�WKH�FOHDW�LV�DWWDFKHG
�)LJ�������ZDV�PDLQWDLQHG�DW�WKH�YHU\�ORZ�OHYHO�RI�����NP�K�

)LJXUH������SUHVHQWV�WKH�PHDVXUHG�YHUWLFDO�ORDG�)9���KRUL]RQWDO�ORQJLWXGLQDO
IRUFH�)+�DQG�WKH�IURP�PHDVXUHPHQWV�GHULYHG�HIIHFWLYH�UROOLQJ�UDGLXV�UH��7KH�ODWWHU
TXDQWLW\�LV�REWDLQHG�IURP�WKH�YDULDWLRQ�RI�WKH�ZKHHO�URWDWLRQ�UDWH�G �GV�ZKLFK�LV
GHILQHG�DV��WKH�GLIIHUHQFH�RI�WKH�LQFUHPHQWDO�ZKHHO�DQJXODU�GLVSODFHPHQW�DQG�WKH
FRQVWDQW��XQGLVWXUEHG��LQFUHPHQWDO�URWDWLRQ��DV�D��UDWLR�WR�WKH�LQFUHPHQW�RI�WKH
WUDYHOOHG�GLVWDQFH�RI�WKH�ZKHHO�D[OH��7KH�IROORZLQJ�HTXDWLRQV�DSSO\�
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)LJ������� 5ROOLQJ�RYHU�D�WUDSH]LXP�FOHDW��DQ�XSZDUG�DQG�D�GRZQZDUG�VWHS��)LJ�������DW�YHU\
ORZ�VSHHG�DQG�IRU�WKUHH�D[OH�KHLJKWV��'LDJUDPV�VKRZ�PHDVXUHG�YDULDWLRQV�RI�WKH
YHUWLFDO�IRUFH�)9��XSZDUG�����WKH�ORQJLWXGLQDO�KRUL]RQWDO�IRUFH�)+��IRUZDUG����DQG�WKH
HIIHFWLYH�UROOLQJ�UDGLXV�UH���(T����������7\UH�GLPHQVLRQV��������5����
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7KH�SHFXOLDU�VKDSHV�RI�WKH�YDULRXV�UHVSRQVH�FXUYHV�FRUUHVSRQG�YHU\�ZHOO
ZLWK� UHVXOWV� IRXQG� LQ� WKH� OLWHUDWXUH�� 6HYHUDO� W\UH�PRGHOV� KDYH� EHHQ� XVHG� WR
VLPXODWH�WKH�H[SHULPHQWDO�REVHUYDWLRQV��'DYLV��������KDV�GHYHORSHG��D�PRGHO
IHDWXULQJ� LQGHSHQGHQW� UDGLDO� VSULQJV�GLVWULEXWHG�DORQJ� WKH�FLUFXPIHUHQFH��%\
JLYLQJ�WKH�LQGLYLGXDO�VSULQJV�D�QRQ�OLQHDU�GHJUHVVLYH�FKDUDFWHULVWLF�WKH�PRGHO�LV
DEOH�WR�JHQHUDWH�D�YHUWLFDO�IRUFH�UHVSRQVH�FXUYH�ZLWK�WKH�W\SLFDO�GLS�WKDW�VKRZV
XS�ZKHQ�UXQQLQJ�DW�UHODWLYHO\�KLJK�LQLWLDO�ORDGV��%DGDODPHQWL�DQG�'R\OH�������
GHYHORSHG�D�PRGHO�DOVR�FRQVLVWLQJ�RI� UDGLDO� VSULQJV�EXW�QRZ�ZLWK�DGGLWLRQDO
LQWHUUDGLDO�VSULQJ�HOHPHQWV�WKDW�FRQQHFW�WKH�HQG�SRLQWV�RI�DGMDFHQW�UDGLDO�VSULQJV
LQ�UDGLDO�GLUHFWLRQ��:KHQ�WKH�GHIOHFWLRQV�RI�QHLJKERXULQJ�UDGLDO�VSULQJV�DUH�QRW
HTXDO�WR�HDFK�RWKHU��WKH�LQWHUUDGLDO�VSULQJ�JHQHUDWHV�D�UDGLDO�µVKHDU�IRUFH¶�WKDW
DFWV�RQ�WKH�HQG�SRLQWV�RI�WKH�UDGLDO�VSULQJV��0RXVVHDX�HW�DO���������DQG�2HUWHO
�������VLPXODWH�WKH�W\UH�UROOLQJ�RYHU�D�SRVLWLYH�VWHS�E\�PHDQV�RI��GLIIHUHQW�W\SHV
RI��ILQLWH�HOHPHQW�PRGHOV��=HJHODDU�XVHV�WKH�IOH[LEOH�ULQJ��EHOW��PRGHO�RI�*RQJ
��������WKDW�ZDV�GHYHORSHG�ZLWK�WKH�DLG�RI�WKH�PRGDO�H[SDQVLRQ�PHWKRG��DV�D
UHIHUHQFH�PRGHO�LQ�KLV�UHVHDUFK��7KH�DGGLWLRQ�RI�WUHDG�HOHPHQWV�ZLWK�UDGLDO�DQG
WDQJHQWLDO�FRPSOLDQFHV�WR�*RQJ¶V�PRGHO�GLG�HQDEOH�=HJHODDU�WR�HPSOR\�WKH�PRGHO
IRU� WKH� VWXG\�RI� WUDYHUVLQJ�REVWDFOHV��$OVR� WKLV�PRGHO� VKRZV� UHVSRQVHV�YHU\
VLPLODU� WR� WKH� PHDVXUHG� EHKDYLRXU�� 6FKPHLW]� ������� HPSOR\V� WKH� UDGLDO
LQWHUUDGLDO�PRGHO�DV�D�SRVVLEOH�EDVLV�IRU�WKH�SUDJPDWLF�PRGHO�UXQQLQJ�RYHU�DQ
DUELWUDU\�URDG�VXUIDFH�

�������7KH�(IIHFWLYH�5RDG�3ODQH

7R�DUULYH�DW�D�JHRPHWULFDOO\�ILOWHUHG�URDG�SURILOH�GHVFULSWLRQ�%DQGHO�IROORZV�WKH
LGHD�RI�'DYLV�DQG�LQWURGXFHV�WKH�HIIHFWLYH�URDG�SODQH��7KH�HIIHFWLYH�SODQH�KHLJKW
DQG�VORSH�YDULDWLRQ�PD\�EH�HVWDEOLVKHG�E\�FRQGXFWLQJ�DQ�H[SHULPHQW�ZKHUH�WKH
ZKHHO�LV�UROOHG�DW�D�YHU\�ORZ�YHORFLW\�RYHU�DQ�XQHYHQ�URDG�VXUIDFH�DW�FRQVWDQW
D[OH�KHLJKW��DERYH�D�KRUL]RQWDO�UHIHUHQFH�SODQH��DQG�WKH�IRUFHV�DUH�PHDVXUHG��FI�
)LJ�������,W�LV�DUJXHG�WKDW�WKH�UHVXOWLQJ�IRUFH��ZLWK�WKH�UROOLQJ�UHVLVWDQFH�IRUFH
RPLWWHG��WKDW�DFWV�XSRQ�WKH�ZKHHO�D[OH��LV�GLUHFWHG�SHUSHQGLFXODUO\�WR�WKH�HIIHFWLYH
URDG�SODQH��%\�GLYLGLQJ�WKH�YDULDWLRQ�RI�WKH�PHDVXUHG�YHUWLFDO�IRUFH��ZKLFK�LV
DSSUR[LPDWHO\�HTXDO�WR�WKH�YHUWLFDO�FRPSRQHQW�RI�WKH�QRUPDO�IRUFH�)1���E\�WKH
UDGLDO�VWLIIQHVV�RI�WKH�W\UH��WKH�HIIHFWLYH�URDG�KHLJKW�YDULDWLRQ���Z��LV�REWDLQHG�
7KH�HIIHFWLYH�VORSH�LV�IRXQG�E\�GLYLGLQJ�WKH�ORQJLWXGLQDO�KRUL]RQWDO�IRUFH��DIWHU
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effective road plane
height 
and slope

)1

�)��+

)
9

�)��+

)
9

V

K
D[OH

)1IU

-Z
β

measured vertical and 
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actual road profile

distance travelled

rolling resistance force

normal load(V)
(V)

wheel axle height

YHU\�ORZ�VSHHG
H[SHULPHQW

ρ]

radial deflection

)LJ������� 7KH�ZKHHO�UROOHG�RYHU�D�URDG�LUUHJXODULW\�DW�FRQVWDQW�D[OH�KHLJKW�WR�HVWDEOLVK�WKH
HIIHFWLYH�URDG�SODQH�YDULDWLRQ�

KDYLQJ�VXEWUDFWHG�WKH�UHODWLYHO\�VPDOO�UROOLQJ�UHVLVWDQFH�IRUFH��E\�WKH�YHUWLFDO
IRUFH��%RWK�HIIHFWLYH�TXDQWLWLHV�DUH�IXQFWLRQV�RI�WKH�ORQJLWXGLQDO�FRRUGLQDWH�RI�WKH
ZKHHO�FHQWUH�V��7KH�IROORZLQJ�IRUPXODH�DSSO\��FI��(T���������
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)RU�WKH�GHVFULSWLRQ�RI�WKH�HIIHFWLYH�URDG�LQSXW�WKH�SUDJPDWLF�PRGHOOLQJ�DSSURDFK
LQLWLDWHG�E\�%DQGHO�HW�DO���������DQG�IXUWKHU�GHYHORSHG�E\�=HJHODDU�DQG�H[WHQGHG
E\�6FKPHLW]�LV�PRVW�XVHIXO�DQG�ZLOO�EH�GLVFXVVHG�EHORZ��%DQGHO�GLVFRYHUHG�WKDW
WKH�IXQFWLRQ�UHSUHVHQWLQJ�WKH�UHVSRQVH�RI�WKH�FKDQJH�LQ�YHUWLFDO�IRUFH�WR�D�VKRUW
UHFWDQJXODU�REVWDFOH��IHDWXULQJ�WKH�GLS�DW�KLJK�ORDG�DQG�WKH�QLSSOH�DW�ORZ�ORDG�
FDQ�EH�GHFRPSRVHG�LQWR�WZR�LGHQWLFDO�EDVLF�IXQFWLRQV��ZKLFK�DUH�HDFK�RWKHUV
PLUURU�LPDJH��7KH�EDVLF�IXQFWLRQV�DUH�IRXQG�WR�EH�DSSUR[LPDWHO\�LQGHSHQGHQW�RI
WKH�LQLWLDO�W\UH�YHUWLFDO�GHIOHFWLRQ��WKDW�LV��LQGHSHQGHQW�RI�WKH�D[OH�KHLJKW��7R�ILQG
WKH�IRUFH�UHVSRQVH�FXUYH�DW�D�SRVVLEO\�GLIIHUHQW�D[OH�KHLJKW��WKH�EDVLF�IRUFH�FXUYHV
DUH�VKLIWHG�ZLWK�UHVSHFW�WR�HDFK�RWKHU�RYHU�D�GLVWDQFH�D�ELW�OHVV�WKDQ�WKH�FRQWDFW
OHQJWK�DQG�WKHQ�DGGHG�WRJHWKHU��%\�GLYLGLQJ�WKH�UHVXOW�E\�WKH�UDGLDO�VWLIIQHVV�WKH
HIIHFWLYH�URDG�SODQH�KHLJKW�YDULDWLRQ�LV�IRXQG�

$OVR� IRU� WKH�PHDVXUHG� ORQJLWXGLQDO� IRUFH� YDULDWLRQ� D� SDLU� RI� EDVLF� IRUFH
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actual road (trapezium)
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 surface height
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 surface slope
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curve
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high load

+

)LJ�������7KH�FRQVWUXFWLRQ�RI�WKH�FXUYHV�UHSUHVHQWLQJ�WKH�HIIHFWLYH�KHLJKW�HQG�HIIHFWLYH�VORSH
RI�WKH�ORFDO�URDG�SODQH�IURP�WKH�EDVLF�IXQFWLRQ�DVVRFLDWHG�ZLWK�WKH�WUDSH]LXP�FOHDW�

IXQFWLRQV�FDQ�EH�DVVHVVHG��$JDLQ��WKHVH�DUH�LGHQWLFDO�EXW�WKH�ILUVW�PXVW�QRZ�EH
VXEWUDFWHG�IURP�WKH�VHFRQG�DQG�WKH�UHVXOW�GLYLGHG�E\�WKH�KRUL]RQWDO�VKLIW�DQG�WKH
UDGLDO�VWLIIQHVV�WR�ILQG�WKH�YDULDWLRQ�RI�WKH�VORSH�RI�WKH�HIIHFWLYH�URDG�SODQH����

=HJHODDU�GLG�H[SHULPHQWV�ZLWK�WKH�WUDSH]LXP�VKDSHG�FOHDW�DV�LQGLFDWHG�LQ
)LJ�������+H� IRXQG� EDVLF� FXUYHV�ZKLFK� DUH� SUDFWLFDOO\� V\PPHWULF� LQ� VKDSH�
0LUURU�LPDJLQJ�ZDV�QRW�QHFHVVDU\�DQG�GLG�FHUWDLQO\�QRW�DSSO\�IRU�QRQ�V\PPHWULF
XQHYHQQHVVHV�VXFK�DV�WKH�VWHS��$OVR��WKH�EDVLF�IXQFWLRQV�DVVHVVHG�IRU�WKH�YHUWLFDO
IRUFH�DSSHDUHG�WR�EH�SUDFWLFDOO\�WKH�VDPH�DV�WKH�RQHV�IRU�WKH�ORQJLWXGLQDO�IRUFH�
7KHVH�ILQGLQJV�KHOSHG�D�ORW�WR�PDNH�WKH�SULQFLSOH�RI�WKH�EDVLF�IXQFWLRQ�HDVLHU�DQG
PRUH�ZLGHO\�DSSOLFDEOH��2QH�EDVLF�FXUYH�HVWDEOLVKHG�IURP�DQ�H[SHULPHQW�ZLWK�D
W\UH�UROOLQJ�RYHU�D�JLYHQ�URDG�LUUHJXODULW\�DW�D�IL[HG�FRQVWDQW�D[OH�SRVLWLRQ�VKRXOG
EH�VXIILFLHQW�WR�VHUYH�DV�WKH�VRXUFH�IRU�DVVHVVLQJ�WKH�HTXLYDOHQW�URDG�SODQH�KHLJKW
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)LJ��������7KH�YLUWXDO�URDG�SURILOH�DQG�HIIHFWLYH�URDG�SODQH�DV�VHQVHG�DW�ZKHHO�D[OH�OHYHO�

DQG�VORSH��7KHVH�WZR�HTXLYDOHQW�TXDQWLWLHV�ZLOO�ODWHU�EH�FRPSOHWHG�ZLWK�D�WKLUG
TXDQWLW\��WKH�HIIHFWLYH�UROOLQJ�UDGLXV��WR�IRUP�WKH�FRPSOHWH�VHW�RI�WKUHH�HIIHFWLYH
LQSXWV�IURP�URDG�WR�W\UH�PRGHO�

)LJXUH������GHPRQVWUDWHV�WKH�XVH�RI�WKH�EDVLF�FXUYH�IRU�WKH�HIIHFWLYH�URDG
SODQH�KHLJKW�DSSOLFDEOH�IRU�WKH�W\UH�UROOLQJ�RYHU�D�VKRUW�WUDSH]RLGDO�FOHDW�DW�D
FRQVWDQW�D[OH�KHLJKW��7KH�YHUWLFDO�VFDOH�KDV�EHHQ�H[DJJHUDWHG��7KH�EDVLF�FXUYH
LV�DSSUR[LPDWHG�E\�D�KDOI�VLQH�ZDYH��7KH�EDVH�OHQJWK�RI�WKH�FXUYH�LV�GHQRWHG�ZLWK
OE���LWV�KHLJKW�ZLWK����KE�DQG�WKH�VKLIW�ZLWK�OV��7KH�ZLWK�WUDYHOOHG�GLVWDQFH�V�YDU\LQJ
YDOXHV�RI�Z�DQG� �GHILQH�WKH�ORFDO�HIIHFWLYH�ZKHHO�SODQH��)LJXUH������FODULILHV�WKH
DFWXDO�VLWXDWLRQ��$W�ZKHHO�SRVLWLRQ�V�WKH�FXUUHQW�HIIHFWLYH�URDG�SODQH�KDV�EHHQ
LQGLFDWHG��7KH�YLUWXDO�URDG�SURILOH�GHILQHG�DV�WKH�SDWK�RI�WKH�ZKHHO�FHQWUH�WKDW
ZRXOG�RFFXU�DW�FRQVWDQW�QRUPDO�ORDG�KDV�EHHQ�GUDZQ�WRJHWKHU�ZLWK�WKH�DFWXDO
URDG�SURILOH��7KH�GLVWDQFH�RI�WKH�ZKHHO�FHQWUH�ORFDWLRQ�ZLWK�UHVSHFW�WR�WKH�YLUWXDO
URDG�SURILOH�FRUUHVSRQGV�WR�WKH�LQFUHDVH�RI�WKH�DFWXDO�UDGLDO�W\UH�GHIOHFWLRQ��7KH
GLVWDQFH�RI�WKH�ZKHHO�FHQWUH�WR�WKH�LQGLFDWHG�HIIHFWLYH�URDG�SODQH��WUDQVODWHG�WR
D[OH�OHYHO�ZLWK�Z�DQG� �UHJDUGHG��LV�WKH�LQFUHDVH�LQ�HIIHFWLYH�UDGLDO�GHIOHFWLRQ
ZKLFK�WRJHWKHU�ZLWK�WKH�LQLWLDO�GHIOHFWLRQ�EHFRPHV�HTXDO�WR� ]��

7KH�7ZR�3RLQW�)ROORZHU�7HFKQLTXH

,Q�)LJ������DQ�DOWHUQDWLYH�WHFKQLTXH�LV�LQWURGXFHG�XVLQJ�D�VLQJOH�EDVLF�FXUYH
ZLWK�IXOO�KHLJKW�KE�DQG�D�WZR�SRLQW�IROORZHU��,I�WKH�WZR�SRLQWV�DUH�PRYHG�DORQJ
WKH�EDVLF�FXUYH�WKH�PLGSRLQW�GHVFULEHV�D�FXUYH�WKDW�UHSUHVHQWV�WKH�FKDUDFWHULVWLF
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IRU�WKH�HIIHFWLYH�URDG�KHLJKW��7KH�LQFOLQDWLRQ�DQJOH�RI�WKH�IROORZHU�FRUUHVSRQGV
WR�WKH�VORSH�RI�WKH�HIIHFWLYH�URDG�SODQH��

7KH�UHVSRQVH�WR�D�VWHS�FKDQJH�LQ�URDG�OHYHO�PD\�VHUYH�DV�D�EXLOGLQJ�EORFN�WR
FRPSRVH�WKH�UHVSRQVH�WR�DQ�DUELWUDU\�URDG�XQHYHQQHVV��7KH�FRUUHVSRQGLQJ�EDVLF
IXQFWLRQ�PD\�EH�WHUPHG�DV�WKH�HOHPHQWDU\�EDVLF�IXQFWLRQ��7KH�HOHPHQWDU\�EDVLF
FXUYH�PD\�EH�UHSUHVHQWHG�E\�D�TXDUWHU�VLQH�ZDYH��)RU�WKH�VWHSV�JLYHQ�LQ�)LJ�����
WKH�SDUDPHWHUV�RI�WKH�EDVLF�FXUYH�KDYH�EHHQ�GHWHUPLQHG�E\�ILWWLQJ�WKH�FDOFXODWHG
IRUFH� UHVSRQVH� WR� WKH�YHUWLFDO� IRUFH�YDULDWLRQ�PHDVXUHG� IRU� D� VHULHV� �RI�D[OH
KHLJKWV��)LJ�������

)LJXUH������VKRZV�WKH�HOHPHQWDU\�EDVLF�FXUYH�IRU�WKH�XSZDUG�VWHS�DQG�WKH
UHVXOWLQJ�HIIHFWLYH�URDG�OHYHO�DQG�VORSH�FKDUDFWHULVWLFV�DVVHVVHG�E\�XVLQJ�WKH�WZR�
SRLQW�IROORZHU�WHFKQLTXH��)RU�WKH�GRZQZDUG�VWHS�WKH�ILWWHG�EDVLF�IXQFWLRQ�DSSHDUV
WR�FRPH�YHU\�FORVH�WR�WKH�PLUURU�LPDJH�RI�WKH�RQH�GHWHUPLQHG�IRU�WKH�XSZDUG
VWHS��7KH�GLIIHUHQFH�PD\�YHU\�ZHOO�EH�QHJOHFWHG� 7KH�SDUDPHWHUV�WKDW�FRQWURO�WKH
VL]H�DQG�SRVLWLRQ�RI�WKH�EDVLF�FXUYH�DUH�WKH�OHQJWK�OE��WKH�VKLIW�OV�DQG�VR�FDOOHG
RIIVHW�OI��7KH�KHLJKW�KE�LV�HTXDO�WR�WKH�VWHS�KHLJKW��7KH�RIIVHW�LV�D�QHZ�TXDQWLW\
WKDW�GHILQHV�WKH�SRVLWLRQ�RI�WKH�EDVLF�FXUYH�ZLWK�UHVSHFW�WR�WKH�VWHS��FI��)LJ������

$�IXUWKHU�LPSRUWDQW�VWHS�LV�WDNHQ�LQ�WKH�GHYHORSPHQW�RI�WKH�DVVHVVPHQW�DQG
XVH�RI�EDVLF�IXQFWLRQV��,W�LV�REYLRXV�WKDW�GXULQJ�WKH�H[SHULPHQW�WKDW�LV�SHUIRUPHG
DW�FRQVWDQW�D[OH�KHLJKW��WKH�QRUPDO�ORDG�FKDQJHV�ZKLOH�UROOLQJ�RYHU�DQ�REVWDFOH�
7KH�VKLIW�KDV�EHHQ�VHHQ� WR�FKDQJH�ZLWK�D[OH�KHLJKW�� WKDW� LV��ZLWK�D� FKDQJHG
YHUWLFDO�ORDG��7KH�VKLIW�WKDW�FRUUHVSRQGV�WR�WKH�OHQJWK�RI�WKH�WZR�SRLQW�IROORZHU
KDV� EHHQ� IRXQG� WR� EH� HTXDO� WR� D� OLWWOH� OHVV� WKDQ� WKH� FRQWDFW� OHQJWK�� ,W� VHHPV
WKHUHIRUH�WR�EH�SUDFWLFDO�WR�DGDSW�WKH�VWUDWHJ\�IROORZHG�VRIDU��:H�ZLOO�KHQFHIRUWK
GHILQH�WKH�EDVLF�FXUYH�WR�KROG�IRU�D�FRQVWDQW�YHUWLFDO�ORDG�ZKLFK�PD\�EH�WKH�W\UH
QRPLQDO�ORDG��7KH�H[SHULPHQWV�DUH�WR�EH�FDUULHG�RXW�DW�FRQVWDQW�YHUWLFDO�ORDG�DQG
DW�YHU\�ORZ�VSHHG�RI�WUDYHO��6FKPHLW]��������FRQGXFWHG�VXFK�WHVWV�ZLWK�WKH�IODW
SODQN�PDFKLQH��FI��6HF��������7KH�HIIHFWLYH�URDG�SODQH�KHLJKW�YDULDWLRQ�IROORZV
GLUHFWO\�IURP�WKH�H[SHULPHQW��'LYLVLRQ�RI�WKH�YHUWLFDO�IRUFH�E\�WKH�UDGLDO�VWLIIQHVV
LV�QRW�QHHGHG�DQ\PRUH�ZKLFK�UHOLHYHV�XV�IURP�DFFRXQWLQJ�RI�D�SRVVLEO\�QRQ�OLQHDU
W\UH�FRPSUHVVLRQ�FKDUDFWHULVWLF�� FI��(T���������� ,Q�DGGLWLRQ�� VLQFH� WKH� UROOLQJ
UHVLVWDQFH�LV�QRZ�DVVXPHG�WR�UHPDLQ�FRQVWDQW��LW�LV�QR�ORQJHU�QHFHVVDU\�WR�WDNH
DFFRXQW�RI�WKH�UROOLQJ�UHVLVWDQFH�IRUFH�ZKHQ�GHWHUPLQLQJ�WKH�HIIHFWLYH�VORSH��DV
ZDV�GRQH�LQ�(T���������

=HJHODDU�FDOFXODWHG�WKH�VWHS�UHVSRQVH�ZLWK�WKH�IOH[LEOH�ULQJ�PRGHO�SURYLGHG
ZLWK�WUHDG�HOHPHQWV�DQG�IRXQG�JRRG�DJUHHPHQW�ZLWK�PHDVXUHG�GDWD��%\�ILWWLQJ�WKH
TXDUWHU�VLQH�FXUYH�UHSUHVHQWLQJ�WKH�EDVLF�IXQFWLRQ��SDUDPHWHU�YDOXHV�KDYH�EHHQ
DVVHVVHG�IRU�D�ZLGH�UDQJH�RI�VWHS�KHLJKWV��7KH�UHVXOWV�KDYH�EHHQ�FRPSDUHG�ZLWK
WKH� YDOXHV� FDOFXODWHG� IRU� D� ULJLG� ZKHHO� RU� ]HUR� QRUPDO� ORDG�� )LJXUH� ����
LOOXVWUDWHV�WKH�H[WUHPH�FDVH�RI�WKH�ULJLG�ZKHHO�UROOLQJ�RYHU�D�VWHS�
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effective 
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road slope

)LJ�������7KH� HIIHFWLYH� URDG� UHVSRQVH� FXUYHV� UHVXOWLQJ� IURP� WKH� �HOHPHQWDU\�� EDVLF�FXUYH
DVVRFLDWHG�ZLWK�WKH�VWHS�FKDQJH�LQ�URDG�OHYHO�E\�XVLQJ�WKH�WZR�SRLQW�IROORZHU�FRQFHSW�

β

OE

K
E

-β
-Z

basic function

OV

OV
�Z

effective 
road height

two-point
follower

β
-Z

effective 
road slope

)LJ������� $OWHUQDWLYH�PHWKRG�WR�GHWHUPLQH�WKH�HIIHFWLYH�URDG�KHLJKW�DQG�VORSH�XVLQJ�WKH�EDVLF
FXUYH�ZLWK�KHLJKW�KE�DQG�WKH�WZR�SRLQW�IROORZHU�ZLWK�OHQJWK�HTXDO�WR�WKH�VKLIW�OV�
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path center 
rigid wheel

K
step

rigid wheel

O
E

path lowest point 
rigid wheel

)LJ��������7KH�ULJLG�ZKHHO�UROOLQJ�RYHU�DQ�XSZDUG�VWHS�FKDQJH�LQ�URDG�OHYHO�

elementary
basic 
function

path lowest
point of 
rigid wheel

 stepOV

OI

OE

KE

K

9
��������)� =  
          2000
          4000
          6000 N

constant 
vertical force:

offset

150

0

50

0

Kstep
0 30

[mm]

OE

140

40
2D

shift

length

OV

OI

[mm]

[mm]

[mm]
-10

rigid wheel

)LJ������� 3DUDPHWHU�YDOXHV�IRU�WKH�HOHPHQWDU\�EDVLF�FXUYH�HVWDEOLVKHG�DW�FRQVWDQW�YHUWLFDO
ORDGV�E\�FRPSXWDWLRQV�XVLQJ�D�IOH[LEOH�ULQJ�PRGHO�ZLWK�WUHDG�HOHPHQWV��=HJHODDU
�������
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path of egg centre

basic curve

E

D

H

H

[
H

]
H

)LJ��������µ(JJ¶�PRYLQJ�RYHU�VWHS�URDG�SURILOH��SURGXFLQJ�EDVLF�FXUYH�

�,Q�)LJ������=HJHODDU¶V�FDOFXODWHG�UHVXOWV�KDYH�EHHQ�SUHVHQWHG�IRU�D�VHULHV�RI
YHUWLFDO�ORDGV�)9��7KH�GLDJUDPV�VKRZ�WKDW�WKH�EDVLF�FXUYH�OHQJWK�OE�DQG�WKH�RIIVHW
OI�GR�FKDQJH�ZLWK�VWHS�KHLJKW�KVWHS� EXW� DUH� DSSUR[LPDWHO\� LQGHSHQGHQW�RI� WKH
YHUWLFDO�ORDG�)9��7KH�FXUYH�OHQJWK�PD\�EH�HVWLPDWHG�IURP�WKH�FLUFOH�FXUYH�OHQJWK�
)LJ������

�������O
E
' U

�
R
& �U

R
&KVWHS�

�

7KH�KRUL]RQWDO�VKLIW�OV�DPRXQWV�WR�DSSUR[LPDWHO\�����RI�WKH�FRQWDFW�OHQJWK��D�
7KH�RIIVHW�PD\�EH�DSSUR[LPDWHG�E\�D�OLQHDU�IXQFWLRQ�EHFRPLQJ�]HUR�DW�YDQLVKLQJ
VWHS�KHLJKW�

7KH�DSSURDFK�RI�HPSOR\LQJ�EDVLF�FXUYHV�WR�DVVHVV�WKH�HIIHFWLYH�URDG�KHLJKW
DQG�VORSH�DV�LQSXWV�WR�WKH�G\QDPLF�W\UH�PRGHO�KDV�EHHQ�IRXQG�DGHTXDWH�IRU�WKH
GHVFULSWLRQ�RI�WKH�UHVSRQVH�WR�VLQJOH�REVWDFOHV��$OWKRXJK��LQ�SULQFLSOH��WKH�PHWKRG
PD\�EH�XVHG�DOVR�IRU�D�VHULHV�RI�REVWDFOHV�RU�IRU�DQ�DUELWUDU\�URDG�VXUIDFH�SURILOH
ZLWK�WKH�HOHPHQWDU\�EDVLF�FXUYH��WKDW�KROGV�IRU�D�VWHS�XQHYHQQHVV��DV�EXLOGLQJ
EORFN��WKH�UXOHV�WKDW�DUH�WR�EH�IROORZHG�PD\�EHFRPH�UDWKHU�FXPEHUVRPH��)RU
VXFK�D�PRUH�JHQHUDO�DSSOLFDWLRQ�WKH�PHWKRG�GHYHORSHG�E\�6FKPHLW]��������WKDW
LV� EDVHG� RQ� WKH� VR�FDOOHG� WDQGHP� HJJ� WHFKQLTXH� LV� FRQVLGHUHG� WR� EH� WKH� EHVW
RSWLRQ�

7KH�7DQGHP�(JJ�7HFKQLTXH

,QVWHDG� RI� XVLQJ� WKH� EDVLF� SURILOH� DQG� UXQQLQJ� RYHU� WKDW� ZLWK� WKH� WZR�SRLQW
IROORZHU�ZH�PD\�JHW�D�VWHS�FORVHU�WR�WKH�DFWXDO�W\UH�VKDSH�PRYLQJ�RYHU�WKH�DFWXDO
URDG�VXUIDFH�SURILOH��6FKPHLW]�GLVFRYHUHG�WKDW�WKH�SULQFLSOH�RI�WKH�FLUFOH�PRYLQJ
RYHU�WKH�VXUIDFH��)LJ�������PD\�EH�DGRSWHG�EXW�WKDQ�ZLWK�DQ�HOOLSVH�LQVWHDG�RI�WKH
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basic curve

-Z
β

O
V

)LJ������� 7KH�WZR�HJJ�WDQGHP�FRQILJXUDWLRQ�RI�6FKPHLW]��JHQHUDWLQJ�WKH�HIIHFWLYH�URDG�KHLJKW
DQG�VORSH�

FLUFOH�� 7KH� HOOLSVH� WKDW� WDNHV� WKH� VKDSH� RI� D� VWDQGLQJ� HJJ� KDV� D� KHLJKW
DSSUR[LPDWHO\�HTXDO�WR�WKDW�RI�WKH�W\UH�EXW�D�FXUYDWXUH�UDGLXV�DW�WKH�ORZHVW�SRLQW
FRQVLGHUDEO\�VPDOOHU�WKDQ�WKDW�RI�WKH�IUHH�W\UH��,Q�WKDW�ZD\��WKH�HJJ�WRXFKHV�WKH
VWHS�ODWHU�WKDQ�WKH�FLUFOH��%\�FKRRVLQJ�DQ�RSWLPDO�VKDSH�RI�WKH�HOOLSVH��WKH�UROH�RI
WKH� RIIVHW� OI� �WKDW� FKDQJHV�ZLWK� VWHS� KHLJKW�� RI� WKH� EDVLF� FXUYH� LQGLFDWHG� LQ
)LJ������FDQ�EH�WDNHQ�FDUH�RI�DXWRPDWLFDOO\��,Q�)LJ������WKH�HJJ�PRYLQJ�RYHU�D
VWHS�KDV�EHHQ�LOOXVWUDWHG���7KH�GLPHQVLRQV�RI�WKH�HJJ�DUH�GHILQHG�E\�WKH�HOOLSVH
SDUDPHWHUV��,Q�WHUPV�RI�WKH�FRRUGLQDWHV�[H�DQG�]H�WKH�HOOLSVH�HTXDWLRQ�UHDGV�

�������
[
H

D
H

F
H

%

\
H

E
H

F
H

' �

7KH� HIIHFWLYH� URDG� KHLJKW� DQG� VORSH� FDQ� EH� DVVHVVHG� E\� XVLQJ� WZR� HJJV
IROORZLQJ�HDFK�RWKHU�DW�D�GLVWDQFH�HTXDO�WR�WKH�VKLIW� OHQJWK� OV��7KH�FKDQJH�LQ
KHLJKW�RI� WKH�PLGSRLQW�RI� WKH�FRQQHFWLQJ� OLQH�DQG� WKH� LQFOLQDWLRQ�RI� WKLV� OLQH
UHSUHVHQW�WKH�HIIHFWLYH�URDG�KHLJKW�DQG�HIIHFWLYH�VORSH��)LJXUH������LOOXVWUDWHV�WKLV
µWDQGHP�HJJ¶�FRQILJXUDWLRQ��)LWWLQJ�WKH�WDQGHP�HJJ�SDUDPHWHUV�IROORZV�IURP
DVVHVVLQJ�WKH�EHVW�DSSUR[LPDWLRQ�RI�ORZ�VSHHG�UHVSRQVHV�RI�D�W\UH�UXQQLQJ�RYHU
VWHSV�RI�GLIIHUHQW�KHLJKWV�DW�D�QXPEHU�RI�FRQVWDQW�YHUWLFDO�ORDGV��2QFH�WKH�HOOLSVH
SDUDPHWHUV�KDYH�EHHQ�HVWDEOLVKHG��WKH�HJJ�GLPHQVLRQV�DUH�QRW�DIIHFWHG�E\�VWHS
KHLJKW�RU�YHUWLFDO�ORDG��,W�LV�QRW�VXUSULVLQJ�WKDW�DQDO\VLV�VKRZV�WKDW�WKH�VKDSH�RI
WKH�ORZHU�SDUW�RI�WKH�HOOLSVH�WXUQV�RXW�WR�EH�SUDFWLFDOO\�LGHQWLFDO�WR�WKH�FRQWRXU�RI
WKH�W\UH�LQ�VLGH�YLHZ�MXVW� LQ�IURQW�RI�WKH�FRQWDFW�]RQH�XS� WR�WKH�KHLJKW�RI�WKH
KLJKHVW�VWHS�FRQVLGHUHG�LQ�WKH�ILWWLQJ�SURFHVV��7KH�WDQGHP�EDVH�OHQJWK�OV�GRHV
GHSHQG�RQ�WKH�YHUWLFDO�ORDG��

,Q�D�PRUH�HIILFLHQW�ZD\�RI�RSHUDWLRQ�WKH�EDVLF�FXUYH�RU�SURILOH�LV�DVVHVVHG
ILUVW��WKDW�LV�EHIRUH�WKH�DFWXDO�ZKHHO�UROOV�RYHU�WKH�URDG�VHFWLRQ�FRQVLGHUHG��7KLV
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belt

2-point follower 
basic profile actual road profile 

path of 
egg 
centre

)LJ���������7KH�HJJ�JHQHUDWLQJ�WKH�EDVLF�URDG�SURILOH�DQG�WKUHH�SRLQW�IROORZHU�PRYLQJ�RYHU�LW�

LV�DFKLHYHG�E\�VHQGLQJ�RQH�HJJ�RYHU�D�VKRUW�VHFWLRQ�RI�WKH�URDG�DKHDG�DQG�KDYLQJ
WKDW�GHWHUPLQH�WKH�EDVLF�FXUYH��7KH�WZR�SRLQW�IROORZHU�LV�VXEVHTXHQWO\�PRYHG�
FRQFXUUHQWO\� ZLWK� WKH� DFWXDO� ZKHHO� IRUZDUG� PRWLRQ�� RYHU� WKH� EDVLF� SURILOH�
WKHUHE\�JHQHUDWLQJ�WKH�HIIHFWLYH�URDG�LQSXWV�ZKLFK�DUH�IHG�LQWR�WKH�W\UH�PRGHO�
)LJXUH������ LOOXVWUDWHV� WKH�SURFHGXUH��:KHQ� WUDYHUVLQJ�D� VLQJOH� VWHS� LW� LV��RI
FRXUVH��PRUH�HIILFLHQW�WR�XVH�DQ�DQDO\WLF�H[SUHVVLRQ�IRU�WKH�EDVLF�FXUYH�EDVHG�RQ
(T���������

�������7KH�(IIHFWLYH�5ROOLQJ�5DGLXV�ZKHQ�5ROOLQJ�RYHU�D�&OHDW

7KH�WKLUG�HIIHFWLYH�LQSXW�LV�FRQVWLWXWHG�E\�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�WKDW�FKDQJHV
ZKHQ�D�URDG�XQHYHQQHVV�LV�WUDYHUVHG��,Q�)LJ������WKHVH�YDULDWLRQV�KDYH�EHHQ
VKRZQ�LQ�WKH�ORZHU�GLDJUDPV��7KH�FXUYHV�KDYH�EHHQ�GHULYHG�IURP�PHDVXUHPHQWV
E\�XVLQJ�WKH�(TV�������������

,Q�WKH�HIIRUW�WR�PRGHO�WKH�DVSHFW�RI�UROOLQJ�RYHU�DQ�REVWDFOH�LW�LV�LPSRUWDQW�WR
UHDOLVH�WKDW�ZH�KDYH�WKUHH�HOHPHQWV�WKDW�FRQWULEXWH�WR�WKH�YDULDWLRQ�RI�WKH�UROOLQJ
UDGLXV�

�� LQFUHPHQW�LQ�QRUPDO�ORDG
�� WKH�ORFDO�VORSH
�� WKH�ORFDO�FXUYDWXUH

)LJXUH������LOOXVWUDWHV�WKH�PDWWHU��7KH�ILUVW�LWHP�KDV�EHHQ�GHDOW�ZLWK�EHIRUH��FI�
6HF��������)LJ�������(T��������DQG�(T�����������$FFRUGLQJ�WR�WKH�ODWWHU�HTXDWLRQ
WKH�HIIHFWLYH�UDGLXV�LV�D�IXQFWLRQ�RI�YHUWLFDO�ORDG�DQG�VSHHG�RI�UROOLQJ���,Q�)LJ�����
PRGHO� FRQVLGHUDWLRQV� DQG� WKH� IURP� H[SHULPHQWV� UHVXOWLQJ� JUDSK� KDYH� EHHQ
UHSHDWHG��)RU�VPDOO�YDULDWLRQV�LQ�UDGLDO�GHIOHFWLRQ�ZH�PD\�HPSOR\�WKH�HTXDWLRQ�
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)LJ��������7KH�HIIHFWLYH�UROOLQJ�UDGLXV�YDU\LQJ�ZLWK�D�FKDQJH�LQ�QRUPDO�ORDG�

�������U
a
H
' &

a
]

7KH�VHFRQG�FRQWULEXWLRQ�DFFRXQWV�IRU�WKH�IDFW�WKDW�DW�D�VORSH�WKH�UXQQLQJ�VSHHG
SDUDOOHO�WR�WKH�URDG�VXUIDFH�LV�VPDOOHU�WKDQ�WKH�IRUZDUG��KRUL]RQWDO�YHORFLW\��:H
KDYH�IRU�WKH�FKDQJH�LQ�UH� �9[�� �

�

�������U
a
H�VORSH ' U

HR
��&FRV �

7KH�WKLUG�FRQWULEXWLRQ�FRPHV�IURP�WKH�URDG�VXUIDFH�FXUYDWXUH��7KH�DQDO\VLV�WKDW
DWWHPSWV�WR�PRGHO�WKH�UHODWLRQ�EHWZHHQ�FXUYDWXUH�DQG�HIIHFWLYH�UROOLQJ�UDGLXV�LV
PRUH�GLIILFXOW�DQG�UHTXLUHV�VSHFLDO�DWWHQWLRQ��)LJXUH������XQUDYHOV�WKH�SURFHVV�RI
UROOLQJ�RYHU�D�FXUYHG�REVWDFOH�DQG�LQGLFDWHV�WKH�FRQQHFWLRQ�ZLWK�UROOLQJ�RYHU�D
GUXP�VXUIDFH�ZLWK�HTXDO�FXUYDWXUH��,Q�FRQWUDVW�WR�WKH�GUXP��WKH�REVWDFOH�GRHV�QRW
URWDWH��&RQVHTXHQWO\��WR�FRPSDUH�WKH�SURFHVV�RI�UROOLQJ�RYHU�D�FXUYHG�REVWDFOH
ZLWK�WKDW�RI�UROOLQJ�RYHU�D�URWDWLQJ�GUXP�VXUIDFH��ZH�PXVW�DGG�WKH�HIIHFW�RI�WKH
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drum

Ω 9[

-

)LJ��������8QUDYHOOLQJ�WKH�SURFHVV�RI�UROOLQJ�RYHU�D�FXUYHG�REVWDFOH�

W\UH�VXSSRUWHG�E\�D�FRXQWHU�URWDWLQJ�VXUIDFH�WKDW�GRHV�QRW�PRYH�IRUZDUGV��7KH
OHIW�KDQG�GLDJUDP�RI�)LJ������GHSLFWV�D�SRVVLEOH�WHVW�FRQILJXUDWLRQ�ZLWK�D�SODQN
WKDW�FDQ�EH�WLOWHG�DERXW�D�WUDQVYHUVH�OLQH�LQ�WKH�FRQWDFW�VXUIDFH��:KHQ�EHLQJ
WLOWHG��SRLQW�6��WKDW�LV�DWWDFKHG�WR�WKH�ZKHHO�ULP��PXVW�PRYH�DORQJ�ZLWK�WKH�SODQN
LQ�ORQJLWXGLQDO�GLUHFWLRQ�VLQFH�WKH�ZKHHO�VOLS�LV�]HUR��9V[� �

���DV�EUDNH�RU�GULYH
WRUTXH�LV�QRW�DSSOLHG��&RQVHTXHQWO\��WKH�ZKHHO�URWDWHV�VOLJKWO\�DQG�WKH�IROORZLQJ
HTXDWLRQ�DSSOLHV�
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7KH�DSSDUHQW� YDULDWLRQ� LQ�HIIHFWLYH� UROOLQJ� UDGLXV�GHULYHV� IURP� WKH�HTXDWLRQ�
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7KH� UHODWLRQVKLS� �������� KDV� EHHQ� FRQILUPHG� WR� KROG� WKURXJK� HODERUDWH
H[SHULPHQWV�FRQGXFWHG�E\�=HJHODDU��������RQ�WKH�WLOWLQJ�SODQN�RI�WKH�'HOIW�IODW
SODQN�PDFKLQH��

7KH� RWKHU� FRQWULEXWLRQ� WKDW� FRPHV� IURP� WKH� GUXP�DQDORJXH� LV� IRXQG� E\
FRQVLGHULQJ�WKH�VLPSOH�PRGHO�VKRZQ�LQ�WKH�ULJKW�KDQG�GLDJUDP�RI�)LJ�������7KH
WUHDG�HOHPHQWV�ZLWK�OHQJWK�GW�DUH�DVVXPHG�WR�VWDQG�SHUSHQGLFXODUO\�RQ�WKH�GUXP
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)LJ��������7ZR�FRPSRQHQWV�RI�UROOLQJ�RYHU�D�FXUYHG�REVWDFOH�

VXUIDFH��7KH�GUXP�KDV�D�FXUYDWXUH�ZLWK�UDGLXV�5GU��7KH�EHOW�ZLWK�UDGLXV�UE�LV
FRQVLGHUHG�LQH[WHQVLEOH��$V�D�FRQVHTXHQFH�ZH�ILQG�WKH�IROORZLQJ�UHODWLRQ�EHWZHHQ
WKH�ZKHHO�DQG�GUXP�YHORFLWLHV��
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UROOLQJ�UDGLXV�YDULDWLRQ�DQG�WKXV�WR�WKH�ZKHHO�URWDWLRQDO�DFFHOHUDWLRQ�WKDW�FDQ�RQO\
EH�EURXJKW�DERXW�E\�D�YDULDWLRQ�LQ�WKH�ORQJLWXGLQDO�IRUFH�)[��7KLV�IRUFH�DOVR�RIWHQ
RXWZHLJKV�WKH�SDUW�RI�WKH�KRUL]RQWDO�ORQJLWXGLQDO�IRUFH�)+�WKDW�GLUHFWO\�UHVXOWV
IURP�WKH�VORSH�LW�VHOI��FI����������

7KH�HIIHFWLYH�FXUYDWXUH�G �GV�PD\�VKRZ�DEUXSW�FKDQJHV�DW�WKH�EHJLQQLQJ�DQG
HQG�RI�WKH�SDVVDJH�RYHU�DQ�REVWDFOH���7R�DVVHVV�WKH�FXUYDWXUH�DQG�DW�WKH�VDPH
WLPH�VPRRWKHQ�WKH�GLVFRQWLQXLWLHV�RI�WKH�UHVSRQVH�ZH�PD\�VHQG� �WKURXJK�D�ILUVW�
RUGHU�ILOWHU�DQG�WDNH�WKH�GLIIHUHQFH�RI�LQSXW�� ��DQG�RXWSXW��$IWHU�GLYLVLRQ�E\�WKH
WLPH�FRQVWDQW�ZKLFK�LV�WDNHQ�LQYHUVHO\�SURSRUWLRQDO�ZLWK�WKH�VSHHG�RI�WUDYHO��DQG
GLYLGH� E\� WKH� VSHHG�� WKH� ILOWHUHG� FXUYDWXUH� LV� REWDLQHG� WKDW� YDQLVKHV� DW
ZDYHOHQJWKV�DSSURDFKLQJ�]HUR�
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road surface
     (sledge)

cleat measurung hub 

air spring system wheel carrier 

surface canting 
         mechanism     

)LJ��������7KH�'HOIW�IODW�SODQN�PDFKLQH�ZLWK�VWURNH�RI��P�DQG�URDG�FDQWLQJ�V\VWHP��FI��)LJ�������

��������6LPXODWLRQV�DQG�([SHULPHQWDO�(YLGHQFH

=HJHODDU�DQG�6FKPHLW]�KDYH�SHUIRUPHG�QXPHURXV�H[SHULPHQWV�RQ�WKH�GUXP�WHVW
VWDQG��)LJ�������DQG�WKH�IODW�SODQN�PDFKLQH��)LJ�������DQG�XVHG�WKH�6:,)7�ZLWK
REVWDFOH�PRGHO� WR�FDUU\�RXW� WKH� VLPXODWLRQV��)LJXUH������VKRZV� WKH�REVWDFOH
SDUDPHWHU�YDOXHV�IRU�WKH�TXDUWHU�VLQH�EDVLF�FXUYH�RI�=HJHODDU��7DEOH�����JLYHV�WKH
SDUDPHWHUV�XVHG�E\�6FKPHLW]�ZKLFK�DUH�EDVHG�RQ�WKH�HOOLSVH�FRQFHSW��WDQGHP�HJJ
WHFKQLTXH��

7DEOH������3DUDPHWHU�YDOXHV�XVHG�IRU�HQYHORSPHQW�FDOFXODWLRQV��7\UH��������5�������EDU�

XQORDGHG�UDGLXV �UR ������P

HIIHFWLYH�UROOLQJ�UDGLXV�DW�)1� �����1 �UHR ������P

VORSH�HIIHFWLYH�UROOLQJ�UDGLXV�FKDUDFWHULVWLF � ���

YHUWLFDO�W\UH�VWLIIQHVV�DW��)1� �����1 �&)] ����1�PP

UROOLQJ�UHVLVWDQFH��FI��(TV������������ �TV\� ����

KDOI�FRQWDFW�OHQJWK��FI��(T��������� �D FI��7DEOH����

KDOI�HOOLSVH�OHQJWK��XQORDGHG�UDGLXV�DH��UR �SDH ������

KDOI�HOOLSVH�KHLJKW��XQORDGHG�UDGLXV�EH��UR �SEH ������

HOOLSVH�H[SRQHQW��FH �SFH� ������

VKLIW�OHQJWK��FRQWDFW�OHQJWK�OV���D �SVK ������
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FDOFXODWHG�YDULDWLRQ�RI�YHUWLFDO�D[OH�GLVSODFHPHQW��KRUL]RQWDO�ORQJLWXGLQDO�IRUFH�DQG
HIIHFWLYH� UROOLQJ� UDGLXV� DW� WKUHH� GLIIHUHQW� FRQVWDQW� YHUWLFDO� ORDGV��0HDVXUHPHQWV
FDUULHG� RXW� RQ� WKH�'HOIW� IODW� SODQN� PDFKLQH� �YHU\� ORZ� VSHHG�� DQG� FDOFXODWLRQV
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)LJ�������� 7LPH�WUDFHV�DQG�SRZHU�VSHFWUD�RI�YHUWLFDO�IRUFH��KRUL]RQWDO�ORQJLWXGLQDO�IRUFH�DQI
DQJXODU�YHORFLW\�IRU�ZKHHO�UXQQLQJ�DW�JLYHQ�VSHHG�RI����NP�K�DQG�LQLWLDO�YHUWLFDO�ORDG
RI������1�RYHU�WUDSH]LXP�FOHDW�DW�FRQVWDQW�D[OH�KHLJKW�XVLQJ�6:,)7�W\UH�SDUDPHWHUV
DQG�REVWDFOH�SDUDPHWHUV�RI�7DEOH�������6FKPHLW]��

7KH�WDEOH�VKRZV�WKDW�WKH�KHLJKW�DQG�OHQJWK�RI�WKH�HOOLSVH�DUH�VOLJKWO\�ODUJHU�WKDQ
WKH�GLPHQVLRQV�RI�WKH�IUHH�W\UH��,W�LV�WKH�H[SRQHQW�WKDW�JLYHV�ULVH�WR�WKH�ODUJHU
FXUYDWXUH�RI�WKH�HOOLSVH�QHDU�WKH�JURXQG�

)LJXUH������SUHVHQWV�WKH�PHDVXUHG�DQG�FDOFXODWHG�YDULDWLRQV�RI�WKH�HIIHFWLYH
URDG�SODQH�KHLJKW��Z��WKH�IRUH�DQG�DIW�IRUFH�)+�DQG�WKH�HIIHFWLYH�UROOLQJ�UDGLXV�UH
ZLWK�WKH�YHUWLFDO�ORDG�NHSW�FRQVWDQW�ZKLOH�VORZO\�UROOLQJ�RYHU�WKH�WUDSH]LXP�FOHDW�
7KH�HIIHFWLYH�URDG�SODQH�VORSH�WDQ �IROORZV�IURP�WKH�UDWLR�RI�WKH�KRUL]RQWDO�IRUFH
YDULDWLRQ�DQG�WKH�YHUWLFDO�ORDG��7KH�FDOFXODWLRQV�DUH�EDVHG�RQ�WKH���HJJ�WDQGHP
FRQFHSW�RI�)LJ�������7KH�WDQGHP�LV�PRYHG�RYHU�WKH�RULJLQDO�URDG�SURILOH�DQG�WKH
HIIHFWLYH�URDG�SODQH�KHLJKW�DQG�VORSH�DUH�REWDLQHG��)URP�WKH�GHULYDWLYH�RI�

�
�WKH

HIIHFWLYH�UROOLQJ�UDGLXV�LV�IRXQG�E\�XVLQJ�(T���������ZKLFK�DOVR�FRQWDLQV�WKH�WZR
YHU\� VPDOO� DGGLWLRQDO� FRQWULEXWLRQV�� ,W� LV� REVHUYHG�� WKDW� D� JRRG� DJUHHPHQW
EHWZHHQ�WHVW�DQG�FDOFXODWLRQ�UHVXOWV�FDQ�EH�DFKLHYHG��7KH�XVH�RI�WKH�TXDUWHU�VLQH
EDVLF�FXUYH�IXQFWLRQ�JLYHV�YHU\�VLPLODU�UHVXOWV�

)LJXUHV���������SUHVHQW�WKH�UHVXOWV�RI�UROOLQJ�RYHU�WKH�VDPH�FOHDW�DW�GLIIHUHQW
VSHHGV�ZKLOH�WKH�D[OH�ORFDWLRQ�LV�NHSW�IL[HG��7KH�UHVSRQVHV�RI�WKH�YHUWLFDO��IRUH
DQG�DIW�IRUFHV�DQG�WKH�ZKHHO�DQJXODU�VSHHG�KDYH�EHHQ�LQGLFDWHG��,Q�DGGLWLRQ��WKH
SRZHU�VSHFWUD�RI�WKHVH�TXDQWLWLHV�KDYH�EHHQ�VKRZQ��(VSHFLDOO\�DW�WKH�KLJKHU�ORDGV
WKH�FDOFXODWHG�UHVSRQVHV�DSSHDU�WR�IROORZ�WKH�PHDVXUHG�FKDUDFWHULVWLFV�TXLWH�ZHOO
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free rolling medium brake torque large brake torque
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)LJ������� 7KH�KRUL]RQWDO�IRUFH�YDULDWLRQ�ZKHQ�WUDYHUVLQJ�D�SRW�KROH�ZKLOH�WKH�ZKHHO�LV�EHLQJ
EUDNHG� DW� WKUHH� GLIIHUHQW� OHYHOV� RI� EUDNH� WRUTXH� �0%�  � FD�� ��� ����� ���1P
UHVSHFWLYHO\�� =HJHODDU�� ������� ([SHULPHQWV� RQ� ���P� GUXP�� FDOFXODWLRQV� XVLQJ
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)LJ����������6LWXDWLRQ�ZLWK�ZKHHO�FDPEHU� �DQG�URDG�FDPEHU� �DW�D�IRUZDUG�VORSH� �

XS�WR�IUHTXHQFLHV�DURXQG���+]��)LJXUH�������GHPRQVWUDWHV�WKH�DSSOLFDWLRQ�WR�D
PRUH� JHQHUDO� URDG� VXUIDFH� SURILOH�� ,W� VKRZV� WKH� UHVSRQVHV� RI� WKH� W\UH�ZKHQ
PRYLQJ�RYHU�D�VHULHV�RI�GLIIHUHQW�W\SHV�RI�FOHDWV�WKDW�UHVHPEOHV�DQ�XQHYHQ�VWUHWFK
RI�URDG��

)LQDOO\��LQ�)LJ������WKH�WHVW�DQG�VLPXODWLRQ�UHVXOWV�FRQGXFWHG�E\�=HJHODDU
�������KDYH�EHHQ�GHSLFWHG��UHSUHVHQWLQJ�D�PRUH�FRPSOH[�FRQGLWLRQ�ZKHUH�WKH�W\UH
LV�VXEMHFWHG�WR�D�JLYHQ�EUDNH�WRUTXH��EUDNH�SUHVVXUH��ZKLOH�WKH�ZKHHO�UROOV�RYHU
D� SRW� KROH� DW� IL[HG� D[OH� ORFDWLRQ�� 7KH� FRPSOH[� ORQJLWXGLQDO� IRUFH� UHVSRQVH
FRQGLWLRQV�WKDW�DUH�EURXJKW�DERXW�E\�ORDG�DQG�VOLS�YDULDWLRQV�LQGXFHG�E\�W\UH
PRGDO�YLEUDWLRQV�DQG�URDG�XQHYHQQHVVHV�DUH�VLPXODWHG�TXLWH�VDWLVIDFWRULO\�XVLQJ
WKH�6:,)7�WKHRU\�LQFOXGLQJ�REVWDFOH�JHRPHWULF�ILOWHULQJ�

�������(IIHFWLYH�5RDG�,QSXWV�DW�:KHHO�DQG�5RDG�&DPEHU

,Q� WKLV� VXEVHFWLRQ� DQ� DWWHPSW� LV� PDGH� WR� GHDO� ZLWK� QRQ�V\PPHWULF� URDG
XQHYHQQHVVHV� DQG� FDPEHUHG� ZKHHOV�� ,I� RQH� ZRXOG� EH� DEOH� WR� FRQGXFW� DQ
H[SHULPHQW�ZLWK�D�W\UH�VORZO\�UROOLQJ�RYHU�DQ�XQHYHQ�URDG�VXUIDFH�WKDW�ORFDOO\
VKRZV�D�IRUZDUG�DQG�WUDQVYHUVH�VORSH��H�J��DQ�REOLTXH�FOHDW��ZLWK�WKH�VXUIDFH
EHLQJ� PDGH� YHU\� VOLSSHU\� VR� WKDW� IULFWLRQDO� IRUFHV� DUH� DYRLGHG� DV� PXFK� DV
SRVVLEOH��WKH�HIIHFWLYH�URDG�SODQH�WUDQVYHUVH�VORSH�PD\�EH�DVVHVVHG�WRJHWKHU�ZLWK
WKH�IRUZDUG�VORSH�DQG�WKH�HIIHFWLYH�URDG�SODQH�KHLJKW��$JDLQ��WKH�SUHVXPSWLRQ�LV
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WKDW�WKH�UHVXOWLQJ�PHDVXUHG�IRUFH�LV�GLUHFWHG�SHUSHQGLFXODUO\�WR�WR�WKH�HIIHFWLYH
URDG�SODQH��2I�FRXUVH�� WKH�HIIHFWLYH�UROOLQJ�UDGLXV�YDULDWLRQ�PXVW�EH�DVVHVVHG
WKURXJK�D�WHVW�RQ�D�IULFWLRQ�VXUIDFH�WR�HQVXUH�WKDW�WKH�ZKHHO�SURSHUO\�UROOV�DQG�LV
QRW�KDOWHG�DV�D�UHVXOW�RI�WKH�UROOLQJ�UHVLVWDQFH��$Q�DOWHUQDWLYH�VXJJHVWLRQ�IRU�WKH
HVWLPDWLRQ�RI�WKH�HIIHFWLYH�WUDQVYHUVH�VORSH�YDULDWLRQ�LV��XVH�D�VLPSOH�W\UH�PRGHO
ZLWK�FDPEHU�VWLIIQHVV�DQG�UHOD[DWLRQ�OHQJWK��SRVVLEO\�LQFOXGLQJ�SO\�VWHHU�DQG
FRQLFLW\�IRUFH�YDULDWLRQ�ZLWK�ORDG�FKDQJHV��DQG�FRPSDUH�WKH�GU\�VXUIDFH�WHVW
UHVXOWV�ZLWK�VLPXODWHG�IRUFH�YDULDWLRQV�DQG�PLQLPL]H�WKH�GLIIHUHQFH�WKURXJK�DQ
RSWLPLVDWLRQ�WHFKQLTXH�

$V�EHIRUH��WKH�PHWKRG�PD\�EH�JHQHUDOLVHG�IRU�GLIIHUHQW�ORDGV�E\�XWLOLVLQJ�WKH
HJJ� DQG� IROORZHU� WHFKQLTXH�� 7ZR� SDUDOOHO� HOOLSVHV� DUH� XVHG� QRZ� �RU� HYHQ
HOOLSVRLGV�WKDW�LV��HJJV�ZLWK�WKUHH�GLPHQVLRQV���WKH��FHQWUH��SODQHV�RI�ZKLFK�DUH
SRVLWLRQHG�DW�D�FRQVWDQW�ODWHUDO�PXWXDO�GLVWDQFH�RI�VD\�����RI�WKH�WUHDG�ZLGWK��E
EHORQJLQJ�WR�WKH�QRPLQDO�ORDG��%RWK�HJJV�WRXFK�WKH�DFWXDO�URDG�VXUIDFH�DQG�WKH
UHVXOWLQJ�SDUDOOHO�EDVLF�SURILOHV�DUH�WR�EH�WUDFHG�E\�D�IRXU�SRLQW�IROORZHU��7KH
IRXU�SRLQW�KHLJKWV�DQG�WKH�WUDQVYHUVH�VORSHV�IURQW�DQG�UHDU�DQG�WKH�IRUZDUG�VORSHV
OHIW� DQG� ULJKW� DUH� ILQDOO\� DYHUDJHG� WR� REWDLQ� WKH� HIIHFWLYH� URDG� SODQH� LQSXW
TXDQWLWLHV��7KH�DOLJQLQJ�WRUTXH�WKDW�VKRZV�XS�EHFDXVH�RI�WKH�ZDUSHG�FRQWDFW
VXUIDFH�PD\�EH�PRGHOOHG�E\�WDNLQJ�LQWR�DFFRXQW�WKH�GLIIHUHQW�UROO�DQJOHV�RI�WKH
IURQW�DQG�UHDU�µD[OHV¶�RI�WKH�IRXU�SRLQW�IROORZHU��7KH�XOWLPDWH�SURFHGXUH�LV�\HW
WR�EH�GHYHORSHG�

,I�WKH�ZKHHO�VKRZV�DQ�LQFOLQDWLRQ�DQJOH�ZLWK�UHVSHFW�WR�WKH�YHUWLFDO��WKH�JOREDO
FDPEHU�DQJOH� J��LW�LV�SUREDEO\�EHVW�WR�GHILQH�WKH�DVVHVVHG�URDG�LQSXWV�WR�RFFXU
DW�WKH�KRUL]RQWDO�FRRUGLQDWHV�RI�WKH�ORZHVW�SRLQW�RI�WKH�XQGHIRUPHG�W\UH�LQ�WKH
ZKHHO� FHQWUH� SODQH�&R�� )LJXUH� ����� GHSLFWV� WKH� VLWXDWLRQ�� $VVXPH� WKDW� WKH
HIIHFWLYH� URDG� SODQH� KHLJKW� DQG� WKH� HIIHFWLYH� VORSHV� DUH� DYDLODEOH� DQG� ZHUH
GHWHUPLQHG�ZLWK�DQ�XSULJKW�ZKHHO� � J� �

��� WKDW� LV��YHUWLFDO� HJJV��)LJXUH�����
VKRZV�WKH�GHWDLOHG�FRQILJXUDWLRQ�LQ�WKH�YHUWLFDO�SODQH�WKURXJK�WKH�ZKHHO�VSLQ�D[LV�
7KH�SUREOHP�LV�QRZ�WR�ILQG�WKH��XQFRUUHFWHG��QRUPDO�W\UH�FRPSUHVVLRQ� ]��RI�WKH
W\UH�WKDW�UXQV�DW�D��JOREDO��FDPEHU�DQJOH�DW�D�JLYHQ�KHLJKW�ZLWK�UHVSHFW�WR�D
KRUL]RQWDO�UHIHUHQFH�SODQH��FI��)LJ�������

,Q�FRQWUDVW�WR�WKH�VLWXDWLRQ�ZLWKRXW�URDG�DQG�ZKHHO�FDPEHU�DV�GHDOW�ZLWK�LQ
WKH�SUHFHGLQJ�VHFWLRQV��LW�LV�QRZ�QHFHVVDU\�WR�NQRZ�WKH�DFWXDO�ORFDWLRQ�RI�WKH
LQFOLQHG�HIIHFWLYH�URDG�SODQH�ZLWK�WKH�KHLJKW�GHILQHG�EHORZ�SRLQW�&R��,W�WXUQV�RXW
WKDW�D�IRU� �FRUUHFWHG�HIIHFWLYH�URDG�SODQH�KHLJKW��Z �KDV�WR�EH�LQWURGXFHG��DV
LQGLFDWHG� LQ� )LJ������� 7KH� FRUUHFWLRQ� LV� QHHGHG� EHFDXVH� RI� WKH� ILQLWH� ODWHUDO
GLPHQVLRQV�RI�WKH�W\UH��LW�LV�QRW�D�WKLQ�GLVF���:H�KDYH�WR�DFFRXQW�IRU�WKH�DFWXDO
XQGHIRUPHG�FRQWRXU�RI�WKH�W\UH�FURVV�VHFWLRQ��JLYHQ�E\�WKH�IUHH�UDGLXV�U\R�DV�D
IXQFWLRQ�RI�WKH�ODWHUDO�GLVWDQFH�WR�WKH�ZKHHO�FHQWUH�SODQH�\FR��7KH�FRQWRXU�KDV
EHHQ�XVHG�EHIRUH�WR�FRPSXWH�WKH�RYHUWXUQLQJ�FRXSOH�0[�DW�FDPEHU��FI��6HF�������
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(T����������7R�VLPSOLI\�WKH�PDWWHU��LW�LV�DVVXPHG�WKDW�WKH�W\UH�VWLIIQHVV�QRUPDO
WR� WKH� W\UH� WUHDG� VXUIDFH� LV� LQGHSHQGHQW� RI� WKH� ORFDWLRQ� DW� WKH� FURVV� VHFWLRQ
FRQWRXU��7KH�YHUWLFDO� W\UH� WKDW� LV� ORDGHG�DJDLQVW�D�KRUL]RQWDO� VXUIDFH�ZLWK�D
QRUPDO�IRUFH�)9R�VKRZV�D�UDGLDO�FRPSUHVVLRQ� 9R���)LJXUH������LQGLFDWHV�WKDW
GHIOHFWLRQ��7R�DFKLHYH�WKH�VDPH�YHUWLFDO�IRUFH�EXW�QRZ�ORDGHG�DJDLQVW�D�VXUIDFH
ZLWK�WUDQVYHUVH�VORSH�DQJOH� �DQG�SRVVLEO\�ZLWK�D�IRUZDUG�VORSH��WKH�QRUPDO
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,Q�D�G\QDPLF�VLWXDWLRQ��ZH�GHDO�ZLWK�WKH�EHOW�UDWKHU�WKDQ�ZLWK�WKH�ZKHHO�ULP
PRWLRQ��$W�JLYHQ�HIIHFWLYH�URDG�SODQH��WKH�QRUPDO�GHIOHFWLRQ�PD\�EH�DVVHVVHG�E\
XVLQJ�LQ�(TV�������������WKH�EHOW�FHQWUH�KHLJKW�YDULDWLRQ�]E�DQG�WKH�EHOW�FDPEHU
DQJOH� E� LQVWHDG� RI� WKRVH� RI� WKH�ZKHHO� ULP��$V� D� UHVXOW�� WKH� QRUPDO� UHVLGXDO
GHIOHFWLRQ� ]U�LV�REWDLQHG��7KH�QRUPDO�IRUFH�)1�PD\��ILQDOO\��EH�FDOFXODWHG�E\
XVLQJ�(T����������7KLV�QRUPDO�ORDG��LQ�LWV�WXUQ��JRYHUQV�WKH�OHQJWK�OV�RI�WKH���
SRLQW�IROORZHU�
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7KH� VLQJOH� WUDFN� YHKLFOH� LV� PRUH� GLIILFXOW� WR� VWXG\� WKDQ� WKH� GRXEOH� WUDFN
DXWRPRELOH�DQG�SRVHV�D�FKDOOHQJH�WR�WKH�YHKLFOH�G\QDPLFLVW��6WDELOLW\�RI�PRWLRQ
LV�DQ�LPSRUWDQW�LVVXH�DQG�LW�WXUQV�RXW�WKDW�WKH�VWDELOLVLQJ�DFWLRQV�RI�WKH�KXPDQ
ULGHU� DUH� HVVHQWLDO� WR� SURSHUO\� KDQGOH� WKH� YHKLFOH�� 6WHDG\�VWDWH� FRUQHULQJ
EHKDYLRXU� FDQ� EH� DQDO\VHG� LQ� D� VWUDLJKWIRUZDUG� PDQQHU� WRJHWKHU� ZLWK� WKH
H[DPLQDWLRQ�RI�WKH�VWDELOLW\�RI�WKH�HTXLOLEULXP�PRWLRQ��:KLOH�IRU�DQ�DXWRPRELOH
RQO\�WKH�ODWHUDO�DQG�\DZ�GHJUHHV�RI�IUHHGRP�DUH�PLQLPDOO\�QHHGHG�WR�SHUIRUP
VXFK�DQ�DQDO\VLV��D�VLQJOH�WUDFN�YHKLFOH�UHTXLUHV�LQ�DGGLWLRQ�WKH�LQFOXVLRQ�RI�WKH
UROO�GHJUHH�RI�IUHHGRP�IRU�WKH�VWHDG\�VWDWH�FRUQHULQJ�VWXG\�DQG�WKH�VWHHU�DQJOH�DV
D�IUHH�PRWLRQ�YDULDEOH�WR�H[DPLQH�WKH�VWDELOLW\��)RU�EHWWHU�FRUUHVSRQGHQFH�ZLWK
UHDOLW\�DOVR�WKH�WRUVLRQ�RI�WKH�IURQW�IUDPH�ZLWK�UHVSHFW�WR�WKH�PDLQIUDPH�DERXW�DQ
D[LV�SHUSHQGLFXODU�WR�WKH�VWHHULQJ�D[LV�LV�RI�LPSRUWDQFH��:KHQ�WKH�QRQ�OLQHDU
SUREOHP�DW�KLJKHU�FRUQHULQJ�DFFHOHUDWLRQV�LV�LQYHVWLJDWHG��D�PDMRU�GLIILFXOW\�LV
IRUPHG�E\� WKH� IDFW� WKDW� WKH� VHSDUDWLRQ�RI� ODWHUDO�DQG�YHUWLFDO�PRWLRQV� LV�QRW
SRVVLEOH�VLQFH�GXH�WR�WKH�UROO�DQJOH�RI�WKH�PRWRUF\FOH�D�VWURQJ�LQWHUDFWLRQ�EHWZHHQ
LQ�SODQH�DQG�ODWHUDO�PRWLRQV�RFFXU��7KLV�LV�LQ�FRQWUDVW�WR�WKH�VLWXDWLRQ�RI�D�GRXEOH
WUDFN�YHKLFOH�ZKHUH�WKH�UROO�DQJOH�UHPDLQV�UHODWLYHO\�VPDOO��

3HUIRUPDQFH�RI�WKH�YHKLFOH�LQ�WHUPV�RI�KDQGOLQJ�SURSHUWLHV�LV�D�PDWWHU�WKDW
FDQ�EH�VWXGLHG�WKHRUHWLFDOO\�RQO\�LI�D�SURSHU�PRGHO�RI�WKH�VWDELOLVDWLRQ�FDSDELOLWLHV
RI�WKH�KXPDQ�ULGHU�LV�DYDLODEOH��:KLOH�LQ�DQ�DXWRPRELOH�WKH�GULYHU�QRUPDOO\�XVHV
WKH�VWHHULQJ�ZKHHO�WR�FRQWURO�WKH�YHKLFOH�GLUHFWLRQ�RI�PRWLRQ��WKH�SLORW�RI�D�PRWRU
F\FOH�KDV�WZR�RU�WKUHH�TXDQWLWLHV�WR�KLV�GLVSRVDO�WR�VWHHU�DQG�VWDELOLVH�WKH�YHKLFOH�
7KHVH�DUH��WKH�VWHHU�DQJOH�RU��WKH�VWHHU�WRUTXH�DQG�WKH�OHDQ�DQJOH��DQG�SRVVLEO\�WKH
ODWHUDO�VKLIW��RI�WKH�XSSHU�WRUVR�

,Q�WKH�SDVW��D�QXPEHU�RI�UHVHDUFKHUV�VWXGLHG�WKH�SHUIRUPDQFH�RI�WKH�VLQJOH
WUDFN�YHKLFOH��1RWHZRUWK\�LV�WKH�YHU\�HDUO\�WKHRUHWLFDO�VWXG\�RI�:KLSSOH�������
RQ�WKH�VWDELOLW\�RI�WKH�PRWLRQ�RI�WKH�ELF\FOH�ZLWK�WKH�W\UHV�DVVXPHG�WR�EH�ULJLG�
6KDUS��������ZDV�RQH�RI�WKH�ILUVW�WR�LQYHVWLJDWH�WKH�PRWRUF\FOH¶V�VWDELOLW\�XVLQJ
D�SURSHU�W\UH�PRGHO��/DWHU��WKH�WRUVLRQDO�FRPSOLDQFH�RI�WKH�IUDPH�ZDV�LQWURGXFHG
�6KDUS������D�DQG�6SLHULQJ��������ZKLFK�DSSHDUHG�WR�KDYH�D�PDUNHG�HIIHFW�RQ
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WKH�VWDELOLW\�RI�WKH�ZREEOH�PRGH��VWHHULQJ�RVFLOODWLRQV���,Q�����������.RHQHQ
UHSRUWHG� RQ� DQ� HODERUDWH� VWXG\� RQ� WKH� VWDELOLW\� DOVR� DW� ODUJH� ODWHUDO� FXUYLQJ
DFFHOHUDWLRQV�ZKLFK� LQYROYH� ODUJH� UROO�DQJOHV�DQG� LQWHUDFWLRQ�RI� LQ�SODQH�DQG
ODWHUDO�G\QDPLFV�RI�WKH�FRPSOH[�V\VWHP��$V�WKH�PRGHO�UHSUHVHQWLQJ�WKH�YHKLFOH
EHFRPHV� PRUH� FRPSOH[� DQG� LPSDFWV� IURP� URDG� REVWDFOHV� EHFRPH� PRUH
GHPDQGLQJ�WR�PRGHO�WKH�W\UH��H�J��WKH�NLFN�EDFN�SKHQRPHQRQ���PXOWL�ERG\�YHKLFOH
PRGHOV�DQG�DGYDQFHG�G\QDPLF�W\UH�PRGHOV�EHFRPH�LQGLVSHQVDEOH�IRU�SURSHU�DQG
HIILFLHQW�UHVHDUFK��:H�UHIHU�WR�WKH�IROORZLQJ�SXEOLFDWLRQV��,IIHOVEHUJHU��������
:LVVHOPDQ�HW�DO����������%UHXHU�HW�DO����������6KDUS�HW�DO�������D��DQG�%HUULWWD
HW�DO����������6LJQLILFDQW�H[SHULPHQWDO�UHVXOWV�UHODWLQJ�WR�WKH�LQIOXHQFH�RI�GHVLJQ
SDUDPHWHUV�RQ�WKH�GDPSLQJ�RI�WKH�PDLQ�RVFLOODWRU\�PRGHV�KDYH�EHHQ�JLYHQ�E\
%D\HU���������7DNDKDVKL�HW�DO����������W\UH�SDUDPHWHUV���+DVHJDZD��������DQG
1LVKLPL� HW� DO�� �������� ,Q� ������ ����� DQG� ����� 6KDUS� SXEOLVKHG� H[WHQVLYH
UHYLHZV�RI�WKH�DW�WKHVH�GDWHV�H[LVWLQJ�VWDWH�RI�WKH�DUW��:H�UHIHU�WR�WKHVH�VRXUFHV
IRU�IXUWKHU�VWXG\�

,Q�WKH�SUHVHQW�FKDSWHU�ZH�ZLOO�ILUVW�HVWDEOLVK�JHRPHWULFDO�UHODWLRQVKLSV�RI�WKH
YHKLFOH� DOVR� DW� ODUJH� UROO� DQJOHV�ZLWK� WKH� VWHHU� DQJOH� EHLQJ� NHSW� VPDOO�� WKHQ
GLVFXVV�PRGHOOLQJ�RI�W\UH�IRUFHV��GHULYH�WKH�OLQHDU�HTXDWLRQV�RI�PRWLRQ�XVLQJ�WKH
/DJUDQJHDQ�PHWKRG�DQG�VWXG\�WKH�PRWLRQ�DW�UHODWLYHO\�VPDOO�ODWHUDO�DFFHOHUDWLRQV�
)RU�WKH�VWHDG\�VWDWH�FRUQHULQJ�PRWLRQ�WKH�XQGHUVWHHU�FRHIILFLHQW�ZLOO�EH�DVVHVVHG
WKDW�SURYLGHV� LQIRUPDWLRQ�RQ� WKH�YDULDWLRQ�RI� WKH� VWHHU� DQJOH�ZLWK� LQFUHDVLQJ
VSHHG�RI�WUDYHO�DW�D�JLYHQ�UDGLXV�RI�WXUQ��,Q�DGGLWLRQ��WKH�DVVRFLDWHG�VWHHU�WRUTXH
ZLOO�EH�GHWHUPLQHG��)RU�WKH�OLQHDU�V\VWHP�WKH�VWDELOLW\�RI�PRWLRQ�ZLWK�LWV�YDULRXV
SRVVLEO\�XQVWDEOH�PRGHV�ZLOO�EH�LQYHVWLJDWHG��7KH�HIIHFWV�RI�GULYLQJ�DQG�EUDNLQJ
DV�ZHOO�DV�RI�WKH�DHURG\QDPLF�GUDJ�ZLOO�EH�LQFOXGHG��,Q�6HFWLRQ��������W\SLFDO
FKDQJHV�LQ�YLEUDWLRQDO�PRGHV�WKDW�PD\�RFFXU�DW�ODUJH�UROO�DQJOHV�DUH�GLVFXVVHG�

$�UHODWLYHO\�VLPSOH�ULGHU�PRGHO�WKDW�DFFRPSOLVKHV�IHHG�EDFN�FRQWURO�ZLOO�EH
LQWURGXFHG�WKDW�LV�DEOH�WR�VWDELOLVH�WKH�YHKLFOH�PRWLRQ��6WHS�UHVSRQVH�WR�KDQGOLQJ
LQSXWV�RI�WKH�ULGHU�PD\�WKHQ�EH�LQYHVWLJDWHG�VXFFHVVIXOO\��,QSXWV�FRQVLGHUHG�DUH�
VWHHU�WRUTXH�DQG�OHDQ�WRUTXH��7KH�ODWHUDO�RIIVHW�RI�WKH�FHQWUH�RI�JUDYLW\�ZLOO�EH
WUHDWHG�DV�D�FRQVWDQW�VPDOO�SDUDPHWHU�WKDW�DIIHFWV�VWUDLJKW�UXQQLQJ�EHKDYLRXU�
,PSRUWDQW�OLWHUDWXUH�LV�DYDLODEOH�RQ�ULGHU�EHKDYLRXU�ERWK�DV�DQ�DFWLYH�FRQWUROOHU
DQG�VWDELOLVHU�DQG�DV�D�SDVVLYH�SDUW�RI�WKH�VWUXFWXUH��:H�UHIHU�WR�WKH�SXEOLFDWLRQV�
:HLU���������1LVKLPL�HW�DO���������.DWD\DPD�HW�DO����������������&RVVDOWHU�HW
DO�� �������DQG�%LUDO� HW�DO�� ��������7KH� ILUVW�RQH�VWXGLHV� VWDELOLVLQJ� IHHGEDFN
FRQWURO��WKH�VHFRQG�UHIHUHQFH�GHDOV�ZLWK�SDVVLYH�ULGHU�PRGHO�EHKDYLRXU��WKH�WKLUG
FRXSOH�RI�SDSHUV�GLVFXVV��DPRQJ�RWKHU�WKLQJV��PDQRHXYULQJ�HIIRUW�ZKLOH�WKH�ODWWHU
WZR�SDSHUV�DGGUHVV�WKH�SUREOHP�RI�RSWLPDO�PDQRHXYUDELOLW\��5XLMV��������XVHV
IHHG�EDFN�FRQWURO�ORRSV�WR�VWDELOLVH�WKH�XQPDQQHG�PRWRUF\FOH�ZLWK�D�VWDELOLVLQJ
ULGHU�URERW��
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6LPLODU�WR�WKH�WUHDWPHQW�RI�VWHDG\�VWDWH�FRUQHULQJ�EHKDYLRXU�RI�DXWRPRELOHV
ZH�ZLOO�GHPRQVWUDWH�WKH�DVVHVVPHQW�RI�WKH�KDQGOLQJ�GLDJUDP�IRU�WKH�PRWRUF\FOH
DOVR�FRYHULQJ�ODUJH�ODWHUDO�DFFHOHUDWLRQV��)URP�WKH�GLDJUDP�HVWDEOLVKHG��WKH�VWHHU
DQJOH� UHTXLUHG�WR�QHJRWLDWH�D�JLYHQ�VWHDG\�VWDWH�FRUQHULQJ�PDQRHXYUH�FDQ�EH
DVVHVVHG�� $OVR� WKH� VWHHU� WRUTXH� LV� GHWHUPLQHG�� ([DPSOHV� RI� UHVXOWV� ZLOO� EH
GLVFXVVHG��7KH�UHVSRQVHV�WR�RWKHU�LQSXWV�VXFK�DV�FURVV�ZLQG�DQG�WUDQVYHUVH�VORSH
RI�WKH�URDG�VXUIDFH�KDYH�QRW�EHHQ�LQYHVWLJDWHG��7KH�LQWURGXFWLRQ�RI�VXFK�LQSXW
TXDQWLWLHV�LQWR�WKH�PRGHO�PD\��KRZHYHU��EH�HDVLO\�DFFRPSOLVKHG�

�������0RGHO�'HVFULSWLRQ

,Q�)LJ������WKH�PRWRUF\FOH�KDV�EHHQ�GHSLFWHG�ZKLOH�LW�PRYHV�DW�D�UROO�DQJOH� �RI
WKH�PDLQIUDPH�DQG�ZLWK�D�VWHHU�DQJOH� �RI�WKH�KDQGOHEDU�DERXW�D�VWHHULQJ�D[LV
WKDW��LQ�WKH�QHXWUDO�XSULJKW�SRVLWLRQ��VKRZV�D�VWHHULQJ�KHDG��UDNH��DQJOH�g�ZLWK
UHVSHFW�WR�D�YHUWLFDO�OLQH�DQG�D�FDVWHU�OHQJWK�WF��7KH�UHIHUHQFH�SRLQW�$�WKDW�OLHV�RQ
WKH�OLQH�RI�LQWHUVHFWLRQ�RI�WKH�SODQH�RI�V\PPHWU\�RI�WKH�YHKLFOH�DQG�WKH�URDG�SODQH
DQG� LV� ORFDWHG� LQ� WKH� XSULJKW� SRVLWLRQ� EHORZ� WKH� FHQWUH� RI� JUDYLW\� RI� WKH
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PDLQIUDPH��PRYHV�IRUZDUGV�ZLWK�D�YHORFLW\�X�DQG�LQ�ODWHUDO�GLUHFWLRQ�ZLWK�D
YHORFLW\�Y��7KH�OLQH�RI�LQWHUVHFWLRQ�PRYHV�RYHU�WKH�URDG�VXUIDFH�DQG�VKRZV�D�\DZ
DQJOH� ��WKH�WLPH�UDWH�RI�ZKLFK�LV�GHQRWHG�E\�U��7KH�PDLQIUDPH�UROO�DQJOH� ��LV
PHDVXUHG�DV�WKH�DQJOH�EHWZHHQ�WKH�SODQH�RI�V\PPHWU\�DQG�WKH�QRUPDO�WR�WKH�URDG
VXUIDFH�� $V� GHSLFWHG� LQ� WKH� ILJXUH�� DQ� DGGLWLRQDO� GHJUHH� RI� IUHHGRP�PD\�EH
LQWURGXFHG�DVVRFLDWHG�ZLWK�WKH�WRUVLRQDO�IOH[LELOLW\�RI�WKH�IURQW��VWHHUDEOH��IUDPH�
SRVVLEO\�LQFOXGLQJ�D�SRUWLRQ�RI�WKH�PDLQIUDPH��ZLWK�UHVSHFW�WR�WKH�FHQWUH�SDUW�RI
WKH�PDLQIUDPH��7R�PRGHO�WKLV��DQ�D[LV�RI�URWDWLRQ�LV��LQWURGXFHG�SHUSHQGLFXODU�WR
WKH�VWHHULQJ�D[LV�DERXW�ZKLFK��D�SDUW�RI��WKH�IURQW�IUDPH�FDQ�URWDWH�ZLWK�WZLVW
DQJOH� �� 7KH� ULGHU� KDV� D� OHDQ� GHJUHH� RI� IUHHGRP� �UHODWLYH� DQJOH� U� DERXW� D
ORQJLWXGLQDO�D[LV��RI� LWV�XSSHU�WRUVR��ZLWK�PDVV�PU��DQG�PD\�H[HUW��LQWHUQDO�
PRPHQWV�DERXW�WKH�VWHHU�DQG�OHDQ�D[HV��$OVR��D�VPDOO�ODWHUDO�VKLIW�\P�RI�WKH�F�J�
RI�PDLQIUDPH�DQG�\U�RI�WKH�ULGHU�PD\�EH�LQFOXGHG�OHDGLQJ�WR�D�MRLQW�RIIVHW�\PU��7KH
RIIVHWV�DUH�RI�WKH�VDPH�RUGHU�RI�PDJQLWXGH�DV�WKH�UROO�DQJOH�DQG�ZLOO�EH�XVHG�LQ
WKH�VWHDG\�VWDWH�DQDO\VLV��$LU�GUDJ� LV�DFFRXQWHG� IRU�E\� WKH� LQWURGXFWLRQ�RI�D
ORQJLWXGLQDO�IRUFH�)G�DFWLQJ�DW�D�KHLJKW�KG�RQ�WKH�YHKLFOH�LQ�WKH�PDLQIUDPH�FHQWUH
SODQH��)LQDOO\��WKH�YDULRXV�IHHG�EDFN�FRQWURO�ORRSV�KDYH�EHHQ�LQWURGXFHG�LQ�WKH
HTXDWLRQ�IRU�WKH�VWHHU�DQJOH�WR�VLPXODWH�SRVVLEOH�ULGHU�FRQWURO�

���������*HRPHWU\�DQG�,QHUWLD

7KH�JHRPHWULFDO�GLPHQVLRQV�RI�WKH�PRWRUF\FOH�DQG�WKH�ORFDWLRQ�RI�WKH�FHQWUHV
RI�JUDYLW\�RI�WKH�IRXU�FRQQHFWHG�ERGLHV��PDLQIUDPH�LQFOXGLQJ�ORZHU�SDUW�RI�WKH
ULGHU� DQG� UHDU�ZKHHO�� XSSHU� WRUVR� RI� WKH� ULGHU�� IURQW� XSSHU� IUDPH� DQG� IURQW
VXEIUDPH�LQFOXGLQJ�IURQW�ZKHHO��DUH�GHILQHG�E\�TXDQWLWLHV�JLYHQ�LQ�WKH�ILJXUH��7KH
IROORZLQJ�UHODWLRQV�H[LVW�EHWZHHQ�JHRPHWULFDO�SDUDPHWHUV�

DI� �DF���^KI��VLQg����HI���WF�`�FRVg

DV� �DF���^KV��VLQg����HV���WF�`�FRVg

VV�� �VF����^KV�����HV���WF��VLQg�`�FRVg

K � �VF�FRVg���WF�VLQg

VN�� �VF���WF��WDQg

KN� �WF��VLQg

7KH�ODVW�WKUHH�GLPHQVLRQV�KDYH�QRW�EHHQ�LQGLFDWHG�LQ�WKH�ILJXUH�
7KH�PDVVHV�RI�WKH�PDLQIUDPH��WKH�IURQW�XSSHU�IUDPH��WKH�IURQW�VXEIUDPH�DQG

WKH�XSSHU�WRUVR�DUH�GHQRWHG�DV�PP�
��PI���PV�DQG�PU�UHVSHFWLYHO\��7KH�PDJQLWXGH

RI�WRWDO�PDVV�P��WKH�SRVVLEO\�VKLIWHG�F�J��RI�PPU� �PP�
��PU��WKH�ZKHHO�EDVH�O�DQG

WKH�ORFDWLRQ�RI�WKH�FHQWUH�RI�WKH�WRWDO�PDVV�FHQWUH�ZLWK�UHVSHFW�WR�WKH�UHDU�DQG
IURQW�ZKHHO�D[OHV��GLVWDQFHV�D�DQG�E��DQG�DERYH�WKH�JURXQG��KHLJKW�K��EHFRPH�
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)LJ�������5HDU�YLHZ�RI�PRWRUF\FOH�ZLWK�W\UH�FURVV�VHFWLRQ�DQG�SRVVLEOH�F�J��RIIVHW�LQGLFDWHG�

P� �PP���PI���PV��PU

PPU� �PP���PU�

O� �DF���EF

E� �^PPU�EF���PI��DI����EF����PV��DV���EF�`�P

D� �O���E

K� ��KP�PP���KI�PI���KV�PV���KU�PU��P�
7KH�LQHUWLDO�TXDQWLWLHV��SURYLGHG�ZLWK�VXEVFULSW����WKDW�ZRXOG�DSSO\�LQ�FDVH�RI�D
ULJLG�ULGHU��OHDQ�DQJOH�UHPDLQV�]HUR��PD\�EH�UHWULHYHG�E\�XVLQJ�WKH�IROORZLQJ
HTXDWLRQV�ZKHUH� ,U[� LV�PRPHQW�RI� LQHUWLD�RI� WKH� ULGHU¶V�XSSHU� WRUVR� DERXW� LWV
ORQJLWXGLQDO�D[LV��,U]�LV�DVVXPHG�WR�EH�LQFRUSRUDWHG�LQ�WKH�PDLQIUDPH�LQHUWLD�

PP��� �PPU��� �PP���PU�

KP��� ��KP�PP���KU�PU���PP���

,P[��� �,P[���KP�
�
�PP���,U[���KU�

�
�PU���KP�

�
��PP��

,P[]��� �,P[]����,U[]
3URGXFWV�RI�LQHUWLD��H[FHSW�,P[]�RI�WKH�PDLQIUDPH��ZLOO�EH�QHJOHFWHG��

7KH�FURVV�VHFWLRQV�RI�WKH�W\UHV�DUH�DVVXPHG�WR�KDYH�D�ILQLWH�FURZQ�UDGLXV�UF�
DQG�UF���IURQW�DQG�UHDU���7KHVH�UDGLL�DUH�UHVSRQVLEOH�IRU�WKH�FUHDWLRQ�RI�WKH�PDMRU
SDUW�RI�WKH�W\UH�RYHUWXUQLQJ�FRXSOHV�0[�����0RUHRYHU��WKH�KHLJKWV�RI�WKH�F�J�¶V�DUH
DIIHFWHG�E\�WKHVH�FURZQ�UDGLL�ZKHQ�UXQQLQJ�DW� ODUJH�UROO�DQJOHV��)LJXUH�����
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LOOXVWUDWHV�VXFK�D�VLWXDWLRQ�
,PSRUWDQW�LV�WKH�QRWLRQ�RI�WKH�VR�FDOOHG�FRQWDFW�FHQWUH�RU�SRLQW�RI�LQWHUVHFWLRQ

&�WKDW�OLHV�EHORZ�WKH�ZKHHO�VSLQ�D[LV�DQG�RQ�WKH�OLQH�RI�LQWHUVHFWLRQ�RI�ZKHHO
FHQWUH� SODQH� DQG� URDG� VXUIDFH�� :H� PD\� UHIHU� WR� )LJ������ DQG� WKH� UHODWHG
GLVFXVVLRQ�� )RU� WKH� UHDU�ZKHHO� WKH� FHQWUH� SODQH� FRLQFLGHV�ZLWK� WKH� SODQH� RI
V\PPHWU\�RI�WKH��DVVXPHGO\�V\PPHWULF��PDLQIUDPH��5RWDWLRQ�RI�WKH�PDLQIUDPH
DERXW�WKH�OLQH�RI�LQWHUVHFWLRQ�JLYHV�ULVH�WR�DQ�LQFUHDVH�RI�WKH�QRUPDO�ORDG�RI�WKH
W\UH��$W�FRQVWDQW�YHUWLFDO�ORDG��D�VLPXOWDQHRXV�OLIW�RI�WKH�YHKLFOH�PXVW�RFFXU�
&RQVHTXHQWO\��WKH�GLVWDQFH�RI�WKH�FHQWUH�RI�JUDYLW\�WR�WKH�OLQH�RI�LQWHUVHFWLRQ�ZLOO
LQFUHDVH�IURP�K�WR�K �DV�LQGLFDWHG�LQ�WKH�ILJXUH��:LWK�D�ZHLJKWHG�DYHUDJH�FURZQ
UDGLXV

UF� ��E�O��UF�����D�O��UF� ������

ZH�ILQG�

K �� �K���UF�����FRV ���FRV ������

$W� ODUJH� UROO� DQJOHV� DOVR� WKH� FDVWHU� OHQJWK� WF� VKRXOG� EH� DGDSWHG�� :H� ILQG
DSSUR[LPDWHO\�ZLWK�

�
�DVVXPHG�VPDOO�

WF �� �WF���UF��VLQg�����FRV ��FRV ������

,Q� WKH� OLQHDU� DQDO\VLV� UHVWULFWHG� WR� VPDOO� DQJOHV�� WKHVH� H[WHQVLRQV� DUH� RI� QR
LPSRUWDQFH�

���������7KH�6WHHU��&DPEHU�DQG�6OLS�$QJOHV

7R�GHWHUPLQH�WKH�VLGH�IRUFH�)\�DQG�WKH�PRPHQWV�0[�DQG�0]�DFWLQJ�RQ�WKH�IURQW
DQG�UHDU�ZKHHOV��WKH�UHVSHFWLYH�VOLS�DQG�FDPEHU�DQJOHV�DUH�QHHGHG�DV�LQSXW��)RU
WKH�UHDU�ZKHHO�WKHVH�DQJOHV�FDQ�EH�REWDLQHG�LQ�D�VWUDLJKWIRUZDUG�ZD\��7KH�IURQW
ZKHHO�SRVHV�D�SUREOHP�EHFDXVH�ZH�KDYH�DQ�DWWLWXGH�RI�WKH�ZKHHO�SODQH�WKDW�LV
GHILQHG�E\�DW�OHDVW�WKUHH�VXFFHVVLYH�URWDWLRQV��,Q�)LJ������VHYHUDO�WULDGV�KDYH�EHHQ
LQWURGXFHG�ZKLFK�DUH�QHHGHG�WR�GHILQH�WKH�RULHQWDWLRQ�RI�PDLQIUDPH�DQG�IURQW
ZKHHO��7KH�OLQH�RI�LQWHUVHFWLRQ�RI�WKH�PDLQIUDPH�FHQWUH�SODQH�DQG�WKH�URDG�SODQH
FRLQFLGHV�ZLWK�WKH�[�D[LV��7KH�RULJLQ�RI�WKH�KRUL]RQWDO�PRYLQJ�D[HV�V\VWHP��[��\�
]��LV�WKH�UHIHUHQFH�SRLQW�$�LQGLFDWHG�LQ�)LJ������ZLWK�IRUZDUG�DQG�ODWHUDO�YHORFLW\
FRPSRQHQWV�X�DQG�Y��)XUWKHUPRUH��WKLV�V\VWHP�URWDWHV�DERXW�WKH�YHUWLFDO�D[LV�ZLWK
\DZ�UDWH�U

�
 

�
��7KH�PDLQIUDPH�URWDWHV�DERXW�WKH�[�D[LV�JLYLQJ�ULVH�WR�WKH�UROO0

DQJOH� ��7KH�URWDWHG�V\VWHP�RI�D[HV��[ ���\ ���] ��LV�DWWDFKHG�WR�WKH�PDLQIUDPH��,Q
WKH� PDLQIUDPH� FHQWUH� SODQH� WKH� VWHHULQJ� D[LV� LV� SRVLWLRQHG� DW� DQ� DQJOH� RI
LQFOLQDWLRQ��WKH�UDNH�DQJOH�g��ZLWK�UHVSHFW�WR�WKH�] �D[LV��7KH�WULDG��[

g���\g���]g��LV
DOVR�DWWDFKHG�WR�WKH�PDLQIUDPH�EXW�ZLWK�D�]

g
�D[LV�DORQJ�WKH�LQFOLQHG�VWHHULQJ�D[LV�

7KH�V\VWHP��[ ���\ ���] ��LV�DWWDFKHG�WR�WKH�XSSHU�SDUW�RI�WKH�IURQW�IUDPH�WKDW�LV
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)LJ�������9LHZ�RI�IURQW�ZKHHO�DVVHPEO\�ZLWK�YDULRXV�FRRUGLQDWH�V\VWHP�WULDGV�WR�DVVHVV�WKH
JURXQG�VWHHU�DQJOH�  �DQG�FDPEHU�DQJOH� ��RI�WKH�IURQW�ZKHHO�XVLQJ�WKH�XQLW�YHFWRU�V
DORQJ�WKH�ZKHHO�VSLQ�D[LV�� � ����

URWDWHG�ZLWK�VWHHU�DQJOH� �ZLWK�UHVSHFW�WR�WKH��[
g�
��\

g�
��]

g
��IUDPH��)LQDOO\��ZH�PD\

LQWURGXFH�WKH�WZLVW�DQJOH� ��QRW�FRQVLGHUHG�LQ�)LJ�������FI��)LJ�������JLYLQJ�ULVH
WR�WKH�V\VWHP�RI�D[HV��[

�
��\

�
��] ��ZLWK�WKH�\ �D[LV�UXQQLQJ�DORQJ�WKH�ZKHHO�VSLQ

D[LV��:H�QRZ�LQWURGXFH�D�XQLW�YHFWRU�V�GLUHFWHG�DFFRUGLQJ�WR�WKH�ZKHHO�VSLQ�D[LV�
WKDW�LV�DORQJ�WKH�\ �D[LV��7KH�FRPSRQHQWV�RI�WKLV�YHFWRU�DORQJ�WKH�D[HV�RI�WKH
PRYLQJ�KRUL]RQWDO� V\VWHP��[��\�� ]��ZLOO�EH�QRZ�EH�GHWHUPLQHG�E\�VXFFHVVLYH
URWDWLRQ�WUDQVIRUPDWLRQV��7KH�UHVXOW�RI�HDFK�VXFFHVVLYH�VWHS�LV�LQGLFDWHG�E\�D
VXEVFULSW�WKDW�GHQRWHV�WKH�IUDPH�ZLWK�UHVSHFW�WR�ZKLFK�WKH�XQLW�YHFWRU�LV�UHJDUGHG�
:H�KDYH

��� V '

�

�

�

� V '

� � �

� FRV &VLQ

� VLQ FRV

V � V
g
'

FRV &VLQ �
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)LJ����������7RS�YLHZ�RI�WKH�VLQJOH�WUDFN�YHKLFOH�VKRZLQJ�WKH�IURQW�DQG�UHDU�VOLS�DQJOHV�

V '

& FRVg % VLQg

FRVn & VLQn � VLQg % FRVg�

VLQn % FRVn � VLQg % FRVg�

V '

& FRVg % VLQg

�& n � VLQg % FRVg�

n % VLQg % FRVg

,Q�WKH�VXEVHTXHQW�DQDO\VLV�ZH�ZLOO�DSSUR[LPDWH�WKH�VLWXDWLRQ�E\�DVVXPLQJ�VPDOO
VWHHU�DQG�WZLVW�DQJOHV��7KLV�LV�FHUWDLQO\�DGPLVVDEOH��)RU�WKH�QRQ�OLQHDU�VWHDG\�
VWDWH�FRUQHULQJ�SUREOHP��WKH�UROO�DQJOH�VKRXOG�EH�DOORZHG�WR�DWWDLQ�PDJQLWXGHV
ODUJHU�WKDQ���E��2I�FRXUVH��WKH�UDNH�DQJOH�g�ZKLFK�LV�D�V\VWHP�SDUDPHWHU��ZLOO�EH
UHJDUGHG�WR�EH�ODUJH��:LWK� �DQG� �DVVXPHG�VPDOO��WKH�XQLW�YHFWRU�UHGXFHV�WR�

������

ZKLFK�LQ�FDVH�RI�D�FRPSOHWHO\�OLQHDU�DQDO\VLV��ZLWK�DOVR�WKH�UROO�DQJOH�DVVXPHG
VPDOO��UHGXFHV�WR�

������

7KH�JURXQG�VWHHU�DQJOH� N�DQG�WKH�FDPEHU�DQJOH� ��FDQ�QRZ�HDVLO\�EH�GHWHUPLQHG
IURP�WKH�FRPSRQHQWV�RI�WKH�XQLW�YHFWRU��:H�ILQG�IRU�WKH�QRQ�OLQHDU�H[SUHVVLRQV�

�������WDQ N ' &

V
[

V
\

'

FRVg & VLQg

FRVn & VLQn � VLQg % FRVg�

�������VLQ � ' V
]
' VLQn % FRVn � VLQg % FRVg�

DQG�IRU�WKH�OLQHDULVHG�DSSUR[LPDWLRQV�

�������N ' FRVg & VLQg
�������� ' n % VLQg % FRVg

)RU�WKH�QRQ�VWHHUHG�UHDU�ZKHHO�ZH�VLPSO\�KDYH�D�FDPEHU�DQJOH
�������� ' n

7KH� VOLS� DQJOHV� DUH� DVVXPHG� WR� UHPDLQ� VPDOO� DQG� UHDG� DW� VWHDG\� VWDWH� E\
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)RU� WKH� G\QDPLF� QRQ�VWHDG\�VWDWH� VLWXDWLRQ� WKH� OLQHDULVHG� PRGHO� ZLOO� EH
HPSOR\HG��7KH�VOLS�DQJOHV�WKHQ�EHFRPH�LQFOXGLQJ�WKH�WLPH�UDWH�RI�FKDQJHV�RI�
DQG� �

� � ' FRVg & VLQg &
�
X
�Y%D

F
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F
0
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F
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�
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F
U �

:LWK�WKH�FDPEHU�DQG�VOLS�DQJOHV�QRZ�GHULYHG��ZH�FDQ�IRUPXODWH�WKH�UHVXOWLQJ�VLGH
IRUFH�DQG�PRPHQWV��)LUVW��KRZHYHU��WKH�QRUPDO�ORDGV�DUH�WR�EH�HVWDEOLVKHG��7KHVH
DUH�DIIHFWHG�E\�WKH�IRUH�DQG�DIW�ORDG�WUDQVIHU�FDXVHG�E\�DHURG\QDPLF�GUDJ�DQG
EUDNLQJ�RU�GULYLQJ�IRUFHV�

���������$LU�'UDJ��'ULYLQJ�RU�%UDNLQJ�DQG�)RUH�DQG�$IW�/RDG�7UDQVIHU

$SDUW�IURP�WKH�IRUFHV�DQG�PRPHQWV�DFWLQJ�IURP�URDG�WR�W\UHV��ZH�ZLOO�FRQVLGHU
WKH�DHURG\QDPLF�GUDJ�IRUFH�)G�WKDW�LV�DVVXPHG�WR�DFW�LQ�ORQJLWXGLQDO�EDFNZDUG
GLUHFWLRQ�LQ�WKH�SUHVVXUH�FHQWUH�D�GLVWDQFH�KG�DERYH�WKH�URDG�VXUIDFH��LQ�XSULJKW
SRVLWLRQ���:H�ZLOO�KHUH�GHILQH�WKH�GUDJ�IRUFH�WR�GHSHQG�TXDGUDWLFDOO\�RQ�WKH�VSHHG
X�DV�IROORZV�

�������)
G
' &

G$
X �

'XH�WR�WKH�DFWLRQ�RI�WKH�GUDJ�IRUFH�)G�DQG�WKH�ORQJLWXGLQDO�W\UH�IRUFHV�)[L���ORDG
WUDQVIHU�DULVHV�IURP�WKH�IURQW�WR�WKH�UHDU�ZKHHO��7KH�LQFUHDVH�RI�WKH�UHDU�QRUPDO
ORDG�ZKLFK��E\�QHJOHFWLQJ�WKH�RYHUDO�DHURG\QDPLF�OLIW��LV�HTXDO�WR�WKH�GHFUHDVH
RI�WKH�IURQW�QRUPDO�ORDG�

7KH�VXP�RI�WKH�ORQJLWXGLQDO�W\UH�IRUFHV�LV�GHQRWHG�DV�)[�WRW��7KH�UHPDLQLQJ
IRUFH�IRU�WKH�DFFHOHUDWLRQ�RI�WKH�YHKLFOH�LQ�ORQJLWXGLQDO�GLUHFWLRQ�EHFRPHV�
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DQG�0]�YHUVXV� �KDYH�EHHQ�SORWWHG�IRU�D�QXPEHU�RI� �YDOXHV�IRU�WKH�IURQW�DQG�UHDU
W\UHV�IRU�WKH�WZR�FDVHV��IUHH�UROOLQJ�DQG�EUDNLQJ��7KH�FKDUDFWHULVWLFV�RI�WKH�IUHHO\
UROOLQJ�W\UH�DUH�VLPLODU�WR�WKH�H[SHULPHQWDOO\�IRXQG�FXUYHV��H[WHQGLQJ�IURP����WR
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VOLS�DQJOHV��,Q�WKH�SUHVHQW�DQDO\VLV�WKHVH�HTXDWLRQV�PD\�EH�XVHG�IRU� � ����ZLWK
WKH�VLPLODULW\�PHWKRG�HPSOR\HG�WR�LQFOXGH�WKH�HIIHFWV�RI�WKH�JLYHQ�ORQJLWXGLQDO
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PRWRUF\FOH�W\UH�PRGHO�DW�D�VHULHV�RI�FDPEHU�DQJOHV�

IRUFH�)[��,I�LQVWHDG�RI�WKH�IRUFH�)[�WKH�ORQJLWXGLQDO�VOLS� ��LV�LPSRVHG�RU�UHVXOWV
IURP�ZKHHO� URWDWLRQDO� G\QDPLFV�ZLWK� LPSRVHG� EUDNLQJ� RU� GULYLQJ� HIIRUW�� WKH
FRPSOHWH�0DJLF�)RUPXOD�PRGHO�ZLWK�FRPELQHG�VOLS�PD\�EH�XVHG��)RU�WKH�SUHVHQW
VWXG\�WKLV�LV�D�OHVV�SUDFWLFDO�RSWLRQ��

,Q�WKH�GLDJUDPV�RI�)LJV��������WKH�VLGH�IRUFH�FXUYHV�VKRZ�D�PDLQO\�VLGHZD\V
VKLIW�DW�LQFUHDVLQJ�FDPEHU�DQJOH��7KH�PRPHQW�FXUYHV�DUH�PRYHG�XSZDUGV�ZKLOH
WKHLU�VKDSH�LV�FKDQJHG��7KH�XSZDUG�VKLIW�LV�D�FRQVHTXHQFH�RI�WKH�VSLQ�WRUTXH�WKDW
UHVXOWV� IURP� WKH�ZKHHO� LQFOLQDWLRQ� DQJOH�� $W� EUDNLQJ� �)LJ������� WKH� DOLJQLQJ
WRUTXH�DW�FDPEHU�LV�FRQVLGHUDEO\�LQFUHDVHG�LQ�PDJQLWXGH�EHFDXVH�RI�WKH�GLUHFW
FRQWULEXWLRQ�RI�)[������ZKLFK�LV�UHSUHVHQWHG�LQ���������E\�WKH�ODVW�WHUP��,W�LV
REVHUYHG��WKDW�GXH�WR�WKH�ORQJLWXGLQDO�IRUFH��WKH�PD[LPXP�OHYHO�RI�WKH�VLGH�IRUFH
LV�UHGXFHG�
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)RU�WKH�G\QDPLF�DQDO\VLV�RI�WKH�YHKLFOH�PRWLRQ�ZH�UHVWULFW�RXUVHOYHV�WR�VPDOO
GHYLDWLRQV�IURP�WKH�UHFWLOLQHDU�SDWK��7KH�GLIIHUHQWLDO�HTXDWLRQV�ZLOO�EH�NHSW�OLQHDU
ZLWK�WKH�IRUZDUG�VSHHG�X�FRQVLGHUHG�DV�D�FRQVWDQW�SDUDPHWHU��:H�ZLOO�GHULYH�WKH
HTXDWLRQV�XVLQJ�WKH�PRGLILHG�HTXDWLRQV�RI�/DJUDQJH��������GHULYHG�LQ�&KDSWHU���
$IWHU�DGGLQJ�WKH�GLVVLSDWLRQ�IXQFWLRQ�'�WR�LQFOXGH�GDPSLQJ�LQ�WKH�V\VWHP��WKHVH
HTXDWLRQV� UHDG� IRU� WKH� YDULDEOHV� Y� DQG� U� � GR�GW�� DQG� VXEVHTXHQWO\� IRU� WKH
UHPDLQLQJ�JHQHUDOLVHG�FRRUGLQDWHV�TM��KHUH��M� ���������RU����
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ZLWK�TM�UHIHUULQJ�WR�WKH�TXDVL�FRRUGLQDWH�\�DQG�WR�WKH�JHQHUDOLVHG�FRRUGLQDWHV� �
�� U��� �DQG� ��7R�HVWDEOLVK�WKH�HTXDWLRQV�ZH�ZLOO�DVVHVV�VXFFHVVLYHO\�WKH�NLQHWLF
DQG�SRWHQWLDO�HQHUJLHV��WKH�GLVVLSDWLRQ�IXQFWLRQ�DQG�WKH�YLUWXDO�ZRUN��7KH�WHUPV
DSSHDULQJ�LQ�WKH�UHVXOWLQJ�H[SUHVVLRQV�ZLOO�EH�UHVWULFWHG�WR�WHUPV�RI�WKH�VHFRQG
RUGHU�RI�PDJQLWXGH��7KH�YHORFLW\�X

�
DQG�WKH�FRQQHFWHG�ZKHHO�VSHHGV�RI�UHYROXWLRQ

L� �X�UL���WKH�YHKLFOH�ZHLJKW�PJ�DQG�WKH�DHURG\QDPLF�GUDJ�)G�DQG�ORQJLWXGLQDO
IRUFH�)[�WRW�DUH�TXDQWLWLHV�RI�WKH�]HURWK�RUGHU�RI�PDJQLWXGH�ZKHUHDV�WKH�YDULDEOHV
Y�DQG�WKH�JHQHUDOLVHG�FRRUGLQDWHV�DUH�RI�WKH�ILUVW�RUGHU�RI�PDJQLWXGH��$OVR��WKH
LPSRVHG�ODWHUDO�RIIVHW�\PU�RI�WKH�FRPELQHG�PDLQIUDPH�DQG�ULGHU�PDVV�FHQWUH�LV
FRQVLGHUHG�DV�D�TXDQWLW\�RI�WKH�ILUVW�RUGHU�RI�PDJQLWXGH��3URGXFWV�RI�ILUVW�RUGHU
RI�PDJQLWXGH�TXDQWLWLHV�EHFRPH�WHUPV�RI�WKH�VHFRQG�GHJUHH��7HUPV�RI�KLJKHU
GHJUHH�ZLOO�EH�QHJOHFWHG�DV�WKHVH�ZRXOG�JLYH�ULVH�WR�VHFRQG�RU�KLJKHU�GHJUHH�WHUPV
LQ� WKH� ILQDO�GLIIHUHQWLDO� HTXDWLRQV��ZKLFK�ZH� LQWHQG� WR�NHHS� OLQHDU� �RQO\� ILUVW
GHJUHH�WHUPV���

7KH�SLWFK�DQJOH�
�
�RI�WKH�PDLQIUDPH�ZKLFK�GRHV�QRW�UHSUHVHQW�D�GHJUHH�RI

IUHHGRP�LV�RI�WKH�VHFRQG�RUGHU�RI�PDJQLWXGH�DQG�VKRXOG�EH�DFFRXQWHG�IRU�LQ�WKH
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RI�WUDYHO�X�DQG�DUH�DVVHVVHG�KHUH�E\�WULDO�DQG�HUURU�

��� JY� �JYR��X���JU� �JUR��X���JGn� �JGnR�����X�XF��X���
J
n� �JnR����JG � �JG R��X���J � �J R� ��������

7KH�VWHHU�WRUTXH�0 � LV�FRQVLGHUHG�WR�DFW� LQ�DGGLWLRQ�WR�WKH�VWDELOLVDWLRQ�VWHHU
WRUTXH�� WKDW� UHVXOWV� IURP� IHHGEDFN� FRQWURO�� DQG� LV� UHSUHVHQWHG� E\� WKH� WHUPV
FRQWDLQLQJ�WKH�FRQWURO�JDLQV�LQ�(T�����������

)RU�WKH�PDVV�FHQWUH�ODWHUDO�RIIVHW�ZH�KDYH�LQWURGXFHG�IRU�DEEUHYLDWLRQ�

PPU�\PU� �PP�\P��PU�\U���ZLWK��PPU� �PP���PU ��������

,I�WKH�VWHHU�DQG�UROO�DQJOHV�UHPDLQ�VXIILFLHQWO\�VPDOO�VR�WKDW�LW�PD\�EH�DVVXPHG
WKDW�JHRPHWULF�OLQHDULW\�VWLOO�SUHYDLOV�ZH�PD\�LQYHVWLJDWH�WKH�LQIOXHQFH�RI�ODUJHU
ZKHHO�VOLS�E\�XVLQJ�IRU�WKH�W\UH�VLGH�IRUFHV�DQG�PRPHQWV�WKH�QRQ�OLQHDU�IXQFWLRQV
RI� L��� L��� L��ZKHHO�ORDG�)]L�DQG�WKH�EUDNLQJ�GULYLQJ�IRUFH�)[L�DFFRUGLQJ�WR�WKH
(TV������������

)RU� WKH� EDVHOLQH� FRQILJXUDWLRQ� RI� WKH� OLQHDU� YHKLFOH� PRGHO� WKH� ULGHU� LV
FRQVLGHUHG� ULJLG� �Fn� U64���:LWK� WKH� ULGHU�XSSHU� WRUVR� UHOHDVHG�� WKH�SDUDPHWHU
YDOXHV�RI�7DEOH������KROG��7KH�W\UHV�SDUDPHWHU�YDOXHV�KDYH�EHHQ�FKRVHQ�DV�OLVWHG
LQ�7DEOH�������7KH�PRGHO�FRQILJXUDWLRQ�PD\�EH�FRQVLGHUHG�DV�W\SLFDO�IRU�D�KHDY\
PRWRU�F\FOH��:KHQ�D�ULJLGO\�FRQQHFWHG�ULGHU�XSSHU�WRUVR�LV�FRQVLGHUHG��EDVHOLQH
FRQILJXUDWLRQ�ZLWK�nU� �

����WKH�UHOHYDQW�SDUDPHWHUV�UHVXOW�IURP�(TV��������
)RU�WKH�OLQHDU�V\VWHP�GHILQHG��WKH�HLJHQYDOXHV�DQG�WKH�VWHDG\�VWDWH�VWHHU�DQJOH

DQG�VWHHU�WRUTXH�SHU�XQLW�SDWK�FXUYDWXUH�KDYH�EHHQ�HVWDEOLVKHG�IRU�D�VHULHV�RI
YDOXHV�RI�WKH�VSHHG�RI�WUDYHO�X�� 9���,Q�DGGLWLRQ��D�QXPEHU�RI�SDUDPHWHUV�UHODWHG
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WR�ERWK�WKH�YHKLFOH�FRQVWUXFWLRQ�DQG�WKH�W\UHV�KDYH�EHHQ�FKDQJHG�LQ�YDOXH�WR
H[DPLQH�WKHLU�LQIOXHQFH�

7DEOH�������3DUDPHWHUV�RI�YHKLFOH�LQ�EDVHOLQH�FRQILJXUDWLRQ�EXW�ZLWK�ULGHU�XSSHU�WRUVR�UHOHDVHG
��LQ�EDVHOLQH�FRQILJXUDWLRQ�FnU�64���5LGHU�FRQWURO�JDLQV�J�ZLWK�FURVV�RYHU�YHORFLW\�X

F
�

PP �����NJ PI �����NJ PV ������NJ PU �������NJ

,P[ ������NJP� ,P] �����NJP� ,P[] �������NJP� ,U[ ����NJP�

,I[ ������NJP� ,I] �����NJP� ,V[ ������NJP� ,V] �����NJP�

,Z\� ������NJP� ,Z\� �����NJP� ,H\ �����NJP�

DF ������P EF �����P HI �����P HV ������P

VF ������P WF �����P U� ������P U� �������P

KP �������P KI �����P KV ������P KG ������P

VU ������P KU �����P N ���1PV�UDG

N ����1PV�UDG F ���N1P�UDG Nn�U ����1PV�UDG Fn�U ���1P�UDG

J �������P�V� QJ ���� g ������UDG &G$ �������NJ�P

XF �������P�V JYR ������ JUR ������� JGnR ������

JnR ������� JG R ������� J R �������

�������6WDELOLW\�$QDO\VLV

)UHH�8QFRQWUROOHG�0RWLRQ

,Q�D�VHULHV�RI�GLDJUDPV�WKH�YDULDWLRQ�RI�WKH�HLJHQYDOXHV�DV�D�IXQFWLRQ�RI�VSHHG�KDV
EHHQ�SUHVHQWHG��7KH�GLDJUDP�RI�)LJ������UHSUHVHQWV�WKH�VLWXDWLRQ�FRUUHVSRQGLQJ
WR�WKH�EDVHOLQH�FRQILJXUDWLRQ�GHILQHG�E\�7DEOHV��������EXW�ZLWK�WKH�ULGHU�UHJDUGHG
DV�D�ULJLG�HOHPHQW�RI�WKH�PDLQIUDPH�ERG\�7KH�XSSHU�GLDJUDP�JLYHV�WKH�UHDO�SDUW
RI�WKH�HLJHQYDOXHV�RI�WKLV���WK�RUGHU�V\VWHP�YHUVXV�VSHHG�LQGLFDWLQJ�WKH�GHJUHH�RI
LQVWDELOLW\��LI�SRVLWLYH��RU�GDPSLQJ��VWDEOH�� LI�QHJDWLYH���7KH�VHFRQG�GLDJUDP
SUHVHQWV�WKH�YDULDWLRQ�RI�WKH�LPDJLQDU\�SDUW�RI�WKH�HLJHQYDOXHV�WKDW�UHSUHVHQW�WKH
IUHTXHQFLHV�RI�WKH�GLIIHUHQW�PRGHV�RI�YLEUDWLRQ��LQ�UDG�V���7KH�WKLUG�GLDJUDP
GHSLFWV�WKH�YDULDWLRQ�RI�WKH�HLJHQYDOXHV�LQ�WKH�FRPSOH[�SODQH��$ORQJ�WKH�FXUYHV
WKH�VSHHG�FKDQJHV�DV�LQGLFDWHG�
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7KH�ZHDYH�PRGH�LV�D�UHODWLYHO\�ORZ�IUHTXHQF\�RVFLOODWRU\�PRWLRQ�LQ�ZKLFK�WKH
ZKROH�YHKLFOH�WDNHV�SDUW��7KLV�PRGH�H[KLELWV�D�SRVVLEO\�GDQJHURXV�XQVWDEOH�\DZ
DQG�UROO�PRWLRQ�DW�KLJKHU�VSHHGV��LQ�RXU�FDVH�DERYH�D�VSHHG�RI�FD����NP�K��ZLWK
D�IUHTXHQF\�RI���WR���+]��$W�ORZ�VSHHGV�WKH�IUHTXHQF\�GHFUHDVHV�DQG��WKH�PRGH
EHFRPHV�XQVWDEOH�DQG�FRQVWLWXWHV�WKH�SKHQRPHQRQ�ZKHUH�WKH�XQFRQWUROOHG�YHKLFOH
IDOOV�RYHU��$W�YHU\�ORZ�VSHHG�LW�LV�REVHUYHG�WKDW�WKH�FRPSOH[�SDLU�RI�URRWV�ZLWK
D�SRVLWLYH�UHDO�SDUW�FKDQJHV�LQWR�WZR�SRVLWLYH�UHDO�URRWV�FRQVWLWXWLQJ�WKH�GLYHUJHQW
XQVWDEOH�PRGHV�DVVRFLDWHG�ZLWK�FDSVL]LQJ�RI�WKH�ZKROH�PDFKLQH�DQG�RI�WKH�IURQW
IUDPH�DERXW�WKH�LQFOLQHG�VWHHU�D[LV��WKH�ODWWHU�LV�REVHUYDEOH�ZLWK�WKH�PRWRUF\FOH
RQ�LWV�FHQWUH�VWDQG�DQG�ZLWK�WKH�IURQW�ZKHHO�FOHDU�RI�WKH�JURXQG����7KH�IUHTXHQF\
RI� WKH� RVFLOODWLRQ� FDQ� EH� IRXQG� IURP� WKH� WZR� ORZHU� SORWV�� ,Q� WKH� KLJK� VSHHG
XQVWDEOH�UDQJH�WKH�IUHTXHQF\�RI�WKH�ZHDYH�PRGH�DSSHDUV�WR�EH�DURXQG����UDG�V
RU�FD����+]��7KH�FDSVL]H�PRGH�FDQ�LQ�FHUWDLQ�FDVHV�EHFRPH��PRGHUDWHO\��XQVWDEOH
EH\RQG� D� UHODWLYHO\� ORZ� FULWLFDO� YHORFLW\�� 7KH� HLJHQYDOXH� UHPDLQV� UHDO� DQG�
FRQVHTXHQWO\�� WKH�PRWLRQ�GRHV�QRW� VKRZ�RVFLOODWLRQV�� ,Q�RXU�FDVH�� WKLV�PRGH
UHPDLQV�VWDEOH��7KH�WKLUG�PRGH�WKDW�LV�RI�LQWHUHVW�LV�WKH�ZREEOH�PRGH�ZKLFK�LV�D
VWHHULQJ�RVFLOODWLRQ�WKDW�FDQ�EHFRPH�XQVWDEOH�LQ�D�UDQJH�RI�PRGHUDWH�VSHHGV��LQ
RXU�FDVH�EHWZHHQ�FD�����DQG����NP�K���7KH�IUHTXHQF\�LQ�WKH�XQVWDEOH�UDQJH
DSSHDUV�KHUH�WR�WDNH�YDOXHV�DURXQG����UDG�V�RU�FD����+]�DV�FDQ�EH�VHHQ�LQ�WKH�WZR
ORZHU�SORWV�ZLWK�WKH�LPDJLQDU\�SDUW�DV�WKH�RUGLQDWH��7KH�IUHTXHQF\�LV�PDLQO\
LQIOXHQFHG�E\� WKH� IURQW� IUDPH� LQHUWLD�� WKH�PHFKDQLFDO� WUDLO�DQG� WKH� IURQW� W\UH
FRUQHULQJ�VWLIIQHVV��7KH�UHPDLQLQJ�PRGHV�DUH�ZHOO�GDPSHG�DQG�FRQVHTXHQWO\�RI
OHVV�LQWHUHVW�

6WDUWLQJ�RXW� IURP� WKH� EDVHOLQH�FRQILJXUDWLRQ� �ZLWK�DLU�GUDJ�� WKH�HIIHFW�RI
FKDQJHV� LQ� VHYHUDO� V\VWHP�SDUDPHWHUV� KDV� EHHQ� LQYHVWLJDWHG��7R� JHW� D� FOHDU
SLFWXUH�RI�WKH�UROH�YDULRXV�SDUDPHWHUV�SOD\�LQ�VWDELOLVLQJ�RU�GHVWDELOLVLQJ�WKLV
VLQJOH� WUDFN�YHKLFOH�� WKHLU�YDOXHV�KDYH�EHHQ�FKDQJHG�GUDVWLFDOO\��)LJXUH�����
VKRZV�WKH�UHVXOWLQJ�VWDELOLW\�FKDUDFWHULVWLFV��)RU�FODULW\��WKH�ZREEOH�PRGH�FXUYHV
KDYH�EHHQ�VKRZQ�VHSDUDWHO\�LQ�WKH�ORZHU�GLDJUDP��)URP�WKH�UHVXOWV�ZH�PD\
FRQFOXGH�WKH�IROORZLQJ�

�� 7KH�PRGHO�VKRZV�WKDW�DEVHQFH�RI�DLU�GUDJ��FDVH����VOLJKWO\�VWDELOLVHV�WKH
ZHDYH�PRGH�DQG�GHVWDELOLVHV�WKH�ZREEOH�PRGH�

�� 7RUVLRQDO�ULJLGLW\�RI�WKH�PDLQIUDPH��FDVH����ODUJH�F��DSSHDUV�WR�EH�RI�FUXFLDO
LPSRUWDQFH�HVSHFLDOO\�IRU�WKH�PDQQHU�LQ�ZKLFK�WKH�ZREEOH�PDQLIHVWV�LWVHOI�
+LJK�VWLIIQHVV�RU�GLVUHJDUGLQJ�WKH�WRUVLRQDO�FRPSOLDQFH�JLYHV�ULVH�WR�D��WRR�
KLJK�FULWLFDO�VSHHG��$�PRUH�IOH[LEOH�IUDPH��EDVHOLQH�FRQILJXUDWLRQ��FDXVHV�WKH
ZREEOH�WR�RFFXU�LQ�D�OLPLWHG�UDQJH�RI�VSHHG�DURXQG���NP�K�ZKLFK�WXUQV�RXW
WR�EH�H[SHULHQFHG�DOVR�LQ�UHDOLW\�

�� $OPRVW� YDQLVKLQJ� UHOD[DWLRQ� OHQJWKV� �UDSLG� W\UH� UHVSRQVH�� GUDVWLFDOO\
VXSSUHVVHV�WKH�ZREEOH�LQVWDELOLW\�
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�� 0DNLQJ�WKH�W\UH�DOPRVW�ULJLG��ZLWK�LQ�DGGLWLRQ�WR�YHU\�VPDOO� ���YHU\�ODUJH
FRUQHULQJ�VWLIIQHVV�DQG�YHU\�VPDOO�SQHXPDWLF�WUDLO��FDVH����ZRXOG�GUDVWLFDOO\
VXSSUHVV�WKH�KLJK�VSHHG�ZHDYH�EXW�JLYHV�ULVH�WR�YLROHQW�ZREEOH�RYHU�D�ODUJH
UDQJH�RI�VSHHG��$�PXFK�ODUJHU�FDPEHU�IRUFH�VWLIIQHVV�FDQ�QRW�EH�WHFKQLFDOO\
UHDOLVHG�HYHQ�ZLWK�D�YHU\�VWLII�VROLG�ZKHHO��,W�ZRXOG�LQFUHDVH�WKH�ORZ�VSHHG
XQVWDEOH�ZHDYH�UDQJH�DQG�VWDELOLVH�WKH�KLJK�VSHHG�ZHDYH��ZREEOH�LV�DOPRVW
QRW�DIIHFWHG��QRW�VKRZQ��

�� 0DNLQJ�RQO\�WKH�DOLJQLQJ�WRUTXH�VWLIIQHVVHV�YHU\�VPDOO�GHVWDELOLVHV�WKH�KLJK
VSHHG�ZHDYH�PRGH�DQG�VWDELOLVHV�WKH�ZREEOH�PRGH��7KH�FDSVL]H�URRW�LV�PDGH
PRUH�QHJDWLYH�

�� (YHQ�D�FRQVLGHUDEOH�GHFUHDVH�RI�WKH�FDPEHU�DOLJQLQJ�PRPHQW�VWLIIQHVV�KDV
YHU\�OLWWOH�HIIHFW��DW�OHDVW�LQ�WKH�FDVH�RI�]HUR�RU�YHU\�VPDOO�ORQJLWXGLQDO�W\UH
IRUFHV��7KH�VDPH�KROGV�IRU�WKH�RYHUWXUQLQJ�FRXSOH�VWLIIQHVV�WKDW�LV��D�VPDOO
FURZQ�UDGLXV��QRW�VKRZQ���7KH�VPDOOHU�FDPEHU�DOLJQLQJ�PRPHQW�VWLIIQHVV
GRHV�KDYH�DQ�LQIOXHQFH�RQ�WKH�FDSVL]H�VWDELOLW\��$V�LQGLFDWHG�LQ�WKH�GLDJUDP�
FDSVL]H�LQVWDELOLW\�QRZ�VKRZV�XS�DQG�RFFXUV�EH\RQG�D�VSHHG�RI�DURXQG���
NP�K�

�� 7KH� IXQGDPHQWDO� UROH�RI� WKH�J\URVFRSLF�FRXSOLQJ� WHUPV�EHFRPHV� HYLGHQW
ZKHQ�WKH�SRODU�PRPHQWV�RI�WKH�ZKHHO�DUH�FRQVLGHUDEO\�UHGXFHG��FDVH�����)LUVW�
WKH� ORZ� VSHHG� XQVWDEOH� ZHDYH� UDQJH� LV� VWUHWFKHG� WR� DOPRVW� ��NP�K� DQG
VHFRQG�� WKH�ZREEOH� EHFRPHV� YLROHQWO\� XQVWDEOH� XS� WR� YHU\� KLJK� OHYHOV� RI
VSHHG��,W�PD\�EH�FRQFOXGHG�WKDW�WKH�J\URVFRSLF�HIIHFW�RI�WKH�URWDWLQJ�ZKHHOV
LV�ODUJHO\�UHVSRQVLEOH�IRU�WKH�IDFW�WKDW�WKH�PRWRUF\FOH�LV�FDSDEOH�RI�PRYLQJ�LQ
D�VWDEOH�PDQQHU��

�� 5HGXFWLRQ�RI�WKH�UDNH�DQJOH�WR�DQ�DOPRVW�YHUWLFDO�VWHHU�D[LV�RULHQWDWLRQ�ZLWK
WKH�FDVWHU�OHQJWK�NHSW�WKH�VDPH�ZRXOG�VWURQJO\�GHVWDELOLVH�WKH�ZREEOH�PRGH�

�� $W�WKH�VDPH�WLPH�UHGXFLQJ�WKH�FDVWHU�OHQJWK�DV�ZHOO��FDVH����ZRXOG�VWURQJO\
GHVWDELOLVH� WKH� ZHDYH� PRGH� ZKLFK� XQYHLOV� WKH� IXQGDPHQWDO� HIIHFW� RI
LQWURGXFLQJ�WKH�VWHHU�D[LV�EDFNZDUGV�LQFOLQDWLRQ��

(IIHFWV�RI�PRUH�UHDOLVWLF�OHYHOV�RI�YDULDWLRQ�RI�WKH�V\VWHP�SDUDPHWHUV�KDYH�EHHQ
SUHVHQWHG�LQ�WKH�VWDELOLW\�GLDJUDPV�RI�)LJV�������&RPSDULVRQ�ZLWK�WKH�FXUYHV�WKDW
UHSUHVHQW� WKH� EDVHOLQH� FRQILJXUDWLRQ� ���� UHYHDOV� WKDW� �DJDLQ�� FXUYH� QXPEHUV
FRUUHVSRQG�WR�OLVW�QXPEHUV�EHORZ��

6 $�����VPDOOHU�IURQW�UHOD[DWLRQ�OHQJWK�VWDELOLVHV�WKH�ZREEOH�PRGH�DQG�KDV
SUDFWLFDOO\�QR�HIIHFW�RQ�WKH�ZHDYH�DQG�FDSVL]H�PRGHV�

6 $� VPDOOHU� UHDU� UHOD[DWLRQ� OHQJWK� VWDELOLVHV� WKH�ZREEOH�PRGH� LQ� D� OHVVHU
GHJUHH�DQG�VWDELOLVHV�WKH�ZHDYH�PRGH��1R�HIIHFW�RQ�WKH�FDSVL]H�PRGH�

6 0RYLQJ�WKH�FHQWUH�RI�JUDYLW\�RI�WKH�PDLQIUDPH�SOXV�ULGHU���FP�IRUZDUGV
WXUQV�RXW�WR�VWURQJO\�VWDELOLVH�WKH�ZHDYH�PRGH��+RZHYHU��LW�GHVWDELOLVHV�WKH
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)LJ�������� (IIHFW�RI�WKH�DSSOLFDWLRQ�RI�EUDNLQJ��)D[���)[���������DQG�GULYLQJ�IRUFHV��)D[���)[��!���
RQ�WKH�VWDELOLW\�GLDJUDP��EDVHOLQH�FRQILJXUDWLRQ��

ZREEOH��&DSVL]H�LV�QRW�DIIHFWHG�
6 �/RZHULQJ�ERWK�FHQWUHV�RI�JUDYLW\�RYHU���FP�VWDELOLVHV�ERWK�WKH�ZHDYH�DQG

ZREEOH�PRGHV�D�OLWWOH��7KH�FDSVL]H�PRGH�EHFRPHV�PRUH�VWDEOH�
6 $GGLQJ�VWHHU�GDPSLQJ�GRHV��RI�FRXUVH��VWDELOLVH�WKH�ZREEOH�PRGH��+RZHYHU�

LW�DGYHUVHO\�DIIHFWV�WKH�ZHDYH�PRGH�VWDELOLW\�

)RU�WKH�IUHH�FRQWURO�VLWXDWLRQ�ZH�ILQDOO\�FRQVLGHU�WKH�LQIOXHQFH�RI�GULYLQJ�RU
EUDNLQJ�DQG�WKH�DGGLWLRQ�RI�D�GHJUHH�RI�IUHHGRP��WKH�ULGHU�OHDQ�DQJOH�PHDVXUHG
ZLWK� UHVSHFW� WR� WKH� PDLQIUDPH� UROO� DQJOH�� )LJXUH� ������ VKRZV� WKH� VWDELOLW\
GLDJUDP�RI�WKH�EDVHOLQH�FRQILJXUDWLRQ�DW�]HUR�QHW�DFFHOHUDWLRQ�IRUFH���������)D[

 � �� �UHDU�ZKHHO� GULYLQJ� IRUFH� MXVW� ZLWKVWDQGV� WKH� DLU� GUDJ� VR� WKDW� VSHHG� LV
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FRQVWDQW���DW�EUDNLQJ���������)D[� ������1�DQG�DW�GULYLQJ���������)D[� �����1�
,W�LV�REVHUYHG�WKDW�EUDNLQJ�GHVWDELOLVHV�WKH�ZREEOH�PRGH�ZKLFK�LV�PDLQO\�GXH�WR
WKH�LQFUHDVHG�QRUPDO�ORDG�DW�WKH�IURQW�ZKHHO�WKDW�JLYHV�ULVH�WR�ODUJHU�UHOD[DWLRQ
OHQJWK�DQG�FRUQHULQJ�DQG�DOLJQLQJ�VWLIIQHVVHV��WKH�HIIHFWV�RI�ZKLFK�ZHUH�VKRZQ
LQ�)LJ�������7KH�WHUPV�ZLWK�)[� �LQ�(T����������GHVWDELOLVLQJ��DQG�ZLWK�K �)[�

LQ�(T����������VWDELOLVLQJ��KDYH�D�VPDOOHU�HIIHFW��7KH�WHUPV�LQ�(TV�����������
ZLWK�)[��DSSHDU�WR�ODUJHO\�QHXWUDOLVH�WKH�VWDELOLVLQJ�HIIHFWV�RI�WKH�LQFUHDVHG�IURQW
ZKHHO�ORDG�

:KHQ�GULYLQJ�� WKH� ORQJLWXGLQDO� IRUFH� LV�JHQHUDWHG�DW� WKH� UHDU�ZKHHO�RQO\�
2EYLRXVO\��ZREEOH�LV�FRPSOHWHO\�VXSSUHVVHG��:HDYH��KRZHYHU��DSSHDUV�WR�VKRZ
XS�DOUHDG\�DW�FRQVLGHUDEO\�ORZHU�VSHHGV�

$V�GHSLFWHG�LQ�)LJ��������WKH�LQWURGXFWLRQ�RI�WKH�OHDQ�DQJOH�RI�WKH�ULGHU�DV�DQ
DGGLWLRQDO� JHQHUDOLVHG� FRRUGLQDWH� ZLWK� WRUVLRQDO� VWLIIQHVV� DQG� GDPSLQJ� ZLWK
UHVSHFW�WR�WKH�PDLQIUDPH�JLYHV�ULVH�WR�D�GHFUHDVH�RI�WKH�FULWLFDO�YHORFLW\�IRU�ZHDYH
LQVWDELOLW\�ZKLOH�WKH�ZREEOH�PRGH�LV�KDUGO\�DIIHFWHG��7KH�OHDQ�DQJOH�LV�LQWURGXFHG
WR�HQDEOH�WKH�VWXG\�RI�WKH�UHVSRQVH�RI�WKH�YHKLFOH�PRWLRQ�WR�D�VWHS�FKDQJH�LQ�OHDQ
WRUTXH�0U�ZKLFK�LV�GHILQHG�WR�DFW�EHWZHHQ�XSSHU�WRUVR�DQG�PDLQIUDPH�DERXW�WKH
ORQJLWXGLQDO�OHDQ�D[LV�

6WHS�5HVSRQVHV�RI�&RQWUROOHG�0RWLRQ

:H�ZLOO�VWXG\�WKH�UHVSRQVHV�RI�WKH�YHKLFOH�PRWLRQ�WR�D�XQLW�VWHS�RI�WKH�LPSRVHG
VWHHU�WRUTXH�0*�DQG�RI�WKH�OHDQ�WRUTXH�0U��7KLV��DV�D�ILUVW�DWWHPSW�WR�LQYHVWLJDWH
WKH� WUDQVLHQW� KDQGLQJ� TXDOLW\� RI� WKH� YHKLFOH�� )LUVW�� WKH� PRWRUF\FOH� PXVW� EH
VWDELOLVHG�LQ�WKH�UDQJH�RI�VSHHG�ZH�ZDQW�WR�FRYHU��)RU�WKLV��WKH�YDULRXV�IHHG�EDFN
VLJQDOV�KDYH�EHHQ�SURYLGHG�ZLWK�JDLQV�GHILQHG�E\�(T����������DQG�7DEOH������
,Q�)LJ�������WKH�VL[�JDLQV�KDYH�EHHQ�SUHVHQWHG�DV�D�IXQFWLRQ�RI�WKH�VSHHG�RI
WUDYHO��6LPLODU�IXQFWLRQV�KDYH�EHHQ�XVHG�E\�5XLMV��������LQ�WKH�IHHG�EDFN�FRQWURO
ORRSV� WR� VWDELOLVH� WKH�XQPDQQHG�PRWRUF\FOH�ZLWK�VWDELOLVLQJ� ULGHU�URERW��7KH
SHFXOLDU�FKDQJH�LQ�VLJQ�WKDW�RFFXUV�LQ�WKH�JDLQ�IURP�UROO�UDWH�WR�VWHHU�WRUTXH�LV
HVVHQWLDO�WR�VWDELOLVH�ERWK�WKH�ORZ�DQG�WKH�KLJK�VSHHG�ZHDYH��

7KH�UHVXOWLQJ�VWDELOLW\�GLDJUDP�LV�SUHVHQWHG�LQ�)LJ��������&RPSDULVRQ�ZLWK
)LJ�������VKRZV�WKDW�DGRSWHG�IHHG�EDFN�JDLQV�FRQVLGHUDEO\�HQODUJHV�WKH�VWDEOH
YHORFLW\�UDQJH�HVSHFLDOO\�DW�WKH�ORZ�HQG��$Q�DGGLWLRQDO�FRQWURO�DFWLRQ�XVLQJ�WKH
OHDQ� WRUTXH� �DQG�DV�D�FRQVHTXHQFH�PRYLQJ� WKH� ULGHU�F�J�� ODWHUDOO\��ZRXOG�EH
QHFHVVDU\�WR�IXUWKHU�SXVK�EDFN�WKH�ORZ�VSHHG�LQVWDELOLW\�ZKLFK�KHUH�DSSHDUV�WR
FRUUHVSRQG�WR�DQ�XQVWDEOH�OHDQ�PRGH��$W�VXFK�ORZ�VSHHGV��VWHHULQJ�ZRXOG�EH
DOPRVW�LQHIIHFWLYH�WR�PRYH�WKH�FRQWDFW�SRLQW�ODWHUDOO\�DQG�WKHUHE\�VWDELOLVH�WKH
PRWLRQ�

,Q�)LJ�������WKH�UHVXOWLQJ�XQLW�VWHS�UHVSRQVHV�KDYH�EHHQ�VKRZQ�IRU�WKH�FDVH
RI�]HUR�)D[��7KH�ILJXUH�GHSLFWV�WKH�YDULDWLRQV�RI�WKH�\DZ�UDWH�U��WKH�VWHHU�DQJOH� �
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)LJ���������7KH�VWDELOLW\�GLDJUDP�ZLWK�IHHG�EDFN�VWHHU�WRUTXH�FRQWURO�RI�)LJ�������DFWLYDWHG�

WKH�PDLQIUDPH�UROO�DQJOH�n�DQG�WKH�XSSHU�WRUVR�UROO�DQJOH�n��nU���7ZR�YDOXHV�RI
VSHHG�KDYH�EHHQ�FRQVLGHUHG�����DQG����NP�K��7KH�UHVXOWV�DUH�PRVW�LQWHUHVWLQJ�
:H�REVHUYH�WKDW�DV�D�UHVXOW�RI�D�SRVLWLYH�FKDQJH�LQ�VWHHU�WRUTXH��WR�WKH�ULJKW��ILUVW
D�SRVLWLYH�VWHHU�DQJOH�DULVHV�ZLWK�DOVR�SRVLWLYH�\DZ�UDWH��WR�WKH�ULJKW���$IWHU�D
VKRUW�WLPH��D�FKDQJH�LQ�VLJQ�RFFXUV�DQG�D�QHJDWLYH�\DZ�UDWH�LV�EHLQJ�GHYHORSHG
ZLWK�D�QHJDWLYH�VWHHU�DQJOH��,W�LV�VHHQ��WKDW�GXULQJ�WKLV�VKRUW�WUDQVLWLRQ�WLPH�WKH
UROO�DQJOH�EHJLQV�WR�EXLOG�XS�LQ�WKH�FRUUHFW�GLUHFWLRQ��WR�WKH�OHIW��WKDW�EHORQJV�WR
WKH�ILQDO�VWHDG\�VWDWH�FXUYLQJ�VLWXDWLRQ��7KLV�YDULDWLRQ�LQ�WKH�PRWLRQ�YDULDEOHV�LV
VLPLODU�WR�ZKDW�ZRXOG�EH�REVHUYHG�LQ�UHDOLW\��7KH�XQFRQWUROOHG�YHKLFOH�LV�VWDEOH
DW�WKH�VSHHG�9� ���NP�K��)LJ���������,I�DW�WKLV�VSHHG�WKH�VWDELOLVDWLRQ�FRQWUROOHU
ZRXOG� QRW�EH�DFWLYDWHG�� WKH�PRWRUF\FOH�H[KLELWV�D� VLPLODU� UHVSRQVH�EXW�ZLWK
DQJOHV�DQG�\DZ�UDWH�EHFRPLQJ�ODUJHU�DQG�ZLWK�OHVV�GDPSHG�ZREEOH�DQG�ZHDYH
YLEUDWLRQV��
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)LJ�������� 7KH�VWHS�UHVSRQVHV�RI�PRWLRQ�YDULDEOHV�WR�XQLW�VWHHU�DQG�ULGHU�OHDQ�WRUTXH�DW�]HUR
IRUZDUG�DFFHOHUDWLRQ��)

D[� ����ZLWK�ULGHU�VWDELOLVLQJ�FRQWURO��

)LJ�������� 7KH�VWHS�UHVSRQVHV�RI�PRWLRQ�YDULDEOHV�WR�XQLW�VWHHU�DQG�ULGHU�OHDQ�WRUTXH�ZKLOH
EUDNLQJ��)

D[� ������1��ZLWK�ULGHU�VWDELOLVLQJ�FRQWURO��
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7KH�OHDQ�WRUTXH�UHVSRQVH�VKRZV�LQLWLDOO\�D�QHJDWLYH�UROO�DQJOH��ZKLFK�LV�WKH
UHVXOW�RI�FRXQWHUDFWLQJ�WKH�LPSRVHG��LQWHUQDO��OHDQ�WRUTXH��$IWHU�WKH�LQLWLDO�SKDVH�
WKH�DQJOH�EHFRPHV�SRVLWLYH��$OVR�WKH�VWHHU�DQJOH�DQG�ZLWK�WKDW�WKH�\DZ�UDWH�WXUQ
RXW�WR�EHFRPH�QHJDWLYH�LQ�WKH�LQLWLDO�SKDVH�ZKLFK�FDXVHV�WKH�FRQWDFW�SRLQWV�WR
PRYH�LQ�WKH�ULJKW�GLUHFWLRQ��WR�WKH�OHIW���7KH�VWHDG\�VWDWH�VLWXDWLRQ�LV�UHDFKHG�DIWHU
ORZ�IUHTXHQF\�GDPSHG�OHDQ�PRGH�RVFLOODWLRQV��,I�WKH�FRQWUROOHU�LV�QRW�DFWLYDWHG�
D�YHU\�VLPLODU� UHVSRQVH�ZLWK�QRZ� ORZ�IUHTXHQF\�GDPSHG�ZHDYH�RVFLOODWLRQV
�)LJ��������RFFXUV��1RZ��LW�EHFRPHV�FOHDU�WKDW�LW�LV�PDLQO\�WKH�J\URVFRSLF�FRXSOH
�SOXV�FDPEHU�DOLJQLQJ�PRPHQW��WKDW�VWHHUV�WKH�IURQW�ZKHHO�LQLWLDOO\�LQ�WKH�ULJKW
GLUHFWLRQ��$QDO\VLV�VKRZV�WKDW�WKH�KDUGO\�YLVLEOH�VPDOO�SRVLWLYH�VWHHU�DQJOH�SHDN
ULJKW�DIWHU�WKH�OHDQ�WRUTXH�VWHS�FKDQJH�LV�GXH�WR�WKH�PHFKDQLFDO�WUDLO�DQG�WKH
DOLJQLQJ�VWLIIQHVV�RI�WKH�IURQW�ZKHHO��WF�DQG�&0 ���

$W�WKH�KLJKHU�VSHHG�RI�9� ���NP�K�WKH�UHVSRQVHV�VKRZ�WKH�VDPH�WHQGHQFLHV�EXW
ZLWK�PXFK�VPDOOHU�VWHHU�DQJOHV�DQG�\DZ�UDWHV��7KH�ZHDYH�LV�PRUH�GDPSHG�DQG
WKH�ZREEOH�OHVV��:LWKRXW�FRQWUROOHU�WKH�ZREEOH�EHFRPHV�XQVWDEOH�DQG�D�YLROHQW
VWHHULQJ�RVFLOODWLRQ�DW�FD���+]�LV�GHYHORSHG��

:LWK�WKH�OHDQ�GHJUHH�RI�IUHHGRP�GLVUHJDUGHG��RQO\�WKH�UHVSRQVH�WR�VWHHU�WRUTXH
FDQ�EH�FRQVLGHUHG��7KH�UHVXOWLQJ�PRWLRQ�UHVSRQVHV�WXUQ�RXW�WR�JHW��FORVH�WR�WKRVH
GHSLFWHG�LQ�WKH�OHIW�KDQG�GLDJUDPV�RI�)LJ�������ZLWK�WKH�FXUYHV�IRU�n�nU�GHOHWHG�
7KH�ORZ�IUHTXHQF\�RVFLOODWLRQ�WKDW� LV�SUHGRPLQDQW�DW�WKH�ORZHU�VSHHG�LV�QRZ
DWWULEXWHG�WR�WKH�ZHDYH�PRGH��7KH�XQFRQWUROOHG�V\VWHP��)LJ�������LV�MXVW�VWDEOH
DW���NP�K�DQG�EHKDYHV�VLPLODU�WR�WKH�FRQWUROOHG�RQH�DOEHLW�WKDW�VRPHZKDW�ODUJHU
ZHDYH�DQG�ZREEOH�YLEUDWLRQV�DQG�D�ODUJHU�VWHDG\�VWDWH�UHVSRQVH�DULVH��$W���NP�K
WKH�XQVWDEOH�ZREEOH�YLEUDWLRQ�GHYHORSV�DJDLQ�

)LJXUH�������SUHVHQWV�WKH�UHVXOWV�IRU�WKH�V\VWHP�ZKLOH�WKH�EUDNHV�DUH�DSSOLHG
�)D[� �������1���7KH�FRXUVH�RI�WKH�YDULRXV�VLJQDOV�VKRZ�VLPLODU�WHQGHQFLHV�DV
RFFXUV�LQ�WKH�XQEUDNHG�VLWXDWLRQ��7KH�REYLRXV�GLIIHUHQFHV�DUH�WKH�ORZO\�GDPSHG
ZREEOH�YLEUDWLRQ�WKDW�LV�VHHQ�WR�RFFXU�DW����NP�K��FI��)LJ��������DQG�WKH�PXFK
VPDOOHU�VWHDG\�VWDWH�UHVSRQVHV��FI��)LJ�������RI�QH[W�VHFWLRQ���7KHVH�GLIIHUHQFHV
DUH�SULPDULO\�GXH�WR�WKH�DFFRPSDQLHG�ORDG�WUDQVIHU��

�������$QDO\VLV�RI�6WHDG\�6WDWH�&RUQHULQJ

:KHQ�D�VWHDG\�VWDWH�FRUQHULQJ�FRQGLWLRQ�LV�UHDFKHG�HTXLOLEULXP�RI�IRUFHV�DQG
PRPHQWV� H[LVWV��:H� FRQVLGHU� WKH� HTXLOLEULXP� LQ� ODWHUDO� GLUHFWLRQ�� DERXW� WKH
YHUWLFDO�D[LV�DQG�DERXW�WKH�OLQH�RI�LQWHUVHFWLRQ�RI�PDLQIUDPH�FHQWUH�SODQH�DQG
URDG�SODQH��WKLV�LQ�DGGLWLRQ�WR�WKH�VWDWLF�HTXLOLEULXP�RI�IRUFHV�LQ�YHUWLFDO�GLUHFWLRQ�
,Q�WKH�DSSUR[LPDWH�DQDO\VLV�WKH�VPDOO�F�J��IRUZDUG�RIIVHWV�RI�WKH�VWHHUDEOH�IURQW
DQG�VXEIUDPHV�HI�DQG�HV�ZLOO�EH�QHJOHFWHG��,Q�DGGLWLRQ��WKH�WZLVW�DQJOH� �DQG�WKH
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ULGHU� OHDQ�DQJOH�nU�ZLOO�EH�GLVUHJDUGHG��,QVWHDG��ZH�ZLOO�VWXG\�WKH�HIIHFW�RI�D
VLGHZD\V�VKLIW�\PU�RI�WKH�FHQWUH�RI�JUDYLW\�RI�WKH�FRPELQHG�PDLQIUDPH�DQG�ULGHU�
2QFH�WKH�VLGH�IRUFHV�DQG�WKH�UROO�DQJOH�KDYH�EHHQ�DVVHVVHG�DW�D�JLYHQ�ODWHUDO
DFFHOHUDWLRQ��WKH�VOLS�DQJOHV�FDQ�EH�GHWHUPLQHG�DQG�IURP�WKHLU�GLIIHUHQFH�ZLWK�WKH
JLYHQ�QRQ�GLPHQVLRQDO�SDWK�FXUYDWXUH��O�5���WKH�VWHHU�DQJOH�FDQ�EH�HVWLPDWHG��%\
FRQVLGHULQJ�WKH�HTXLOLEULXP�DERXW�WKH�VWHHULQJ�D[LV�WKH�VWHHU�WRUTXH�QHHGHG�WR
PDLQWDLQ�WKH�FXUYLQJ�PRWLRQ�LV�GHULYHG�

)LUVW��DQ�DSSUR[LPDWH�OLQHDULVHG�WKHRU\�LV�GHYHORSHG��7KH�ILQGLQJV�ZLOO�EH
FRPSDUHG�ZLWK�WKH�H[DFW�VWHDG\�VWDWH�VROXWLRQV�RI�WKH�OLQHDU�GLIIHUHQWLDO�HTXDWLRQV
�����������ZLWK� WKH�nU� GHJUHH� RI� IUHHGRP� GHOHWHG�� $IWHU� WKDW�� WKH� WKHRU\� LV
H[WHQGHG�WR�ODUJHU�UROO�DQJOHV�DQG�WKH�QRQ�OLQHDU�KDQGOLQJ�GLDJUDP�LV�HVWDEOLVKHG
IRU�WKH�VWHDGLO\�FRUQHULQJ�PRWRUF\FOH�

���������/LQHDU�6WHDG\�6WDWH�7KHRU\

7KH� WKHRUHWLFDO� H[SUHVVLRQV� IRU� WKH� FRHIILFLHQWV� FRQFHUQLQJ� WKH� VWHDG\�VWDWH
WXUQLQJ�EHKDYLRXU�DQG�WKH�F�J��ODWHUDO�RIIVHW�HIIHFWV�ZLOO�EH�GHYHORSHG�LQ�VHYHUDO
VXFFHVVLYH� VWDJHV� VWDUWLQJ� ZLWK� WKH� VLPSOHVW� FDVH� LQ� ZKLFK� W\UH� PRPHQWV�
J\URVFRSLF�HIIHFWV�DQG�DLU�GUDJ�DUH�GLVUHJDUGHG�DQG�HQGLQJ�ZLWK�WKH�XOWLPDWH
FRQILJXUDWLRQ�LQ�ZKLFK�DOO�WKHVH�LWHPV�DUH�LQFOXGHG�DQG�GULYLQJ�RU�EUDNLQJ�PD\
EH�FRQVLGHUHG��)LUVW��WKH�UHTXLUHG�UROO�DQG�VWHHU�DQJOHV�ZLOO�EH�DVVHVVHG�DQG�ZLWK
WKHVH�UHVXOWV�WKH�H[SUHVVLRQ�IRU�WKH�VWHHU�WRUTXH�GHWHUPLQHG���

:KHHO�0RPHQWV�DQG�$LU�'UDJ�1HJOHFWHG

$V�DQ�LQWURGXFWLRQ��ZH�ZLOO�ILUVW�GLVFXVV�WKH�VLPSOH�FDVH�ZKHUH�WKH�DLU�GUDJ�
ORQJLWXGLQDO� W\UH� IRUFHV�DQG�DOO� WKH� W\UH�PRPHQWV�DERXW� WKH�YHUWLFDO�D[LV�DUH
GLVUHJDUGHG��7KDW�PHDQV�WKDW�WKH�DOLJQLQJ�PRPHQW��WKH�RYHUWXUQLQJ�FRXSOH�DQG
WKH� VSLQ� �FDPEHU��PRPHQW� DUH� VHW� HTXDO� WR� ]HUR��0RUHRYHU�� ZH� QHJOHFW� WKH
J\URVFRSLF�FRXSOHV��

)RU�WKH�ODWHUDO�ZKHHO�IRUFHV�ZH�ILQG�DV�LQ�&KDSWHU����6HFWLRQ��������(T�������
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1XPHULFDO�5HVXOWV

)RU� WKH� SDUDPHWHU� YDOXHV� RI� WKH� EDVHOLQH� FRQILJXUDWLRQ� WKH� YDULRXV� KDQGOLQJ
FRHIILFLHQWV� KDYH� EHHQ� SUHVHQWHG� LQ� 7DEOHV� ����� DQG� ����� WRJHWKHU�ZLWK� WKH
FDOFXODWHG�DLU�GUDJ��ZKHHO�ORDGV�DQG�SRVVLEO\�EUDNLQJ�RU�GULYLQJ�IRUFHV��IRU�D
JLYHQ�DFFHOHUDWLRQ�IRUFH�)D[���7DEOH������VKRZV�WKH�YDOXHV�REWDLQHG�ZKHQ�XVLQJ
WKH�VLPSOHU�H[SUHVVLRQV�IRU�WKH�FRHIILFLHQWV�ZKLFK�UHVXOW�ZKHQ�WKH�J\URVFRSLF�DQG
RYHUWXUQLQJ�FRXSOHV�DQG�RU�WKH��DOLJQLQJ�WRUTXHV�DUH�QHJOHFWHG��DFFRUGLQJ�WR�WKH
WKHRULHV�FRYHUHG�E\�WKH�(TV��������������DQG���������������7KH�LQIOXHQFH�RI�DLU
GUDJ�UHVXOWV�KHUH�IURP�WKH�LQGXFHG�ORDG�WUDQVIHU��7DEOH������SUHVHQWV�WKH�UHVXOWV
ZKHQ�DOO�WKH�PRPHQWV�DUH�DFFRXQWHG�IRU�DQG�DOVR�EUDNLQJ�DQG�GULYLQJ�PD\�EH
FRQVLGHUHG��7KH�HTXDWLRQV�FRQFHUQHG�DUH��������������DQG���������������)LUVW
RI�DOO��ZKHQ�ZH�FRPSDUH�WKH�GLIIHUHQW�VWDJHV�RI�DSSUR[LPDWLRQ��LW�LV�REVHUYHG�WKDW
WKH�LQIOXHQFH�RI�WKH�YDULRXV�ZKHHO�DQG�W\UH�PRPHQWV�LV�HVVHQWLDO�LQ�JHQHUDWLQJ
PRUH�FRUUHFW�YDOXHV�RI�XQGHUVWHHU�DQG�F�J��RIIVHW�FRHIILFLHQWV�� �DQG� \�
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7DEOH�������+DQGOLQJ�FRHIILFLHQWV�ZLWK�W\UH�DOLJQLQJ�PRPHQWV�QHJOHFWHG��
������������)]�R� �����1��)]�R� �����1��FRV�g� ���������(TV����������������������

����9 ���)G ���)]� ���)]� ���� ��� \ ��� R ��� RR ��� R ��� \RR ��� \R

��NP�K ����1 ����1 ����1� ����� ����� ����� ����� ����� ����� �����

������ ������ �������������� ������� ������ ������� ��� ��� ��� ���

������ ������ ������ ������ ������� ������ ������� ��� ��� ��� ���

������ ������ ������ ������ ������� ������� ������ ������� ������� ������ ������

7DEOH�������+DQGOLQJ�FRHIILFLHQWV�ZLWK�W\UH�DOLJQLQJ�PRPHQWV�DQG�GULYLQJ�DQG�EUDNLQJ�LQFOXGHG�
�����������)]�R� �����1��)]�R� �����1��FRVg� ��������(TV������������������������������

����9 ���)G ���)D[ ���)[� ���)[� ���)]� ���)]� ���� ��� \ ���� ���� ��� \

�NP�K ����1 ����1 ����1 ����1 ����1 ����1� ������ ����� ����� ����� �����

����� ����� ������ ������ ������ ������ ������ ��������������� ������� ����� �������

����� ����� ������ ������ ������ ������ ������ ��������������� ������� ����� �������

����� ����� ������ ������ ������� ������������� ������� ������� ������� ����� �������

����� ����� ������ ������� ������ ������ ������ ������� ������� ������� ����� ���

����� ����� ������ ������ ������ ������ ������ ������� ������� ������� ����� �������

����� ����� ������ ������ ������ ������� ������ ������� ������ ������� ����� ���

����� ����� ������ ������ ������ ������ ������ ������� ������� ������� ����� �������

7KH�VWHHU�DQJOH�FRHIILFLHQW� �LV�PXFK�OHVV�DIIHFWHG�E\�WKH�W\UH�PRPHQWV�ZKLOH�WKH
UROO�DQJOH�FRHIILFLHQWV� �DQG� \�DUH�LQIOXHQFHG�FRQVLGHUDEO\�E\�WKH�J\URVFRSLF
DQG�RU�RYHUWXUQLQJ�FRXSOH�FRHIILFLHQWV��QRWH�WKDW�WKHVH�FRHIILFLHQWV�WDNH�WKH�YDOXH
RQH�LQ�WKH�VLPSOHVW�DSSUR[LPDWLRQ�DFFRUGLQJ�WR�(TV����������������

7KH�ODVW�WZR�FROXPQV�RI�7DEOH������LQGLFDWH�WKDW�IRU�WKH�FRQGLWLRQV�FRQVLGHUHG
WKH�XQGHUVWHHU�FRHIILFLHQW�VKRZV�ODUJH�FKDQJHV�EXW�NHHSV�WKH�VDPH�QHJDWLYH�VLJQ�
ZKLFK�PHDQV��VWHHULQJ�OHVV�WR�WKH�ULJKW�IRU�D�ULJKW�KDQG�WXUQ�LI�VSHHG�LV�LQFUHDVHG�
,Q�DXWRPRELOH�WHUPV�RQH�ZRXOG�VSHDN�RI�DQ�RYHUVWHHUHG�YHKLFOH��+RZHYHU��WKH
VWHHU�DQJOH�GRHV�QRW�VHUYH�DV�DQ�LQSXW�TXDQWLW\�DQG�WKH�VSHHG�ZKHUH�WKH�VWHHU
DQJOH�FKDQJHV�VLJQ�LV�QRW�D�FULWLFDO�VSHHG�EH\RQG�ZKLFK�LQVWDELOLW\�RFFXUV��,W�LV
WKH�VWHHU�WRUTXH�WKDW�DFWV�DV�WKH�LQSXW�YDULDEOH�DQG�ZKHQ�DW�D�JLYHQ�SDWK�UDGLXV
D�FKDQJH�LQ�VLJQ�RI�WKH�VWHHU�WRUTXH�ZRXOG�DULVH�DW�D�FHUWDLQ�YHORFLW\��WKH�V\VWHP
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EHFRPHV�XQVWDEOH�EHFDXVH�LQ�WKDW�VLWXDWLRQ�WKH�ODVW�WHUP�RI�WKH�FKDUDFWHULVWLF
HTXDWLRQ�RI�WKH�V\VWHP�EHFRPHV�QHJDWLYH��:H�WKHQ�KDYH�GLYHUJHQW� LQVWDELOLW\
FRUUHVSRQGLQJ�WR�WKH�FDSVL]H�PRGH�WKDW�EHFRPHV�XQVWDEOH�EH\RQG�D�FULWLFDO�VSHHG
DV�LOOXVWUDWHG�LQ�WKH�GLDJUDP�RI�)LJ�������FDVH���ZLWK�YHU\�VPDOO�FDPEHU�DOLJQLQJ
VWLIIQHVV��

7KH�VLJQ�RI�WKH�F�J��RIIVHW�FRHIILFLHQW�DSSHDUV�WR�FKDQJH�IURP�SRVLWLYH�WR
QHJDWLYH�LQ�WKH�FDVH�RI�DFFHOHUDWLQJ�DW�ORZ�VSHHG��:KHQ�WKH�ULGHU�KDQJV�WR�ULJKW�
KDQG�VLGH��\PU�!��PDNLQJ�n�����ZKLOH�PRYLQJ�VWUDLJKW�DKHDG��VWHHULQJ�WR�WKH�ULJKW
LV�QRUPDOO\�UHTXLUHG�WR�FRPSHQVDWH�IRU�WKH�FDPEHU�IRUFHV�SRLQWLQJ�WR�WKH�OHIW�
7KLV� DSSHDUV� WR� EH� WUXH� H[FHSW�ZKHQ� WKH� UHDU�ZKHHO� GULYLQJ� IRUFH� SURGXFHV
VXIILFLHQW�SRVLWLYH�\DZ�PRPHQW�WKURXJK�WKH�ILQLWH�FURZQ�UDGLXV��

$V�ZDV�DOUHDG\�FOHDU�IURP�WKH�UHOHYDQW�H[SUHVVLRQV��WKH�LQIOXHQFH�RI�VSHHG�RQ
WKH�FRHIILFLHQWV�RFFXUV�LI�DLU�GUDJ�LV�LQFOXGHG�LQ�WKH�PRGHO��$W�WKH�KLJK�VSHHG�RI
���NP�K�WKH�HIIHFW�RI�DLU�GUDJ�EHFRPHV�TXLWH�QRWLFHDEOH��7KLV�ZRXOG�EH�PXFK
OHVV�DW�D�VSHHG�RI�VD\����NP�K�EHFDXVH�RI�WKH�TXDGUDWLF�VSHHG�LQIOXHQFH��

$V�ZDV�WR�EH�H[SHFWHG��WKH�ORQJLWXGLQDO�W\UH�IRUFHV�KDYH�D�ODUJH�HIIHFW�RQ�WKH
WZR�FRHIILFLHQWV��:KHQ�GULYLQJ�ZLWK�)D[� ����1��FRHIILFLHQW� �FKDQJHV�IURP��
�������WR����������$W�WKH�KLJK�VSHHG��PXFK�PRUH�GULYLQJ�IRUFH�DW�WKH�UHDU�ZKHHO
LV�QHHGHG�WR�RYHUFRPH�WKH�DLU�GUDJ�DQG�UHDOLVH�WKH�DLPHG�DFFHOHUDWLRQ��2YHUVWHHU
KDV�LQFUHDVHG�D�ORW�ZLWK�UHVSHFW�WR�WKH�VLWXDWLRQ�DW�]HUR�DFFHOHUDWLRQ��ILUVW�DQG
WKLUG�URZ���7KH�GULYLQJ�IRUFH�DQG�WKH�RSSRVLWH�LQHUWLD�IRUFH�IRUP�D�FRXSOH�DURXQG
WKH�YHUWLFDO�D[LV��EHFDXVH�RI�WKH�UROO�DQJOH��WKDW�WULHV�WR�WXUQ�WKH�YHKLFOH�PRUH�LQWR
WKH�FXUYH��$W�EUDNLQJ�PRUH�XQGHUVWHHU�DULVHV�FDXVHG�E\�WKH�IRUZDUG�LQHUWLD�IRUFH
H[HUWLQJ�DQ�RXWZDUG�FRXSOH�DERXW�WKH�]�D[LV�DQG�WKH�VLGHZD\V�FRPSRQHQW�RI�WKH
IURQW�ZKHHO�EUDNLQJ�IRUFH�WKDW�GRHV�WKH�VDPH��WU\LQJ�WR�VWUDLJKWHQ�WKH�YHKLFOH¶V
SDWK��

$V�DQ�H[DPSOH�ZH�PLJKW�IXUWKHU�DQDO\VH�WKH�FDVH�UHSUHVHQWHG�E\�WKH�ODVW�URZ
RI�7DEOH�������,I� WKH�PRWRUF\FOH�ZRXOG�EH�QHJRWLDWLQJ�D�FLUFXODU�SDWK�ZLWK�D
UDGLXV�RI�����WLPHV�WKH�ZKHHO�EDVH�� O�5� ��������5� ����P��DW�9� ����NP�K
� ����P�V��WKH�ODWHUDO�DFFHOHUDWLRQ�EHFRPHV�D\� �9�

��5� �����P�V
�� �����J��$V�D

FRQVHTXHQFH��WKH�UROO�DQJOH�EHFRPHV�n� � �D\��J� ������î����� �����UDG� ���E�
7KH�JURXQG�VWHHU�DQJOH�WDNHV�WKH�YDOXH�� r� ��O�5��� �D\��J�� � ��������������� 
���������UDG� ������E�DQG�WKH�KDQGOHEDU�VWHHU�DQJOH� � � r�FRVg� ������E��,W�LV
REYLRXV�WKDW�ZLWK�WKLV�KLJK�ODWHUDO�DFFHOHUDWLRQ�WKH�DVVXPSWLRQ�RI�OLQHDULW\�LV�QRW
YDOLG��$�VPDOOHU�SDWK�FXUYDWXUH�ZRXOG�KDYH�EHHQ�D�EHWWHU�FKRLFH��,I�WKH�FHQWUH�RI
JUDYLW\�RI�WKH�PDLQIUDPH�SOXV�ULGHU�LV�ORFDWHG�D�GLVWDQFH�\PU� ��FP�WR�WKH�ULJKW�RI
WKH�YHKLFOH�FHQWUH�SODQH��D�UROO�DQJOH�n� �� \�PPU\PU� �PK� �������î���î�����
����î������ �������UDG� ������E�UHVXOWV�DW�VWUDLJKW�OLQH�UXQQLQJ��7KH�JURXQG
VWHHU�DQJOH�LV�SUHGLFWHG�WR�DPRXQW�WR� r� � \�PPU\PU��PK� �������î���î�����
����î������ �����î����UDG� ������EDQG�WKH�KDQGOHEDU�VWHHU�DQJOH� � ������E�
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)LJ�������� 6WHHU��UROO�DQG�VOLS�DQJOHV�SHU�XQLW�QRQ�GLPHQVLRQDO�SDWK�FXUYDWXUH�O�5�YHUVXV�VSHHG
VTXDUHG�9��� �D\

5��OHIW��QRQ�DFFHOHUDWLQJ��ULJKW��EUDNLQJ��DFFRUGLQJ�WR�WKH�H[DFW�DQG
DSSUR[LPDWH�WKHRULHV��

,Q�)LJV����������WKLV�FDVH�ZKHUH�WKH�EUDNHV�DUH�DSSOLHG�LV�IXUWKHU�H[DPLQHG�IRU
VSHHGV�UDQJLQJ�IURP���WR����NP�K�DOVR�VKRZLQJ�WKH�YDULDWLRQ�RI�WKH�VOLS�DQJOHV�

,Q� )LJ������� WKH� OHIW�KDQG� GLDJUDP� LV� SUHVHQWHG� IRU� WKH� QRQ�DFFHOHUDWLQJ
YHKLFOH�ZLWK�DLU�GUDJ�LQFOXGHG��URZV���DQG���RI�7DEOH�������VKRZLQJ�WKH�YDULDWLRQ
RI�WKH�UROO�DQJOH�DQG�WKH�JURXQG�VWHHU�DQJOH�YHUVXV�VSHHG�VTXDUHG��,Q�DGGLWLRQ��WKH
YDULDWLRQ�RI�WKH�IURQW�DQG�UHDU�VOLS�DQJOHV�KDV�EHHQ�GHSLFWHG��7KH�DOPRVW�VWUDLJKW
OLQHV�UHVXOW�IURP�FRPSXWDWLRQV�ZLWK�WKH�VWHDG\�VWDWH�YHUVLRQ�RI�WKH�GLIIHUHQWLDO
HTXDWLRQV������������ZLWK�WKH�ULGHU�OHDQ�GHJUHH�RI�IUHHGRP�GHOHWHG��$Q�DGGLWLRQDO
�GRWWHG�� OLQH� VKRZV� WKH� YDULDWLRQ� RI� WKH� JURXQG� VWHHU� DQJOH� DFFRUGLQJ� WR� WKH
DSSUR[LPDWH�DQDO\WLFDO�UHVXOWV�FRUUHVSRQGLQJ�WR�WKRVH�OLVWHG�LQ�7DEOH�������2QO\
YHU\�VOLJKW�GLIIHUHQFHV�DSSHDU�WR�RFFXU�EHWZHHQ�WKH�DSSUR[LPDWH�� �GLVUHJDUGHG
DQG� �WHUP�LQ�(T����������QHJOHFWHG��DQG�H[DFW�UHVXOWV�IRU�WKH�JURXQG�VWHHU�DQJOH�
VOLS�DQJOHV�DQG��UROO�DQJOH��$FFRUGLQJ�WR�WKH�H[DFW�FRPSXWDWLRQV��WKH�WZLVW�DQJOH
�DPRXQWV�WR�FD�������RI�WKH�UROO�DQJOH�n��1RWH�WKDW�WKH�GLIIHUHQFH�LQ�VOLS�DQJOHV

��� ��SUDFWLFDOO\�HTXDOV�O�5�PLQXV�WKH�JURXQG�VWHHU�DQJOH� r�� �EHLQJ�YHU\�FORVH
WR�XQLW\���:H�PD\�FDOFXODWH�WKH�VOLS�DQJOHV�IROORZLQJ�WKH�DQDO\WLFDO�DSSURDFK
WKURXJK�DQ�H[SOLFLW�H[SUHVVLRQ�E\�XVLQJ�WKH�HTXDWLRQV��������������IRU�WKH�ODWHUDO
W\UH�IRUFH�FRPSRQHQWV�FDXVHG�E\�VLGH�VOLS��JLYHQ�ODWHU�RQ�

7KH�ULJKW�KDQG�GLDJUDP�RI�)LJ�������UHIHUV�WR�WKH�VLWXDWLRQ�WKDW�DULVHV�ZKHQ
WKH�EUDNHV�DUH�DSSOLHG��ILIWK�DQG�ODVW�URZ�RI�7DEOH��������$JDLQ��DQ�H[FHOOHQW
FRUUHVSRQGHQFH�EHWZHHQ�WKH�DSSUR[LPDWH�DQG�H[DFW�VROXWLRQV�RFFXUV��2EYLRXVO\�
WKH�YHKLFOH�SHUIRUPV�QRZ�LQ�D�OHVV�RYHUVWHHUHG�PDQQHU�DV�ZDV�DOUHDG\�FRQFOXGHG
IURP� WKH� OHVV�QHJDWLYH�YDOXH�RI� � LQ�7DEOH�������7KH� IURQW� VOLS�DQJOH� LV� OHVV
QHJDWLYH� WR� PDNH� WKH� VLGH� IRUFH� PRUH� SRVLWLYH� WR� FRXQWHUDFW� WKH� VLGHZD\V
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)LJ�������� 6WHHU��UROO�DQG�VOLS�DQJOHV�DQG�WKH�VWHHU�WRUTXH�SHU�P�ODWHUDO�F�J��RIIVHW�\PU�WKDW�RFFXU
DW�VWUDLJKW�OLQH�PRWLRQ��DFFRUGLQJ�WR�WKH�H[DFW�DQG�DSSUR[LPDWH�WKHRULHV���

FRPSRQHQW�RI�WKH�IURQW�ZKHHO�EUDNLQJ�IRUFH��$W�WKH�VDPH�WLPH��WKH�UHDU�VOLS�DQJOH
LV�PDGH�VOLJKWO\�ODUJHU�WR�KHOS�FRPSHQVDWH�IRU�WKH�SRVLWLYH�\DZ�PRPHQW�WKDW
DULVHV�IURP�WKH�EUDNLQJ�IRUFHV�WKHLU�SRLQWV�RI�DSSOLFDWLRQ�EHLQJ�VKLIWHG�WR�WKH�ULJKW
EHFDXVH�RI�WKH�ILQLWH�FURZQ�UDGLL��8QGHU�WKLV�FRQGLWLRQ�RI�EUDNLQJ�� �DSSHDUV�WR
EHFRPH�VRPHZKDW�VPDOOHU�

)LQDOO\��)LJ�������VKRZV�WKH�YDULDWLRQ�RI�WKH�YDULRXV�DQJOHV�SHU�XQLW�ODWHUDO
F�J�� RIIVHW�� ,W� LV� VHHQ� WKDW� WKH� LQIOXHQFH� RI� VSHHG� LV� YHU\� VPDOO� DQG� WKDW� WKH
DJUHHPHQW�EHWZHHQ�DSSUR[LPDWH�DQG�H[DFW�UHVXOWV�LV�JRRG��%RWK�VOLS�DQJOHV�DUH
SRVLWLYH�WKHUHE\�QHXWUDOLVLQJ�WKH�FDPEHU�IRUFHV�ZKLFK�SRLQW�WR�WKH�OHIW�EHFDXVH
RI�WKH�QHJDWLYH�UROO�DQJOH�WKDW�DULVHV�WR�FRPSHQVDWH�IRU�WKH�F�J��ORFDWLRQ�ODWHUDO
RIIVHW��$W�EUDNLQJ��WKH�FHQWUH�RI�JUDYLW\�UHPDLQV�DERYH�WKH�OLQH�FRQQHFWLQJ�WKH
FRQWDFW�SRLQWV�RI�WKH�W\UHV��7KH�IRUZDUG�ORDG�WUDQVIHU�UHGXFHV�WKH�UHDU�FDPEHU
IRUFH�ZKLFK�DOORZV�D�GHFUHDVH�RI�WKH�UHDU�VOLS�DQJOH��$V� ��LQFUHDVHV�RQO\�D�OLWWOH
WR�EDODQFH�ERWK�WKH�LQFUHDVHG�FDPEHU�IRUFH�DQG�WKH�VLGHZD\V�FRPSRQHQW�RI�WKH
IURQW�ZKHHO�EUDNLQJ�IRUFH��WKH�VWHHU�DQJOH�QHHGV�WR�EHFRPH�ODUJHU�WR�NHHS� ��� r

HTXDO�WR� ���,Q�ERWK�FDVHV�� ��LV�HTXDO�WR�FD�����RI�n�DQG�ZLOO�KDYH�D�UHODWLYHO\
ODUJH�HIIHFW�RQ�WKH�DFWXDO�YDOXH�RI�VWHHU�DQJOH�RI�WKH�KDQGOH�EDU� ��FI��(T����������
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7KH�6WHHU�7RUTXH

%\�FRQVLGHULQJ�(T���������ZLWK� �QHJOHFWHG�WKH�IROORZLQJ�VWHDG\�VWDWH�H[SUHVVLRQ
IRU�WKH�VWHHULQJ�FRXSOH�LV�REWDLQHG�

��������

0 ' W
F
)
\� %

& W
F
)
]� � %

% ���U�� ,Z\�D\
VLQg %

&0
[� VLQg %

&0
]� FRVg %

%�P
I
H
I
% P

V
H
V
��D

\
& J ��

/LNH�ZH�GLG�ZLWK�WKH�VWHHU�DQJOH��ZH�ZLVK�WR�GHYHORS�DQ�H[SUHVVLRQ�IRU�WKH�VWHHU
WRUTXH�LQ�WHUPV�RI�SDWK�FXUYDWXUH�O�5��ODWHUDO�DFFHOHUDWLRQ�D\�DQG�F�J��RIIVHW�\PU�
)RU�WKLV��ILUVW�WKH�UHODWLRQVKLS�ZLWK�D\��n�� ��DQG� r�ZLOO�EH�HVWDEOLVKHG��:LWK�WKH
DLG�RI�UHODWLRQVKLSV�DVVHVVHG�EHIRUH�WKH�GHVLUHG�H[SUHVVLRQ�FDQ�EH�GHULYHG�

,Q� WKH� ILUVW� WHUP�RI�H[SUHVVLRQ� ��������� WKH� VLGH� IRUFH�RI� WKH� IURQW�ZKHHO
DSSHDUV�ZKLFK�LV�GHWHUPLQHG�XVLQJ�(T�����������)RU�WKLV��EXW�DOVR�IRU�WKH�ILIWK
WHUP�RI�����������WKH�VXP�RI�DOLJQLQJ�WRUTXHV�LV�QHHGHG��7KH�WRUTXH�GXH�WR�VLGH
VOLS�IROORZV�E\�PXOWLSO\LQJ�WKH�VLGH�IRUFH�GXH�WR�VLGH�VOLS�)\ L�ZLWK�WKH�SQHXPDWLF
WUDLO�W L�7KLV�SDUW�RI�WKH�VLGH�IRUFH�LV�IRXQG�E\�VXEWUDFWLQJ�IURP�WKH�WRWDO�VLGH
IRUFH�WKH�SDUW�GXH�WR�FDPEHU��7KH�DOVR�DSSHDULQJ�VLGH�IRUFH�GXH�WR�VLGH�VOLS�RI�WKH
UHDU�ZKHHO�FDQ�EH�HOLPLQDWHG�E\�HPSOR\LQJ�WKH�H[SUHVVLRQ�IRU�WKH�VXP�RI�VLGH�VOLS
IRUFHV�REWDLQHG�IURP����������������������
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)LJ�������� 7KH�QRQ�GLPHQVLRQDO�VWHHU�WRUTXH�GXH�WR�SDWK�FXUYDWXUH���5�DQG�F�J�ODWHUDO�RIIVHW
\PU�DQG�WKH�YDULDWLRQ�ZLWK�ODWHUDO�DFFHOHUDWLRQ�D\�RU�VSHHG�9�

KDV�EHHQ�GHSLFWHG��7KH� LQLWLDO�YDOXH�DW� VSHHG�QHDUO\�]HUR� LV�JRYHUQHG�E\� WKH
FRHIILFLHQWV��5�DQG��\�ZKLOH�WKH�VORSH�HTXDOV��D�

1XPHULFDO�5HVXOWV

)RU�WKH�EDVHOLQH�FRQILJXUDWLRQ��DQG�WKH�YDULRXV�FRQGLWLRQV�H[DPLQHG�LQ�7DEOH
������WKH�YDOXHV�IRU�WKH�WKUHH�VWHHU�WRUTXH�FRHIILFLHQWV�KDYH�EHHQ�OLVWHG�LQ�7DEOH
������

7DEOH�������6WHHU�WRUTXH�FRHIILFLHQWV��(T����������

����9 ���)G ���)D[ ���)[� ���)[� ���)]� ���)]� ������5 �����D �����\
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)LJ�������� 7KH�QRQ�GLPHQVLRQDO�VWHHU�WRUTXH��0
�
��)

]�R�O��DQG�LWV�FRPSRQHQWV��FI��(T����������
SHU�P��F�J��ODWHUDO�RIIVHW�\

PU
��,Q�0´

] ��WKH�)[��FRQWULEXWLRQ�LV�UHPRYHG�

)LJXUH�������GHSLFWV�WKH�YDULDWLRQ�RI�WKH�VWHHU�PRPHQW�ZLWK�WKH�VSHHG�VTXDUHG
FRPSXWHG�DFFRUGLQJ�WR�WKH�DSSUR[LPDWH�DQDO\WLFDO�HTXDWLRQ�����������GRWWHG�OLQH�
DQG�ZLWK�WKH�H[DFW�HTXDWLRQV�������������LQFOXGLQJ� �EXW�ZLWK�nU� �

���WRJHWKHU
ZLWK�FRQWULEXWLQJ�FRPSRQHQWV��7KHVH�FRPSRQHQWV�FRUUHVSRQG�ZLWK�WKH�WHUPV�RI
H[SUHVVLRQ� ��������� DQG� ZLWK� WKH� UHOHYDQW� WHUPV� RI� (T���������� ,Q� WKH
FRQWULEXWLRQ�IURP�WKH�IURQW�ZKHHO�DOLJQLQJ�WRUTXH���������ZH�GLVWLQJXLVK�WKH�SDUW
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GLUHFWO\� DWWULEXWHG� WR� )[�� DQG� WKH� UHPDLQLQJ� SDUW� LQGLFDWHG� ZLWK�0 ]́ ��� 7KH
FRPSRQHQW�LQGLFDWHG�LQ�WKH�GLDJUDP�E\��)[��FRQWDLQV�WKH�IRUPHU�SDUW�SOXV�WKH
WHUP�ZLWK�)[��DOUHDG\�DSSHDULQJ�LQ�WKH� �FRHIILFLHQW�LQ�(T����������,Q�ERWK�FDVHV
H[DPLQHG� �ZLWKRXW� DQG�ZLWK� EUDNLQJ�� WKH� DSSUR[LPDWH� WRWDO�PRPHQW� FORVHO\
IROORZV�WKH�FRXUVH�RI�WKH�H[DFW�VROXWLRQ��7KH�GLIIHUHQFH�LV�ODUJHO\�GXH�WR�WKH�IDFW
WKDW�LQ�WKH�DSSUR[LPDWH�WKHRU\�WKH�WZLVW�DQJOH�KDV�EHHQ�QHJOHFWHG��

,Q�DOO�FDVHV��WKH�LQLWLDO�WRUTXH��96���DW�FRUQHULQJ�LV�QHJDWLYH���5������ZKLFK
PHDQV�WKDW�ZKHQ�WXUQLQJ�WR�WKH�ULJKW�DQ�DQWL�FORFNZLVH�VWHHU�WRUTXH�LV�UHTXLUHG�
7KLV�DSSHDUV�WR�EH�PDLQO\�GXH�WR�WKH�GLUHFW�DFWLRQ�RI�WKH�IURQW�QRUPDO�ORDG�WKH
D[LDO�FRPSRQHQW�RI�ZKLFK� �)]� ��� IRUPV�ZLWK� WKH�DUP� WF� D�PRPHQW�DERXW� WKH
VWHHULQJ�D[LV��$OVR�WKH�W\UH�DOLJQLQJ�WRUTXH�ZLWK�WKH�QHJDWLYH�VOLS�DQJOH�RI�WKH
IURQW�ZKHHO��)LJ��������KHOSV�WR�PDNH�WKH�VWHHU�WRUTXH�QHJDWLYH��,Q�WKH�EUDNLQJ
FDVH��WKH�IURQW�ZKHHO�EUDNH�IRUFH�FRQVLGHUDEO\�LQFUHDVHV�WKH�QHJDWLYH�VWHHU�WRUTXH�
7KH�ZHLJKWV�RI� WKH� VWHHUDEOH� IURQW�DQG�VXEIUDPHV�KDYH�DQ� DOPRVW� QHJOLJLEOH
HIIHFW��ZKLOH�WKH�J\URVFRSLF�DFWLRQ�DQG�WKH�IURQW�ZKHHO�VLGH�IRUFH�KDYH�D�WHQGHQF\
WR�PDNH�WKH�VWHHU�WRUTXH�SRVLWLYH��

)LQDOO\��)LJ�������JLYHV�WKH�PRPHQW�UHVSRQVH�WR�ODWHUDO�RIIVHW�RI�WKH�FHQWUH�RI
PDVV�RI�WKH�FRPELQHG�ULGHU�DQG�PDLQIUDPH��7KH�DSSUR[LPDWLRQ�LV�OHVV�JRRG�WKHQ
ZH� KDYH� VHHQ� VR� IDU��7KH� GHYLDWLRQ� LV� ODUJHO\� GXH� WKH� RPLVVLRQ� RI� WKH� WZLVW
FRPSOLDQFH��%HFDXVH�RI�WKH�VPDOO�VLGH�IRUFHV�LQ�WKLV�VWUDLJKW�DKHDG�PRWLRQ�ZH�VHH
RQO\�D�YHU\�VPDOO�GLUHFW�HIIHFW�RI�)\���$W�EUDNLQJ��WKH�W\UH�WRUTXHV�EHFRPH�ODUJHU
LQ�PDJQLWXGH�GXH�WR�WKH�LQFUHDVHG�IURQW�VOLS�DQJOH�DQG�VWHHU�DQJOH��FDPEHU���FI�
)LJ�������

$V�DQ�LOOXVWUDWLRQ��ZH�FRQVLGHU�DJDLQ�WKH�FDVH�WKDW�WKH�PRWRUF\FOH�UXQV�LQ�D
FXUYH�ZLWK�D�UDGLXV�RI�����WLPHV�WKH�ZKHHO�EDVH��O�5� ��������5� ����P��DW�9� 
���NP�K�� �����P�V��WKH�ODWHUDO�DFFHOHUDWLRQ�EHFRPHV�D\� �9

��5� �����P�V
�� 

����J��7KH�YHKLFOH�LV�EHLQJ�EUDNHG�DQG�WKH�ODVW�URZ�RI�7DEOH������DSSOLHV��$V�D
FRQVHTXHQFH��WKH�QRQ�GLPHQVLRQDO�WRUTXH�EHFRPHV�0 ���)]�R�O� �5�O�5���D�D\�J� 
������î������ �� ������î�����  � �������� RU� LQ� GLPHQVLRQDO� IRUP�� 0 �  
�������î����î��� � �����1P�� $W� ��NP�K� ZH� ZRXOG� REWDLQ��0 � ��)]�R� O��  
�������î��������������î������� ������î������ ���������DQG�0 � ������1P
�7KH�YDOXH�������FRUUHVSRQGV�WR�WKH�YDOXH�IRXQG�LQ�)LJ�������DW�9� ���NP�K��

)RU� D� F�J�� RIIVHW�RI��FP�RQH�ZRXOG� ILQG�D� VWHHU� WRUTXH�DW� VWUDLJKW�DKHDG
UXQQLQJ�DW����NP�K��0 ���)]�R�O� �\�PPU\PU��PK� �������î���î����������î�����
 ��������DQG�0 � �������î����î���� ����1P��7KH�YDOXH����î������� �����
PD\�EH�SUHGLFWHG�IURP�)LJ��������ZKHUH�\PU� ��P��DW����NP�K�
�
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��������1RQ�/LQHDU�$QDO\VLV�RI�6WHDG\�6WDWH�&RUQHULQJ

,Q�WKLV�VHFWLRQ�WKH�VR�FDOOHG�KDQGOLQJ�GLDJUDP�ZLOO�EH�HVWDEOLVKHG�IRU�WKH�PRWRU�
F\FOH��,Q�WKDW�GLDJUDP�WKH�YDULDWLRQ�RI�WKH��JURXQG��VWHHU�DQJOH�FDQ�EH�IRXQG�DV
D�IXQFWLRQ�RI�WKH�ODWHUDO�DFFHOHUDWLRQ�IRU�D�JLYHQ�VSHHG�RI�WUDYHO�RU�IRU�D�VHOHFWHG
YDOXH� RI� SDWK� FXUYDWXUH�� $V� DQ� DGGLWLRQDO� LQIRUPDWLRQ�� WKH� YDULDWLRQ� RI� WKH
DVVRFLDWHG� VWHHU� WRUTXH� ZLOO� JLYHQ�� 7KH� GLDJUDP� LV� VLPLODU� WR� WKH� KDQGOLQJ
GLDJUDPV�HVWDEOLVKHG�IRU�WKH�PRWRUFDU�LQ�&KDSWHU����7KH�UHODWLYHO\�ODUJH�UROO
DQJOH�FDOOV�IRU�VSHFLDO�DWWHQWLRQ�WR�DVVHVV�WKH�HTXLOLEULXP�FRQGLWLRQ�IRU�WKH�IURQW
DQG�IRU�WKH�UHDU�W\UH�

$�6LPSOH�$SSUR[LPDWLRQ

7R�LQWURGXFH�WKH�SUREOHP�ZH�ZLOO�DJDLQ�ILUVW�QHJOHFW�DOO�WKH�W\UH�PRPHQWV�DQG
WKH�J\URVFRSLF�FRXSOHV�DV�ZHOO�DV�WKH�DLU�GUDJ��:H�WKHQ�KDYH�WKH�HTXLOLEULXP
FRQGLWLRQV�VWDWHG�EHIRUH�
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)LJ�������� 7\UH�VLGH�IRUFH�GLDJUDPV�DW�D�VHULHV�RI�FDPEHU�DQJOHV� ��6LPSOLILHG�VLWXDWLRQ�ZKHUH
ZKHHO�ORDGV�UHPDLQ�XQFKDQJHG��QR�DLU�GUDJ��DQG�W\UH�PRPHQWV�DQG�J\URVFRSLF
FRXSOHV�DUH�OHIW�RXW�RI�FRQVLGHUDWLRQ��(TXLOLEULXP�FXUYHV�KDYH�EHHQ�VKRZQ�ZKHUH
WKH�W\UH�VLGH�IRUFH�DJUHHV�ZLWK�WKH�UROO�DQJOH��. �����

EDVHOLQH�FRQILJXUDWLRQ�WRJHWKHU�ZLWK�WKH�HTXLOLEULXP�FXUYHV�ZKHUH�WKH�FDPEHU
DQJOH�HTXDOV�WKH�UROO�DQJOH�EHORQJLQJ�WR�WKH�VLGH�IRUFH��,Q�)LJ�������WKH�UHVXOWLQJ
KDQGOLQJ� FXUYH� ZLWK� VSHHG� OLQHV� IRUPLQJ� WKH� KDQGOLQJ� GLDJUDP� KDV� EHHQ
SUHVHQWHG��7KH�VSHHG�OLQHV�LQGLFDWH�WKH�UHODWLRQVKLS�EHWZHHQ�ODWHUDO�DFFHOHUDWLRQ
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7KH�FRQGLWLRQ�RI�HTXLOLEULXP�LQ�ORQJLWXGLQDO�GLUHFWLRQ�FDQ�EH�PHW�E\�PDNLQJ
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7KH�+DQGOLQJ�'LDJUDP

)RU�D�JLYHQ�WDQn�DQG�\PU�WKH�FRUUHVSRQGLQJ�ODWHUDO�DFFHOHUDWLRQ�D\�FDQ�EH
FRPSXWHG�E\�XVLQJ�����������,I�ZH�GLVUHJDUG��DV�D�ILUVW�VWHS��WKH�LQIOXHQFH�RI� r

DQG�WKH�DOLJQLQJ�WRUTXHV�0]����LQ�(TV��������������ZH�FDQ�FDOFXODWH�WKH�IURQW�DQG
UHDU�VLGH�IRUFHV�)\����EHORQJLQJ�WR�D\��:LWK�WKH�DSSUR[LPDWLRQ��������������WKH
FDPEHU�DQJOHV�DUH�WDNHQ�HTXDO�WR�WKH�UROO�DQJOH�RI�WKH�PDLQ�IUDPH��,W� LV� WKHQ
SRVVLEOH�WKURXJK�LWHUDWLRQ�WR�DVVHVV�WKH�YDOXHV�IRU�WKH�VOLS�DQJOHV� ����EHORQJLQJ
WR�WKH�FDOFXODWHG�)\¶V�DQG�WKH�NQRZQ�FDPEHU�DQJOHV� ����ZLWK�WKH�ORDGV�REWDLQHG
IURP���������������)URP�WKH�VOLS�DQJOHV�DQG�WKH�FDPEHU�DQJOHV�HVWDEOLVKHG��WKH
DOLJQLQJ�WRUTXHV�0]����FDQ�EH�HVWLPDWHG�IRU�WKH�QH[W�FRPSXWDWLRQ�VWHS��IRU�D�JLYHQ
QH[W�LQFUHPHQWHG�UROO�DQJOH�n��E\�H[WUDSRODWLRQ��$OVR�WKH�JURXQG�VWHHU�DQJOH� r

LV�HVWLPDWHG�IRU�WKH�QH[W�VWHS��7KLV�LV�GRQH�E\�XVLQJ�WKH�HTXDWLRQV����������DIWHU
KDYLQJ�VHOHFWHG�D�YDOXH�IRU�WKH�IRUZDUG�VSHHG�9� �X��1RZ��D�PRUH�DFFXUDWH�YDOXH
IRU� WKH� VLGH� IRUFHV� WKDW� EHORQJ� WR� WKH� HTXLOLEULXP� VWDWH� FDQ� EH� IRXQG� IURP
(TV����������ZLWK�����������)RU�D�VHULHV�RI�VXFFHVVLYH�YDOXHV�RI�n�WKH�YDOXHV�RI

��DQG� ��PD\�EH�FRPSXWHG�LQ�WKLV�ZD\��UHVXOWLQJ��ZKHQ�SORWWHG�DJDLQVW�D\��J��LQ
WKH�HTXLOLEULXP�FXUYHV�IRU�WKH�IURQW�DQG�UHDU�ZKHHOV��HTXLYDOHQW�WR�WKH�HIIHFWLYH
D[OH�FKDUDFWHULVWLFV�RI�&KDSWHU����)URP�WKH�GLIIHUHQFH� ���� ��WKH�KDQGOLQJ�FXUYH
LV�REWDLQHG��,I�DLU�GUDJ�)G� �&G$�X

��DQG�RU�D�IURQW�ZKHHO�ORQJLWXGLQDO�IRUFH�)[��DUH
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)LJ�������� +DQGOLQJ�GLDJUDP�IRU�FRPSOH[�PRGHO�ZLWK�DOO�W\UH�PRPHQWV�DQG�J\URVFRSLF�FRXSOHV
LQFOXGHG��$LU�GUDJ� ���ZKLFK�PDNHV�WKH�GLDJUDP�YDOLG�IRU�DOO�VSHHGV�9��&XUYHV�IRU
UROO�DQJOH��IURQW�DQG�UHDU�VOLS�DQJOHV�DQG�VWHHU�WRUTXH��GLIIHUHQW�IRU�HDFK�VSHHG��

FRQVLGHUHG��WKH�KDQGOLQJ�FXUYH�FKDQJHV�ZLWK�VSHHG�DQG�WKH�KDQGOLQJ�GLDJUDP
KROGV�RQO\�IRU�WKH�VHOHFWHG�YDOXH�RI�VSHHG�X��,I�DLU�GUDJ�DQG�IURQW�ZKHHO�EUDNLQJ
DUH�GLVUHJDUGHG��D�JHQHUDOO\�YDOLG�VLQJOH�KDQGOLQJ�FXUYH�ZLWK�D�VHULHV�RI�VSHHG
OLQHV�DULVHV�DV�GHSLFWHG�LQ�)LJ��������7KH�VORSH�DW�D\� ���LV���M r�M�D\��J��5� �� �

,Q�WKHVH�GLDJUDPV�DOVR�WKH�VOLS�DQJOHV�DQG�WKH�DFWXDO�UROO�DQJOH�KDYH�EHHQ
SORWWHG� �LQ� DEVFLVVD� GLUHFWLRQ��� $V� DQ� DGGLWLRQDO� LQIRUPDWLRQ�� WKH� GLDJUDP
FRQWDLQV�FXUYH�V��IRU�WKH�VWHHU�WRUTXH�0 �SRVVLEO\�FKDQJLQJ�ZLWK�VSHHG�RI�WUDYHO
9��.�X���+RZ�WKLV�TXDQWLW\�LV�DVVHVVHG�ZLOO�EH�GLVFXVVHG�LQ�WKH�VXEVHFWLRQ�EHORZ�

7KH�6WHHU�7RUTXH

7KH�VWHHU�WRUTXH�WKDW�LV�DSSOLHG�WR�WKH�KDQGOH�EDU�E\�WKH�ULGHU�LQ�D�VWHDG\�WXUQ�FDQ
EH�IRXQG�E\�FRQVLGHULQJ�WKH�HTXLOLEULXP�DERXW�WKH�VWHHULQJ�D[LV��7KH�UHVXOWLQJ
H[SUHVVLRQ�LV�VLPLODU�WR�WKH�RQH�JLYHQ�E\�(T����������EXW�QRZ�H[WHQGHG�WR�FRYHU
ODUJH�UROO�DQJOHV��:H�ILQG�ZLWK�WKH�FDVWHU�OHQJWK�WF �DFFRUGLQJ�WR�(T��������
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,Q�WKH�FRPSXWDWLRQV��ZH�FDQ�XVH�WKH�FRUUHFW�H[SUHVVLRQ�IRU�WKH�FDPEHU�DQJOH� �

DFFRUGLQJ�WR�(T���������ZLWK� � ���EHFDXVH�WKH�VWHHU�DQJOH� ��LV�QRZ�DYDLODEOH�
7KLV� �GHSHQGHQF\�FDXVHV�WKH�PRPHQW�WR�FKDQJH�ZLWK�SDWK�FXUYDWXUH�DQG�WKXV
SURGXFHV�GLIIHUHQW�FXUYHV�IRU�HDFK�VSHHG�YDOXH�HYHQ�LI�DLU�GUDJ�LV�GLVUHJDUGHG
�)LJ���������7KH�VORSH�RI�WKH�VWHHU�WRUTXH�FXUYH�ZLWK�UHVSHFW�WR�WKH�YHUWLFDO�DW�D\

 ���FRUUHVSRQGV�WR��D�)]�R�O��FI��7DEOH������

5HVXOWV�DQG�'LVFXVVLRQ�RI�WKH�1RQ�/LQHDU�+DQGOLQJ�$QDO\VLV

)RU�D�QXPEHU�RI�VLWXDWLRQV�WKH�KDQGOLQJ�GLDJUDP�KDV�EHHQ�HVWDEOLVKHG�IRU�WKH
EDVHOLQH�FRQILJXUDWLRQ�DQG�SUHVHQWHG�LQ�WKH�GLDJUDPV�RI�WKH�)LJV�����������7KH
IROORZLQJ�FDVHV�KDYH�EHHQ�H[DPLQHG�

�� 1R�DLU�GUDJ��QR�EUDNLQJ�RU�GULYLQJ�IRUFHV��QR�RII�VHW�RI�F�J���)LJ��������
�� :LWK�DLU�GUDJ�DQG�D�UHDU�ZKHHO�GULYLQJ�IRUFH�QHFHVVDU\�WR�ZLWKVWDQG�WKH�DLU

GUDJ�VR�WKDW�WKH�IRUZDUG�DFFHOHUDWLRQ�HTXDOV�]HUR��)D[� ���QHXWUDO�VLWXDWLRQ�
�9 ��P�V ���NP�K���)LJ��������

�� %UDNLQJ��WRWDO�GHFHOHUDWLRQ�IRUFH��)D[� �����1��9� ����NP�K���)LJ��������
�� +DUG� EUDNLQJ�� WRWDO� GHFHOHUDWLRQ� IRUFH� �)D[�  � ����1� �9�  � ���NP�K�

�)LJ��������
�� 1HXWUDO�EXW�QRZ�ZLWK�ODWHUDO�VKLIW�\PU� ��FP�RI�WKH�FRPELQHG�PDVV�RI�PDLQ

IUDPH�DQG�ULGHU��9� ����NP�K���)LJ���������

7KH�IROORZLQJ�LQWHUHVWLQJ�REVHUYDWLRQV�PD\�EH�PDGH�

�� 7KH� W\UH�ZKHHO�PRPHQWV� KDYH� D� FRQVLGHUDEOH� LQIOXHQFH� RQ� WKH� UHVXOWLQJ
KDQGOLQJ�FKDUDFWHULVWLF��)LJ��������0XFK�PRUH�RYHUVWHHU�DSSHDUV�WR�RFFXU
ZKHQ�FRPSDUHG�ZLWK�)LJ��������7KLV�ZDV�DOUHDG\�FRQFOXGHG�IURP�WKH�OLQHDU
WKHRU\�

�� $LU�GUDJ�GRHV�QRW�FKDQJH�KDQGOLQJ�EHKDYLRXU�YHU\�PXFK�LI�WKH�VSHHG�LV�QRW
PXFK� KLJKHU� WKDQ� ����NP�K��7KH� VWHHU� WRUTXH� DW� WKH� VSHHG� RI� ����NP�K
DSSHDUV�WR�UHDFK�D�SHDN��GHFUHDVHV�DQG�FKDQJHV�LQ�VLJQ�LQ�WKH�KLJKHU�ODWHUDO
DFFHOHUDWLRQ� UDQJH� �)LJ�������� ZKHUH� )\�� DQG� 0[�� LQ� ��������� EHFRPH
GRPLQDQW��

6 %UDNLQJ�FDXVHV�WKH�JURXQG�VWHHU�DQJOH�WR�EHFRPH�ODUJHU�ZKLOH�WKH�VWHHU�WRUTXH
FKDQJHV� WRZDUGV� WKH� QHJDWLYH� GLUHFWLRQ� HVSHFLDOO\� DW� KLJKHU� ODWHUDO
DFFHOHUDWLRQV��)LJ��������QRWH�WKH�FKDQJH�LQ�VFDOH�IRU�WKH�VWHHU�WRUTXH��

6 +DUG�EUDNLQJ��)LJ��������WHQGV�WR�FKDQJH�WKH�VORSH�RI�WKH�KDQGOLQJ�FXUYH�LQWR
XQGHUVWHHU� DW� ODUJH� ODWHUDO� DFFHOHUDWLRQV�� $OVR�� WKH� PD[LPXP� ODWHUDO
DFFHOHUDWLRQ�WKDW�FDQ�EH�UHDFKHG�LV�UHGXFHG��/DUJHU�VWHHU�DQJOHV�DULVH�LQ�WKH
KLJKHU�D\�UDQJH�RI�RSHUDWLRQ��$OVR�WKH�VWHHU�WRUTXH�LQFUHDVHV�FRQVLGHUDEO\�LQ
PDJQLWXGH�



���02725&<&/(�'<1$0,&6

-0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

tanϕα �α2 1��0δ

α 2
α1

\  = 0�)  = 0,
D[ PU

30 m/s9=

1 2��0δ 1000 tanϕ 20α �α2 1 O��5α   α

D\

J

�δ


O��5

)LJ�������� 7KH�KDQGOLQJ�GLDJUDP�ZLWK�DLU�GUDJ�FRQVLGHUHG�DQG�]HUR�IRUZDUG�DFFHOHUDWLRQ����9
 ����NP�K���

-0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

tanϕ

α �α2 1

��0δ α 2
α1

\  = 0�)  = -1500N,
D[ PU

30 m/s9=

δ


��0δ 5000 tanϕ 20α �α2 1 O��5α   α1 2

D\

J

O��5

)LJ���������7KH�KDQGOLQJ�GLDJUDP�DW�EUDNLQJ��9� �����NP�K��

6 7KH�ODWHUDO�F�J��VKLIW�RI��FP�JLYHV�ULVH�WR�ODUJH�FKDQJHV�LQ�WKH�GLDJUDP�DV
LQGLFDWHG� LQ� )LJ�������� � ,W� VKRZV� WKDW� WKH� FKDQJHV� DUH� ODUJHO\� GXH� WR
KRUL]RQWDO� �VKLIWV�RI�WKH�FXUYHV��:H�PD\�FRPSDUH�WKH�JUDSK�ZLWK�WKDW�RI
)LJ�������� ,QLWLDOO\�� DW� ]HUR� ODWHUDO� DFFHOHUDWLRQ� �FRUUHVSRQGLQJ� WR
)LJV�����������D�QHJDWLYH�UROO�DQJOH�RFFXUV�ZKLOH�WKH�JURXQG�VWHHU�DQJOH�DQG
WKH�VWHHU�WRUTXH�DUH�SRVLWLYH��ZKLFK�FRUUHVSRQGV��WR�� \��� ���PPU\PU��PK�DQG���\

PPU\PU��PK�)]�R�O��UHVSHFWLYHO\���$W�D�FHUWDLQ�OHYHO�RI�WKH�ODWHUDO�DFFHOHUDWLRQ
WKH�VWHHU�WRUTXH�UHDFKHV�D�PLQLPXP�
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��0δ
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α1

\  = 5 cm�)  = 0,
D[ PU

30 m/s9=

��0δ 1000 tanϕ 20α �α2 1 O��5α   α1 2

D\

J �δ
O��5

)LJ�������� 7KH�KDQGOLQJ�GLDJUDP�DW�]HUR�IRUZDUG�DFFHOHUDWLRQ�ZLWK��FP�ODWHUDO�VKLIW�RI�WKH
FHQWUH�RI�JUDYLW\�RI�FRPELQHG�ULGHU�DQG�PDLQIUDPH�PDVV��9� �����NP�K��

7KH�SDWK�FXUYDWXUH�ZKHUH�WKHVH�PLQLPD�RI�WKH�VWHHU�PRPHQW�RU�PD[LPD�RI��0
RFFXU�FRQVWLWXWHV�WKH�ERXQGDU\�RI�PRQRWRQRXV�LQVWDELOLW\��$W�ODUJHU�FXUYDWXUH�WKH
FDSVL]H�PRGH�EHFRPHV�XQVWDEOH��7KLV�LV�DQDORJRXV�WR�ZKDW�ZDV�IRXQG�IRU�WKH
DXWRPRELOH�ZKHUH�WKH�LQSXW�LV�WKH�VWHHU�DQJOH�DQG�LWV�PD[LPXP�DW�D�JLYHQ�VSHHG
RI�WUDYHO�FRUUHVSRQGV�WR�WKH�ERXQGDU\�RI�GLYHUJHQW��PRQRWRQRXV��LQVWDELOLW\��FI�
)LJ�������
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twist

twist

rear hop
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front hop
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pitch
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bounce weave

Im Im

Re Re

100 100

-50 -500 0

front hop/ wobble

ϕ = 0 ϕ = 1rad9: 25....250km/h

)LJ�������� (LJHQYDOXHV�RI�.RHQHQ¶V�PRWRUF\FOH�PRGHO�DW�VWUDLJKW�DKHDG�UXQQLQJ��n� ����DQG
DW�D�UROO�DQJOH�RI�RQH�UDGLDQ��7KH�VSHHG�YDULHV�IURP����WR�����NP�K�

��������0RGHV�RI�9LEUDWLRQ�DW�/DUJH�/DWHUDO�$FFHOHUDWLRQV

7KH� IUHH� YLEUDWLRQV� WKDW� RFFXU� DIWHU� D� VOLJKW� GLVWXUEDQFH� LQ� D� KLJK� ODWHUDO
DFFHOHUDWLRQ�FRUQHULQJ�PDQRHXYUH�LV�FRQVLGHUDEO\�FRPSOH[�LQ�QDWXUH��.RHQHQ
�������������VWXGLHG�WKH�HLJHQYDOXHV�DQG�HLJHQYHFWRUV�RI�WKH�OLQHDU�KRPRJHQHRXV
GLIIHUHQWLDO� HTXDWLRQV� WKDW� UHVXOW� DIWHU� OLQHDULVDWLRQ� RI� WKH� QRQ�OLQHDU� VHW� RI
HTXDWLRQV�DW�JLYHQ�VWHDG\�VWDWH�OHYHOV�RI�RSHUDWLRQ��7KH�RULJLQDO�QRQ�FRXSOHG�LQ�
SODQH�DQG�ODWHUDO�RXW�RI�SODQH�PRGHV�RI�YLEUDWLRQ�DSSHDU�WR�VWURQJO\�LQWHUDFW�ZLWK
HDFK�RWKHU�DW� ODUJHU�UROO�DQJOHV��7KH�ZHDYH�PRGH�RFFXUULQJ�DW�VWUDLJKW�DKHDG
UXQQLQJ�LQWHUWZLQHV�ZLWK�WKH�ERXQFH�DQG�SLWFK�PRGHV�DQG�IRUP�WKUHH�GLIIHUHQW
PRGHV�RI�YLEUDWLRQ�LQ�ZKLFK�ERWK�WKH�LQ�SODQH�DQG�ODWHUDO�GHJUHHV�RI�IUHHGRP�SOD\
D�UROH��$V�D�UHVXOW��XQVWDEOH�FRUQHULQJ�ZHDYH�RVFLOODWLRQV�PD\�DULVH��6LPLODUO\�
WKH�ZREEOH�PRGH�PD\�LQWHUDFW�ZLWK�WKH�ZKHHO�KRS�PRGH�RI�WKH�IURQW�ZKHHO�ZKLFK
PDQLIHVWV�LWVHOI�E\�D�YLROHQW�FRPELQHG�VWHHULQJ�DQG�YHUWLFDO�ZKHHO�RVFLOODWLRQ��$V
DQ�H[DPSOH��ZH�SUHVHQW�LQ�)LJ�������WKH�VHW�RI�URRW�ORFL�LQ�WKH�FRPSOH[�SODQH��WKH
HLJHQYDOXHV��IRU�ERWK�WKH�FDVH�RI�VWUDLJKW�DKHDG�PRWLRQ�ZKHUH�ZH�KDYH�XQFRXSOHG
LQ�SODQH�DQG�RXW�RI�SODQH�YLEUDWLRQV�DQG�WKH�FDVH�ZKHUH�WKH�PRWRUF\FOH�PRYHV
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DORQJ�D�FLUFXODU�SDWK�DW�DQ�DYHUDJH�UROO�DQJOH�RI�RQH�UDGLDQ��IURP�.RHQHQ¶V
ZRUN��� 7KH� ERXQFH�� SLWFK� DQG� KRS� PRGHV� DSSHDU� WR� EHFRPH� DOPRVW� VSHHG
LQGHSHQGHQW�DW�YDQLVKLQJ�UROO�DQJOH��,Q�D�FXUYH��DOO�WKH�PRGHV�GR�GHSHQG�RQ�WKH
VSHHG�RI�WUDYHO��,Q�WKH�VKDUS�KLJK�ODWHUDO�DFFHOHUDWLRQ�FXUYLQJ�PRWLRQ�FRQVLGHUHG�
WKH�FRUQHULQJ�ZHDYH�URRW�ORFL�DSSHDU�WR�EH�VKLIWHG�FRPSOHWHO\�WR�WKH�ULJKW�KDQG
VLGH�RI�WKH�LPDJLQDU\�D[LV��7KH�ZREEOH�PRGH�LV�GHVWDELOLVHG�DV�ZHOO��7KH�KLJKHU
IUHTXHQF\�WZLVW�PRGH��IOH[LEOH�IUDPH�WRUVLRQ�PRGH��NHHSV�DQ�LQGLYLGXDO�FRXUVH�

�������0RWRUF\FOH�0DJLF�)RUPXOD�7\UH�0RGHO

)RU�VLQJOH�WUDFN�YHKLFOHV�WKDW�PD\�FRUQHU�DW�SRVVLEO\�YHU\�ODUJH�UROO�DQJOHV�D
PRGLILHG�VHW�RI�HTXDWLRQV�KDV�EHHQ�GHYHORSHG��7R�SURSHUO\�FRYHU�ODUJH�FDPEHU
DQJOHV�'H�9ULHV������D���KDV�DGDSWHG�WKH�RULJLQDO�0DJLF�)RUPXODH��$GGLWLRQDO
FKDQJHV�KDYH�EHHQ�LQWURGXFHG�UHJDUGLQJ�WKH�DOLJQLQJ�WRUTXH�DQG�FRPELQHG�VOLS
DQG�WKH�UHVXOWLQJ�FRPSOHWH�VHW�KDV�EHHQ�OLVWHG�EHORZ��7KH�VFDOLQJ�IDFWRUV� �DQG
(TV����(��(���VWLOO�DSSO\��7KH�HTXDWLRQV�RI�WKH�UHPDLQLQJ�VHW�ZKLFK�KDYH�EHHQ
PRGLILHG�DUH�LQGLFDWHG�E\�PHDQV�RI�DQ�DVWHULVN�����7KH�UHVXOWLQJ�FKDUDFWHULVWLFV
DSSHDU� WR� EH� TXLWH� DFFXUDWH� DOVR� DW� ODUJH� FDPEHU� DQJOHV� �!��GHJ��� EXW� WKHQ
OLPLWHG�WR�VOLS�DQJOHV�OHVV�WKDQ�FD����GHJUHHV��IRU�WKH�FDVHV�FRQVLGHUHG��

2QH�RI�WKH�QRWDEOH�DOWHUDWLRQV�LV�LQWURGXFHG�LQ�WKH�IRUPXOD�IRU�WKH�ODWHUDO
IRUFH��(T�����(�����+HUH�WKH�VOLS�DQJOH�DQG�WKH�FDPEHU�DQJOH�KDYH�EHHQ�WUHDWHG
LQ�D�PRUH�HTXDOO\�YDOXHG�DQG�LQGHSHQGHQW�PDQQHU�WKDQ�LQ�WKH�RULJLQDO�HTXDWLRQ
���(�����$�YHUWLFDO�VKLIW�GLG�QRW�DSSHDU�WR�EH�QHFHVVDU\�DQ\PRUH��7KH�VXP�RI�WKH
WZR�VKDSH�IDFWRUV�&\�DQG�& �LV�QRW�DOORZHG�WR�H[FHHG�WKH�YDOXH���WR�SUHYHQW�WKH
VLGH�IRUFH�IURP�EHFRPLQJ�QHJDWLYH�DW�ODUJH�VOLS�DQG�FDPEHU�DQJOHV��)LJXUH������
LOOXVWUDWHV�WKH�VWUXFWXUH�RI�WKH�IRUPXOD�JHQHUDWLQJ�WKH�)\�YV� �FKDUDFWHULVWLF�IRU
D�JLYHQ�YDOXH�RI� ��,W�LV�VHHQ�WKDW�ZLWK�UHVSHFW�WR�WKH�VLWXDWLRQ�RI�)LJ������WKH�EDVLF
VLQH�FXUYH�LV�VKLIWHG�VLGHZD\V�DV�D�UHVXOW�RI�WKH�SUHVHQFH�RI�D�FDPEHU�DQJOH��

$QRWKHU�IHDWXUH�WKDW�GLIIHUV�IURP�WKH�RULJLQDO�PRGHO�FRQFHUQV�WKH�FUHDWLRQ�RI
WKH�DOLJQLQJ�WRUTXH��7KH�SDUW�0]¶�LV�QRZ�REWDLQHG�E\�PXOWLSO\LQJ�WKH�SQHXPDWLF
WUDLO�ZLWK�WKH�VLGH�IRUFH�WKDW�LV�DWWULEXWHG�WR�WKH�VLGH�VOLS�DQG�QRW�WR�WKH�FDPEHU
DQJOH��LQGLUHFWO\�WKURXJK�FDPEHU�LQGXFHG�VLGH�VOLS���7KLV�PD\��HVSHFLDOO\�DW�ODUJH
FDPEHU�DQJOHV��EH�FORVHU�WR�WKH�DFWXDO�PHFKDQLVP��7KLV�SDUW�RI�WKH�VLGH�IRUFH�
GHQRWHG�ZLWK�)\�  ��

��LV�REWDLQHG�IURP�WKH�VDPH�(TV�����(�������E\�VHWWLQJ�
�
 

�
��

([DPSOHV� RI� FRPSXWHG� FKDUDFWHULVWLFV� FRPSDUHG� ZLWK� H[SHULPHQWDOO\
DVVHVVHG�FXUYHV�IRU�ERWK�SXUH�VOLS�DW�YDULRXV�FDPEHU�DQJOHV�DQG�FRPELQHGVOLS
FRQGLWLRQV�DUH�SUHVHQWHG�LQ�6HFWLRQ���������)LJV�����������
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5HIHUHQFHV

$EUDPRZLW]��0��� DQG� 6WHJXQ�� ,�$�� ��������+DQGERRN� RI�PDWKHPDWLFDO� IXQFWLRQV�
'RYHU��1HZ�<RUN�������

%DGDODPHQWL��-�0���DQG�'R\OH��*�5����������5DGLDO�LQWHUUDGLDO�VSULQJ�WLUH�PRGHOV��-�
RI�9LEUDWLRQ��$FRXVWLF��6WUHVV�DQG�5HOLDELOLW\�LQ�'HVLJQ���������������

%DNNHU��(���1\ERUJ��/���DQG�3DFHMND��+�%����������7LUH�0RGHOLQJ�IRU�8VH�LQ�9HKLFOH
'\QDPLFV�6WXGLHV��6$(�3DSHU�1R���������������

%DNNHU�� (��� 3DFHMND�� +�%��� DQG� /�/LGQHU� �������� $� 1HZ� 7LUH� 0RGHO� ZLWK� DQ
$SSOLFDWLRQ�LQ�9HKLFOH�'\QDPLFV�6WXGLHV��6$(�3DSHU�1R���������������

%DQGHO��3���DQG�0RQJX]]L��&����������6LPXODWLRQ�PRGHO�RI�WKH�G\QDPLF�EHKDYLRU�RI
D�WLUH�UXQQLQJ�RYHU�DQ�REVWDFOH�7LUH�6FLHQFH�DQG�7HFKQRORJ\��767&$��������������

%DQGHO�� 3��� DQG� %HUQDUGR�� &�� GL� �������� $� 7HVW� IRU� 0HDVXULQJ� 7UDQVLHQW
&KDUDFWHULVWLFV�RI�7LUHV��7LUH�6FLHQFH�DQG�7HFKQRORJ\��������������

%D\HU��%����������)ODWWHUQ�XQG�3HQGHOQ�EHL�.UDIWUlGHUQ��$XWRPRELO�,QGXVWULH����������

%D\OH�� 3��� )RULVVLHU�� -�)��� DQG� /DIRQ�� 6� �������� $� 1HZ� 7\UH�0RGHO� IRU� 9HKLFOH
'\QDPLFV�6LPXODWLRQ��$XWRPRWLYH�7HFKQRORJ\�,QWHUQDWLRQDO�������

%HFNHU�� *��� )URPP�� +��� DQG� 0DUXKQ�� +�� �������� 6FKZLQJXQJHQ� LQ� $XWRPRELO�
OHQNXQJHQ��µ6KLPP\¶���%HUOLQ�������

%HUJPDQ��:����������7KHRUHWLFDO�SUHGLFWLRQ�RI� WKH� HIIHFW�RI� WUDFWLRQ�RQ�FRUQHULQJ
IRUFH��6$(�7UDQVDFWLRQV�������������

%HUQDUG��-�(���6HJHO��/���DQG�:LOG��5�(����������7LUH�VKHDU�IRUFH�JHQHUDWLRQ�GXULQJ
FRPELQHG�VWHHULQJ�DQG�EUDNLQJ�PDQHXYUHV��6$(�3DSHU��������������

%HUULWWD��5���%LUDO��)���DQG�*DUELQ��6����������(YDOXDWLRQ�RI�PRWRUF\FOH�KDQGOLQJ�DQG
PXOWLERG\�PRGHOOLQJ�DQG�VLPXODWLRQ��,Q��3URFHHGLQJV�RI��WK�,QW��&RQIHUHQFH�RQ�+LJK
7HFK��(QJLQHV�DQG�&DUV��0RGHQD�������

%HVVHOLQN��,�-�0����������6KLPP\�RI�$LUFUDIW�0DLQ�/DQGLQJ�*HDUV��'LVVHUWDWLRQ��78
'HOIW�������

%LUDO�� )��� DQG�'D�/LR��0�� ��������0RGHOOLQJ� GULYHUV�ZLWK� WKH� RSWLPDO�PDQHXYUH
PHWKRG��,Q��3URFHHGLQJV�RI�$7$�������7KH�5ROH�RI�([SHULPHQWV�LQ�WKH�$XWRPRWLYH
3URGXFW�'HYHORSPHQW�3URFHVV��)ORUHQFH�������

%|KP��)����������'HU�5ROOYRUJDQJ�GHV�$XWRPRELO�5DGHV��=$00�����7���7���������

%RUJPDQQ��:����������7KHRUHWLVFKH�XQG�H[SHULPHQWHOOH�8QWHUVXFKXQJHQ�DQ�/XIWUHLIHQ
EHL�6FKUlJODXI��'LVVHUWDWLRQ��%UDXQVFKZHLJ�������

%UHXHU��7���DQG�3UXFNQHU��$����������$GYDQFHG�G\QDPLF�PRWRUELNH�DQDO\VLV�DQG�GULYHU
VLPXODWLRQ��,Q����WK�(XURSHDQ�$'$06�8VHUV¶�&RQIHUHQFH��3DULV�������
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%URFNPDQ��5�$���DQG�%UDLVWHG��:�5����������&ULWLFDO�6SHHG�(VWLPDWLRQ�RI�$LUFUDIW
7LUHV��7LUH�6FLHQFH�DQG�7HFKQRORJ\�������������

%UXQL��6���&KHOL��)���DQG�5HVWD��)����������2Q�WKH�LGHQWLILFDWLRQ�LQ�WLPH�GRPDLQ�RI�WKH
SDUDPHWHUV�RI�D�W\UH�PRGHO�IRU�WKH�VWXG\�RI�LQ�SODQH�G\QDPLFV�� ,Q��3URFHHGLQJV�RI
3URFHHGLQJV�RI��QG��&ROORTXLXP�RQ�7\UH�0RGHOV�IRU�9HKLFOH�$QDO\VLV��HGV��)�%|KP�DQG
+�3�:LOOXPHLW��%HUOLQ�������6XSSO��9HKLFOH�6\VWHP�'\QDPLFV������������

&KLHVD��$���DQG�5LQRQDSROL��/����������9HKLFOH�6WDELOLW\�6WXGLHG�ZLWK�D�1RQOLQHDU
6HYHQ�'HJUHH�RI�)UHHGRP�0RGHO��6$(�3DSHU����������������

&ODUN��6�.����������$�EULHI�KLVWRU\�RI�WLUH�UROOLQJ�UHVLVWDQFH��,Q��3URFHHGLQJV�RI�WKH
5XEEHU�'LYLVLRQ�6\PSRVLD�����&KLFDJR�������

&RVVDOWHU��9���'D�/LR��0���%LUDO��)���DQG�)DEEUL��/����������(YDOXDWLRQ�RI�PRWRUF\FOH
PDQHXYUDELOLW\�ZLWK�WKH�RSWLPDO�PDQHXYUH�PHWKRG��6$(�3DSHU��������������

'DYLV��'�&����������$�UDGLDO�VSULQJ�WHUUDLQ�HQYHORSLQJ�WLUH�PRGHO��9HKLFOH�6\VWHP
'\QDPLFV����������

'LMNV��$����������$�0XOWLIDFWRU�([DPLQDWLRQ�RI�:HW�6NLG�5HVLVWDQFH�RI�&DU�7LUHV��6$(
3DSHU��������������

'XJRII��+���)DQFKHU��3�6���DQG�6HJHO��/����������$Q�DQDO\VLV�RI�WLUH�WUDFWLRQ�SURSHUWLHV
DQG�WKHLU�LQIOXHQFH�RQ�YHKLFOH�G\QDPLFV�SHUIRUPDQFH��,Q��3URFHHGLQJV�),6,7$�,QW�
$XWR��6DIHW\�&RQIHUHQFH��6$(�3DSHU��������������

)LDOD��(����������6HLWHQNUlIWH�DP�UROOHQGHQ�/XIWUHLIHQ��9',�=HLWVFKULIW�����������

)UDQN��)�������D���*UXQGODJHQ�]XU�%HUHFKQXQJ�GHU�6HLWHQI�KUXQJVNHQQOLQLHQ�YRQ
5HLIHQ��.DXWFKXN�XQG�*XPPL��������������

)UDQN��)�������E���7KHRULH�GHV�5HLIHQVFKUlJODXIV��'LVVHUWDWLRQ��%UDXQVFKZHLJ�������

)UHXGHQVWHLQ�� *�� �������� /XIWUHLIHQ� EHL� 6FKUlJ�� XQG� .XUYHQODXI� �� 'HXWVFKH
.UDIWIDKU]HXJIRUVFKXQJ�XQG�6WU��9HUN��WHFKQ��������������

)ULW]��:�� ��������)HGHUKlUWH� YRQ�5HLIHQ� XQG�)UHTXHQ]JDQJ� GHU�5HLIHQNUlIWH� EHL
SHULRGLVFKHU�9HUWLNDOEHZHJXQJ�GHU�)HOJH��'LVVHUWDWLRQ��.DUOVUXKH���������

)URPP��+����������.XU]HU�%HULFKW��EHU�GLH�JHVFKLFKWH�GHU�7KHRULH�GHV�5DGIODWWHUQV�
%HULFKW�����GHU�/LOLHQWKDO�*HVHOOVFKDIW��������1$&$�70������������

*LOOHVSLH��7�'�����������)XQGDPHQWDOV�RI�9HKLFOH�'\QDPLFV��6$(�������

*LSVHU��0���+RIHU��5���DQG�/XJQHU��3����������'\QDPLFDO�7LUH�)RUFHV�5HVSRQVH�WR
5RDG�8QHYHQQHVVHV�� ,Q��3URFHHGLQJV�RI� �3URFHHGLQJV�RI��QG� �&ROORTXLXP�RQ�7\UH
0RGHOV�IRU�9HKLFOH�$QDO\VLV��HGV��)�%|KP�DQG�+�3�:LOOXPHLW��%HUOLQ�������6XSSO�
9HKLFOH�6\VWHP�'\QDPLFV������������

*RQFKDUHQNR��9�,���/REDV��/�6���DQG�1LNLWLQD��1�9����������:REEOH�LQ�JXLGH�ZKHHOV�
6RYLHW�$SSOLHG�0HFKDQLFV��������������

*RQJ��6����������$�6WXG\�RI�,Q�3ODQH�'\QDPLFV�RI�7LUHV��'LVVHUWDWLRQ��78�'HOIW�������
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*RQJ�� 6��� 6DYNRRU�� $�5��� DQG� 3DFHMND�� +�%�� �������� 7KH� LQIOXHQFH� RI� ERXQGDU\
FRQGLWLRQV�RQ�WKH�YLEUDWLRQ�WUDQVPLVVLRQ�SURSHUWLHV�RI�WLUHV��6$(�3DSHU��������������

*RXJK��9�(����������7\UHV�DQG�DLU�VXVSHQVLRQ��$GYDQFHV�LQ�$XWRPRELOH�(QJLQHHULQJ�
HG��*�+��7LGEXU\��3HUJDPRQ�3UHVV��2[IRUG�������

*XQWXU��5�5����������$GDSWLYH�EUDNH�FRQWURO�V\VWHPV��'LVVHUWDWLRQ��78�'HOIW�������

*XR��.�+����������7KH�(IIHFW�RI�/RQJLWXGLQDO�)RUFH�DQG�9HUWLFDO�/RDG�'LVWULEXWLRQ
RQ�7LUH�6OLS�3URSHUWLHV��6$(�3DSHU���������������

*XR�� .�+��� DQG� /LX�� 4�� �������� 0RGHOOLQJ� DQG� 6LPXODWLRQ� RI� 1RQ�6WHDG\� 6WDWH
&RUQHULQJ� 3URSHUWLHV� DQG� ,GHQWLILFDWLRQ� RI� 6WUXFWXUH� 3DUDPHWHUV� RI� 7\UHV�� � ,Q�
3URFHHGLQJV�RI��QG�&ROORTXLXP�RQ�7\UH�0RGHOV�IRU�9HKLFOH�$QDO\VLV��%HUOLQ�������HGV�
)�%|KP�DQG�+�3�:LOOXPHLW��6XSSO��9HKLFOH�6\VWHP�'\QDPLFV������������

+DGHNHO��5����������7KH�PHFKDQLFDO�FKDUDFWHULVWLFV�RI�SQHXPDWLF�W\UHV��6�	�7�0HPR
�������%ULWLVK�0LQLVWU\�RI�6XSSO\��73$���7,%��������

+DUWRJ��-�3��GHQ���������0HFKDQLFDO�9LEUDWLRQV��1HZ�<RUN�������

+DVHJDZD�� $�� �������� $QDO\VLV� RI� FRQWUROODELOLW\� DQG� VWDELOLW\� RI� PRWRUF\FOHV� �
$QDO\VLV�RI�VWDELOLW\�RI�KLJK�VSHHG�GULYLQJ��,Q��3URFHHGLQJV�RI���WK�,QW��7HFK��&RQI��RQ
([SHULPHQWDO�6DIHW\�9HKLFOHV�������

+HQNHU�� (�� �������� '\QDPLVFKH� .HQQOLQLHQ� YRQ� 3.:�5HLIHQ��:LVVHQVFKDIWOLFK�
7HFKQLVFKH�9HU|IIHQWOLFKXQJHQ�DXV�GHP�$XWRPRELOEDX��,)$�''5��+HIW���������

+LJXFKL��$��� DQG�3DFHMND��+�%�� ��������7KH�5HOD[DWLRQ�/HQJWK�&RQFHSW� DW�/DUJH
:KHHO� 6OLS� DQG�&DPEHU�� ,Q��3URFHHGLQJV� RI� �QG� &ROORTXLXP� RQ� 7\UH�0RGHOV� IRU
9HKLFOH�$QDO\VLV��%HUOLQ�������HGV��)�%|KP�DQG�+�3�:LOOXPHLW��6XSSO��9HKLFOH�6\VWHP
'\QDPLFV������������

+LJXFKL��$�� ��������7UDQVLHQW� UHVSRQVH�RI� W\UHV�DW� ODUJH�ZKHHO� VOLS�DQG�FDPEHU�
'LVVHUWDWLRQ��78�'HOIW��������

+R��)�+���DQG�+DOO��0�)���������$Q�H[SHULPHQWDO�VWXG\�RI�WKH�SXUH�\DZ�IUHTXHQF\
UHVSRQVH�RI�WKH���[����W\SH�9,,�DLUFUDIW�WLUHV��$))'/�75��������������

,IIHOVEHUJHU�� /�� ��������$SSOLFDWLRQ� RI� YHKLFOH� G\QDPLF� VLPXODWLRQ� LQ�PRWRUF\FOH
GHYHORSPHQW��6DIHW\�(QYLURQPHQW�)XWXUH��)RUVFKXQJVKHIWH�=ZHLUDGVLFKHUKHLW����������

-DJW��3�� YDQ�GHU��3DFHMND��+�%��� DQG� 6DYNRRU��$�5�� �������� ,QIOXHQFH�RI� W\UH� DQG
VXVSHQVLRQ�G\QDPLFV�RQ�WKH�EUDNLQJ�SHUIRUPDQFH�RI�DQ�DQWL�ORFN�V\VWHP�RQ�XQHYHQ
URDGV��,Q��3URFHHGLQJV�RI�($(&�&RQIHUHQFH��6WUDVVERXUJ��&��������,0HFK(������

-DJW��3��YDQ�GHU���������7KH�5RDG�WR�9LUWXDO�9HKLFOH�3URWRW\SLQJ��'LVVHUWDWLRQ��78
(LQGKRYHQ�������

-HQNLQVRQ��'����������7KH�5DFLQJ�'ULYHU��%DWVIRUG�/WG���/RQGRQ��������

-LDQPLQ��*���*DOO�� 5��� DQG�=XRPLQ��:�� ��������'\QDPLF�'DPSLQJ� DQG� 6WLIIQHVV
&KDUDFWHULVWLFV�RI�WKH�5ROOLQJ�7LUH��7LUH�6FLHQFH�DQG�7HFKQRORJ\�������������
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.DWD\DPD��7��$RNL��$���DQG�1LVKLPL��7����������&RQWURO�EHKDYLRXU�RI�PRWRUF\FOH
ULGHUV��9HKLFOH�6\VWHP�'\QDPLFV�����������

.DWD\DPD��7��1LVKLPL��7���2NR\DPD��7���DQG�$RNL��$����������$�VLPXODWLRQ�PRGHO�IRU
PRWRUF\FOH�ULGHU¶V�EHKDYLRXUV��,Q��3URFHHGLQJV�RI�6(7&¶����<RNRKDPD��6$(�RI�-DSDQ�
�����

.HOG\VK��0�9����������6KLPP\�RI�WKH�IURQW�ZKHHO�RI�D�WKUHH�ZKHHOHG�ODQGLQJ�JHDU��7U�
7VHQWU��$HURJLGURGLQDPLFKHVNRJR�,QVW�������������

.ORWWHU��.����������7HFKQLVFKH�6FKZLQJXQJVOHKUH�,,��%HUOLQ�������

.OXLWHUV��0�$�0����������$Q�LQYHVWLJDWLRQ�LQWR�)����PDLQ�JHDU�YLEUDWLRQV��)RNNHU
5HSRUW�;���������������

.RELNL��<���.LQRVKLWD��$���DQG�<DPDGD��+�����������$QDO\VLV�RI�LQWHULRU�ERRPLQJ�QRLVH
FDXVHG�E\�WLUH�DQG�SRZHU�WUDLQ�VXVSHQVLRQ�V\VWHP�YLEUDWLRQ��,QW��-��RI�9HKLFOH�'HVLJQ�
������������

.RHQHQ��&���DQG�3DFHMND��+�%����������9LEUDWLRQDO�0RGHV�RI�0RWRUF\FOHV�LQ�&XUYHV�
,Q��3URFHHGLQJV�RI�WKH�,QW��0RWRUF\FOH�6DIHW\�&RQIHUHQFH��:DVK��'�&���0RWRUF\FOH
6DIHW\�)RXQGDWLRQ��9RO�,,�������

.RHQHQ��&����������7KH�G\QDPLF�EHKDYLRXU�RI�D�PRWRUFOH�ZKHQ�UXQQLQJ�VWUDLJKW�DKHDG
DQG�ZKHQ�FRUQHULQJ��'LVVHUWDWLRQ��78�'HOIW�������

.RLWHU��:�7���DQG�3DFHMND��+�%����������2Q�WKH�VNLGGLQJ�RI�YHKLFOHV�GXH�WR�ORFNHG
ZKHHOV�,Q��3URFHHGLQJV�RI�WKH�6\PSRVLXP�RQ+DQGOLQJ�RI�9HKLFOHV�XQGHU�(PHUJHQF\
&RQGLWLRQV��,QVW��RI�0HFK��(QJQUV���������������3W��+�����������

.RUW�P��:���DQG�/XJQHU��3����������6\VWHPG\QDPLN�XQG�5HJHOXQJ�YRQ�)DKU]HXJHQ�
6SULQJHU�9HUODJ��%HUOLQ�������

.U\ORY�� 1��� DQG� %RJROMXERY�� 1�� �������� ,QWURGXFWLRQ� WR� 1RQ�/LQHDU� 0HFKDQLFV�
3ULQFHWRQ�������

/DHUPDQ��)�-����������6HLWHQI�KUXQJVYHUKDOWHQ�YRQ�.UDIWIDKU]HXJUHLIHQ�EHL�VFKQHOOHQ
5DGODVWlQGHUXQJHQ��'LVVHUWDWLRQ��%UDXQVFKZHLJ��9',�)RUWVFKULWW�%HULFKWH���������
������

/HH��-XQJ�+ZDQ���������$QDO\VLV�RI�7LUH�(IIHFW�RQ�WKH�6LPXODWLRQ�RI�9HKLFOH�6WUDLJKW
/LQH�0RWLRQ��9HKLFOH�6\VWHP�'\QDPLFV�����������

/HLSKRO]��+�� ��������6WDELOLW\� WKHRU\��DQ� LQWURGXFWLRQ� WR� WKH� VWDELOLW\�RI�G\QDPLF
V\VWHPV�DQG�ULJLG�ERGLHV��-RKQ�:LOH\�	�6RQV��%�*�7HXEQHU��6WXWWJDUW�������

/LSSPDQQ��6�$���3LFFLQ��:�$���DQG�%DNHU��7�3�������������(QYHORSLQJ�FKDUDFWHULVWLFV
RI�WUXFN�WLUHV���D�ODERUDWRU\�HYDOXDWLRQ��6$(�3DSHU��������������

/LSSPDQQ��6�$���DQG�1DQQ\��-�'����������$�TXDQWLWDWLYH�DQDO\VLV�RI�WKH�HQYHORSLQJ
IRUFHV�RI�SDVVHQJHU�FDU�WLUHV��6$(�3DSHU��������������

0DJQXV�� .�� �������� 8HEHU� GLH� 9HUIDKUHQ� ]XU� 8QWHUVXFKXQJ� QLFKW�OLQHDUHU
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6FKZLQJXQJV��XQG�5HJHOXQJV�6\VWHPH��9',�)RUVFKXQJVKHIW�����%�����������

0DVWLQX��*����������$�6HPL�$QDO\WLFDO�7\UH�0RGHO�IRU�6WHDG\�DQG�7UDQVLHQW�6WDWH
6LPXODWLRQV��,Q��3URFHHGLQJV�RI��QG�&ROORTXLXP�RQ�7\UH�0RGHOV�IRU�9HKLFOH�$QDO\VLV�
%HUOLQ�������HGV��)�%|KP�DQG�+�3�:LOOXPHLW��6XSSO��9HKLFOH�6\VWHP�'\QDPLFV�����
������

0DXULFH��-�3���%HU]HUL��0���DQG�3DFHMND��+�%����������3UDJPDWLF�7\UH�0RGHO�IRU�6KRUW
:DYHOHQJWK�6LGH�6OLS�9DULDWLRQV��9HKLFOH�6\VWHP�'\QDPLFV��������������

0DXULFH��-�3����������6KRUW�ZDYHOHQJWK�DQG�G\QDPLF�W\UH�EHKDYLRXU�XQGHU�ODWHUDO�DQG
FRPELQHG�VOLS�FRQGLWLRQV��'LVVHUWDWLRQ��78�'HOIW�������

0HWFDOI��:�+����������(IIHFW�RI�D�7LPH�9DU\LQJ�ORDG�RQ�6LGH�)RUFH�*HQHUDWHG�E\�D
7LUH�2SHUDWLQJ�DW�&RQVWDQW�6OLS�$QJOH��6$(�3DSHU����F�������

0LOOLNHQ��:�)��HW�DO����������5HVHDUFK�LQ�$XWRPRELOH�6WDELOLW\�DQG�&RQWURO�DQG�7LUH
3HUIRUPDQFH��7KH�,QVW��RI�0HFK��(QJQUV��/RQGRQ��������

0LOOLNHQ��:�)���DQG�0LOOLNHQ��'�/����������5DFH�&DU�9HKLFOH�'\QDPLFV��6$(������

0LWVFKNH��0�����������'\QDPLN�GHU�.UDIWIDKU]HXJH��%DQG�$��$QWULHE�XQG�%UHPVXQJ�
6SULQJHU�9HUODJ��%HUOLQ������

0LWVFKNH��0�����������'\QDPLN�GHU�.UDIWIDKU]HXJH��%DQG�&��)DKUYHUKDOWHQ��6SULQJHU
9HUODJ��%HUOLQ������

0RUHODQG�� :�-�� �������� 7KH� VWRU\� RI� VKLPP\�� -�� RI� WKH� $HURQDXWLFDO� 6FLHQFHV�
'HFHPEHU������

0RXVVHDX��&�:���DQG�&ODUN��6�.����������$Q�DQDO\WLFDO�DQG�H[SHULPHQWDO�VWXG\�RI�D
WLUH�UROOLQJ�RYHU�D�VWHSSHG�REVWDFOH�DW� ORZ�YHORFLW\��7LUH�6FLHQFH�DQG�7HFKQRORJ\�
767&$��������������

1LVKLPL��7���$RNL��$��DQG�.DWD\DPD��7����������$QDO\VLV�RI�VWUDLJKW�UXQQLQJ�VWDELOLW\
RI� PRWRUF\FOHV�� ,Q�� 3URFHHGLQJV� RI� ��WK� ,QW�� 7HFK�� &RQI�� RQ� ([SHULPHQWDO� 6DIHW\
9HKLFOHV�������

1RUGHHQ��'�/���DQG�&RUWHVH��$�'����������)RUFH�DQG�PRPHQW�FKDUDFWHULVWLFV�RI�UROOLQJ
WLUHV��6$(�SDSHU����$��������6$(�7UDQVDFWLRQV�����������

2HUWHO��&K����������2Q�PRGHOOLQJ�FRQWDFW�DQG�IULFWLRQ���FDOFXODWLRQ�RI�W\UH�UHVSRQVH�RQ
XQHYHQ�URDGV��,Q��3URFHHGLQJV�RI��3URFHHGLQJV�RI��QG��&ROORTXLXP�RQ�7\UH�0RGHOV�IRU
9HKLFOH�$QDO\VLV��HGV��)�%|KP�DQG�+�3�:LOOXPHLW��6XSSO��9HKLFOH�6\VWHP�'\QDPLFV�
����������

2OOH\��0����������5RDG�PDQQHUV�RI�WKH�PRGHUQ�FDU��-��,QVW��$XWR��(QJQUV�����������

2RVWHQ�� -�-�0�� YDQ�� DQG�%DNNHU�� (�� ��������'HWHUPLQDWLRQ� RI�0DJLF�7\UH�0RGHO
3DUDPHWHUV���,Q��3URFHHGLQJV�RI��VW�&ROORTXLXP�RQ�7\UH�0RGHOV�IRU�9HKLFOH�$QDO\VLV�
HG��+�%��3DFHMND��'HOIW�������6XSSO��9HKLFOH�6\VWHP�'\QDPLFV������������

2RVWHQ�� -�-�0�� YDQ�� 8QUDX�� -�+��� 5LHGHO�� *��� DQG� %DNNHU�� (�� �������� 7<'(;
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:RUNVKRS��6WDQGDUGLVDWLRQ�RI�'DWD�([FKDQJH�LQ�7\UH�7HVWLQJ�DQG�7\UH�0RGHOOLQJ�
,Q��3URFHHGLQJV�RI��QG�&ROORTXLXP�RQ�7\UH�0RGHOV�IRU�9HKLFOH�$QDO\VLV��HGV��)�%|KP
DQG�+�3�:LOOXPHLW��%HUOLQ�������6XSSO��9HKLFOH�6\VWHP�'\QDPLFV�����������

3DFHMND��+�%����������6WXG\�RI�WKH�ODWHUDO�EHKDYLRXU�RI�DQ�DXWRPRELOH�PRYLQJ�XSRQ
D�IODW�OHYHO�URDG��&RUQHOO�$HURQDXWLFDO�/DERUDWRU\�5HSRUW�<&�����)����������

3DFHMND��+�%����������$QDO\VLV�RI�WKH�ZKHHO�VKLPP\�SKHQRPHQRQ��,Q��3URFHHGLQJV�RI
WKH�$XWR��'LYLVLRQ�RI�,�0HFK�(��������3DUW��$��,QVW��RI�0HFK��(QJQUV�����������

3DFHMND��+�%����������7KH�ZKHHO�VKLPP\�SKHQRPHQRQ��'LVVHUWDWLRQ��78�'HOIW�������

3DFHMND��+�%����������7KH�7\UH�DV�D�9HKLFOH�&RPSRQHQW��&KDSWHU���RI��0HFKDQLFV�RI
3QHXPDWLF�7LUHV��HG��6�.��&ODUN��1�%�6��0RQRJUDSK������:DVKLQJWRQ�'�&�������
�QHZ�HGLWLRQ�������

3DFHMND��+�%����������$QDO\VLV�RI�WKH�'\QDPLF�5HVSRQVH�RI�D�6WULQJ�7\SH�7LUH�0RGHO
WR�/DWHUDO�:KHHO�3ODQH�9LEUDWLRQV��9HKLFOH�6\VWHP�'\QDPLFV�������������

3DFHMND�� +�%��� DQG� )DQFKHU�3�6�� �����D��� +\EULG� VLPXODWLRQ� RI� VKHDU� IRUFH
GHYHORSPHQW�RI�D�WLUH�H[SHULHQFLQJ�ORQJLWXGLQDO�DQG�ODWHUDO�VOLS��,Q��3URFHHGLQJV�RI
;,9�),6,7$�,QW��$XWR��7HFK��&RQJUHVV��/RQGRQ��������

3DFHMND��+�%�������D���$SSUR[LPDWH�G\QDPLF�VKLPP\�UHVSRQVH�RI�SQHXPDWLF�W\UHV�
9HKLFOH�6\VWHP�'\QDPLFV����������

3DFHMND��+�%�������E���6LPSOLILHG�DQDO\VLV�RI�VWHDG\�VWDWH�WXUQLQJ�EHKDYLRXU�RI�PRWRU
YHKLFOHV��9HKLFOH�6\VWHP�'\QDPLFV�����S�������������������

3DFHMND��+�%����������6RPH�UHFHQW�LQYHVWLJDWLRQV�LQWR�G\QDPLFV�DQG�IULFWLRQDO�EHKDYLRU
RI�SQHXPDWLF�WLUHV��,Q��3URFHHGLQJV�RI�*�0��6\PSRVLXP�3K\VLFV�RI�7LUH�7UDFWLRQ��HGV�
'�)��+D\V�DQG�$�/��%URZQH��3OHQXP�3UHVV��1HZ�<RUN������

3DFHMND��+�%���9DQ�GHU�%HUJ��-���DQG�-LOOHVPD��3�-����������)URQW�:KHHO�9LEUDWLRQV��,Q�
3URFHHGLQJV� RI� �WK� 96'��QG� ,87$0�6\PSRVLXP�� HGV��$�� 6OLEDU� DQG�+�� 6SULQJHU�
9LHQQD�������6ZHWV�DQG�=HLWOLQJHU��/LVVH������

3DFHMND��+�%����������$QDO\VLV�RI�7LUH�3URSHUWLHV��&KDSWHU����0HFKDQLFV�RI�3QHXPDWLF
7LUHV��HG��6�.��&ODUN��'27�+6����������������

3DFHMND��+�%�� �����D��� ,Q�3ODQH�DQG�2XW�RI�3ODQH�'\QDPLFV�RI�3QHXPDWLF�7\UHV�
9HKLFOH�6\VWHP�'\QDPLFV�����������

3DFHMND��+�%�����������1RQ�/LQHDULWLHV�LQ�5RDG�9HKLFOH�'\QDPLFV��9HKLFOH�6\VWHP
'\QDPLFV��������������

3DFHMND��+�%���DQG�6KDUS��5�6����������6KHDU�)RUFH�'HYHORSPHQW�E\�3QHXPDWLF�7\UHV
LQ� 6WHDG\� 6WDWH� &RQGLWLRQV�� $� 5HYLHZ� RI� 0RGHOOLQJ� $VSHFWV�� 9HKLFOH� 6\VWHP
'\QDPLFV�����������

3DFHMND��+�%���DQG�7DNDKDVKL��7����������3XUH�6OLS�&KDUDFWHULVWLFV�RI�7\UHV�RQ�)ODW
DQG�RQ�8QGXODWHG�5RDG�6XUIDFHV��,Q��3URFHHGLQJV�RI�$9(&¶����<RNRKDPD��6$(�RI
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-DSDQ�������

3DFHMND��+�%���DQG�%DNNHU��(���������7KH�0DJLF�)RUPXOD�W\UH�PRGHO��,Q��3URFHHGLQJV
RI��VW�&ROORTXLXP�RQ�7\UH�0RGHOV�IRU�9HKLFOH�$QDO\VLV��'HOIW�������HG��+�%��3DFHMND�
6XSSO��9HKLFOH�6\VWHP�'\QDPLFV������������

3DFHMND��+�%����������7KH�7\UH�DV�D�9HKLFOH�&RPSRQHQW��,Q��3URFHHGLQJV�RI�;;9,
),6,7$�&RQJUHVV��HG��0��$SHWDXU��3UDJXH�������

3DFHMND�� +�%��� DQG� %HVVHOLQN�� ,�-�0�� �������� 0DJLF� )RUPXOD� 7\UH� 0RGHO� ZLWK
7UDQVLHQW�3URSHUWLHV��,Q��3URFHHGLQJV�RI��QG�&ROORTXLXP�RQ�7\UH�0RGHOV�IRU�9HKLFOH
$QDO\VLV�� HGV�� )�%|KP� DQG� +�3�:LOOXPHLW�� %HUOLQ� ������ 6XSSO�� 9HKLFOH� 6\VWHP
'\QDPLFV�����������

3HYVQHU��-D��0����������7KHRU\�RI�WKH�VWDELOLW\�RI�DXWRPRELOH�PRWLRQV���,Q�5XVVLDQ��
0DVMJL]��/HQLQJUDG�������

5DGW��+�6���DQG�3DFHMND��+�%����������$QDO\VLV�RI�WKH�6WHDG\�6WDWH�7XUQLQJ�%HKDYLRU
RI�DQ�$XWRPRELOH��,Q��3URFHHGLQJV�RI�WKH�6\PSRVLXP�RQ�&RQWURO�RI�9HKLFOHV��,QVW��RI
0HFK��(QJQUV���/RQGRQ�������

5DGW��+�6���DQG�0LOOLNHQ��:�)����������1RQ�GLPHQVLRQDOL]LQJ�7\UH�'DWD�IRU�9HKLFOH
6LPXODWLRQ��5RDG�9HKLFOH�+DQGOLQJ��,QVW��RI�0HFK��(QJQUV���&���������������

5HLPSHOO��-���DQG�6SRQDJHO��3����������)DKUZHUNWHFKQLN��5HLIHQ�XQG�5lGHU��9RJHO
%XFKYHUODJ��:�U]EXUJ������

5LHNHUW�� 3��� DQG� 6FKXQFN�� 7�(�� �������� =XU� )DKUPHFKDQLN� GHV� *XPPL�EHUHLIWHQ
.UDIWIDKU]HXJV��,QJHQLHXU�$UFKLY���������������

5RFDUG��<����������'\QDPLTXH�JpQpUDO�GHV�YLEUDWLRQV��3DULV�������

5RJHUV��/�&���DQG�%UHZHU��+�.����������6\QWKHVLV�RI�WLUH�HTXDWLRQV�IRU�XVH�LQ�VKLPP\
DQG�RWKHU�G\QDPLF�VWXGLHV��-��RI�$LUFUDIW�������������

5RJHUV��/�&����������7KHRUHWLFDO�WLUH�HTXDWLRQV�IRU�VKLPP\�DQG�RWKHU�G\QDPLF�VWXGLHV�
$,$$�-��RI�$LUFUDIW�������

5XLMV��3�$�-���DQG�3DFHMND��+�%����������5HVHDUFK�LQ�/DWHUDO�'\QDPLFV�RI�0RWRUF\FOHV�
,Q��3URFHHGLQJV�RI��WK�,$96'�6\PSRVLXP�RQ�WKH�'\QDPLFV�RI�9HKLFOHV�RQ�5RDGV�DQG
7UDFNV�� HG��2��1RUGVWU|P��/LQN|SLQJ�������6XSSO��9HKLFOH�6\VWHP�'\QDPLFV����
������

6$(�-���H�������9HKLFOH�'\QDPLFV�7HUPLQRORJ\��6$(�-���H��6RFLHW\�RI�$XWRPRWLYH
(QJLQHHUV��,QF��:DUUHQGDOH��3$��-XO\������

6DLWR��<����������$�VWXG\�RI�WKH�G\QDPLF�VWHHULQJ�SURSHUWLHV�RI�W\UHV��,Q��3URFHHGLQJV
,;�),6,7$�&RQJUHVV��/RQGRQ�������

6DNDL��+� ��������7KHRUHWLFDO� DQG�H[SHULPHQWDO� VWXGLHV�RQ� WKH�G\QDPLF� FRUQHULQJ
SURSHUWLHV�RI�W\UHV��,QW��-��RI�9HKLFOH�'HVLJQ���������������

6DNDL��+����������6WXG\�RQ�&RUQHULQJ�3URSHUWLHV�IRU�7LUH�DQG�9HKLFOH��7KH��WK�DQQXDO
PHHWLQJ�RI�WKH�7LUH�6RFLHW\��$NURQ�������
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6DNDL��+����������6WXG\�RQ�&RUQHULQJ�3URSHUWLHV�RI�7LUH�DQG�9HKLFOH��7LUH�6FLHQFH�DQG
7HFKQRORJ\��7&7&$��������������

6DYNRRU��$�5����������7KH�ODWHUDO�IOH[LELOLW\�RI�D�SQHXPDWLF�W\UH�DQG�LWV�DSSOLFDWLRQ�WR
WKH�ODWHUDO�FRQWDFW�SUREOHP��,Q��3URFHHGLQJV�),6,7$�,QW��$XWR��6DIHW\�&RQIHUHQFH��6$(
3DSHU��������������

6FKOLSSH�� %�� YRQ�� DQG�'LHWULFK�� 5�� ��������'DV�)ODWWHUQ� HLQHV� EHSQHXWHQ�5DGHV�
%HULFKW�����GHU�/LOLHQWKDO�*HVHOOVFKDIW��������1$&$�70������������

6FKOLSSH��%��YRQ��DQG�'LHWULFK��5����������=XU�0HFKDQLN�GHV�/XIWUHLIHQV��=HQWUDOH�I�U
ZLVVHQVFKDIWOLFKHV�%HULFKWZHVHQ��%HUOLQ�$GOHUVKRI�������

6FKOLSSH�� %�� YRQ�� DQG� 'LHWULFK�� 5�� �������� 'DV� )ODWWHUQ� HLQHV� PLW� /XIWUHLIHQ
YHUVHKHQHQ�5DGHV��,Q��-DKUEXFK�GHU�GHXWVFKH�/XIWIDKUWIRUVFKXQJ��������

6FKPHLW]��$�-�&��� DQG�3DXZHOXVVHQ�� -�3�� ��������$Q�(IILFLHQW�'\QDPLF�5LGH�DQG
+DQGOLQJ�7\UH�0RGHO�IRU�$UELWUDU\�5RDG�8QHYHQQHVVHV��9',�%HULFKWH��������������

6HJHO�� /�� �������� 7KHRUHWLFDO� 3UHGLFWLRQ� DQG� ([SHULPHQWDO� 6XEVWDQWLDWLRQ� RI� WKH
5HVSRQVH�RI�WKH�$XWRPRELOH�WR�6WHHULQJ�&RQWURO��,Q��3URFHHGLQJV�RI�$XWR��'LYLVLRQ�RI
,�0HFK�(��������������

6HJHO��/����������)RUFH�DQG�PRPHQW�UHVSRQVH�RI�SQHXPDWLF�WLUHV� WR� ODWHUDO�PRWLRQ
LQSXWV��7UDQVDFWLRQV�$60(��-��RI�(QJLQHHULQJ�IRU�,QGXVWU\����%��������

6HJHO��/���DQG�:LOVRQ��5����������5HTXLUHPHQWV�RQ�GHVFULELQJ�WKH�PHFKDQLFV�RI�WLUHV
XVHG�RQ�VLQJOH�WUDFN�YHKLFOHV��,Q��3URFHHGLQJV�RI�,87$0�6\PSRVLXP�RQ�WKH�'\QDPLFV
RI�9HKLFOHV��78�'HOIW�������HG��+�%��3DFHMND��6ZHWV�DQG�=HLWOLQJHU��/LVVH������

6HJHO��/���DQG�(UYLQ��5�'����������7KH�,QIOXHQFH�RI�7LUH�)DFWRUV�RQ�WKH�6WDELOLW\�RI
7UXFNV�DQG�7UDFNWRU�7UDLOHUV��9HKLFOH�6\VWHP�'\QDPLFV��������������

6HNXOD��3�-���HW�DO����������'\QDPLF�LQGRRU�W\UH�WHVWLQJ�DQG�)RXULHU�WUDQVIRUP�DQDO\VLV�
7LUH�6FLHQFH�DQG�7HFKQRORJ\���������������

6KDUS��5�6����������7KH�6WDELOLW\�DQG�&RQWURO�RI�0RWRUF\FOHV��-��RI�0HFK��(QJQJ��6FL��
�������,�0HFK�(��������

6KDUS��5�6����������$�5HYLHZ�RI�0RWRUF\FOH�6WHHULQJ�%HKDYLRXU�DQG�6WUDLJKW�/LQH
6WDELOLW\�&KDUDFWHULVWLFV��6$(�3DSHU��������������

6KDUS��5�6���DQG�-RQHV��&�-����������$�FRPSDULVRQ�RI�W\UH�UHSUHVHQWDWLRQV�LQ�D�VLPSOH
ZKHHO�VKLPP\�SUREOHP��9HKLFOH�6\VWHP�'\QDPLFV�������������

6KDUS��5�6���DQG�$OVWHDG��&�-�������D���7KH�,QIOXHQFH�RI�6WUXFWXUDO�)OH[LELOLWLHV�RQ�WKH
6WUDLJKW�5XQQLQJ�6WDELOLW\�RI�0RWRUF\FOHV��9HKLFOH�6\VWHP�'\QDPLFV������������

6KDUS��5�6����������7KH�ODWHUDO�G\QDPLFV�RI�PRWRUF\FOHV�DQG�ELF\FOHV��9HKLFOH�6\VWHP
'\QDPLFV����������������

6KDUS��5�6���DQG�(O�1DVKDU��0�$����������$�JHQHUDOO\�DSSOLFDEOH�GLJLWDO�FRPSXWHU
EDVHG�PDWKHPDWLFDO�PRGHO� IRU� WKH�JHQHUDWLRQ�RI� VKHDU� IRUFHV�E\�SQHXPDWLF� W\UHV�
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9HKLFOH�6\VWHP�'\QDPLFV�����������

6KDUS��5�6����������6WDELOLW\��&RQWURO�DQG�6WHHULQJ�5HVSRQVHV�RI�0RWRUF\FOHV��9HKLFOH
6\VWHP�'\QDPLFV����������������

6KDUS��5�6��� DQG�/LPHEHHU��'�-�1�� �����D���$�PRWRUF\FOH�PRGHO� IRU� VWDELOLW\� DQG
FRQWURO�DQDO\VLV��0XOWLERG\�6\VWHP�'\QDPLFV�������������

6PLOH\��5�)����������&RUUHODWLRQ�DQG�H[WHQVLRQ�RI�OLQHDUL]HG�WKHRULHV�IRU�WLUH�PRWLRQ
DQG�ZKHHO�VKLPP\��1$&$�5HSRUW������������

6PLOH\��5�)����������&RUUHODWLRQ��HYDOXDWLRQ�DQG�H[WHQVLRQ�RI�OLQHDUL]HG�WKHRULHV�IRU
WLUH�PRWLRQ�DQG�ZKHHO�VKLPP\��1$&$��1$6$��7HFK��1RWH������������

6SHUOLQJ�� (�� �������� =XU� .LQHPDWLN� XQG�.LQHWLN� HODVWLVFKHU�5lGHU� DXV� GHU� 6LFKW
YHUVFKLHGHQHU�7KHRULHQ��'LVVHUWDWLRQ��78�0XQLFK�������

6SLHULQJV�� 3�7�-�� �������� 7KH� (IIHFWV� RI� /DWHUDO� )URQW� )RUN� )OH[LELOLW\� RQ� WKH
9LEUDWLRQDO� 0RGHV� RI� 6WUDLJKW� 5XQQLQJ� 6LQJOH� 7UDFN� 9HKLFOHV�� 9HKLFOH� 6\VWHP
'\QDPLFV�����������

6WRNHU��-�-����������1RQ�/LQHDU�9LEUDWLRQV��1HZ�<RUN�������

6WUDFNHUMDQ��%����������'LH�4XHUG\QDPLN�YRQ�.UDIWIDKU]HXJUHLIHQ��,Q��3URFHHGLQJV�RI�
9',�6FKZLQJXQJVWDJXQJ�������

7DNDKDVKL��7��<DPDGD��7���DQG�1DNDPXUD��7����������([SHULPHQWDO�DQG�WKHRUHWLFDO
VWXG\�RI�WKH�LQIOXHQFH�RI�WLUHV�RQ�VWUDLJKW�UXQQLQJ�PRWRUF\FOH�ZHDYH�UHVSRQVH��6$(
3DSHU��������������

7DNDKDVKL��7���DQG�3DFHMND��+�%����������&RUQHULQJ�RQ�XQHYHQ�URDGV��,Q��3URFHHGLQJV
RI���WK�,$96'�6\PSRVLXP�RQ�WKH�'\QDPLFV�RI�9HKLFOHV�RQ�5RDGV�DQG�7UDFNV��HG��0�
$SHWDXU��3UDJXH��������6XSSO��9HKLFOH�6\VWHP�'\QDPLFV��������������
7DQJX\��*����������$QWLVNLG�6\VWHPV�DQG�9HKLFOH�6XVSHQVLRQ��6$(�3DSHU��������
�����

7URJHU��+���DQG�=HPDQ��.����������$�QRQ�OLQHDU�DQDO\VLV�RI�WKH�JHQHULF�W\SHV�RI�ORVV
RI� VWDELOLW\� RI� WKH� VWHDG\�VWDWH� PRWLRQ� RI� D� WUDFWRU�VHPL�WUDLOHU�� 9HKLFOH� 6\VWHP
'\QDPLFV�����������

9DON��5�� YDQ�GHU�� DQG� 3DFHMND��+�%�� ��������$Q�DQDO\VLV� RI� D� FLYLO� DLUFUDIW�PDLQ
ODQGLQJ�JHDU�VKLPP\�IDLOXUH��9HKLFOH�6\VWHP�'\QDPLFV�����������

9ULHV�� (�-�+�� GH�� DQG� 3DFHMND�� +�%�� �����D���0RWRUF\FOH� W\UH�PHDVXUHPHQWV� DQG
PRGHOV��,Q��3URFHHGLQJV�RI���WK�,$96'�6\PSRVLXP�RQ�WKH�'\QDPLFV�RI�9HKLFOHV�RQ
5RDGV�DQG�7UDFNV��HG��/�3DONRYLFV��%XGDSHVW�������6XSSO��9HKLFOH�6\VWHP�'\QDPLFV
���������

9ULHV�� (�-�+�� GH�� DQG� 3DFHMND��+�%�� �����E��� 7KH� HIIHFW� RI� WLUH�PRGHOOLQJ� RQ� WKH
VWDELOLW\�DQDO\VLV�RI�D�PRWRUF\FOH���,Q��3URFHHGLQJV�$9(&¶����1DJR\D��6$(�RI�-DSDQ�
�����

:HLU��'�+����������0RWRUF\FOH�KDQGOLQJ�G\QDPLFV�DQG�ULGHU�FRQWURO�DQG�WKH�HIIHFW�RI
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GHVLJQ�FRQILJXUDWLRQ�RQ�UHVSRQVH�DQG�SHUIRUPDQFH��'LVVHUWDWLRQ��8&/$�������

:KLSSOH��)�-�:���������7KH�6WDELOLW\�RI�WKH�0RWLRQ�RI�D�%LF\FOH��4XDUW��-��RI�3XUH�DQG
$SSOLHG�0DWKHPDWLFV�����������

:KLWFRPE�� '�:��� DQG�0LOOLNHQ�� :�)�� �������� 'HVLJQ� ,PSOLFDWLRQV� RI� D� *HQHUDO
7KHRU\�RI�$XWRPRELOH�6WDELOLW\�DQG�&RQWURO��,Q��3URFHHGLQJV�RI�$XWR��'LYLVLRQ�RI
,�0HFK�(��������������

:LOOXPHLW��+�3���������7KHRUHWLVFK�8QWHUVXFKXQJHQ�DQ�HLQHP�0RGHOO�GHV�/XIWUHLIHQV�
'LVVHUWDWLRQ��%HUOLQ�������

:LQNOHU��&�%����������6LPSOLILHG�$QDO\VLV�RI�WKH�6WHDG\�6WDWH�7XUQLQJ�RI�&RPSOH[
9HKLFOHV��9HKLFOH�6\VWHP�'\QDPLFV��������������

:LVVHOPDQ�� '��� ,IIHOVEHUJHU�� '��� DQG� %UDQGOKXEHU�� %�� �������� (LQVDW]� HLQHV
)DKUG\QDPLN�6LPXODWLRQVPRGHOOV�LQ�GHU�0RWRUUDGHQWZLFNOXQJ�EHL�%0:��$7=��������
�����

=HJHODDU��3�:�$���*RQJ��6���DQG�3DFHMND��+�%����������7\UH�0RGHOV�IRU�WKH�6WXG\�RI
,Q�3ODQH�'\QDPLFV��,Q��3URFHHGLQJV�RI���WK�,$96'�6\PSRVLXP�RQ�WKH�'\QDPLFV�RI
9HKLFOHV�RQ�5RDGV�DQG�7UDFNV��HG��=��6KHQ��&KHQJGX�������6XSSO��9HKLFOH�6\VWHP
'\QDPLFV���������

=HJHODDU��3�:�$���DQG�3DFHMND��+�%����������7KH�,Q�3ODQH�'\QDPLFV�RI�7\UHV�RQ
8QHYHQ� 5RDGV�� ,Q�� 3URFHHGLQJV� RI� ��WK� ,$96'� 6\PSRVLXP� RQ� WKH� '\QDPLFV� RI
9HKLFOHV�RQ�5RDGV�DQG�7UDFNV��HG��/��6HJHO��$QQ�$UERU�������6XSSO��9HKLFOH�6\VWHP
'\QDPLFV���������

=HJHODDU�� 3�:�$��� DQG� 3DFHMND�� +�%�� �������� '\QDPLF� 7\UH� 5HVSRQVHV� WR� %UDNH
7RUTXH�9DULDWLRQV��,Q��3URFHHGLQJV�RI��QG��&ROORTXLXP�RQ�7\UH�0RGHOV�IRU�9HKLFOH
$QDO\VLV�� HGV�� )�%|KP� DQG� +�3�:LOOXPHLW�� %HUOLQ� ������ 6XSSO�� 9HKLFOH� 6\VWHP
'\QDPLFV������������

=HJHODDU��3�:�$����������7KH�G\QDPLF�UHVSRQVH�RI�W\UHV�WR�EUDNH�WRUTXH�YDULDWLRQV
DQG�URDG�XQHYHQQHVVHV��'LVVHUWDWLRQ��78�'HOIW�������



/LVW�RI�6\PEROV

D GLVWDQFH�IURQW�D[OH�WR�F�J���KDOI�RI�FRQWDFW�OHQJWK
D[ ORQJLWXGLQDO�DFFHOHUDWLRQ
D\ ODWHUDO�DFFHOHUDWLRQ
D� VOLS�YHORFLW\�GHSHQGHQF\�FRHIILFLHQW�IRU�IULFWLRQ
$U UROOLQJ�UHVLVWDQFH�FRHIILFLHQW
E GLVWDQFH�UHDU�D[OH�WR�F�J���KDOI�FRQWDFW�ZLGWK
% VWLIIQHVV�IDFWRU�LQ�
0DJLF�)RUPXOD
�
%� EUDNH�IRUFH�RI�UROOLQJ�ZKHHO
F VWLIIQHVV��IDFWRU
FF ODWHUDO�FDUFDVV�VWLIIQHVV�SHU�XQLW�OHQJWK
FJ\U QRQ�GLPHQVLRQDO�J\URVFRSLF�FRHIILFLHQW

FS[�\ WUHDG�HOHPHQW�VWLIIQHVV�SHU�XQLW�OHQJWK�RI�FLUFXPIHUHQFH
F¶S[ WUHDG�HOHPHQW�ORQJLWXGLQDO�VWLIIQHVV�SHU�XQLW�DUHD
& FRUQHULQJ�VWLIIQHVV���VXP�IURQW�DQG�UHDU
&L FRUQHULQJ�VWLIIQHVV��VXP�OHIW�DQG�ULJKW
& FRQWDFW�FHQWUH��SRLQW�RI�LQWHUVHFWLRQ�
& VKDSH�IDFWRU�LQ�
0DJLF�)RUPXOD
�
&G$ DLU�GUDJ�FRHIILFLHQW
&)\� ODWHUDO�VWLIIQHVV�RI�VWDQGLQJ�W\UH
&)[� ORQJLWXGLQDO�VWLIIQHVV�RI�VWDQGLQJ�W\UH
&) FRUQHULQJ�VWLIIQHVV
&) ORQJLWXGLQDO�VOLS�VWLIIQHVV�
&) FDPEHU�VWLIIQHVV�IRU�VLGH�IRUFH�
&)n� VSLQ�VWLIIQHVV�IRU�VLGH�IRUFH
&J\U W\UH�J\URVFRSLF�FRHIILFLHQW
&0 DOLJQLQJ�WRUTXH�VWLIIQHVV
&0 FDPEHU�VWLIIQHVV�IRU�DOLJQLQJ�WRUTXH
&0n� VSLQ�VWLIIQHVV�IRU�DOLJQLQJ�WRUTXH
&0 � WRUVLRQDO�\DZ�VWLIIQHVV�RI�VWDQGLQJ�W\UH�
&0[ � RYHUWXUQLQJ�FRXSOH�VWLIIQHVV�DJDLQVW�FDPEHU
&F[�\ FDUFDVV�KRUL]RQWDO�VWLIIQHVV�RI�VWDQGLQJ�W\UH
&J\U J\URVFRSLF�FRHIILFLHQW
GI] QRUPDOL]HG�FKDQJH�LQ�QRUPDO�ORDG��(T����(��
GW WUHDG�GHSWK
' SHDN�IDFWRU�LQ�
0DJLF�)RUPXOD
��GLVVLSDWLRQ�IXQFWLRQ
( FXUYDWXUH�IDFWRU�LQ�
0DJLF�)RUPXOD
�
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H FDVWHU�OHQJWK��WUHDG�HOHPHQW�GHIOHFWLRQ
I WUDLO�RI�F�J�
IU UROOLQJ�UHVLVWDQFH�FRHIILFLHQW
)D[ IRUFH�IRU�IRUZDUG�DFFHOHUDWLRQ
)G DLU�GUDJ�IRUFH
)[�WRW VXP�RI�ORQJLWXGLQDO�W\UH�IRUFHV
)[ ORQJLWXGLQDO�W\UH�IRUFH
)\ ODWHUDO�W\UH�IRUFH
)] YHUWLFDO��QRUPDO��W\UH�IRUFH��ORDG���!����LQ�&KDS���)]���
)U UROOLQJ�UHVLVWDQFH�IRUFH��!��
)1 W\UH�QRUPDO�IRUFH��!��
)1R� UHIHUHQFH�YHUWLFDO�ORDG��QRPLQDO�ORDG�� �_)]R_�
)9 W\UH�YHUWLFDO�IRUFH
)+ W\UH�ORQJLWXGLQDO�KRUL]RQWDO�IRUFH
J DFFHOHUDWLRQ�GXH�WR�JUDYLW\��IHHGEDFN�ULGHU�FRQWURO�JDLQ
* ZHLJKWLQJ�IDFWRU
K KHLJKW
L %��
L] UDGLXV�RI�LQHUWLD
+ KHLJKW��VKDUSQHVV�IDFWRU�LQ�
0DJLF�)RUPXOD

+� WUDQVIRUP��+XUZLW]�GHWHUPLQDQW�
M %��
, PRPHQW�RI�LQHUWLD
,Z ZKHHO�SRODU�PRPHQW�RI�LQHUWLD
,S ZKHHO�SRODU�PRPHQW�RI�LQHUWLD
N UDGLXV�RI�LQHUWLD��YLVFRXV�GDPSLQJ�FRHIILFLHQW
. FHQWULIXJDO�IRUFH��IRUFH�DFWLQJ�LQ�EHOW��ZKHHO�FHQWUH
O ZKHHO�EDVH
OV VKLIW��WZR�SRLQW�IROORZHU�OHQJWK
OE OHQJWK�RI�EDVLF�FXUYH
OI RIIVHW
O XQLW�YHFWRU�DORQJ�OLQH�RI�LQWHUVHFWLRQ
P PDVV��IUDFWLRQ�RI��D�ZKHUH�DGKHVLRQ�RFFXUV
PF FRQWDFW�SDWFK�PDVV��GXPP\�
PW W\UH�PDVV
PP PDVV�RI�PDLQIUDPH��LQFOXGLQJ�ORZHU�SDUW�RI�ULGHU�
PPU PDVV�RI�PDLQIUDPH�SOXV�ULGHU
PU PDVV�RI�XSSHU�WRUVR
0%�' EUDNH��GULYH�WRUTXH
0[ RYHUWXUQLQJ�FRXSOH
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0\ UROOLQJ�UHVLVWDQFH�PRPHQW
0] �VHOI��DOLJQLQJ�WRUTXH
0¶] �VHOI��DOLJQLQJ�WRUTXH�GXH�WR�ODWHUDO�GHIOHFWLRQV
0]

 DOLJQLQJ�WRUTXH�GXH�WR�ORQJLWXGLQDO�GHIOHFWLRQV�
0]�J\U J\URVFRSLF�FRXSOH
0 VWHHU�WRUTXH
Q QXPEHU�RI�HOHPHQWV��IUHTXHQF\�>+]@
Q XQLW�YHFWRU�QRUPDO�WR�WKH�URDG� ��������7

QVW VWHHU�V\VWHP�UDWLR�
S /DSODFH�YDULDEOH�>��P@
SL LQIODWLRQ�SUHVVXUH
T DYHUDJH�YHKLFOH�\DZ�UHVLVWDQFH�DUP��JHQHUDOL]HG�FRRUGLQDWH
T FRQWDFW�IRUFH�SHU�XQLW�OHQJWK�RI�FLUFXPIHUHQFH��YHFWRU
4 JHQHUDOL]HG�IRUFH
U \DZ�UDWH��W\UH��ORDGHG��UDGLXV
UF UDGLXV�RI�FDUFDVV��EHOW���XQORDGHG��FURVV�VHFWLRQ�FURZQ�UDGLXV
U\R IUHH�W\UH�UDGLXV�YDU\LQJ�DORQJ�FURVV�VHFWLRQ�FRQWRXU��U\R� �U\R�\FR�
UH HIIHFWLYH�UROOLQJ�UDGLXV�RI�IUHHO\�UROOLQJ�ZKHHO
UI IUHH�XQORDGHG�W\UH�UDGLXV
UO ORDGHG�UDGLXV
UR IUHH�XQORDGHG�W\UH�UDGLXV�� �5R�
5 UDGLXV�RI�FXUYDWXUH
5R IUHH�XQORDGHG�W\UH�UDGLXV�� �UR�
V IRUZDUG�SRVLWLRQ�RI�QHXWUDO�VWHHU�SRLQW��KDOI�WUDFN�ZLGWK��
V /DSODFH�YDULDEOH��WUDYHOOHG�GLVWDQFH
VV[ ���SUDFWLFDO�VOLS�FRPSRQHQW�
VV\ WDQ ���SUDFWLFDO�VOLS�FRPSRQHQW�
V XQLW�YHFWRU�DORQJ�ZKHHO�VSLQ�D[LV
6 ZKHHO�VOLS�SRLQW��LPSXOVH��VWULQJ�WHQVLRQ�IRUFH
69�+ YHUWLFDO��KRUL]RQWDO�VKLIW
W SQHXPDWLF�WUDLO��WLPH
WF FDVWHU�OHQJWK
WU ULVH�WLPH
W XQLW�YHFWRU�LQ�URDG�SODQH�SHUSHQGLFXODU�WR�OLQH�RI�LQWHUVHFWLRQ�O
7 NLQHWLF�HQHUJ\��PRPHQW�DFWLQJ�DURXQG�EHOW��ZKHHO�FHQWUH
X IRUZDUG�YHORFLW\�RI�F�J���ORQJLWXGLQDO�GHIOHFWLRQ
Y ODWHUDO�YHORFLW\�RI�F�J���ODWHUDO�GHIOHFWLRQ
8 SRWHQWLDO�HQHUJ\
9 VSHHG�RI�WUDYHO�RI�F�J���ZLWK�[��\�FRPSRQHQWV��
9 VSHHG�RI�WUDYHO�RI�ZKHHO�FHQWUH��ZLWK�[��\�FRPSRQHQWV�
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9F VSHHG�RI�FRQWDFW�FHQWUH�&��ZLWK�[��\�FRPSRQHQWV�
9J VSHHG�RI�VOLGLQJ��ZLWK�[��\�FRPSRQHQWV�
9R UHIHUHQFH�YHORFLW\� %J5R

9U ZKHHO�OLQHDU�VSHHG�RI�UROOLQJ�� �9F[���9V[�
9V ZKHHO�VOLS�YHORFLW\�RI�VOLS�SRLQW�6��ZLWK�[��\�FRPSRQHQWV�
9[ ORQJLWXGLQDO�VSHHG�FRPSRQHQW�RI�ZKHHO�FHQWUH
9V
 YHORFLW\�RI�FRQWDFW�SDWFK�PDVV��ZLWK�[��\�FRPSRQHQWV�

Z� YHUWLFDO�URDG��HIIHFWLYH��SURILOH��SRVLWLYH�GRZQZDUGV�
: ZRUN
[�\�] ORQJLWXGLQDO��ODWHUDO��YHUWLFDO�GLVSODFHPHQW�
[�\�] FRRUGLQDWHV�ZLWK�UHVSHFW�WR�PRYLQJ�D[HV�V\VWHP��]�D[LV�YHUWLFDO
[R�\R�]R JOREDO�FRRUGLQDWHV
[2�\2�]2 JOREDO�FRRUGLQDWHV
; ORQJLWXGLQDO�KRUL]RQWDO�W\UH�IRUFH
;�<�= JOREDO�FRRUGLQDWHV
\FR GLVWDQFH�IURP�ZKHHO�FHQWUH�SODQH
\PU ODWHUDO�RIIVHW�RI�PPU�F�J�

ZKHHO��VLGH��VOLS�DQJOH��D[OH��VLGH��VOLS�DQJOH�
URDG�WUDQVYHUVH�VORSH�DQJOH

N WUDQVLHQW�W\UH�VOLS�DQJOH

D YLUWXDO�D[OH�VOLS�DQJOH
YHKLFOH�VLGH�VOLS�DQJOH��W\UH�\DZ�WRUVLRQ�DQJOH�
URDG�IRUZDUG��HII���VORSH�DQJOH

J\U J\URVFRSLF�ZKHHO�FRXSOLQJ�FRHIILFLHQW��(T�������
FDPEHU��ZKHHO�LQFOLQDWLRQ��DQJOH

N WUDQVLHQW�W\UH�FDPEHU�DQJOH
XQLW�VWHS�UHVSRQVH�IXQFWLRQ
VWHHU�DQJOH�RI�IURQW�ZKHHOV

R .O�5��VWHHU�DQJOH�DW�96�
LQFUHPHQW

g UROO�VWHHU�FRHIILFLHQW��UDNH�DQJOH�RI�VWHHULQJ�D[LV
g VWULQJ�OHQJWK�UDWLR��(T����������HII��UROO��UDGLXV�JUDGLHQW���MUH�MGW
g FDPEHU�VWLIIQHVV�UHGXFWLRQ�IDFWRU
g1/ QRQ�ODJJLQJ�SDUW
g VPDOO�TXDQWLW\�WR�DYRLG�VLQJXODULW\

GDPSLQJ�UDWLR��VSLQ�IDFWRU�� ��LI�VSLQ�LQIOXHQFH�LV�GLVUHJDUGHG�

K KHLJKW�UDWLR��(T�������
FRUQHULQJ�VWLIIQHVV�ORDG�WUDQVIHU�FRHIILFLHQW
FDPEHU�VWLIIQHVV�ORDG�WUDQVIHU�FRHIILFLHQW
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XQGHUVWHHU�FRHIILFLHQW��HIIHFWLYH�UROOLQJ�UDGLXV�JUDGLHQW��MUH�M ]

\ F�J��RIIVHW�VWHHU�FRHIILFLHQW
W\UH�PRGHO�SDUDPHWHU��(TV�������������
DQJXODU�GLVSODFHPHQW�DERXW� �D[LV��SLWFK�DQJOH

F VWULQJ�PRGHO�FRPSRVLWH�SDUDPHWHU��(T��������
ORQJLWXGLQDO�ZKHHO�VOLS

N WUDQVLHQW�ORQJLWXGLQDO�W\UH�VOLS
 GDPSLQJ�FRHIILFLHQW�GXH�WR�WUHDG�ZLGWK

ZDYHOHQJWK��URRW�FKDUDFWHULVWLF�HTXDWLRQ
IUDFWLRQ�RI��D�ZKHUH�DGKHVLRQ�RFFXUV��XVHU�VFDOLQJ�IDFWRU

� FRHIILFLHQW�RI�IULFWLRQ�
W\UH�UDGLDO��YHUWLFDO��GHIOHFWLRQ

[�\�] W\UH�ORQJLWXGLQDO��ODWHUDO��QRUPDO�GHIOHFWLRQ
UHOD[DWLRQ�OHQJWK��ORDG�WUDQVIHU�FRHIILFLHQW
WKHRUHWLFDO�VOLS��YHFWRU��(T�������

 LQWHUVHFWLRQ�OHQJWK�LQ�VWULQJ�PRGHO�ZLWK�WUHDG�HOHPHQWV

F VWULQJ�PRGHO�OHQJWK�SDUDPHWHU��(T��������

F FRQWDFW�SDWFK�UHOD[DWLRQ�OHQJWK
UROO�FDPEHU�FRHIILFLHQW

n ERG\�UROO�DQJOH��VSLQ�VOLS
nN WUDQVLHQW�VSLQ�VOLS
nW WXUQ�VOLS
k SKDVH�DQJOH

\DZ�DQJOH��VWHHU�DQJOH

F� FRPSOLDQFH�VWHHU�DQJOH

LR WRH�DQJOH
IUHTXHQF\�>UDG�V@

R XQGDPSHG�QDWXUDO�IUHTXHQF\

��� QDWXUDO�IUHTXHQFLHV

Q GDPSHG�QDWXUDO�IUHTXHQF\

V SDWK�IUHTXHQF\�>UDG�P@
ZKHHO�VSHHG�RI�UHYROXWLRQ

� � PRYLQJ�D[HV�V\VWHP�� �D[LV�DORQJ�VSLQ�D[LV�� �KRUL]RQWDO

6XEVFULSWV�DQG�VXSHUVFULSWV

D D[OH��IURP�EHOW�WR�ZKHHO�ULP�FHQWUH
E EHOW��IURP�EHOW�FHQWUH�WR�ULP
F FRPSOLDQFH��VWHHU�
F FRQWDFW�SDWFK��IURP�FRQWDFW�SDWFK�FHQWUH�WR�EHOW��FURZQ��FRQWRXU
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' GUDJ
H HIIHFWLYH
HII HIIHFWLYH��FRUQHULQJ�VWLIIQHVV�
HT HTXLYDOHQW
I IUHH��XQORDGHG��RI�IURQW�IUDPH
J JOREDO
L ���IURQW�����UHDU
/�5 OHIW��ULJKW
P RI�PDLQIUDPH
PU RI�PDLQIUDPH�SOXV�ULGHU
1/ QRQ�ODJJLQJ
R RULJLQDO��LQLWLDO��DYHUDJH�
R XQORDGHG��QRPLQDO��DW�YDQLVKLQJ�VSHHG��QDWXUDO
U UROO��UROOLQJ��UROOLQJ�UHVLVWDQFH��RI�UHVLGXDO�VSULQJ��RI�ULGHU
V VOLS��IURP�URDG�VXUIDFH�WR�FRQWDFW�SDWFK��RI�IURQW�VXE�IUDPH
VO DW�YHUJH�RI�WRWDO�VOLGLQJ
VI VLGH�IRUFH��VWHHU�
VV VWHDG\�VWDWH
VW VWDWLF
VWZ VWHHULQJ�ZKHHO
W WUDQVLWLRQ�IURP�DGKHVLRQ�WR�VOLGLQJ
Z ZKHHO
[�\�] IRUZDUG��ORQJLWXGLQDO���ODWHUDO��WR�WKH�ULJKW���GRZQZDUG
]U UHVLGXDO��WRUTXH�
� � DORQJ��DURXQG� � � �D[HV

��� IURQW��UHDU��OHDGLQJ��WUDLOLQJ�HGJH
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  adapted ISO
(Besselink, 2000)

αtan    =
9[

9V\ αtan    = -
9[

9V\ αtan    = 
9[

9V\ αtan    = -
9[

9V\

    = -κ
�9�[

9V[

ϕ    = -
�9�[

ψ.
    = -κ

�9�[

9V[     = -κ
�9�[

9V[     = -κ
�9�[

9V[

ϕ    = -
�9�[

ψ.
QRW�GHILQHG QRW�GHILQHG

side slip

longitudinal
slip

turn slip

side angle
(top view)

inclination/
camber angle
(rear view) 0[0[

0[ 0[

)
[

κ

)
[

κ

)
[

κ

)
[

κ

)
\

α

)
\

α

)
\

α

)
\

α

α α α α

0[ 0[ 0[ 0[

0] 0] 0] 0]

α α
α

α

wheel load            < 0                             > 0*                            > 0                             > 0     

                                  > 0                            > 0                             < 0                              < 0     rolling resistance
moment

0\

)
]

self
aligning
moment

overturning
moment

side 
force

longitudinal 
force

γ = 0 γ > 0

*except for Chapter 9 where )  = -)  > 0
1 ]

$SSHQGL[��

6LJQ�&RQYHQWLRQV�IRU�)RUFH�DQG�0RPHQW�DQG�:KHHO�6OLS�



$SSHQGL[���

7UHDG6LP

$�0DWODE�SURJUDP�IRU�WKH�FDOFXODWLRQ�RI�VWHDG\�VWDWH�IRUFH�DQG�PRPHQW�UHVSRQVH
WR�VLGH�VOLS��ORQJLWXGLQDO�VOLS��FDPEHU�DQG�WXUQVOLS�XVLQJ�D�EUXVK�PRGHO�ZLWK�XS
WR�WKUHH�URZV�RI�WUHDG�HOHPHQWV�DQG�D�IOH[LEOH�FDUFDVV��&I��&KDSWHU����6HFWLRQ����
DQG�)LJV���������

� ���7UHDG6LP�P������

���� ���WUHDG�HOHPHQW�IROORZLQJ�PRGHO���
���� ���RQH��WZR�RU�WKUHH�URZV�����

�� ���VWDWLRQDU\�UHVSRQVH�WR�ODWHUDO��ORQJLWXGLQDO��FDPEHU�DQG�WXUQ�VOLS���
� ���FDUFDVV�ULJLG�ZLWK�RQO\�ODWHUDO�FRPSOLDQFH�HIIHFW�LQ�0]���
� ���RU
� ���FDUFDVV�ODWHUDO��\DZ�DQG�EHQGLQJ�FRPSOLDQFH���
�� ���ZLWK�DSSUR[LPDWH�VOLS�VSHHG�GHSHQGHQW�IULFWLRQ�FRHIILFLHQW�����
�� ���FRQLFLW\��SO\�VWHHU��FRUUHFWLRQ�IDFWRUV�IRU�ODWHUDO�UROO�DQG�FDPEHU�GLVWRUWLRQ���
�� ���FDOFXODWLRQ�RI�IRUFHV�)[��)\�DQG�PRPHQW�0]��DQG�W��
� �������DV�IXQFWLRQ�RI�NDSSD��DOSKD�RU�D�5
�� �������ZLWK�NDSSD��D�5� DSKLW��JDPPD�RU�DOSKD�DV�FKDQJLQJ�PRWLRQ�SDUDPHWHU�
� ���RSWLRQ�IRU�PDNLQJ�GHIRUPDWLRQ�SLFWXUH�IRU�RQH�VHW�RI�PRWLRQ�YDULDEOHV

FOI�
SLFWXUH �������LI� ��WKHQ�VLQJOH�VHW�RI�YDOXHV�RI�PRWLRQ�YDULDEOHV�LV�JLYHQ�DQG�GLDJUDPV�RI�

�����IRUFH�GLVWULEXWLRQ�DQG�RI�FDUFDVV�DQG�WUHDG�HOHPHQWV�GHIRUPDWLRQ�DUH�SURGXFHG
ULJLG ���� �� ��LI�FDUFDVV�LV�ULJLG��HOVH� �
LI�ULJLG�  �
LLWHQG ��� �� ���QR�LWHUDWLRQV�DW�ULJLG�FDUFDVV��
HOVH
LLWHQG ������� �� ���������QXPEHU�RI�LWHUDWLRQV�GHSHQGV�RQ�FDUFDVV�FRPSOLDQFH�
HQG�
Q ������������� ��QXPEHU�RI�HOHPHQWV���
QURZ ��������� ��QXPEHU�RI�URZV����RU���RU���
D ������������� ��KDOI�FRQWDFW�OHQJWK�>P@

LI�SLFWXUH�  � ��VLQJOH�VHW�RI�YDOXHV�RI�PRWLRQ�YDULDEOHV
���DOSKDSLFW ��� ��VOLS�DQJOH�LQ�GHJUHHV
���JDPPDSLFW ��� ��FDPEHU�DQJOH�LQ�GHJUHHV
���5SLFW ������������� ��WXUQVOLS� �D�5SLFW���SDWK�FXUYDWXUH�UDGLXV�5SLFW�LQ�P
���NDSSDSLFW ������ ��ORQJ��VOLS��IURP����WR������
���Q ���
HQG����
��� ��LI�UXQQLQJ�YDULDEOH��DEVFLVVD���WKHQ� ��HOVH� ��
DOSKDUXQV �� ��VOLS�DQJOH



��� $33(1',;����75($'6,0

NDSSDUXQV �� ��ORQJLWXGLQDO�VOLS�UDWLR
DSKLWUXQV �� ��QRQ�GLPHQVLRQDO�WXUQVOLS��DSKLW D�5�

������������ ��LI�QRW�FKRVHQ�DV�UXQQLQJ�YDULDEOH�EXW�DV�FKDQJLQJ�SDUDPHWHU��WKHQ� ���HOVH� ��
JDPPDSDU ��
DSKLWSDU ��
DOSKDSDU ��
NDSSDSDU ��

����������VLGH�VOLS�DQJOH��DOSKD�UDQJH�DQG�VWHS�>GHJ@��LI�FKRVHQ�DV�UXQQLQJ�YDULDEOH�
DOSKGHJPLQU �������
DOSKGHJPD[U ���
J�D ������J�D ��������������GHOWDOSKGHJU J�DDEV�DOSKDGHJ��J�D��YDU\LQJ�DOSKD�LQFUHPHQW�
����������ORQJLGLQDO�VOLS�UDWLR��NDSSD�UDQJH�DQG�VWHS�>�@��LI�FKRVHQ�DV�UXQQLQJ�YDULDEOH�
NDSSDPLQU ������ ��QHJDWLYH��EUDNLQJ
NDSSDPD[U ����� ��SRVLWLYH��GULYLQJ
J�N �����J�N �������GHOWDNDSSDU J�NDEV�NDSSD��J�N���YDU\LQJ�NDSSD�LQFUHPHQW��

��QRQ�GLP��WXUQVOLS��DSKLW�� D�5��UDQJH�DQG�VWHS�>�@��LI�FKRVHQ�DV�UXQQLQJ�SDUDPHWHU�
DSKLWPLQU �����
DSKLWPD[U ����
J�W ������J�W ����� ��GHOWDSKLWU J�WDEV�DSKLW��J�W����YDU\LQJ�DSKLW�LQFUHPHQW�

������� ��FRQVWDQW�PRWLRQ�SDUDPHWHUV�
���RYHUUXOHG�LI�FKRVHQ�DV�FKDQJHG�SDUDPHWHU�RU�DV�UXQQLQJ�YDULDEOH�

DOSKDGHJ ����� ��>GHJ@�������VOLS�DQJOH��
JDPPDGHJ ������ ��>GHJ@ ����FDPEHU�DQJOH�
5 �������������� ��>P@���������DSKLW D�5����QRQ�GLPHQVLRQDO�WXUQVOLS��
NDSSD �� ��>�@�����������ORQJ��VOLS�UDWLR�

DSKLW D�5��
MPD[ ���
GHOWJDPGHJ ���JDPGHJPLQ JDPPDGHJ��������������
GHOWDOSKGHJ ���DOSKGHJPLQ DOSKDGHJ���������������
GHOWDSKLW ���DSKLWPLQ DSKLW����������������������
GHOWDNDSSD ���NDSSDPLQ NDSSD�������������������

����������FKDQJHG�PRWLRQ�SDUDPHWHUV��QXPEHU��PLQLPXP��VWHS�

LI�JDPPDSDU  ��� ��JDPPD�DV�FKDQJHG�PRWLRQ�SDUDPHWHU�>GHJ@���
MPD[ ���JDPGHJPLQ ����GHOWJDPGHJ ����������������
HQG�
LI�DSKLWSDU  ��� ��DSKLW�� D�5��DV�FKDQJHG�PRWLRQ�SDUDPHWHU�>�@���
MPD[ ����DSKLWPLQ ������GHOWDSKLW �������������������
HQG�
LI�DOSKDSDU  ��� ��DOSKD�DV�FKDQJHG�PRWLRQ�SDUDPHWHU�>GHJ@��
MPD[ ���DOSKGHJPLQ ������������GHOWDOSKGHJ �������������
HQG�
LI�NDSSDSDU  ��� ��NDSSD�DV�FKDQJHG�PRWLRQ�SDUDPHWHU�>�@���
MPD[ ���NDSSDPLQ ������GHOWDNDSSD ��������������
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HQG�

��V\VWHP�SDUDPHWHUV

UH ������������ ��HIIHFWLYH�UROOLQJ�UDGLXV�>P@
)] ������������ ��QRUPDO�ORDG�>1@
9F ������������ ��VSHHG�RI�FRQWDFW�FHQWUH�>P�V@
PX� ����������� ��IULFWLRQ�FRHIILFLHQW�>�@
DPX ������ ��VSHHG�GHSHQGHQF\�FRHIILFLHQW�IRU�PX�>V�P@

����PX PX�����DPX9EL���������
&)NDSSD)] ���� ��ORQJ��VOLS�VWLIIQHVV�RYHU�)]�>�@
&)NDSSD &)NDSSD)])]� �>1��@ IURP�WKLV��FS ����QURZ�DD��&)NDSSD�
���FRUQHULQJ�VWLIIQHVV�FRHII��&)DOSKD�)]�>�@�LV�FDOFXODWHG�LI�DOSKDUXQV ��IRU�ODVW�SDUDP��FDVH
���D��KDOI�FRQWDFW�OHQJWK��GHILQHG�DERYH������������������
E ������������� ��KDOI�FRQWDFW�ZLGWK�>P@
EURZ ����� ��KDOI�HIIHFWLYH�FRQWDFW�ZLGWK�>P@
�LI�QURZ  ��
�EURZ ���
HQG�
DOSKDGHJSO\ ��� ��SO\�VWHHU�HTXLYDOHQW�VOLS�DQJOH�>GHJ@
JDPPDGHJFRQ ��� ��FRQLFLW\�HTXLYDOHQW�FDPEHU�DQJOH�>GHJ@

�VWLIIQHVVHV�RI�W\UH�FDUFDVV�DW�FRQWDFW�SDWFK�DW�EDVH�RI�WUHDG�HOHPHQWV�
�����������DV�LI�PHDVXUHG�RQ�EDUH�W\UH��
\� ����������������LQLWLDO�ODWHUDO�RII�VHW��YR����LI�ULJLG��0] 0]�F)[)\�\�)[���������
���������
LI�ULJLG  �
�F\DZ ������������ ��>1P�UDG@��������
�FEHQG �������������>P1@������������
�FODW ���������� ��>1�P@�������VXJJHVWHG���FODW )]������D� ���������
�HOVH
�F\DZ ���������� ��>1P�UDG@��
�FEHQG ��������� ��>P1@�������
�FODW ���������� ��>1�P@��
�F ����������� ��F ���HSV\)\��FODW��

��0] 0]�F)[)\�\�)[��������������� F�LV�XVHG�LI�µULJLG¶
HQG�
���� �UHVXOWLQJ�VWLIIQHVV�RI�WUHDG�HOHPHQWV��SHU�URZ��SHU�XQLW�RI�FLUFXPIHUQFH�
FS ����QURZ�DD��&)NDSSD�
WKHWD �����&)NDSSD��PX�)]�����QRW�XVHG���������

����� ��FRUUHFWLRQ�SDUDPHWHUV
HSV\SULPH ���������UHGXFWLRQ�IDFWRU�IRU�PRPHQW�DUP�RI�)[�FDXVLQJ�\DZ�GLVWRUWLRQ��VORSH��
����������������DUP� a���HSV\SULPH�\PHII��������

���������ZKHUH�\PHII�UHSUHVHQWV�HIIHFWLYH�ODWHUDO�GLVSODFHPHQW�RI�EHOW�LQ�FRQWDFW�]RQH
HSV\UJDPPD �������PRPHQW��0]��DUP�IRU�)[�GXH�WR�VLGHZD\V�UROOLQJ�FDXVHG�E\�FDPEHU� 

���������\JDPUROO HSV\UJDPPDJDPPDE��LI�DEV�\JDPUROO�!E��\JDPUROO EVLJQ�JDPPD�
HSV\)\ �������UHGXFWLRQ�IDFWRU�PRPHQW�0]�DUP�IRU�)[�GXH�WR�VLGHZD\V�UROOLQJ�FDXVHG�E\
)\
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����������������DQG�WKH�FRXQWHU�HIIHFW�RI�ORQJLWXGLQDO�GHIOHFWLRQ
����������������WRWDO�PRPHQW�^0]��DUP �\PHII �\P��\GHIO���HSV\)\��\JDPUROO��
HSVGUJDP �����������FRHIILFLHQW�IRU�UHGXFHG�FKDQJH�HII��UROOLQJ�UDGLXV�OHIW�ULJKW�����������������������

��������������������FDXVHG�E\�FDPEHU
����������������GHOWDBUHB5LJKW a�����HSVGUJDP�JDPPDEURZ��VXJJHVWLRQ��HSVGUJDP���������������
��� HSV[JDPPD� HSVJDPPD
HSVJDPPD ���������UHGXFHG�FDPEHU�FXUYDWXUH�FRHIILFLHQW��ZLOO�EH�!���GXH�WR�GLVWRUVLRQ���������
��������� HSV\JDPPD��

���������UHVXOWLQJ�FDPEHU�FRQWDFWOLQH�FXUYDWXUH��DW�PX ��
�����������5JDPPD ���UH����HSVJDPPD�VLQ�JDPPD�

�����������
�����������HQG�RI�SDUDPHWHU�VHWWLQJV

�����������VWDUW�RI�FRPSXWDWLRQ
D� DD��D� D�D�
Q&)D �� &)DOSKD)] 
"
�

LI�SLFWXUH  �
���MPD[ ��
���DOSKDGHJPLQ DOSKDSLFW�
���JDPGHJPLQ JDPPDSLFW�
���DSKLWPLQ D�5SLFW�
���NDSSDPLQ NDSSDSLFW�
HQG����
���������
���������������EHJLQ�JDPPD��DSKLW� D�5���DOSKD�RU�NDSSD�ORRS��DV�PRWLRQ�SDUDPHWHU��
IRU�M ��MPD[������������
JDPPDGHJ JDPGHJPLQ��M���GHOWJDPGHJ���������������
DSKLW DSKLWPLQ��M���GHOWDSKLW�������������������������
DOSKDGHJ DOSKGHJPLQ��M���GHOWDOSKGHJ�
NDSSD NDSSDPLQ��M���GHOWDNDSSD�������������������������

DOSKD DOSKDGHJSL�����
JDPPD �JDPPDGHJ�JDPPDGHJFRQ�SL�����
VLQJDP VLQ�JDPPD��
FV� DOSKDGHJSO\SL������������� ���LQLWLDO�EHOW�VORSH�GXH�WR�SO\�VWHHU
FF� ���UH����HSVJDPPD�VLQJDP���LQLWLDO�EHOW�ODWHUDO�FXUYDWXUH�GXH�WR�FDPEHU�DQG�FRQLFLW\
\P� ����FF�D�������������LQLWLDO�EHOW�ODWHUDO�SRVLWLRQ�DW�FRQWDFW�FHQWUH�UHVXOWLQJ�IURP�FDPEHU
�������������������� ��DW�PX ���7KLV�LV�D�JXHVV��WKHQ��\�L FV�D�DW�OHDGLQJ�HGJH��[ D�
\JDPUROO HSV\UJDPPDVLQJDPE�����PRPHQW�DUP�RI�)[�GXH�WR�VLGHZD\V�UROOLQJ�DW�FDPEHU
�LI�DEV�\JDPUROO�!E
�\JDPUROO EVLJQ�JDPPD��
�HQG�

FV FV��
FF FF��
\P \P��
)\ ���0]SULPH ���)\P� ���0]P� ���
LI�DOSKDUXQV  �
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DOSKDGHJ DOSKGHJPLQU�
LPD[ URXQG��ORJ�DEV���J�DDOSKGHJPLQU�J�D���ORJ�DEV���J�DDOSKGHJPD[U�J�D����J�D����
HQG�
LI�NDSSDUXQV  �
NDSSD NDSSDPLQU�
LPD[ URXQG��ORJ�DEV���J�NNDSSDPLQU�J�N���ORJ�DEV���J�NNDSSDPD[U�J�N����J�N����
HQG�
LI�DSKLWUXQV  �
DSKLW DSKLWPLQU�
LPD[ URXQG��ORJ�DEV���J�WDSKLWPLQU�J�W���ORJ�DEV���J�WDSKLWPD[U�J�W����J�W����
HQG�

LI�SLFWXUH  �
���DOSKDGHJ DOSKDSLFW�
���DOSKD DOSKDGHJSL�����
���NDSSD NDSSDSLFW�
���DSKLW D�5SLFW�
���DOSKDGHJPLQU DOSKDSLFW�
���NDSSDPLQU NDSSDSLFW�
���DSKLWPLQU D�5SLFW�
���LPD[ ��
HQG����

IRU�LD ��LPD[������ ����EHJLQ�NDSSD�RU�DOSKD�RU�D�5��LI�UXQQLQJ�YDULDEOH��LD�ORRS�

LI�DOSKDUXQV  �
DOSKD SLDOSKDGHJ�����
)\P� )\�� ��QHHGHG�IRU�FDOFXODWLRQ�RI�FRUQHULQJ�VWLIIQHVV
HQG�
5 D��DSKLW����������
)\ ���0]SULPH �� ��LQLWLDO�YDOXH�IRU�LWHUDWLRQ

�������������������� �����������EHJLQ�FDUFDVV�GHIOHFWLRQ�LWHUDWLRQ��LLW�ORRS�
IRU�LLW ��LLWHQG
VORSH 0]SULPH�F\DZ�������
FV FV��VORSH����� ��EHOW�VORSH�DW�FRQWDFW�FHQWUH�Z�U�W��ZKHHO�SODQH
FXUYH )\�FEHQG�����������
FF FF��FXUYH�������� ��EHOW�ODWHUDO�FXUYDWXUH�LQ�FRQWDFW�]RQH
\GHIO �)\�FODW������
\P \P��\GHIO���������EHOW�ODWHUDO�SRVLWLRQ�DW�FRQWDFW�FHQWUH�Z�U�W��ZKHHO�SODQH
\)\UROO �HSV\)\\GHIO�
\PHII \P�\JDPUROO�\)\UROO������HIIHFWLYH�PRPHQW��0]��DUP�IRU�)[

IRU�L/5 ��QURZ��������EHJLQ�OHIW��L/5 ���DQG�ULJKW�URZ��L/5 ���ORRS��LI�RQH�URZ��QURZ ��
���LI�QURZ  ��
������LE/5 ���E/5 ��
���HQG�
���LI�QURZ  �
������LE/5 ��L/5�����E/5 LE/5EURZ�
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���HQG����
���LI�QURZ  �
������LE/5 �L/5�����E/5 LE/5EURZ������OHIW��E/5 �EURZ���PLG��E/5 ����ULJKW��E/5 �EURZ
���HQG�
���
SVLGRW ��9F�5�

9F[ 9FFRV�DOSKD���������
9V[ ��9F[NDSSD����������
9V\ ��9F[WDQ�DOSKD������
9U 9F[�9V[�
RPHJD 9U�UH�
9F[/5 9F[�E/5SVLGRW�
9V[/5 9V[�E/5SVLGRW�E/5RPHJD���HSVGUJDP�VLQJDP�
9V\/5 9V\�
9U/5 9U�

GHOWDW �D��Q9U/5��
GHOWD[ �D�Q�
[L D��[��� D��
HL ���H[L ���H\L ���)[LP� ���)\LP� ���0]LP� ���
S[��� ���S\��� ���S]��� ���S��� �������������������
VOLGLQJ ��
��������������������� ����EHJLQ�L�ORRS��SDVVDJH�WKURXJK�FRQWDFW�OHQJWK�
IRU��L ��Q�����������������
HLP� HL��H[LP� H[L��H\LP� H\L�
[L [L�GHOWD[��[L� [L[L�
[�L� [L�
G\EG[LPHDQ FV�FF�[L����GHOWD[��
\EL \P��FV[L����FF[L[L�E/5�
\ELHII \PHII�FV[L����FF[L[L�E/5�
9E[L 9V[/5�
9E\LPHDQ 9V\/5����[L����GHOWD[�SVLGRW���9U/5G\EG[LPHDQ�
9EL VTUW�9E[L9E[L�9E\LPHDQ9E\LPHDQ���9E�L� 9EL���������EHOW�SRLQW�YHORFLW\
PX PX�����DPX9EL��
S]L ����)]�D��[L����D�QURZ���S]�L� S]L� ��������YHUWLFDO�SUHVVXUH�GLVWULEXWLRQ��T]�
GHOWDV[L GHOWDW9E[L�
GHOWDV\L GHOWDW9E\LPHDQ�

LI�VOLGLQJ!������������ ��HOHPHQW�LV�VOLGLQJ
HL PXS]L�FS�
�LI�L  ��
�HLP� ��������
�H[LP� �HLP�9E[L�9EL�
�H\LP� �HLP�9E\LPHDQ�9EL�
�HQG�
JL ���HLP���H[LP��GHOWDV[L��H[LP��GHOWDV[L���H\LP��GHOWDV\L����

�H\LP��GHOWDV\L��HLHL���H[LP��H[LP��GHOWDV[L��H\LP��H\LP��GHOWDV\L���
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H[L ���JL�HLP��H[LP��GHOWDV[L�
H\L ���JL�HLP��H\LP��GHOWDV\L�
HLQ VTUW�H[LH[L�H\LH\L��
H[L �HL�HLQ�H[L�����FRUUHFWLRQ
H\L �HL�HLQ�H\L�����FRUUHFWLRQ
S[L �H[L�HL�PXS]L�
S\L �H\L�HL�PXS]L�
�LI�JL������������������������ ��HOHPHQW�VWDUWV�WR�DGKHUH�WR�WKH�URDG
�VOLGLQJ ��
�H[L �GHOWDV[L�H[LP��
�H\L �GHOWDV\L�H\LP��
�HL VTUW�H[LH[L�H\LH\L���H�L� HL�
�SLL FSHL�
�S[L FSH[L�
�S\L FSH\L�
��LI�SLL!PXS]L
��S[L �H[L�HL�PXS]L�
��S\L �H\L�HL�PXS]L�
��SLL PXS]L�
��VOLGLQJ ��
��HQG�
�HQG�
HOVH��������������������������� ��HOHPHQW�LV�DGKHULQJ�WR�WKH�URDG
H[L �GHOWDV[L�H[LP��
H\L �GHOWDV\L�H\LP��
HL VTUW�H[LH[L�H\LH\L���H�L� HL�
SLL FSHL�
S[L FSH[L�
S\L FSH\L�
�LI�SLL!PXS]L�������������� ��HOHPHQW�VWDUWV�WR�VOLGH����
�VOLGLQJ ��
��LI�L  ��
��HLP� ��������
��H[LP� �HLP�9E[L�9EL�
��H\LP� �HLP�9E\LPHDQ�9EL�
��HQG�
�HL PXS]L�FS�����������������
�JL ���HLP���H[LP��GHOWDV[L��H[LP��GHOWDV[L���H\LP��GHOWDV\L����

�H\LP��GHOWDV\L��HLHL���H[LP��H[LP��GHOWDV[L��H\LP��H\LP��GHOWDV\L���
�H[L ���JL�HLP��H[LP��GHOWDV[L����
�H\L ���JL�HLP��H\LP��GHOWDV\L����
�HLQ VTUW�H[LH[L�H\LH\L��
�H[L �HL�HLQ�H[L����FRUUHFWLRQ
�H\L �HL�HLQ�H\L����FRUUHFWLRQ
�S[L �H[L�HL�PXS]L�
�S\L �H\L�HL�PXS]L�
�HQG�
HQG�������������
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SLL VTUW�S[LS[L�S\LS\L��
)[L )[LP��S[L�D�Q�
)\L )\LP��S\L�D�Q�
0]L 0]LP���[LS\L��\ELHIIS[L��D�Q�
S\�L� S\L�
)[LP� )[L�
)\LP� )\L�
0]LP� 0]L�

LI�SLFWXUH  �
�LI�LE/5  �����
�\/���L� PXS]L��\/���L� S[L��\/���L� S\L��\/���L� SLL��\/���L� ��
�[HO/��L��� [L��[HO/��L��� [L�H[L���[HO/��L� [L��
�\HO/��L��� \EL�E/5��\HO/��L��� \EL�E/5�H\L���\HO/��L� \EL�E/5��
�H\�L� H\L�
�HOVH
��LI�LE/5  ����
��\0���L� PXS]L��\0���L� S[L��\0���L� S\L��\0���L� SLL��\0���L� ���\0���L� S]L�
\0���L� ����9EL�
��[HO0��L��� [L��[HO0��L��� [L�H[L���[HO0��L� [L��
��\HO0��L��� \EL�E/5��\HO0��L��� \EL�E/5�H\L���\HO0��L� \EL�E/5��
��H\�L� H\L�
��HOVH
��\5���L� PXS]L��\5���L� S[L��\5���L� S\L��\5���L� SLL��\5���L� ��
��[HO5��L��� [L��[HO5��L��� [L�H[L���[HO5��L� [L��
��\HO5��L��� \EL�E/5��\HO5��L��� \EL�E/5�H\L���\HO5��L� \EL�E/5��
��H\5�L� H\L�
��HQG�
�HQG�
HQG�

HQG���������������� ����HQG�L�ORRS��SDVVDJH�WKURXJK�FRQWDFW�OHQJWK�

LI�LE/5  ��
�)[/ )[L��)\/ )\L��0]/ 0]L�
HOVH
LI�LE/5  ���
�)[0 )[L��)\0 )\L��0]0 0]L�
HOVH�
�)[5 )[L��)\5 )\L��0]5 0]L�
HQG�
HQG�
HQG����������������� ����HQG�L/5�ORRS��RQH��WZR�RU�WKUHH�URZV�RI�HOHPHQWV�

LI�QURZ  �
�)[ )[0�
�)\ )\0�
�0] 0]0�
HOVH



���$33(1',;����75($'6,0

�LI�QURZ  �
�)[ )[/�)[5�
�)\ )\/�)\5�
�0] 0]/�0]5�
�HOVH
�)[ )[/�)[5�)[0�
�)\ )\/�)\5�)\0�
�0] 0]/�0]5�0]0�
�HQG�
HQG�

0]SULPH 0]�)[\PHIIHSV\SULPH������IRU�WRUVLRQ��VORSH��FDOFXODWLRQ

HQG����������������� ����HQG�LLW�ORRS��FDUFDVV�GHIOHFWLRQ�LWHUDWLRQ�

LI�ULJLG  �
���0] 0]�F)[)\�\�)[�
HOVH
���0] 0]�\�)[�
HQG�

W �0]�)\� ��SQHXPDWLF�WUDLO

\I[�LD�M� )[�
\I\�LD�M� )\�
\P]�LD�M� 0]�
\W�LD�M� W�

LI�NDSSDUXQV  �
[D�LD�M� NDSSD�
HQG�
LI�DOSKDUXQV  �
[D�LD�M� DOSKDGHJ�
HQG�
LI�DSKLWUXQV  �
[D�LD�M� DSKLW�
HQG�
LI�DOSKDUXQV  � ��FDOFXODWLRQ�RI�&)DOSKD�)]��WDNH�GHOWDOSKDGHJU�VPDOO��
��� LI�Q&)D  �
������ LI�LD!�
���� LI�DOSKD!�
������� LI�JDPPD  �
���������� LI�DEV�DSKLW�������
������������� LI�NDSSD  �
� &)DOSKD)] �)\�)\P����)]SLGHOWDOSKGHJU������
� Q&)D ��
� HQG�

HQG�
HQG�



��� $33(1',;����75($'6,0

HQG�
����� HQG�
��� HQG�
HOVH
�&)DOSKD)] 
"
����
HQG�

LI�DOSKDUXQV  �
�GHOWDOSKGHJU J�DDEV�DOSKDGHJ��J�D�
�DOSKDGHJ DOSKDGHJ�GHOWDOSKGHJU�
HQG�
LI�NDSSDUXQV  �
�GHOWDNDSSDU J�NDEV�NDSSD��J�N�
�NDSSD NDSSD�GHOWDNDSSDU�
HQG�
LI�DSKLWUXQV  �
�GHOWDSKLWU J�WDEV�DSKLW��J�W�
�DSKLW DSKLW�GHOWDSKLWU�
HQG�

HQG���������������� ����HQG�UXQQLQJ�YDULDEOH�LD�ORRS�

HQG���������������� ����HQG�PRWLRQ�SDUDPHWHU�M�ORRS

LI�SLFWXUH  �
[HO/��� D��[HO/��� D���[HO/��� D���
\HO/��� ���\HO/��� ����\HO/��� \P��FVD����FFDD���
[HO/���Q������ �D��\HO/���Q������ ��
[HO/���Q������ D��\HO/���Q������ ��
[HO0��� D��[HO0��� D���[HO0��� D���
\HO0��� ���\HO0��� ����\HO0��� \P��FVD����FFDD���
[HO0���Q������ �D��\HO0���Q������ ��
[HO0���Q������ D��\HO0���Q������ ��
[HO5��� D��[HO5��� D���[HO5��� D���
\HO5��� ���\HO5��� ����\HO5��� \P��FVD����FFDD���
[HO5���Q������ �D��\HO5���Q������ ��
[HO5���Q������ D��\HO5���Q������ ��
���LI�ULJLG  �
������\F )\F�

IRU�L ����Q���
���������\HO/�L� \HO/�L��\F�
���������\HO0�L� \HO0�L��\F�
���������\HO5�L� \HO5�L��\F�
������HQG����

HQG�
���SORWV�SLFWXUH�RI�IRUFH�GLVWULEXWLRQ�DQG�GHIRUPDWLRQV

LI�QURZa ����������������������
ILJXUH����



���$33(1',;����75($'6,0

SORW�[�\0�������
[ODEHO�
[��>P@
���
\ODEHO�
G�EOXH��PXS]��O�EOXH��S��JUHHQ��S[��UHG��S\��VHSLD��S]>1�P@��EODFN��9E>PP�V@
��
WH[W���������������

>
DOSKD �
�QXP�VWU�DOSKDSLFW��
�GHJ��JDPPD �
�QXP�VWU�JDPPDSLFW��
�GHJ��NDSSD �
�����
������ �QXP�VWU�NDSSDSLFW��
��5 �
�QXP�VWU�5SLFW��
P
@��
WH[W���������������

>
F\DZ �
�QXP�VWU�F\DZ��
��FEHQG �
�QXP�VWU�FEHQG��
��FODW �
����
�QXP�VWU�FODW��
��FS �
�QXP�VWU�FS�@��

WH[W������������>
WKHWD �
�QXP�VWU�WKHWD�@��
WH[W������������>
HSV\SULPH �
�QXP�VWU�HSV\SULPH�����


��HSV\UJDPPD �
�QXP�VWU�HSV\UJDPPD�@��
WH[W������������>
HSV\)\ �
�QXP�VWU�HSV\)\��
��HSVJDPPD �
�QXP�VWU�HSVJDPPD�@��
WH[W�����������>
HSVGUJDP �
�QXP�VWU�HSVGUJDP��
��\� �
�QXP�VWU�\�������
PP
@��
�LI�QURZ  ��
���WH[W������������>
6,1*/(�52:
@��
�HOVH�
���WH[W������������>
0,''/(�52:
@���
�HQG�
D[LV�>����������������������@��
JULG�

ILJXUH����
SORW�[HO0��\HO0���
[ODEHO�
[�DQG�ORQJLWXGLQDO�GHIOHFWLRQV�>P@
���
\ODEHO�
ODWHUDO�GHIOHFWLRQV��>P@
��
WH[W������������>
DOSKD �
�QXP�VWU�DOSKDSLFW��
�GHJ��JDPPD �
�QXP�VWU�JDPPDSLFW�����


�GHJ��NDSSD �
��QXP�VWU�NDSSDSLFW��
��5 �
�QXP�VWU�5SLFW��
P
@��
�LI�ULJLG  �
���WH[W������������>
�5,*,'����F �
�QXP�VWU�F��
P�1
@��
�HOVH���
���WH[W������������>
F\DZ �
�QXP�VWU�F\DZ��
��FEHQG �
�QXP�VWU�FEHQG�����


��FODW �
�QXP�VWU�FODW��
��FS �
�QXP�VWU�FS�@��
�HQG�
WH[W�������������>
)\ �
�QXP�VWU�URXQG�)\���
1���0] �
�QXP�VWU�URXQG�0]���
1P
@��
�LI�QURZ  ��
���WH[W������������>
6,1*/(�52:
@��
�HOVH�
���WH[W������������>
0,''/(�52:
@���
�HQG�
D[LV�>���������������������@��
HQG�
LI�QURZa �
ILJXUH����
SORW�[�\5�������
[ODEHO�
[��>P@
���
\ODEHO�
G�EOXH��PXS]���O�EOXH��S���JUHHQ��S[���UHG��S\��>1�P@
��
WH[W������������>
DOSKD �
�QXP�VWU�DOSKDSLFW��
�>GHJ@��JDPPD �
�QXP�VWU�JDPPDSLFW�����


�>GHJ@��NDSSD �
�QXP�VWU�NDSSDSLFW��
�>�@��5 �
�QXP�VWU�5SLFW��
�>P@
@��



��� $33(1',;����75($'6,0

WH[W������������>
F\DZ �
�QXP�VWU�F\DZ��
��FEHQG �
�QXP�VWU�FEHQG�����

��FODW �
�QXP�VWU�FODW��
��FS �
�QXP�VWU�FS�@��

WH[W������������>
5,*+7�52:
@��
D[LV�>����������������������@��
JULG�
ILJXUH����
SORW�[HO5��\HO5���
[ODEHO�
[�DQG�ORQJLWXGLQDO�GHIOHFWLRQV�>P@
���
\ODEHO�
ODWHUDO�GHIOHFWLRQV��>P@
��
WH[W������������>
DOSKD �
�QXP�VWU�DOSKDSLFW��
�>GHJ@��JDPPD �
�QXP�VWU�JDPPDSLFW�����


�>GHJ@��NDSSD �
�QXP�VWU�NDSSDSLFW��
�>�@��5 �
�QXP�VWU�5SLFW��
�>P@
@��
�LI�ULJLG  �
���WH[W������������>
�5,*,'����F �
�QXP�VWU�F��
P�1
@��
�HOVH���
WH[W������������>
F\DZ �
�QXP�VWU�F\DZ��
��FEHQG �
�QXP�VWU�FEHQG��
��FODW �
�QXP�VWU�FODW�����


��FS �
�QXP�VWU�FS�@��
�HQG�
WH[W������������>
5,*+7�52:����EURZ�D �
�QXP�VWU�EURZ�D�@��
D[LV�>���������������������@��

ILJXUH����
SORW�[�\/�������
[ODEHO�
[��>P@
���
\ODEHO�
G�EOXH��PXS]���O�EOXH��S���JUHHQ��S[���UHG��S\��>1�P@
��
WH[W������������>
DOSKD �
�QXP�VWU�DOSKDSLFW��
�GHJ��JDPPD �
�QXP�VWU�JDPPDSLFW�����


�GHJ��NDSSD �
��QXP�VWU�NDSSDSLFW��
��5 �
�QXP�VWU�5SLFW��
P
@��
WH[W������������>
F\DZ �
�QXP�VWU�F\DZ��
��FEHQG �
�QXP�VWU�FEHQG�����


��FODW �
�QXP�VWU�FODW��
��FS �
�QXP�VWU�FS�@��
WH[W������������>
WKHWD �
�QXP�VWU�WKHWD�@��
WH[W������������>
HSV\SULPH �
�QXP�VWU�HSV\SULPH�����


��HSV\UJDPPD �
�QXP�VWU�HSV\UJDPPD�@��
WH[W������������>
HSV\)\ �
�QXP�VWU�HSV\)\��
��HSVJDPPD �
�QXP�VWU�HSVJDPPD�@��
WH[W�����������>
HSVGUJDP �
�QXP�VWU�HSVGUJDP��
��\� �
�QXP�VWU�\�������
PP
@��
WH[W������������>
/()7�52:
@���
D[LV�>����������������������@��
JULG�

ILJXUH����
SORW�[HO/��\HO/���
[ODEHO�
[�DQG�ORQJLWXGLQDO�GHIOHFWLRQV�>P@
���\ODEHO�
ODWHUDO�GHIOHFWLRQV��>P@
��
WH[W������������>
DOSKD �
�QXP�VWU�DOSKDSLFW��
�GHJ��JDPPD �
�QXP�VWU�JDPPDSLFW�����


�GHJ��NDSSD �
��QXP�VWU�NDSSDSLFW��
��5 �
�QXP�VWU�5SLFW��
P
@��
�LI�ULJLG  �
���WH[W������������>
�5,*,'����F �
�QXP�VWU�F��
P�1
@��
�HOVH���
WH[W������������>
F\DZ �
�QXP�VWU�F\DZ��
��FEHQG �
�QXP�VWU�FEHQG��
��FODW �
�QXP�VWU�FODW�����


��FS �
�QXP�VWU�FS�@��
�HQG�
WH[W�������������>
)\ �
�QXP�VWU�URXQG�)\���
1���0] �
�QXP�VWU�URXQG�0]���
1P
@��



���$33(1',;����75($'6,0

WH[W������������>
/()7�52:
@���
D[LV�>���������������������@��
HQG�

�� HQG�LI�SLFWXUH

HOVH�
��SORWV�ZLWK�UXQQLQJ�YDULDEOH

LI�DOSKDUXQV  �
[PLQ DOSKGHJPLQU��[PD[ DOSKGHJPD[U��[WH[W 
VOLS�DQJOH��DOSKD��>GHJ@
�
)[PLQ �PX�)]��)[PD[ PX�)]��)\PLQ �PX�)]��)\PD[ PX�)]�
0PLQ ������D)\PLQ��0PD[ ������D)\PD[��
WPLQ ����D��WPD[ ���D��D[ ������D\ ���
SDUWH[W� >
&)NDS �
�QXP�VWU�&)NDSSD)]��
)]��&)DOI �
�QXP�VWU�&)DOSKD)]��
)]
@�
HQG�
LI�NDSSDUXQV  �
[PLQ NDSSDPLQU��[PD[ NDSSDPD[U��[WH[W 
ORQJLWXGLQDO�VOLS�UDWLR��NDSSD��>�@
�
)[PLQ �PX�)]��)[PD[ PX�)]��)\PLQ �PX�)]��)\PD[ PX�)]�
0PLQ ������D)\PLQ��0PD[ ������D)\PD[��
WPLQ ����D��WPD[ ���D��D[ �������D\ ���
SDUWH[W� >
&)NDS �
�QXP�VWU�&)NDSSD)]��
)]
@��
HQG�
LI�DSKLWUXQV  �
[PLQ ���[PD[ DSKLWPD[U��[WH[W 
QRQ�GLP��WXUQ�VOLS��DSKLW �D�5��>�@
�
)[PLQ �PX�)]��)[PD[ PX�)]��)\PLQ �PX�)]����)\PD[ PX�)]�
0PLQ ���D)\PLQ����0PD[ ������D)\PD[��
WPLQ �D��WPD[ ���D��D[ ������D\ ���
SDUWH[W� >
&)NDS �
�QXP�VWU�&)NDSSD)]��
)]
@��
HQG�

[O [PD[�[PLQ��)[O )[PD[�)[PLQ��)\O )\PD[�)\PLQ��0O 0PD[�0PLQ��WO WPD[�WPLQ�

LI�NDSSDSDU  �
� LI�DOSKDUXQV  ��
�� SDUWH[W� >
D�5 �
�QXP�VWU�DSKLW��
��JDPPD �
�QXP�VWU�JDPPDGHJ��
�>GHJ@
@��
�� HOVH�
��������SDUWH[W� >
DOSKD �
�QXP�VWU�DOSKDGHJ��
��JDPPD �
�QXP�VWU�JDPPDGHJ��
�>GHJ@
@��
���HQG�
� LI�MPD[  �
�������SDUWH[W >
NDSSD �
�QXP�VWU�NDSSDPLQ�@��
���HOVH
������SDUWH[W >
NDSSDPLQ �
�QXP�VWU�NDSSDPLQ���
��GHOWDNDSSD 
�QXP�VWU�GHOWDNDSSD��
�>�@
@��
���HQG�
HOVHLI�JDPPDSDU  �
� LI�DOSKDUXQV  ��
�� SDUWH[W� >
D�5 �
�QXP�VWU�DSKLW��
��NDSSD �
�QXP�VWU�NDSSD�@��
�� HOVHLI�NDSSDUXQV  ��
�� SDUWH[W� >
DOSKD �
�QXP�VWU�DOSKDGHJ��
�>GHJ@
�
��D�5 �
�QXP�VWU�DSKLW�@�
�� HOVH
�� SDUWH[W� >
DOSKD �
�QXP�VWU�DOSKDGHJ��
�>GHJ@
�
��NDSSD �
�QXP�VWU�NDSSD�@�



��� $33(1',;����75($'6,0

� HQG�
� LI�MPD[  �
�������SDUWH[W >
JDPPD �
�QXP�VWU�JDPGHJPLQ�@�
�>GHJ@
��
���HOVH
��������SDUWH[W >
JDPPDPLQ �
�QXP�VWU�JDPGHJPLQ���
��GHOWDJDPPD 
����

QXP�VWU�GHOWJDPGHJ��
�>GHJ@
@��
���HQG�
HOVHLI�DOSKDSDU  �
� LI�NDSSDUXQV  ��
�� SDUWH[W� >
D�5 �
�QXP�VWU�DSKLW��
��JDPPD �
�QXP�VWU�JDPPDGHJ��
�>GHJ@
@��
�� HOVH�
������SDUWH[W� >
NDSSD �
�QXP�VWU�NDSSD��
��JDPPD �
�QXP�VWU�JDPPDGHJ��
�>GHJ@
@��
���HQG�
� LI�MPD[  �
�������SDUWH[W >
DOSKD �
�QXP�VWU�DOSKGHJPLQ��
�>GHJ@
@��
���HOVH
�������SDUWH[W >
DOSKDPLQ �
�QXP�VWU�DOSKGHJPLQ���
��GHOWDDOSKD 
����

QXP�VWU�GHOWDOSKGHJ��
�>GHJ@
@��
���HQG�
HOVHLI�DSKLWSDU  �
���LI�DOSKDUXQV  �
��� SDUWH[W� >
NDSSD �
�QXP�VWU�NDSSD��
��JDPPD �
�QXP�VWU�JDPPDGHJ��
�>GHJ@
@��
�� HOVH�
��������SDUWH[W� >
DOSKD �
�QXP�VWU�DOSKDGHJ��
�>GHJ@
�
��JDPPD �
�QXP�VWU�JDPPDGHJ��
�>GHJ@
@��
���HQG�
� LI�MPD[  �
�������SDUWH[W >
DSKLW �
�QXP�VWU�DSKLWPLQ�@��
���HOVH
������SDUWH[W >
DSKLWPLQ �
�QXP�VWU�DSKLWPLQ���
��GHOWDDSKLW 
�QXP�VWU�GHOWDSKLW��
�>�@
@��
���HQG�
HOVH������

LI�DOSKDUXQV  ��
�� SDUWH[W� >
D�5 �
�QXP�VWU�DSKLW��
��NDSSD �
�QXP�VWU�NDSSD�@��
�� HOVHLI�NDSSDUXQV  ��
�� SDUWH[W� >
DOSKD �
�QXP�VWU�DOSKDGHJ��
�>GHJ@
�
��D�5 �
�QXP�VWU�DSKLW�@�
�� HOVH
�� SDUWH[W� >
DOSKD �
�QXP�VWU�DOSKDGHJ��
�>GHJ@
�
��NDSSD �
�QXP�VWU�NDSSD�@�
� HQG�
���� SDUWH[W >
JDPPD �
�QXP�VWU�JDPGHJPLQ��
�>GHJ@
@����
HQG�����
LI�ULJLG  �
���WH[WWLWOH �>
9F �
�QXP�VWU�9F��
P�V��PX� �
�QXP�VWU�PX���
��DPX �
�QXP�VWU�DPX������


��F\DZ �
�QXP�VWU�F\DZ��
��FEHQG �
�QXP�VWU�FEHQG��
��FODW �
�QXP�VWU�FODW�@�
HOVH
���WH[WWLWOH �>
9F �
�QXP�VWU�9F��
P�V���PX� �
�QXP�VWU�PX���
���DPX �
�QXP�VWU�DPX������
��������
���F �
�QXP�VWU�F��
���\� �
�QXP�VWU�\���
�������ULJLG�FDUFDVV�
@�
HQG�
SDUWH[W� �>
D 
�QXP�VWU�D��
��E 
�QXP�VWU�E��
��EURZ 
�QXP�VWU�EURZ���
��)] 
�QXP�VWU�)]�����
�
��SO\VW 
�QXP�VWU�DOSKDGHJSO\��
��FRQLF 
�QXP�VWU�JDPPDGHJFRQ��
�LLWHQG 
�QXP�VWU�LLWHQG�@�



���$33(1',;����75($'6,0

ILJXUH����
SORW�[D�\I\���\ODEHO�
VLGH�IRUFH��)\�>1@
���[ODEHO�[WH[W��
WLWOH�WH[WWLWOH��
WH[W�[PLQ�����[O��)\PLQ����������D\�)\O�>
QU�URZV �
�QXP�VWU�QURZ�@��
WH[W�[PLQ�����[O��)\PLQ���������D\�)\O�>
WKHWD �
�QXP�VWU�WKHWD�@��
WH[W�[PLQ�������D[�[O��)\PLQ������)\O�SDUWH[W���
WH[W�[PLQ�������D[�[O��)\PLQ�����)\O�SDUWH[W��
WH[W�[PLQ�������D[�[O��)\PLQ������)\O�SDUWH[W���
WH[W�[PLQ�������D[�[O��)\PLQ�����)\O�SDUWH[W���
D[LV�>[PLQ�[PD[�)\PLQ�)\PD[@��
JULG�

ILJXUH����
SORW�[D�\I[���\ODEHO�
ORQJLWXGLQDO�IRUFH��)[�>1@
���[ODEHO�[WH[W��
WLWOH�WH[WWLWOH��
WH[W�[PLQ�����[O��)\PLQ�����)\O�>
QU�URZV �
�QXP�VWU�QURZ�@��
WH[W�[PLQ�����[O��)\PLQ����)\O�>
WKHWD �
�QXP�VWU�WKHWD�@��
WH[W�[PLQ�������D[�[O��)\PLQ������)\O�SDUWH[W���
WH[W�[PLQ�������D[�[O��)\PLQ�����)\O�SDUWH[W��
WH[W�[PLQ�������D[�[O��)\PLQ������)\O�SDUWH[W���
D[LV�>[PLQ�[PD[�)[PLQ�)[PD[@��
JULG�

ILJXUH����
SORW�[D�\P]���\ODEHO�
DOLJQ�WRUTXH��0]�>�@
���[ODEHO�[WH[W��
WLWOH�WH[WWLWOH��
WH[W�[PLQ�����[O��0PLQ�����0O�>
QU�URZV �
�QXP�VWU�QURZ��
��QU�HOHP �
�QXP�VWU�Q�@��
WH[W�[PLQ�����[O��0PLQ����0O�>
WKHWD �
�QXP�VWU�WKHWD�@��
WH[W�[PLQ�����[O��0PLQ�����0O�>
HSV\SULPH �
����

QXP�VWU�HSV\SULPH��
��HSV\UJDPPD �
�QXP�VWU�HSV\UJDPPD�@��
WH[W�[PLQ�����[O��0PLQ�����0O�>
HSV\)\ �
����

QXP�VWU�HSV\)\��
��HSVJDPPD �
�QXP�VWU�HSVJDPPD�@��
WH[W�[PLQ�����[O��0PLQ�����0O�>
HSVGUJDP �
����

QXP�VWU�HSVGUJDP��
��\� �
�QXP�VWU�\�������
PP
@��
WH[W�[PLQ�����[O��0PLQ��������D\�0O�SDUWH[W���
WH[W�[PLQ�����[O��0PLQ��������D\�0O�SDUWH[W��
WH[W�[PLQ�����[O��0PLQ�������D\�0O�SDUWH[W���
WH[W�[PLQ�����[O��0PLQ��������D\�0O�SDUWH[W���
D[LV�>[PLQ�[PD[�0PLQ�0PD[@��
JULG�

ILJXUH����
SORW�[D�\W���\ODEHO�
SQHXP��WUDLO�>P@
���[ODEHO�[WH[W��������[DPHDQ�\WGLII�
WLWOH�WH[WWLWOH��
WH[W�[PLQ�����[O��WPLQ�����WO�>
QU�URZV �
�QXP�VWU�QURZ�@��
WH[W�[PLQ�����[O��WPLQ������WO�SDUWH[W���
WH[W�[PLQ�����[O��WPLQ�����WO�SDUWH[W��
WH[W�[PLQ�����[O��WPLQ������WO�SDUWH[W���
D[LV�>[PLQ�[PD[�WPLQ�WPD[@��



��� $33(1',;����75($'6,0

JULG�

ILJXUH����
SORW�\I[�\I\���\ODEHO�
VLGH�IRUFH�>1@
���[ODEHO�
ORQJLWXGLQDO�IRUFH�>1@
��
WLWOH�WH[WWLWOH��
WH[W�)[PLQ�����)[O��)\PLQ�����)\O�>
QU�URZV �
�QXP�VWU�QURZ�@��
WH[W�)[PLQ�����)[O��)\PLQ������)\O�SDUWH[W���
WH[W�)[PLQ�����)[O��)\PLQ�����)\O�SDUWH[W��
WH[W�)[PLQ�����)[O��)\PLQ������)\O�SDUWH[W���
WH[W�)[PLQ�����)[O��)\PLQ�����)\O�SDUWH[W���
D[LV�>���)[PLQ����)[PD[�)\PLQ�)\PD[@��
JULG�

ILJXUH����
SORW�\I[�\P]���\ODEHO�
DOLJQLQJ�WRUTXH�>1P@
���[ODEHO�
ORQJLWXGLQDO�IRUFH�>1@
��
WLWOH�WH[WWLWOH��
WH[W�)[PLQ�����)[O��0PLQ�����0O�>
QU�URZV �
�QXP�VWU�QURZ�@��
WH[W�)[PLQ�����)[O��0PLQ�����0O�>
HSV\SULPH �
�QXP�VWU�HSV\SULPH�����


��HSV\UJDPPD �
�QXP�VWU�HSV\UJDPPD�@��
WH[W�)[PLQ�����)[O��0PLQ�����0O�>
HSV\)\ �
�QXP�VWU�HSV\)\�����


��HSVJDPPD �
�QXP�VWU�HSVJDPPD�@��
WH[W�)[PLQ�����)[O��0PLQ�����0O�>
HSVGUJDP �
�QXP�VWU�HSVGUJDP�����


��\� �
�QXP�VWU�\�������
PP
@��
WH[W�)[PLQ�����)[O��0PLQ������0O�SDUWH[W���
WH[W�)[PLQ�����)[O��0PLQ�����0O�SDUWH[W��
WH[W�)[PLQ�����)[O��0PLQ������0O�SDUWH[W���
WH[W�)[PLQ�����)[O��0PLQ����0O�SDUWH[W���
�D[LV�>���)[PLQ����)[PD[�0PLQ�0PD[@��
JULG�

HQG�
FOHDU�



$SSHQGL[��

6:,)7�SDUDPHWHUV

$SS��������3DUDPHWHU�YDOXHV�RI�0DJLF�)RUPXOD�DQG�6:,)7�PRGHO�

7DEOH�$�������������5�����9������EDU��,62�VLJQ�GHILQLWLRQ��$OVR��FI��$SS�����

5R�� UR�� ������P��������)]R�� )1R�� �����1��������PR� ����NJ��������9R� ������P�V

S&[�  ������
S([�� ������
S+[�� ������
U%[��� ������
TV[�  ��
S&\�  ������
S(\�  ������
S.\�� ������
S9\�� ������
U%\��� ������
U9\��  ������
U9\��  ������
T%]��  ������

T%]�  ������
T']�  ������
T']�  ������
T(]��  ������
VV]��  ������
���

T,D\  ������
T,D[]  ������
T,E\  ������
T,E[]  ������
T,F  ������

T9� ���î��
��

T9�  ������
T)]�  ������
T)]�  ������

S'[�  ������
S([���  ��
S+[�  ������
U%[�����  �������
TV[���� ��
S'\���  ������
S(\���  ������
S+\�  ������
S9\��� ������
U%\����� ������
U9\��  ������

T%]���  ������
T%]���  ��
T']��  ������
T(]�  ������
T+]�  ������
VV]��  ������

TPD� ������
TPE� ������
TPF� ������

TV\��  �����
TV\��  ��
TV\��  ��

S'[�� ������
S.[�  ������
S9[�� ��
U&[�  ������
TV[��  ��
S'\�� ������
S(\�� ������
S+\�� ������
S9\�  ������
U%\����� ������
U9\��  ������

T%]��  ������
T&]��  ������
T']�  ������
T(]�  ������
T+]�� ������
VV]���� ������

TFE[��] ������
TFE\  ������
TFF[  ������
TFF\  �����

TD���  ������
TD���  �������
TEY[�] ������
TEY �  ������

S([�  ������
S.[��  �������
S9[��  ��
U+[��  ������

S'\�� ������
S.\�� �������
S+\�� ������
S9\�� ������
U&\��  ������
U9\��  ������

T%]�  ��
T']�� ������
T']��� ������
T(]�� ��
T+]�  ������
VV]��  ������

TNE[�] ������
TNE\  ������
TNF[  ������
TNF\  ������

%UHII  ��
'UHII

 �����

)UHII  �����

S([�  ������
S.[�  ������

S(\��  ������
S.\�� ������

U+\��  ������
U9\��  ����

T%]��  ������
T']�  ������
T']�  ������
T(]�  ������
T+]�  ������

TFE � ������
TFE �  ������
TFF  ������
TNE  ������
TNE �  ������
TNF  ������
T)F[� ����
T)F\� ����
T)F[� ��
T)F\� ��



��� $33(1',;������6:,)7��3$5$0(7(56

$SS��������1RQ�'LPHQVLRQDOL]DWLRQ���ZLWK�VRPH�UHPDUNV�

7KH�TXDQWLWLHV�OLVWHG�LQ�7DEOH�$����DUH�QRQ�GLPHQVLRQDO��7KH\�DUH�XVHG�LQ�WKH
IROORZLQJ�HTXDWLRQV�

0DJLF�)RUPXOD���(TV����(��(�����H[FHSW����(����(���
6:,)7���(TV��������������H[FHSW��������������

7KH� LQHUWLD� TXDQWLWLHV� KDYH� EHHQ� PDGH� QRQ�GLPHQVLRQDO� E\� GLYLGLQJ� E\� WKH
UHIHUHQFH�PDVV�PR�RU�WKH�UHIHUHQFH�PRPHQW�RI�LQHUWLD�,R��)RU�PR�WKH�WRWDO�W\UH
PDVV�KDV�EHHQ�WDNHQ��7KH�TXDQWLW\�,R�LV�GHILQHG�DV�
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5HPDUNV�� ,Q� ������������ WKH� IDFWRUV� NE[�] � DUH� VHW� HTXDO� WR� ]HUR� DV� UROOLQJ
UHVLVWDQFH�KDV�EHHQ�DFFRXQWHG�IRU�DOUHDG\�E\�WKH�PRPHQW�0\������������������
7KH�PDVV�PD�LV�WKH�PDVV�RI�WKDW�SDUW�RI�WKH�W\UH�WKDW��DFFRUGLQJ�WR�WKH�PRGHO�
PRYHV�ZLWK�WKH�ZKHHO�ULP�RU�D[OH��7KH�TXDQWLW\�,D\�LV�WKH�PRPHQW�RI�LQHUWLD�RI
WKDW�SDUW�RI�WKH�W\UH�WKDW�URWDWHV�DERXW�WKH� �D[LV�DV�LI�LW�ZHUH�DWWDFKHG�DV�D�ULJLG
ERG\�WR�WKH�ZKHHO�ULP��7KH�W\UH�LQHUWLD�WKDW�LV�DOORFDWHG�WR�WKH�EHOW�LV�GHQRWHG�ZLWK
VXEVFULSW�E��7KH�LQHUWLD�GHQRWHG�ZLWK�VXEVFULSW�F�LV�DVVXPHG�WR�PRYH�ZLWK�WKH
FRQWDFW�SDWFK��7KH�LQWHUDFWLRQ�SDUDPHWHUV�T)F[��DQG�T)F\��KDYH�EHHQ�FKRVHQ�HTXDO
WR�]HUR��7KH\�ZRXOG�KDYH�WDNHQ�YDOXHV������DQG������LI�T)F[�� �T)F\�� ��
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$SS��������(VWLPDWLRQ�RI�6:,)7�3DUDPHWHU�9DOXHV�
XVLQJ�D�OLPLWHG�VHW�RI��VHPL�VWDWLF��PHDVXUHPHQWV
�&RQWULEXWHG�E\�,�-�0��%HVVHOLQN��712�$XWRPRWLYH��

,Q�&KDSWHU����WKH�6:,)7�W\UH�PRGHO�KDV�EHHQ�GHVFULEHG��,Q�RUGHU�WR�DVVHVV�WKH
SDUDPHWHUV� RI� WKLV� W\UH�PRGHO� D� QXPEHU� RI� GLIIHUHQW� WHVWV� DUH� UHTXLUHG�� H�J�
G\QDPLF�EUDNLQJ��\DZ�RVFLOODWLRQ��G\QDPLF�FOHDW�H[SHULPHQWV�RQ�WKH�GUXP��$�IXOO
PHDVXUHPHQW�SURJUDPPH�WR�GHWHUPLQH�DOO�SDUDPHWHUV�RI�WKH�6:,)7�PRGHO�ZLOO
EH�H[WHQVLYH�DQG�WLPH�FRQVXPLQJ��$OVR�WKH�GHGLFDWHG�PHDVXUHPHQW�HTXLSPHQW�WR
SHUIRUP�KLJK�IUHTXHQF\�WHVWLQJ�PD\�QRW�EH�DYDLODEOH�RU�QRW�VXLWHG�WR�KDQGOH�YHU\
ODUJH�W\UHV��H�J��WUXFN�RU�DLUFUDIW�W\UHV���

8VLQJ� WKH� H[SHULHQFH� JDLQHG� IURP� D� QXPEHU� RI� IXOO� PHDVXUHPHQW
SURJUDPPHV�H[HFXWHG�RQ�SDVVHQJHU�FDU�W\UHV��D�SURFHGXUH�KDV�EHHQ�GHYHORSHG
WR�PDNH�VHQVLEOH� ILUVW�HVWLPDWHV�IRU�WKH�6:,)7�SDUDPHWHUV��7KLV�GHVFULSWLRQ
DSSOLHV�WR�6:,)7�7\UH�DV�LPSOHPHQWHG�E\�712�$XWRPRWLYH�LQ�D�QXPEHU�RI
VLPXODWLRQ�FRGHV��H�J��$'$06��'$'6�RU�0$7/$%�6LPXOLQN���7KH�IROORZLQJ
VWHSV�FDQ�EH�GLVWLQJXLVKHG�

�����)RUFH�DQG�PRPHQW�WHVWLQJ

)LWWLQJ�RI�WKH�0DJLF�)RUPXOD��)[��)\��0[��0\��0]� �I�)]�� �� �� ��9[��

7KH�VRIWZDUH�SURJUDP�0)�7RRO��DOVR�GHYHORSHG�E\�712�$XWRPRWLYH��PD\
EH�XVHG�WR�ILW�WKH�0DJLF�)RUPXOD�SDUDPHWHUV��7KLV�SURJUDP�UHTXLUHV�WKDW�WKH
PHDVXUHPHQW�GDWD�LV�SURYLGHG�LQ�WKH�IRUP�RI�7<'(;�ILOHV��D�VWDQGDUGLVHG�IRUPDW
DV�GHYHORSHG�E\�WKH�LQWHUQDWLRQDO�7<'(;��7\UH�'DWD�([FKDQJH��ZRUNJURXS��FI�
2RVWHQ�HW�DO��������

1RWH��WKH�FRQWULEXWLRQ�RI�WKH�IRUZDUG�YHORFLW\�9[��LV�SUHVHQW�LQ�WKH�UROOLQJ
UHVLVWDQFH�IRUPXOD����������
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1RWHV������)]R��9R�DQG�UR 5R�DUH�UHIHUHQFH�SDUDPHWHUV��WKH\�DUH�MXVW�XVHG�WR�PDNH
WKH� FRHIILFLHQWV� GLPHQVLRQOHVV�� ���� $Q� DGGLWLRQDO� SDUDPHWHU� TUH�� PD\� EH
LQWURGXFHG�WKDW�PXOWLSOLHG�ZLWK�UR�LQ�(TV��������������JLYHV�DQ�LPSURYHG�YDOXH
IRU�WKH�IUHH�XQORDGHG�UDGLXV��

7KH�PHDVXUHPHQW�GDWD�IRU�DVVHVVLQJ�WKH�ORDGHG�DQG�WKH�HIIHFWLYH�UROOLQJ
UDGLXV�W\SLFDOO\�FRQVLVWV�RI�YDOXHV�IRU�UO��UH��9��)[��)\��)]�FDUULHG�RXW�IRU�D�QXPEHU
RI�GLIIHUHQW�YHUWLFDO�ORDGV��IRUZDUG�YHORFLWLHV�DQG�SRVVLEO\�ORQJLWXGLQDO�DQG�RU
ODWHUDO�IRUFHV��%DVHG�RQ�WKH�UHODWLRQ�9 UH�LW�LV�VXIILFLHQW�WR�VSHFLI\�WZR�RXW�RI
WKUHH�YDULDEOHV�� IRUZDUG�YHORFLW\�9�� DQJXODU�YHORFLW\� �DQG�HIIHFWLYH� UROOLQJ
UDGLXV�UH��7KH�GDWD�IRU�)[�DQG�)\�FDQ�EH�FRQVLGHUHG�RSWLRQDO�IRU�SDVVHQJHU�FDU
W\UHV��EXW�JHQHUDOO\�VKRXOG�EH�LQFOXGHG�IRU�UDFLQJ�W\UHV�

)LWWLQJ�RI�WKH�SDUDPHWHUV�LV�JHQHUDOO\�GRQH�LQ�WZR�VWHSV��,Q�RUGHU�WR�REWDLQ
PD[LPXP�DFFXUDF\�IRU�WKH�ORDGHG�UDGLXV�WKH�HTXDWLRQV���������DQG���������DUH
ILWWHG�ILUVW��,Q�D�VHFRQG�VWHS�WKH�FRHIILFLHQWV�IRU�WKH�HIIHFWLYH�UROOLQJ�UDGLXV��DV
JLYHQ�E\�HTXDWLRQ�����������D���DUH�GHWHUPLQHG��

�����&RQWDFW�OHQJWK

,Q� 6:,)7� WKH� IROORZLQJ� IRUPXOD� LV� XVHG� IRU� WKH� FRQWDFW� OHQJWK� IRUPXOD�� D
UHSUHVHQWV�KDOI�RI�WKH�FRQWDFW�OHQJWK��FRHIILFLHQWV��TD��DQG�TD��
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)LJ��$������ 0HDVXUHPHQW�DQG�HPSLULFDO�IRUPXOD�UHVXOWV�IRU�KDOI�WKH�FRQWDFW�OHQJWK�DV�D�IXQFWLRQ
RI�W\UH�GHIOHFWLRQ��SDVVHQJHU�FDU�W\UHV�
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7KLV�IRUPXOD�ZDV�SURSRVHG�E\�%HVVHOLQN��������DQG�EHWWHU�DFNQRZOHGJHV�WKH
IDFW�WKDW�WKH�FRQWDFW�OHQJWK�LV�D�JHRPHWULFDO�SURSHUW\�DQG�SULPDULO\�D�IXQFWLRQ�RI
WKH�W\UH�GHIOHFWLRQ��7KH�VXJJHVWHG�SDUDPHWHU�YDOXHV�IRU�D�SDVVHQJHU�DQG�OLJKW
WUXFN�W\UHV�DUH�UHVSHFWLYHO\��

SD�� �����DQG�SD�� ������RQ�D�IODW�VXUIDFH��
� SD�� �����DQG�SD�� ������RQ�DQ�H[WHUQDO�GUXP�ZLWK�D�GLDPHWHU�RI����P��

,W�KDV�EHHQ�IRXQG�WKDW�WKLV�IRUPXOD�LV�YDOLG�IRU�D�IDLUO\�ZLGH�UDQJH�RI�W\UHV�DQG
FDQ�DOVR�EH�XVHG�IRU�GLIIHUHQW�W\UH�SUHVVXUHV�ZLWKRXW�FKDQJLQJ�WKH�FRHIILFLHQWV�
VHH�)LJ�$�����7KLV�ILJXUH�DOVR�FOHDUO\�LOOXVWUDWHV�WKDW�RQ�DQ�H[WHUQDO�GUXP�WKH
FRQWDFW�OHQJWK�LV�VKRUWHU�FRPSDUHG�WR�WKH�VLWXDWLRQ�RQ�D�IODW�URDG�VXUIDFH�
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�����5HOD[DWLRQ�OHQJWKV��RYHUDOO�ORQJLWXGLQDO�DQG�ODWHUDO�VWLIIQHVV

$SDUW�IURP�DQ�DFFXUDWH�UHSUHVHQWDWLRQ�RI�WKH�KLJK�IUHTXHQF\�UHVSRQVHV�� LW� LV
LPSRUWDQW�WKDW�WKH�ORZ�IUHTXHQF\��WUDQVLHQW�EHKDYLRXU��L�H��UHOD[DWLRQ�HIIHFWV�RI
WKH�W\UH��LV�LQFOXGHG�FRUUHFWO\��0HDVXUHPHQWV�RI�WKH�UHOD[DWLRQ�OHQJWKV�FDQ�EH
XVHG�WR�DVVHVV�WKH�UHVXOWLQJ�ORQJLWXGLQDO�DQG�ODWHUDO�VWLIIQHVV�RI�WKH�W\UH�FDUFDVV
�WKDW�LV�H[FOXGLQJ�WKH�WUHDG��DW�JURXQG�OHYHO��)RU�6:,)7�WKH�IROORZLQJ�HTXDWLRQV
KROG�IRU�WKH�ORQJLWXGLQDO�DQG�ODWHUDO�UHOD[DWLRQ�OHQJWKV�UHVSHFWLYHO\��FI��(TV������
DQG��������ZLWK�P� ����DW�YDQLVKLQJ�VOLS��DQG�WKH�UHODWLYHO\�VPDOO�HIIHFW�RI�WKH
WRUVLRQDO�FRPSOLDQFH���F �QHJOHFWHG�

�$����
[
'

&
)

F
[

% D

�$�����
\
'

&
)

F
\

% D

ZKHUH�
ORQJLWXGLQDO�UHOD[DWLRQ�OHQJWK

[

������� ORQJLWXGLQDO�VOLS�VWLIIQHVV�RI�WKH�W\UH&
)

� ORQJLWXGLQDO�FDUFDVV�VWLIIQHVV�DW�JURXQG�OHYHOF
[

ODWHUDO�UHOD[DWLRQ�OHQJWK
\

������� FRUQHULQJ�VWLIIQHVV�RI�WK\H�W\UH&
)

ODWHUDO�FDUFDVV�VWLIIQHVV�DW�JURXQG�OHYHOF
\

KDOI�RI�WKH�FRQWDFW�OHQJWKD

,Q�WKH�ODWHUDO�GLUHFWLRQ�DOO�SDUDPHWHUV�PD\�EH�NQRZQ�� ���EXW�XVXDOO\
\
� &

)
� F

\
� D

WKH� OHIW� DQG� ULJKW� KDQG� VLGH� RI� (T��$������ WXUQ� RXW� QRW� WR� EH� WKH� VDPH� LQ
PDJQLWXGH��,Q�JHQHUDO�WKH�UHOD[DWLRQ�OHQJWK�EDVHG�RQ�WKH�ODWHUDO�VWLIIQHVV�DQG
FRQWDFW�OHQJWK�LV�WRR�VKRUW�FRPSDUHG�WR�WKH�PHDVXUHPHQWV�RQ�D�UROOLQJ�W\UH��6LQFH
WKH�DLP�RI�WKH�W\UH�PRGHO�LV�WR�KDYH�DQ�DFFXUDWH�GHVFULSWLRQ�RI�WKH�W\UH�XQGHU
UROOLQJ� FRQGLWLRQV��(TV��$�������� DUH� XVHG� WR� FDOFXODWH� WKH� UHVXOWLQJ� FDUFDVV
VWLIIQHVVHV� RI� WKH� W\UH�PRGHO� LQ� ODWHUDO� DQG� ORQJLWXGLQDO� GLUHFWLRQ� �F[� DQG� F\
UHVSHFWLYHO\���

,Q�WKH�QH[W�VWHS������WKH�UHVXOWLQJ�FRPSOLDQFHV�DW�JURXQG�OHYHO�ZLOO�EH�GLYLGHG
DQG�GLVWULEXWHG�RYHU�WKH�YDULRXV�SDUWV�RI�WKH�W\UH�PRGHO�

�����&DUFDVV�FRPSOLDQFHV

,Q�6:,)7�WKH�ULJLG�EHOW�ULQJ�LV�HODVWLFDOO\�VXVSHQGHG�ZLWK�UHVSHFW�WR�WKH�ULP�LQ�DOO
GLUHFWLRQV��7KH�FRQWDFW�SDWFK�LV�HODVWLFDOO\�DWWDFKHG�WR�WKH�ULQJ��1RUPDOO\�WKH



���$33(1',;������6:,)7��3$5$0(7(56

rim fixed belt deflected
          (rigid ring)

contact patch
deflected

)
[

D E F

total circumferential 
 carcass deflection

     total lateral 
carcass deflection

D E F

belt deflected
     (rigid ring)

contact patch
deflected

F
Eθ

F
F[

F
E[

F
Eγ

F
F\

F
E\

rim fixed

)
\

VLGH�YLHZ UHDU�YLHZ

)LJ��$������/RQJLWXGLQDO�DQG�ODWHUDO�GHIOHFWLRQV�RI�WKH�ULJLG�ULQJ�DQG�FRQWDFW�SDWFK�

YDULRXV�VWLIIQHVV�YDOXHV�DUH�GHWHUPLQHG�IURP�G\QDPLF�H[SHULPHQWDO�UHVXOWV��%\
XVLQJ�WKHVH�YDOXHV��LW�LV�SRVVLEOH�WR�FDOFXODWH�WKHLU�UHVSHFWLYH�FRQWULEXWLRQ�WR�WKH
RYHUDOO�FDUFDVV�GHIOHFWLRQ�DW�JURXQG�OHYHO�ZKHQ�LW�LV�DVVXPHG�WKDW�D�ORQJLWXGLQDO
RU�ODWHUDO�IRUFH�LV�DSSOLHG�DQG�WKDW�WKH�ULP�LV�KHOG�IL[HG��FI��)LJ�$�����

7DEOH�$������'LVWULEXWLRQ�RI�ORQJLWXGLQDO�DQG�ODWHUDO�FDUFDVV�FRPSOLDQFH�FRPSRQHQWV�

ORQJLWXGLQDO�DW�JURXQG�OHYHO ���W\UH�� ��W\UH�� ��W\UH�� UXOH�RI�WKXPE

ULJLG�ULQJ�WUDQVODWLRQ �D� ������ ����� ������ ���������

ULJLG�ULQJ�URWDWLRQ �E� ������ ����� ������ ���������

FRQWDFW�SDWFK�WUDQVODWLRQ �F� ������ ����� ������ ���������

ODWHUDO�DW�JURXQG�OHYHO ���W\UH�� ��W\UH�� ��W\UH�� UXOH�RI�WKXPE

ULJLG�ULQJ�WUDQVODWLRQ �D� ������ ����� ������ ���������

ULJLG�ULQJ�URWDWLRQ �E� ������ ����� ������ ���������

FRQWDFW�SDWFK�WUDQVODWLRQ �F� ����� ����� ������ ���������

7DEOH�$���� VKRZV� WKH� UHODWLYH� FRQWULEXWLRQV� D�� E� DQG� F� WKDW� KDYH� EHHQ
DVVHVVHG�IRU�WKUHH�GLIIHUHQW�W\UHV��%DVHG�RQ�WKHVH�GDWD�LW�PD\�EH�FRQFOXGHG�WKDW
DOWKRXJK� WKH� FRPSOLDQFH� YDOXHV� WKHPVHOYHV� DUH� GLIIHUHQW�� WKH� UHODWLYH
FRQWULEXWLRQV�WR�WKH�RYHUDOO�FDUFDVV�GHIOHFWLRQ�DUH�IDLUO\�FRQVWDQW��6LQFH�XQGHU
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VWHS� ���� WKH� RYHUDOO� ORQJLWXGLQDO� DQG� ODWHUDO� FDUFDVV� VWLIIQHVVHV� KDYH� EHHQ
GHWHUPLQHG��LW�LV�QRZ�SRVVLEOH�WR�DVVHVV�DSSUR[LPDWH�LQGLYLGXDO�VWLIIQHVV�YDOXHV
XVLQJ�WKH�VXJJHVWHG��UXOH�RI�WKXPE���

$GGLWLRQDO�PHDVXUHPHQW�GDWD��H�J��\DZ�VWLIIQHVV�RU��)(0�PRGHO�UHVXOWV�
PD\�DOVR�EH�XVHG�WR�HQKDQFH�WKH�HVWLPDWHV�RU�WR�JDLQ�DGGLWLRQDO�FRQILGHQFH�LQ�WKH
VWLIIQHVV�GHIOHFWLRQ�GLVWULEXWLRQ�

�����&DUFDVV�LQHUWLD

,Q�WKH�6:,)7�W\UH�PRGHO�WKH�W\UH�LV�QRW�FRQVLGHUHG�DV�D�VLQJOH�ULJLG�ERG\��$�SDUW
RI�WKH�W\UH�QHDU�WKH�ULP�LV�DVVXPHG�WR�EH�ULJLG�DQG�IL[HG�WR�WKH�ULP��7KH�RWKHU�SDUW
WKDW�UHSUHVHQWV�WKH�EHOW��LV�FRQVLGHUHG�WR�PRYH�DV�D�ULJLG�ULQJ��&RQVHTXHQWO\��WKH
WRWDO�W\UH�PDVV�KDV�WR�EH�GLYLGHG�DQG�D�GLVWULEXWLRQ�KDV�WR�EH�PDGH�RYHU�WKH
LQHUWLD�RI�WKH�ULQJ�DQG�WKH�LQHUWLD�RI�WKH�SDUW�ULJLGO\�DWWDFKHG�WR�WKH�ULP��7KH�ODWWHU
SDUW�LV�IXUWKHU�UHJDUGHG�DV�D�SDUW�RI�WKH�ZKHHO�ERG\��$Q�HVWLPDWH�RI�WKLV�GLYLVLRQ
FDQ� EH�PDGH� EDVHG� RQ� SDVW� H[SHULHQFH� RU� RQ� D� GHWDLOHG�ZHLJKW� EUHDN�GRZQ
SURYLGHG� E\� WKH� W\UH� PDQXIDFWXUHU�� 7KH� IROORZLQJ� URXJK� LQLWLDO� HVWLPDWH� LV
VXJJHVWHG�

�����RI�WKH�W\UH�PDVV�LV�DVVLJQHG�WR�WKH�W\UH�EHOW
�����RI�WKH�W\UH�PRPHQWV�RI�LQHUWLD�LV�DVVLJQHG�WR�WKH�W\UH�EHOW

7HQWDWLYHO\��WKH�FRQWDFW�SDWFK�ERG\�LV�FRQVLGHUHG�DV�DQ�DGGLWLRQDO�VPDOO�PDVV�

����&DUFDVV�GDPSLQJ

*HQHUDOO\��WKH�H[DFW�DPRXQW�RI�GDPSLQJ�RI�WKH�W\UH�LV�YHU\�GLIILFXOW�WR�DVVHVV
H[SHULPHQWDOO\��)RU�LQVWDQFH��LW� LV�REVHUYHG�WKDW�D�ODUJH�GLIIHUHQFH�LQ�YHUWLFDO
GDPSLQJ�H[LVWV�EHWZHHQ�D�W\UH�WKDW�VWDQGV�VWLOO�DQG�D�W\UH�WKDW�UROOV��XQGHU�UROOLQJ
FRQGLWLRQV�WKH�DSSDUHQW�GDPSLQJ�PD\�EH�D�IDFWRU����VPDOOHU�FRPSDUHG�WR�WKH
GDPSLQJ�RI�D�W\UH�VWDQGLQJ�VWLOO��DOVR�FI��-LDQPLQ�HW�DO����������$�VLPSOH�PRGHO
ZLWK� ILQLWH� FRQWDFW� OHQJWK� DQG� SURYLGHG� ZLWK� UDGLDO� GU\� IULFWLRQ� GDPSHUV
�3DFHMND�����D��PD\�H[SODLQ�WKLV�SKHQRPHQRQ�

%DVHG�RQ�H[SHULHQFH��WKH�IROORZLQJ�JXLGHOLQH�PD\�EH�SURYLGHG��ZKHQ�WKH�W\UH
LV�QRW� LQ�FRQWDFW�ZLWK� WKH�JURXQG��DQG�WKH�ULP�LV�IL[HG��WKH�GDPSLQJ�ZLOO�EH
UHODWLYHO\�ORZ��7\SLFDO�YDOXHV�RI�WKH�GDPSLQJ�FRHIILFLHQWV�OLH�LQ�WKH�UDQJH�RI���WR
���RI�WKH�FRUUHVSRQGLQJ�FULWLFDO�GDPSLQJ�FRHIILFLHQWV��*HQHUDOO\��WKH�PRGHV�WKDW
FRQWDLQ�D�ODUJH�WUDQVODWLRQDO�FRPSRQHQW�DUH�PRUH�KHDYLO\�GDPSHG�WKDQ�WKH�PRGHV
ZLWK�D�ODUJH�URWDWLRQDO�FRPSRQHQW�
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